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Abstract. Let d > 2. We consider an i.i.d. supercritical bond percolation on Z¢,
every edge is open with a probability p > p.(d), where p.(d) denotes the critical
point. We condition on the event that 0 belongs to the infinite cluster C», and we
consider connected subgraphs of Co, having at most n¢ vertices and containing 0.
Among these subgraphs, we are interested in the ones that minimize the open
edge boundary size to volume ratio. These minimizers properly rescaled converge
towards a translate of a deterministic shape and their open edge boundary size to
volume ratio properly rescaled converges towards a deterministic constant.

1. Introduction

Isoperimetric problems are among the oldest problems in mathematics. They
consist in finding sets that maximize the volume given a constraint on the perimeter
or equivalently that minimize the perimeter to volume ratio given a constraint on
the volume. These problems can be formulated in the anisotropic case. Given
a norm v on R% and S a continuous subset of R?, we define the tension exerted
at a point z in the boundary 95 of S to be v(ng(z))ns(z), where ng(x) is the
exterior unit normal vector of S at x. The quantity v(ng(x)) corresponds to the
intensity of the tension that is exerted at x. We define the surface energy of S as the
integral of the intensity of the surface tension v(ng(x)) over the boundary 0S. An
anisotropic isoperimetric problem consists in finding sets that minimize the surface
energy to volume ratio given a constraint on the volume. To solve this problem, in
Wulff (1901), Wulff introduced through the Wulff construction a shape achieving
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the infimum. This shape is called the Wulff crystal, it corresponds to the unit ball
for a norm built upon v. Later, Taylor proved in Taylor (1975) that this shape
properly rescaled is the unique minimizer, up to translations and modifications on
a null set, of the associated isoperimetric problem.

The study of isoperimetric problems in the discrete setting is more recent. In the
continuous setting, we study the perimeter to volume ratio, in the context of graphs,
the analogous problem is the study of the size of edge boundary to volume ratio.
This can be encoded by the Cheeger constant. For a finite graph G = (V(G), E(G)),
we define the edge boundary dg A of a subset A of V(G) as

8gA:{e:<a:,y>eE(g):zeA,ygéA}.

We denote by A the edge boundary of A in (Z?, E4) and by | B| the cardinal of the
finite set B. The isoperimetric constant, also called Cheeger constant, is defined as

wg:min{ |a|gAI|4| tACV(G),0< |4 < |V(2g)|} .

The continuous version of this constant was introduced by Cheeger in his thesis
Cheeger (1970) in order to obtain a lower bound for the smallest eigenvalue of the
Laplacian. The discrete version of the Cheeger constant was introduced by Alon
and Milman (1985) and Gabber and Galil (1981). The isoperimetric constant of a
graph gives information on its geometry.

Let d > 2. We consider an i.i.d. supercritical bond percolation on Z%, every edge
is open with a probability p > p.(d), where p.(d) denotes the critical parameter for
this percolation. We know that there exists almost surely a unique infinite open
cluster Co, (Grimmett, 1999). In this paper, we want to study the geometry of
Cs through its Cheeger constant. However, if we minimize the isoperimetric ratio
over all possible subgraphs of C,, without any constraint on the size, one can show
that ¢c,, = 0 almost surely. For that reason, we shall minimize the isoperimetric
ratio over all possible subgraphs of C., given a constraint on the size. There are
several ways to do it. We can for instance study the Cheeger constant of the graph
Chn=Csx N [—n,n]d or of the largest connected component C, of C, for n > 1. As
we have @¢_ = 0 almost surely, the isoperimetric constants ¢¢, and ve, 8o to 0
when n goes to infinity. Benjamini and Mossel (2003), Mathieu and Remy (2004),
Fabien Rau (2006), Berger, Biskup, Hoffman and Kozma (Berger et al., 2008), Pete
(2008) proved that vg s of order n_1~. Roughly speaking, by analogy with the full
lattice, we expect that subgraphs of C,, that minimize the isoperimetic ratio have
an edge boundary size of order n?~! and a size of order n?, this is coherent with the
fact that ¢z is of order n~!. This led Benjamini to conjecture that for p > p.(d),
the limit of neg. when n goes to infinity exists and is a positive deterministic
constant.

This conjecture was solved in dimension 2 by Biskup, Louidor, Procaccia and
Rosenthal in Biskup et al. (2015) and by Gold in dimension 3 in Gold (2018).
They worked on a modified Cheeger constant. Instead of considering the open edge
boundary of subgraphs within C,,, they considered the open edge boundary within
the whole infinite cluster Co,, this is more natural because C,, has been artificially
created by restricting Co, to the box [—n,n]?. They also added a stronger constraint
on the size of subgraphs of C,, to ensure that minimizers do not touch the boundary
of the box [—n,n]¢. Moreover, the subgraphs achieving the minimum, properly
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rescaled, converge towards a deterministic shape that is the Wulff crystal. Namely,
it is the shape solving the continuous anisotropic isoperimetric problem associated
with a norm (3, corresponding to the surface tension in the percolation setting.
The quantity negc, converges towards the solution of a continuous isoperimetric
problem.

Dealing with the isoperimetric ratio within C,, needs to be done with caution.
Indeed, we do not want minimizers to be close to the boundary of C, because
this boundary does not exist in Co,. There is another way to define the Cheeger
constant of Co,, that is more natural in the sense that we do not restrict minimizers
to remain in the box [—n,n]¢. This is called the anchored isoperimetric profile ,,
and it is defined by:

Oc. H
©On :min{ | T}’}‘ | :0€ H C C, H connected, 0 < |H| §nd} ,
where we condition on the event {0 € Co}. We say that H is a valid subgraph if
0 € H C Cy, H is connected and |H| < n?. We also define

8°H:{668H, eisopen}.

Note that if H C Cw, then Oc H = 0°H. For each n, let G,, be the set of the valid
subgraphs that achieve the infimum in ¢,. In this context, a minimizer G, € G,
can go potentially very far from 0. The minimizer G,, properly rescaled does not
belong anymore to a compact set. This lack of compactness is the main issue to
overcome to prove that the limit exists. It was done in dimension 2 in Biskup et al.
(2015), with a specific norm that cannot be extended to higher dimensions. We
need to introduce some definitions to be able to define properly a limit shape in
dimension d > 2. In order to build a continuous limit shape, we shall define a
continuous analogue of the open edge boundary. In fact, we will see that the open
edge boundary may be interpreted in term of a surface tension Z, in the following
sense. Given a norm 7 on R? and a subset E of R? having a regular boundary, we
define 7, (E) as

T.(E) = /8 g () ),

where H9~! denotes the Hausdorff measure in dimension d— 1. The quantity Z, (E)
represents the surface tension of F for the norm 7. At the point x, the tension has
intensity 7(ng(z)) in the direction of the normal unit exterior vector ng(z). We
denote by £¢ the d-dimensional Lebesgue measure. We can associate with the norm
7 the following isoperimetric problem:

... I;(E) . d
minimize subject to L4(F) < 1.
2 zam) S (B) <
We use the Wulff construction to build a minimizer for this anisotropic isoperimetric
problem. We define the set W as

W, = ﬂ {zeR: z-v<1()},

vesd—1

where - denotes the standard scalar product and S?~ ! is the unit sphere of R?. The
set W, / Ed(WT) is a minimizer for the isoperimetric problem associated with 7. We
will build in section 3 an appropriate norm /3, for our problem that will be directly
related to the open edge boundary ratio. We will denote by 7, the surface tension
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associated with 3,. We define the Wulff crystal W), as the dilate of ng such that
L4YW,) = 1/6,, where 0, = P(0 € Cs).

In this paper, we adapt the proof of Gold to any dimension d > 2 to give a
self-contained proof of the existence of the limit for the anchored isoperimetric
profile. Note that this proof also holds in dimension 2, it gives an alternative proof
of Biskup et al. (2015) with a simpler norm. The interest of this result is to prove
the existence of the isoperimetric constant for a more natural definition. Although
proving the existence of the anchored isoperimetric profile involves more technical
difficulties, the anchored isoperimetric profile itself is a simpler object to study.
Cerf and Dembin studied the anchored isoperimetric profile ¢,, at p. in Cerf and
Dembin (2020). Studying the behavior of ¢, at p. would have required much more
work. The aim of this paper is the proof of the two following Theorems. The first
theorem asserts the existence of the limit of nep,,.

Theorem 1.1. Let d > 2, p > p.(d) and let B, be the norm that will be properly
defined in section 5. Let W), be the Wulff crystal for this norm, i.e., the dilate of
Wy, such that LYW,) =1/8,. Then, conditionally on {0 € Cuo},
Z,(Wy)
Ii n = P b
oo O TG LA(W)

The second theorem shows that the graphs G,, realizing the minimum converge
in probability towards a translate of W,.

=7,(W,) a.s..

Theorem 1.2. Let d > 2 and p > p.(d). Let e > 0. There exists positive constants
C1 and Cy depending on d, p and € such that, for alln > 1,

! _
g < max inf —[GuA(n(z +W,) NCx)| 2 2|0 coo) < Cpe O
Gn€Gn zeRI N

where A denotes the symmetric difference.

Remark 1.3. We emphasize the fact that when we restrict theorems 1.1 and 1.2 to
dimension two, we obtain a weaker version of already existing results. Namely, in
Biskup et al. (2015), the authors used methods specific to dimension two in order to
derive a uniform convergence in the shape theorem. Whereas here, we only obtain
L'-convergence.

To prove Theorem 1.1, we first prove a large deviations result from above for
nyy, stated in the following Theorem.

Theorem 1.4. Let d > 2. Let p > p.(d). For all € > 0, there exist positive
constants C1 and Co depending on p, d, € such that, for alln > 1,

Z,(Wp)
P (ng@n > (1+€)9p(d)£d(Wp) ‘O € Coo> < Crexp(—Can).

The proof of Theorem 1.4 is inspired by the proof of Theorem 5.4 in Gold (2018).
We shall build a valid subgraph that has an isoperimetric ratio close to ¢,. In order
to do so, we approximate the Wulff shape W), from the inside by a convex polytope
P. We shall build a cutset I',, that cuts nP from infinity whose number of open
edges is close to nd’le(P) with high probability. For each face F' of P and v its
associated exterior unit normal vector, we consider the cylinder cyl(F' + ev,¢) of
basis F'+ v and of height € > 0. We build F by merging the cutsets from the top
to the bottom of minimal capacity of the cylinders cyl(F + ev,e). The union of
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these cutsets is not yet a cutset itself because of the potential holes between these
cutsets. We fix this issue by adding extra edges to fill the holes. We control next
the number of extra edges we have added. We also need to control the capacity
of the cutsets in a cylinder of polyhedral basis. We next build a valid subgraph
H, C Z% from T,, by taking all the vertices of Co, N nP that are connected to 0
without using edges in I',,. We expect that |H,,| is of order 6, (d)n?L%(P). We can
bound |0¢_ H,| from above thanks to the number of open edges in T',, and so we
control the isoperimetric ratio of H,. Finally, we control the upper large deviations
for this number of open edges thanks to the upper large deviations for the flow in a
cylinder of polyhedral basis. The next step is to obtain the large deviations result
from below.

Theorem 1.5. Let d > 2. Let p > p.(d). For all ¢ > 0, there exist positive
constants Cy and Cy depending on p, d, € such that, for alln > 1,

B Z,(Wp) . 1-3/2d
P(n@ng(l g)ap(d)ﬁd(wp)‘oe% < Cyexp(—Can ).

Remark 1.6. The deviation order in Theorem 1.5 is not optimal due to technical
details of the proof. In this work we do not make any attempt to get the proper
order of deviation. Our aim is mainly to obtain Theorems 1.1 and 1.2. The study
of the large deviations order would be an interesting problem in itself.

Theorem 1.1 follows from Theorem 1.4 and Theorem 1.5 by a straightforward ap-
plication of the Borel-Cantelli Lemma. Proving the large deviations result from
below is the most difficult part of this work. To be able to compare discrete objects
with continuous ones, we shall encode each optimizer G,, € G, as a measure pu,

defined as
1
z€V (Gp)

We first need to build from a minimizer GG,, an appropriate continuous object P,.
To do so, we use the same method as in Gold (2018). The main issue is that the
boundary of GG, may be very tangled, we will have to build a smoother boundary
of size of order n¢~!. This will enable us to build a continuous object P, of finite
perimeter such that, with high probability, its associated measure is close to p, in
some sense to be specified later.

Let F be a subset of R%. We define its associated measure vg:

VE € BRY),  vp(E)=0,LY(FNE).
We now define the set W of the measures associated with the translates of the Wulff
shape as
WZ{VQHWP : xGRd}.
Note that p,, belongs to M(RR?), the set of finite measures on R?. We cannot use
a metric as in Gold (2018) where p,, was a measure on [—1,1]%. In fact, we will
not use a metric here. We first show that all the minimizers G,, € G,, are with high

probability in a local neighborhood of W for a weak topology. This is the key step
before proving Theorem 1.5.

Theorem 1.7. Let d > 2 and p > p.(d). Let u :]0,4+00[—]0,4+00[ be a non-
decreasing function such that lim;_ou(t) = 0. For all ( > 0, there exist positive
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constants C, and Co depending on d, p, u and ¢ such that for allm > 1, for any
finite set T, of uniformly continuous functions that satisfies:

Viedn [flle<1 and  Vr,y e R [f(z) — f(y)l < ulllz —yl2),

we have

: <3G" € Gn, Vv €W, sup |ua(f) —v(f)] > ¢ \0 c coo> < Cpe G
fE€Zn

The main difficulty of this paper lies in the proof of this theorem. In our context,
an issue that was not present in Gold (2018) arises. Whereas the support of the
measure i, was included in a fixed compact set in Gold (2018), this is not the case
here because we do not constrain G,, € G,, to remain in the box [-n,n]¢. To fix
this issue, we will use the method developed in Cerf (2006). We will first localize
the set G,, in a finite number of balls of radius of order n up to a set of small
fractional volume. We will study G,, only inside these balls, i.e., the intersection of
G, with these balls. The intersection of G,, with the boundary of these balls will
create an additional surface tension. However, this surface tension is not related to
the open boundary edges of G,, but to the fact that we have cut GG,, along these
boundaries. Therefore, we should not take this surface tension into account for
the isoperimetric constant. In fact, we will cut G,, in such a way to ensure that
we do not create too much surface tension, i.e., we will cut in regions where G,,
is not concentrated. To conclude, we will link the probability that the measure
Wn corresponding to G, € G, is far from a weak neighborhood of W with the
probability that the surface tension of G, is locally abnormally small.

Finally, to prove Theorem 1.2, we exhibit a set JF,, of uniformly continuous
functions such that we can bound from above the symmetric difference |G, A(n(x+
Wp)NCoo)| by sup ez, |pn(f) —v(f)| for some v € W and then apply the result of
Theorem 1.7.

The rest of the paper is organized as follows. In section 2, we give some definitions
and useful results. We do the construction of the norm £, in section 3. In section 4,
we prove the upper large deviations in Theorem 1.4. We build a continuous object
P,, from a minimizer G,, € G, and prove that its associated measure is close in
some sense to the measure p, of G, in section 5. Finally, in section 6, we prove
Theorem 1.7 that is a preliminary work before proving the lower large deviations
Theorem 1.5 and the convergence of G,, properly rescaled towards a limit shape in
Theorem 1.2.

2. Some definitions and useful results

2.1. Geometric notations. For x = (x1,...,x4), we define

[l =

We say that x,y € Z% are *-connected if |z —y| s = 1. We say that v = (xo, ..., 7,)
is an *-path of Z< if for any 0 < i < n — 1, the points z; and z;4; belong to Z?¢ and
are x-connected. We say that I' is x-connected or a lattice animal if any x,y € T’
are connected by an x-path in I'. We denote by Animals, the set of lattice animals
containing the point z € Z.
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Lemma 2.1 (Kesten, 1986, p82 or Grimmett, 1999, p85). Let = € 74, For all
positive integer [,
{I' € Animals,,, [T'| = 1}| < (79)".
Let S C R? and r > 0, we define dz(z, S) = inf,cs ||z — y||2 and V(S, ) the open
r-neighborhood of S by

V(S,r) = {xeRd s da(z, S) <7“}.

Let x € R4, r > 0 and a unit vector v. We denote by B(z,r) the closed ball of
radius r centered at x, by disc(z,r,v) the closed disc centered at x of radius r
normal to v, and by BT (x,r,v) (respectively B~ (x,7,v)) the upper (resp. lower)
half part of B(x,r) along the direction of v, i.e.,

Bt (z,7r,v) = {yEB(x,r) : (y—x)~v20},
and
B~ (z,r,v) = {yEB(x,r) : (y—m)-vSO}.

We denote by ag the £¢ measure of a unit ball in R?. We denote by H%! the
Hausdorff measure in dimension d — 1. In particular, the H%~! measure of a d — 1
dimensional unit disc in R? is equal to ay_;. Let A be a non-degenerate hyper-
rectangle, i.e., a rectangle of dimension d — 1 in R%. Let 7 be one of the two unit
vectors normal to A. Let h > 0, we denote by cyl(A, h) the cylinder of basis A and
height h defined by

cyl(A,h):{x+t7 : xeA,te[—h,h]}.

The dependence on T is implicit in the notation cyl(A, h). Note that these defini-
tions of cylinder may be extended in the case where A is of linear dimension d — 1,
i.e., A is included in an hyperplane of R%, which is the affine span of A.

2.2. Sets of finite perimeter and surface energy. The perimeter of a Borel set S of
R? in an open set O is defined as

P(S,0) = sup{/sdivf(x)d[,d(x) c fe CEO(O,B(O,I))} ,

where C>(0, B(0,1)) is the set of the functions of class C> from R? to B(0,1)
having a compact support included in O, and div is the usual divergence operator.
The perimeter P(S) of S is defined as P(S,R%). The topological boundary of S
is denoted by 0S. The reduced boundary 9*S of S is a subset of 95 such that,
at each point z of 9*S, it is possible to define a normal vector ng(z) to S in a
measure-theoretic sense, and moreover P(S) = HY1(9*S). Let v be a norm on
R?. We define its associated Wulff crystal W, as

W, = {xeRd : Yy, y-xgu(y)}.
With the help of the Wulff crystal, we define the surface energy of a general set.

Definition 2.2. Let v be a norm on R?. The surface energy Z, (S, O) of a Borel
set S of R% in an open set O is defined as

7,(S,0) :sup{/sdivf(a:)dﬁd(x): fe Ccl(O,Wl,)}.
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We will note simply Z,(S) = Z,,(S, R%).

Proposition 2.3 (Proposition 14.3 in Cerf, 2006). The surface energy Z, (S, O) of
a Borel set S of R? of finite perimeter in an open set O is equal to

7,(5,0) = / v(ns(z)dH (x) .

9*SNO
We recall the following fundamental result.

Proposition 2.4 (Isoperimetric inequality). There exist two positive constants b;se,
Ciso Which depend only on the dimension d, such that for any Cacciopoli set E, any
ball B(z,r) C RY,

min (L4(E N B(z,r)), LYR?\ E) N B(x,7))) < bisoP(E, B(x, 7)),
min (LY(E), LYRY\ E)) < cisoP(E)Y471.
We refer to Giusti (1984), for more details on Cacciopoli sets, isoperimetric inequal-
ity and other definitions in geometric measure theory.
2.3. Approximation by conver polytopes. We recall here an important result, which
allows us to approximate adequately a set of finite perimeter by a convex polytope.

Definition 2.5 (Convex polytope). Let P C R% We say that P is a convex

polytope if there exist vy,...,v,, unit vectors and ¢, ..., ¢, real numbers such
that
P = ﬂ {meRd: x-viggai}.
1<i<m

We denote by F; the face of P associated with v;, i.e.,
Fi:Pﬁ{meRd: x-vi:%}.

Any convex subset can be approximated from the outside and from the inside by a
convex polytope with almost the same surface energy.

Lemma 2.6. Let v be a norm on R%. Let A be a bounded convex set. For each
e > 0, there exist convex polytopes P and Q such that P C A C Q and Z,(Q) —e <
T,(A) < T,(P) +e.

Proof: Let A be a bounded convex set. Let € > 0. Let (zx)r>1 be a dense family
in QA. For n > 1, we define P, as the convex hull of x1,...,x,, i.e., the smallest
convex that contains the points z1,...,2,. As A is convex, we have P, C A and
P, converges towards A when n goes to infinity for the £' topology. The functional
7T, is lower semi-continuous, thus

Z,(A) < liminf Z,(P,),
n—roo

so there exists n large enough such that
II/(A) S Iu(Pn) +e€

and we take P = P,,. The existence of ) was shown in Lemma 5.1. in Cerf and
Pisztora (2000) for the Wulff shape. The proof may be easily adapted to a general
convex bounded set A.

O
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3. Construction of the norm

Minimizing the open edge boundary is the analogue of minimizing a surface
tension in the continuous setting. We shall build a norm [, that represents the
tension that is exerted on the surface, i.e., any point z in a surface S having ng(z)
as a normal unit exterior vector has a tension f,(ns(x))ng(z) that exerts at the
point x. To build this norm, let us consider G,, € G,,. We zoom on the boundary of
G, we look at what happens in a small but macroscopic cube centered at a point
z in the boundary 9G,, (see Figure 3.1). The cube is located in such a way that
its bottom intersects G,, and its top intersects Z? \ G,,, and it is rotated so that
its normal vector coincides with the normal exterior vector at the point x. As this
cube is small, the portion of G,, in that cube does not affect much |G|, the total
volume of G,,. Thus, if one would like to minimize the open edges to volume ratio,
one needs to minimize the number of open edges of dG,, in that cube. This problem
is equivalent to finding a set of edges that separates the top from the bottom of the
cube with a minimal number of open edges.

FIGURE 3.1. A small box on the boundary 0G,, of a minimizer
Gn € Gn

Let us give now a more precise definition of the norm 3,. We consider a bond
percolation on Z? of parameter p > p.(d) with d > 2. We introduce many notations
used for instance in Rossignol and Théret (2010) concerning flows through cylinders.
Let A be a non-degenerate hyperrectangle, i.e., a rectangle of dimension d — 1 in
R?. Let ¥ be one of the two unit vectors normal to A. Let h > 0, we denote by
cyl(A, h) the cylinder of basis A and height 2h defined by

cyl(A, h) = {x+t7 cxedte [—h,h]}.
The set cyl(A,h) \ A has two connected components, denoted by Cj(A4,h) and
C3(A,h). For i = 1,2, we denote by CI(A,h) the discrete boundary of C;(A,h)
defined by

CI(A,h) = {x € Z4NCy(A, h) : Ty ¢ cyl(A, h), (z,y) € B } :
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We say that a set of edges F cuts C1(A, h) from C%(A, h) in cyl(A, h) if any path
v from C{(A,h) to C4(A, h) in cyl(A, h) contains at least one edge of E. We call
such a set a cutset. For any set of edges F, we denote by |E|, the number of open
edges in E. We shall call it the capacity of E. We define

Tp(A,h) = min{ |E|,: E cuts C1(A, h) from C5(A,h) in cyl(A,h) } .

Note that this is a random quantity as |E|, is random, and that the cutsets in this
definition are pinned near the boundary of A. Finding cutsets of minimal capacity
is equivalent to the study of maximal flows, see Bollobas (1979). To each edge e, we
can associate the random variable t(e) = L. is open. In the study of maximal flows,
we interpret each t(e) as the capacity of the edge e, i.e., the maximal amount of
water that can flow through e per unit of time. We are interested in the maximal
amount of water that can flow through the cylinder given the constraint on the
capacity. We refer to Rossignol and Théret (2018) for a rigorous definition of
maximal flows. In the following, we will use the term flow to speak about the
quantity 7,. The following proposition is a corollary of Proposition 3.5 in Rossignol
and Théret (2010), it enables us to give a rigorous definition of the norm f,,.

Proposition 3.1 (Definition of the norm 3,). Let d > 2, p > p.(d), A be a non-
degenerate hyperrectangle and o one of the two unit vectors normal to A. Let h
an height function such that lim,, ., h(n) = co. The limit

o Elr(nA,h(n))
Bo(¥) = lim =r ey

exists and is finite. Moreover, this limit is independent of A and h and B, is a
norm.

The norm f,, is called the flow constant. Roughly speaking, ﬂp(7) corresponds to
the expected maximal amount of water that can flow in the direction ¥ on average.
Actually, we can obtain a stronger convergence. A straightforward application of
Theorem 3.8 in Rossignol and Théret (2010) gives the existence of the following
almost sure limit:
L (0, h(n))
n—oo H4=1(nA)

= Bp(ﬁ) :

We define
/Bmin = inf 517(7)7 Bmaw = Ssup 51)(7)

Tesd-1 o esd—1
As 3, is a norm on R?, we have Bymin > 0 and Bes < 00. We will need the following
upper large deviations result which is a straightforward application of Theorem 4
in Theret (2014).

Theorem 3.2. Let d > 2 and p > p.(d). For every unit vector 7, for every non-
degenerate hyperrectangle A normal to v, for every h > 0 and for every A > ﬁp(ﬁ),
there exist C1 and Cy depending only on A and G, such that, for alln > 0,

P (7,(nA, hn) > MH“ (A)n®!) < Oy exp(—Cahnt).

To ease the reading and lighten the notations, the value of the constants may
change from appearance to appearance.
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4. Upper large deviations

4.1. The case of a cylinder. The aim of this section is to prove Theorem 1.4. A
convex polytope of dimension d — 1 is a convex polytope F' which is contained in
an hyperplane of R? and such that H9~1(F) > 0. We have the following Lemma.

Lemma 4.1. Letp > p.(d). Let F be a convex polytope of dimension d—1. Let v be
a unit vector normal to F'. There exist positive real numbers C; and Cy depending
on F, p and d such that for all n > 1, for all X > B,(v)H Y (F), for allh >0

P(7,(nF,nh) > An®"') < C exp(—Cahn?).

Proof: Let p > p.(d). Let F be a convex polytope of dimension d — 1 and v
a unit vector normal to F. We shall cover F' by a finite family of hypersquares
and control the probability that the flow is abnormally big in cyl(nF,nh) by the
probability that the flow is abnormally big in one of the cylinders of square basis.
Let A > B,(v)H? 1(F). Let k > 0 be a real number that we will choose later. We
denote by S(k) an hypersquare of dimension d — 1 of side length x and normal to
v. We want to cover the following region of F' by hypersquares isometric to S(k):

D(k, F) = {xeF . d(z,0F) >2\/&m}.

There exists a finite family (S;);er of closed hypersquares isometric to S(x) included
in F' having pairwise disjoint interiors, such that D(k, F') C U;c1.S; (see Figure 4.2).
Moreover, there exists a constant ¢y depending only on the dimension d such that

HY(F\ D(k,F)) < caH 2 (0F) k.. (4.1)
We have then
'del(F)
1] < HET(S(R)) (4.2)

Let h > 0. We would like to build a cutset between C}(nF,nh) and C4(nF,nh) out

An hypersquare of >| | T/ | | u

side length

FIGURE 4.2. Covering P with hypersquares
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of minimal cutsets for the flows 7,(nS;,nh), i € I. Note that a cutset that achieves
the infimum defining 7,(nS;,nh) is pinned near the boundary onS;. However,
if we pick up two hypersquares S; and S; that share a common side, due to the
discretization, their corresponding minimal cutsets for the flow 7, do not necessarily
have the same trace on the common face of the associated cylinders cyl(nS;, nh)
and cyl(nS;,nh). We shall fix this problem by adding extra edges around the
boundaries of the hypersquares 0.5; in order to glue properly the cutsets. We will
need also to add extra edges around n(F \ D(k,F)) in order to build a cutset
between C](nF,nh) and C)(nF,nh). For ¢ € I, let E; be a minimal cutset for
7 (nS;,nh), ie., B; C E¢ cuts C}(nS;,nh) from C%(nS;,nh) in cyl(nS;,nh) and
|Eilo = 7,(nS;,nh). We fix ( = 4d. Let Ey be the set of edges of E? included in
&y, where we define

é'o:{xeRd : d(a:,nF\UnSi) §C}UU{xeRd : d(x,@nSi)SC}.
iel

1€

The set of edges EoUJ
cyl(nF,nh), therefore,

Tp(nF,nh) <|Eo|o + Z |Ei|o < card(Ep) + Z Tp(nS;, nh) . (4.3)
icl icl

ser i separates C1(nF,nh) from Cy(nF,nh) in the cylinder

There exists a constant ¢/, depending only on d such that, using inequalities (4.1)
and (4.2),
card(Ep) < ¢ (kn® "H2(OF) + |[I|H*2(9S(k))n~?)
/del (F)
d—1q/d—2 d—2 d—2
<d </<m H(OF) + m?—l (0S(k))n )
d—1 F
S C:j <Knd1Hd2(aF)+ H Ii( )nd2> .
Thus, for n large enough,
card(Ey) < 2¢; k H2(9F)n® 1. (4.4)

There exists s > 0 such that A > (1 + s)3,(v)H? 1 (F). We choose x small enough
such that

2, KM (OF) < gﬁminﬁdﬂ(m. (4.5)
Inequalities (4.4) and (4.5) yield that
card(Ep) < gﬁp(v)nd_lHd_l(F). (4.6)
Thanks to inequality (4.6), we obtain
P(7,(nF,nh) > An1)

<P (card(Eo) + Z Tp(nS;,nh) > (1 + s)ﬁp(v)Hdl(F)nd1>

iel

< S B(ry(nSiinh) > (14 5/2)8, ()M (S ). (4.7)

icl
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Thanks to Theorem 3.2, there exist positive real numbers C7, Cy such that, for all
i€l

P(1,(nS;,nh) > (1 + 5/2)B,(v)H* " (S;)n?"!) < C; exp(—Cahn?). (4.8)
By combining inequalities (4.7) and (4.8), we obtain
P(7,(nF,nh) > An®"1) < |I|Cy exp(—Cahn?),

and the result follows. O
We can now proceed to the proof of Theorem 1.4.

Proof of Theorem 1.J: Let € > 0 and £ > 0. By Lemma 2.6, there exists a convex
polytope P such that P C W, Z,(P) < (1+&')I,(W,) and LY(P) > (1—¢")LLW,,).
Up to multiplying P by a constant a < 1 close to 1, we can assume without loss of
generality that £¢(P) < £4(W,). We have, for small enough ¢’ (depending on ¢),

s iy 0 <)

< (npn > e/

P (ngpn >(1+¢)

) i | <¢)

1—¢
Z,(P)
<P n > (1 —P 2 __10eC . 4.9
Let us denote by Fi,...,F,, the faces of P and let vy,...,v, be the associated
exterior unit vectors. Let § > 0. For i € {1,...,m}, we define

Oi = Cyl(Fq; + 51)2‘, 5) .

All the Cioare of disjoint interiors because P is convex. Indeed, assume there exists
z € C; N C; for some 7 # j. Then there exist unique = € F;, y € Fj and h,h’ < 2§
such that z = z + hv; = y+ h'v;. The points  and y correspond to the orthogonal
projection of z on P. As P is convex, the orthogonal projection on P is unique
and so x = y = z. This contradicts the fact that z belongs to the interior of C;.
We now aim to build a cutset that cuts nP from infinity out of cutsets of minimal
capacities for 7,(n(F; + dv;),nd), i € {1,...,m}. The union of these cutsets is
not enough to form a cutset from nP to infinity because there are holes between
these cutsets. We shall add edges around the boundaries 9(n(F; 4+ dv;)) to close
these holes (see Figure 4.3). As the distance between two adjacent boundaries
O(n(F; + 0v;)) decreases with ¢, by taking § small enough, the size of the bridges
and so their capacities are not too big. We recall that the capacity of a set, namely
the number of open edges in the set, may be bounded from above by its size. Next,
we control the maximal flow through the cylinders or equivalently the capacity of
minimal cutsets in the cylinders with the help of Lemma 4.1.

For i € {1,...,m}, let E! be a minimal cutset for 7,(n(F; + dv;),nd), i.e., E!
cuts Ci(n(F; + 6v;),0) from Ch(n(F; + dv;),9) and |Ef|, = 7,(n(F; + dv;), dn). We
shall add edges to control the space between E! and the boundary d(n(F; + dv;)).
Let ¢ = 4d. Let i,j € {1,...,m} such that F; and F} share a common side. We
define

M(i,5) = V(nF,NnFj,nd + )\ V(nF, N nEj,nd — () N (nP)°.
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Let M, ; denote the set of the edges in E¢ included in M(4,5) (see Figure 4.3).
There exists a constant ¢/, depending only on the dimension d such that for all

i,j € {1,...,m} such that F; and F; share a common side,
card(M; ;) < g6 tndt (4.10)
We set
M= )M,
()
where the union is over 4, j € {1,...,m} such that i # j and Fj, F; share a common

side. The set '), = M U U:L E! cuts nP from infinity. We define H,, to be the set
of the vertices connected to 0 by open paths which do not use an edge of T'y,, i.e.,

H, = {x e 7%, x is connected to 0 with open edges in E? \ T, } .

nW,

a minimal cutset for
Tp(n(F}j + 6v;), 0n)

FI1GURE 4.3. Construction of a cutset I';, from nP to infinity

By definition, the set H,, is connected. As we condition on the event {0 € C}, the
set H,, is a subgraph of C,. As P is a polytope,

Ip(P) = Zﬁp(vi)Hd_l(Fi)'

Moreover, we have

|0c.. Hp| = |0°Hn| < [Tnlo,
where the last inequality comes from the fact that, by construction of H,, if e €
OH, \ T, then e is necessarily closed. Using (4.10), we have

ITnlo < card(M) + Y |Ejl,
=1

< cqm2oi—lpd-1 1 pr (n(F; + 6v;),0m) . (4.11)

i=1
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We choose ¢ small enough so that
m?cg0 < 0T,(P)/2  and  LYV(OP,36)) < SLYP). (4.12)

Let us now estimate the probability that |T',|, is abnormally big. Using inequalities
(4.11) and (4.12), we get

P(|Talo 2 (1 +8)Z,(P)n?™"' 0 € Cx)

01 (card +er (F; + 6v;),6n) > (1 +9) Zﬁp o ML (Fy ) 1)
p

1=1

| /\

< @P <; n(F; + dv;),0m) > (1 +6/2); (vi)Hd_l(Fi)nd_1>
1 m
072; n(F; + 6v;),0n) > (14 8/2) By (v)) HE L (Fy)nt1). (4.13)

By Lemma 4.1, there exist positive constants C7, Cy depending on d, p, P and §
such that, for all 1 <i < m,

P (7, (n(F; + 6v;),6n) > (14 6/2)B,(vi)HIH (F)n?=1 < Cy exp(—Cadn?) . (4.14)
Finally, combining inequalities (4.13) and (4.14), we obtain
mC’1

P

P(ITnlo > (1 +8)Z,(P)n®1) < exp(—Caon?). (4.15)

We shall now estimate the number of vertices in H,, in order to check that H,,
is a valid subgraph. For that purpose, we use a renormalization argument. Let
k > 0. We partition R? into disjoint cubes of side length 1/k. We define B;. as the
union of B; and all its 3% — 1 x-neighbors (the cubes B having at least one vertex
at L' distance less than 1 from B;). We consider By,..., B, the cubes such that
Bi,..., B are contained in P\ V(JP,20) and By, y1,..., B, the cubes such that
Bl’l_|r17 e Bl'2 intersect V(0P,26). We can choose k large enough such that

l2
£d< U Bi> < LYV(9P,35)) < LY (P). (4.16)

i=l1+1

We say that a cube Bj is good if the following event &(Lj ) oceurs:

e There exists a unique open cluster of diameter larger than n/k in nB;.

|Coo N NB,|
o We have WB])] S (9p75,9p+5)
There exist positive constants C; and Cy depending on d, p, k and § such that
P(E{)) < Cy exp(—Can) . (4.17)

For a proof of the control of the probability of the first property see Theorem 7.68 in
Grimmett (1999) or Pisztora (1996), for the second property see Pisztora (1996). If
the cube B; is good, we denote by C; its unique open cluster of diameter larger than
n/kinnBj, for 1 < j <l;. Ontheevent (), &n 9 {0€Cx }, the set U

is connected without using edges of I';, and contains 0, therefore, it is a subgraph of
H,,. Furthermore, we claim that, on this event, we have Csc N (U1§j§ll nBj) C Hy,.
Indeed, let us assume that there exists z € Coo N (U;<;<;, nB;) that does not
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belong to H,. Both 0 and = belong to Co,, therefore, z is connected to 0 by a path
v = (xo,€1,.-.,¢e, o) with xg = 0 and x; = x that uses edges in T',,. We define

r:sup{izLeiEFn}.

FIGURE 4.4. Vertices in H,,

By construction, as e¢; ¢ T',,, we have r < . Let us denote ' = (z,, €rq1,...,2;).
The path + is not connected to H,, without using edges in T',, (see Figure 4.4). Let
J such that x € nBj;, by construction z, is outside nB;. Moreover, on the event
&(Lj ), the cube nB§- contains a unique cluster of diameter larger than n/k. As the
path 7' starts outside nB’ and ends inside nBj, its intersection with nB} has a
diameter larger than n/k. Besides, the path 7' is not connected to H,, in nB} by
an open path, so the cube nB;» contains two open clusters of diameter larger than
n/k. This is a contradiction with the first property of a good cube. Therefore, on

the event mlgjgll &(Lj) N {0 € Coo },
|Hn| > |Coo N (Ur<j<i, nB;)

Iy
> (0, — 0)> LY nB;). (4.18)

i=1
Thanks to inequalities (4.16) and (4.18), we obtain
|H,| > (6, — 6)(1 — 6)LYnP). (4.19)

To ensure that H, is a valid subgraph, it remains to check that |H,| < n?, yet we
have

I la
|Ha| < (0, +6) Y LYnB)+ > LYnBy)
i=1 i=l1+1

< (0, + 0)nLYP) + n?sLY(P)
< (0, +28)ntLi(P).
As L4(P) < £L4(W,), we can choose § small enough such that
|Hy| < Hp[ld(Wp)nd <n?.
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Finally, on the event
(N &9 N {Tulo <A +)T,(P)n" " }n{0eCs },
1<i<h
combining (4.11) and (4.19), we obtain, for small enough §,
Tnlo Z,(P)
< (1 2)————~—.
i, @, 20— oycip) = g cip)

Combining the result of Lemma 4.1 and inequalities (4.9), (4.15) and (4.17), we
obtain

Zp(P)

ey, < <(1+59)

Z,(Wy)
(men> (0 Tt
< Ly exp(—Can) + mC exp(—Cyon?).
P P
This yields the result. O

5. Construction of a continuous object

The aim of this section is to build a continuous object P, from a minimizer
Gn € Gn.

5.1. Some useful results on the minimizers. The following lemma ensures that the

size of the minimizers G,, € G,, are of order n¢.

Lemma 5.1. Let d > 2 and p > p.(d). There exist positive constants Dy, Dy and
m depending only on d and p such that, for alln > 1,

P(HGn € g’m |Gn| S nlnd ‘ 0e Coo) S D1 eXp(—Dgn(d_l)/Qd)) .

To prove Lemma 5.1, we adapt the proof of Lemma A.8 in Gold (2018). We
need the following proposition that ensures that the open edge boundary of a large
subgraph is not too small.

Proposition 5.2 (Berger-Biskup-Hoffman-Kozma, Proposition 5.2. in Berger et al.,
2008). Let d > 2 and p > p.(d). There exist positive constants ci, ¢ and c3
depending only on d and p such that, for allt >0,

There exists an open connected graph containing 0 < wp(—cat)
such that |G| > t¥/(@=1) 19°G| < ¢3]G|d-1/d = L eXpAmet)

Proof of Lemma 5.1: Thanks to Theorem 1.4, there exist positive constants ¢}, ¢
and ¢ depending only on p and d such that for all n > 1,

P(gpn >en o€ Coo) < ) exp(—chn) .

Let G, € Gp. If |G| < /1, as G, C Coo the set 9°G,, is non empty on the event
{0 € Coo} and 50 @, > n~'/2. This is impossible for large n. We now assume |G,,| >
V/n. Using Proposition 5.2 with ¢ = n(¢=1/24_conditioning on {0 € C}, we obtain
that |0°Gy,| > c3|G,,|(4=Y/4 with probability at least 1 — ¢; exp(—can(4=1/24) /g, .
Moreover, on the event {¢, < c5n™'} N {0 € Cx }, we obtain
|0°G.,|
< _

C3|Gn|71/d — |G | - (pn S C/37'L
n

-1
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So we set 11 = (c3/c4)?. Finally,
IP’(HGn € G, |Gl <mn |0 € coo)

< P(‘pn > an_l ‘ 0e Coo) + ;—1 eXp(—CQn(d_l)/Qd)
p

< cj exp(—=cyn) + ;—1 exp(—con(d=1)/2d)
P

This yields the result. O

5.2. Construction of a continuous set. To study the upper large deviations, we
needed to go from a continuous object to a discrete object. In this section, we do
the opposite. From now on, we will always condition on the event {0 € Coo}. We
start with G,, € G, and we build a continuous object P,. Our goal is to build
a continuous object of finite perimeter which is close to n=(?=1[9°G,,|. Although
it seems natural to take the continuous object P,, = n™1(G,, + [~1/2,1/2]%), this
turns out to be a bad choice because the boundary dG,, may be very tangled and
its size may be of higher order than n?~!'. We will build from G,, a graph F,, with
a smoother boundary T',, € E? in order to build the continuous object P,. At
this point, there is some work left. If we consider the subgraph F,, that contains
all the vertices in Cy enclosed in T'y, the symmetric difference F,,AG, may be
big due to the presence of holes in G,,, more precisely portions of C., enclosed in
T',, but not contained in G,, (see Figure 5.5). Indeed, if these holes are too large,
the symmetric difference F,,AG,, will be large too. However, we cannot keep all
the holes in G,, to build F;, because when we will pass to a continuous object P,
these holes will considerably increase the perimeter of P, so that P, may have a
too large perimeter. The solution is to fill only the small holes to obtain Fj, so
that the perimeter of P,, remains of the correct order and the symmetric difference
F,,AG,, remains small. In order to do so, we shall perform Zhang’s construction in
Zhang (2018) to obtain a smooth boundary I',, for G,, but also to surgically remove
these large holes from G, by cutting along a smooth boundary. This work was
done in Gold (2018). We will only partially sketch Zhang’s construction and we
refer to Zhang (2018) for a rigorous proof and more details about the construction.
Although we did the same construction as Gold (2018), we do not use the same
argument to conclude. Gold used a procedure called webbing to link all the different
contours together in order to obtain a single connected object, this simplifies the
combinatorial estimates. Here, we do not perform the webbing procedure, instead
we use adequate combinatorial estimates. Avoiding the webbing procedure enables
us to extend the result to dimension 2.

Let us define a renormalization process. For a large integer k, that will be chosen
later, we set By = [k, k[?NZ? and define the following family of k-cubes, for i € Z4,

By (i) = 7i2k+1)(Bk) »

where 7, denotes the shift in Z¢ with vector b € Z¢. The lattice Z? is the disjoint
union of this family: Z? = Ujcza Bi(i). We introduce larger boxes By, for i € Z4,
we define

By (i) = Tic2r41) (Bak)-
Underscore will be used to denote sets of cubes. For any set of k-cubes A, the set A’
denotes the set of the corresponding 3k-cubes. Let G,, € G,. We first use Zhang’s
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construction to build a smooth cutset I';, that separates GG, from infinity. We denote
by A the set of k-cubes that intersect 0.G,,, the exterior edge boundary of G,,. We
then modify the current configuration w into a configuration w’ by closing all the
open edges in dG,. This procedure is only formal as we will eventually reopen
these edges. Zhang’s construction enables us to extract a set of cubes I' C A such
that I is *-connected and in the configuration w’, the union of the 3k-cubes of I’
contains a closed cutset I';,, that isolates G,, from infinity and a rare event occurs
in every cube of . These rare events are due to the existence of a closed cutset
that creates a large interface of closed edges, this is a very unlikely event when
p > pe(d). Of course, when we will eventually switch back to the configuration w,
these rare events will not occur anymore in some cubes.

Several connected components of Co, \ G, in 7 \ T',, are enclosed in T, (see
Figure 5.5). We say that a connected component C of Cy is surrounded by T, if
any path from C to infinity has to use an edge of I',,. We will say that C is large if
|C| > n'=1/2(d=1)  We enumerate the large connected components L1, ..., L,, and
the small connected component Si,...,Sy. We denote by m(G,,) the number of
large connected components of Cy, \ G, enclosed in T'y,.

Remark 5.3. We insist here on the fact that these large components are not holes
of the infinite cluster but holes of G,, (see Figure 5.5). Intuitively, we do not expect
that a minimizer contains such holes because the graph obtained by filling all these
holes have a smaller isoperimetric ratio. Indeed, by filling these holes, we reduce
the open edge boundary and increase the volume. However, by filling these holes,
the volume may exceed n? and the graph we obtain by filling these holes may not
be admissible. That is the reason why we cannot easily discard the presence of
these large holes inside G,,. To obtain the proper order of large deviations, one
would have to fix this issue.

We then build F,, C Cy by filling the small connected components Sy, ..., Sy
of G,, i.e.,

N
F,=G,ul]JS:. (5.1)
i=1
At this point, the boundary 0F,, \ 0. F,, of F,, may be still tangled around the large
components. In the configuration w’, for each 1 < j < m, there exists a closed
cutset that separates L; from infinity. We can apply Zhang’s construction to each
component L; ill(ﬁrder to build a smooth closed cutset Iy}’ and its correﬁ]i)ﬁnding
set of k-cubes I',". Thanks to Zhang’s construction, the set of cubes I',," is *-
connected and in the configuration w’, a rare event occurs in each of its cubes. We
denote the boundary of F),, by I',, and its associated set of k-cubes I',, as

m m
T, =T, uJT9, L, =r,ulJo.
i=1 i=1
The set of k-cubes in is not *-connected. It only contains cubes where a rare event
occurs in the configuration w’. Although for some cubes these events do not occur
anymore in the configuration w, we can bound from below the number of cubes that
remain unchanged by |L,,| — [0°Gy|. In these cubes, rare events still occur when
we switch back to the original configuration w. Using a Peierls argument, we can
deduce that, with high probability, |T,| and |0°G,,| are of same order when k is
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a small
component
Si

T
Fn

a large component
L;

FIGURE 5.5. Construction of fn for a G,, € G,

taken large enough. To perform the combinatorial estimates we will need the two
following propositions.

Proposition 5.4 (Lemmas 6 and 7 in Zhang, 2018). Let d > 2 and let p > p.(d).
There exist positive constants C1 and Cy depending only on p and d such that for
each k-cube By,

P(a rare event occurs in By,) < Cy e~ 92k

Moreover, this rare event depends only on the configuration of the 3k-cube Bj,.

Remark 5.5. We do not define here what these rare events are, we refer to Zhang
(2018) for a precise definition of these rare events. For our purpose we only need
to know that the decay is exponential in k. We say that a cube is abnormal if a
rare event occurs in this cube.

Proposition 5.6. Let d > 2 and p > p.(d). There exist positive constants c1, co
and c3 such that

P (HG” € Gn, m(Gp) > cgn=2+8/24 |0 € Coo) < ¢y exp(—ean!3/24)

Proof: Thanks to Theorem 1.4, there exist positive constants C}, C4 and C% de-
pending only on p and d such that for all n > 1,

]P’(gon > Chn? |0 IS Coo) < C1exp(—=Chn).
Let G,, € G,,. We have with probability at least 1 — C exp(—C%n) that
|0°G,| < Cin~Y|G,| < Chnd=1.

Thanks to Proposition 5.2, there exist positive constants ¢}, ¢, and cj depending
only on p and d such that, for all £ > 0, we have

There exists an open connected graph containing 0 , ,
IP’< such that |G| > ¢4/ |9°G| < ¢, |G| @~ D/d < cexp(—cyt). (5.2)
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In the following, we set t = n(1=1/2(d=1)(d=1)/d — ,p1-3/2d  First notice that by
construction, each L; is contained in [-n?, n?) N Z%. We have

P (aen € G, i€ {1,...,m(Gn)}, [0°Ly| < chn(1—1/2@=10d/(d=1) | ¢ ¢ coo)

<P (HGn €Gn, Ji€{1,...,m(Gn)}, [0°Li| < c4|L;|" "V |0 € coo)

< i[p There exists an open connected graph G contained in

0, [-n?,n% N Z? such that |G| > t¥/ (=D 19°G| < c4|G|4—D/d

< 1 Z P There exists an open connected graph G containing
=0, x such that |G| > t¥/(d=1) 9°G| < c4|G|@—1D/d

z€[—nd ndNZd

Using the translation invariance together with inequality (5.2), we obtain

P (3Gy € G, 3 € 1,0, m(Ga)}, |0°Li] < -4/ )o )

< (2n4)? P There exists an open connected graph G containing 0
0 such that |G| > t4/(4=1) 9°G| < ¢5|G| =1/
(2n?)

<

¢ exp(—cyn' 3724y

Op
By construction, for all i € {1,...,m(G,)}, we have 9°L; C 9°G,, and for all
j€A{1,...,m(G,)} such that i # j, we have 9°L; N 9°L; = §. Thus, with high
probability,

0°Gh| Cint! C5 a_213/24
m(Gn) < hn(—9)d/(d=1) = ¢ p1-3/2d S gn :

Finally, by setting c3 = C}/c%, we obtain
P <3Gn € G, m(Gh) > can®=2+3/24 | ¢ coo)

G, € G,, Fi € {1,...,m(G,)},
‘aoL” < Cgn(lfe)d/(dfl)

SP(Q@HZan_I{OECOO) —HP’(

0€Cx )
(2nh)?
HP

This yields the result. [l

< Cf exp(—=Chn) + ¢ exp(—cyn' 3724y

Using the control on the number of large components m(G,,) of C, enclosed in
T',, and a Peierls argument, we obtain the following control of |T',,|:

Proposition 5.7. Let d > 2 and p > p.(d). There exist positive constants 3y, C1,
C5 depending only on d and p such that, for alln > 1, for all B > By,

P <Gmé%{ \fn\ > Bnd-! |O e Coo> < exp(—C'in*S/Qd) .

Proof: Let k be a large integer that we will choose later. We consider a renormal-
ization process of parameter k. Let G,, € G,,. First notice that as I';,, C UBef B,
we have

ITul < (6k)9IL,| -



226 B. Dembin

Thus, it is enough to control the quantity |in| to prove Proposition 5.7. We can
rewrite in as

'

L, = UAi with m’ < m(G,)

i=1
where the A, are pairwise disjoint *-connected sets of cubes. Thanks to Theo-
rem 1.4, there exist positive constants C7, C% and C% depending only on p and d
such that for all n > 1,

P(n > Chn~" 0 € Cac ) < Cf exp(~Chn). (5.3)
Let G,, € G,,. We have with probability at least 1 — C] exp(—C4n) that
|0°G,,| < Chn?1.
We choose 3 large enough such that

B
Cl <
8= 2447
so that
_ B 4
|0°G,| < Chnd=t < 2.4dnd L

We now want to sum over the possible realizations of fn Using Proposition 5.6
together with inequality (5.3), we get

P (3Gn € Gu, I, = Bn?~t [0 € C )

<P|3G,€e§ Z;n:/l |[A;| > Bn=t, m/ < ey 28R, ‘O eC
= n ns |80Gn‘ S 2idnd71 (e o)
+ ¢1 exp(—con~3/24) 4 O exp(—Chn)

gnd—2+3/2d

C.

DD 2 2

j>pnd-1 m'=1 st tim =7 w1,...,2,, €[-nd,nd]d A;€Animalsy,

5150, o1 fms 50 1A=,
S P(HGn €Gn T, = OAZ- 109G <~ pi-1 ‘o € coo)
_ e = U =54
Am/eAmmalsmm/ 1=1
[A s | =
+ ¢1 exp(—cant~3/24) + O exp(—Chn) . (5.4)

Let us assume in = UZl A;. We can extract from in a set of k-cubes in
such that |I7,| > |L,|/4% and for any i # j such that Bi(i), Bx(j) € L', we
have By (i) N B (j) = 0. As the rare event depends only on the configuration
in the 3k-cube Bj,(j), the two following events {a rare event occurs in By(i)} and
{a rare event occurs in By (_])} are independent. Using Proposition 5.4, we obtain

B

P 3C:n S gnu in = U Ai7 |80Gn‘ < 9. 4d

i=1

nd=1 ‘O € Cso
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’

m
S P HG'VL € g’rl) En = i:LJlAia |Dn| Z j/4d7 |80GTL| S 2 i84dnd71 ‘ 0 € COO
s g m . 1) B . d-1
<P(3neG, T Ui A0 107Gl < zaen™ ‘0 € Co
{B cI',, Babnormal}| > j/4% —|0°G,|
~ m/ ~ 1
<P (3G, €6, L,=|]JA;, {BCL,, Babnormal}|>j/(247) |- 0
i=1 p
44 Ol
<o > (Gl

P>j/(2.49)

o 4d .
R

=7,
where k will be chosen large enough such that C;e~“2% < 1/2. So together with
inequality (5.4) and using Lemma 2.1, we obtain

i (EGn € G, [T, > Bnt~"|0 € coo)

Cénd—2+3/2d

PED DD 2 2.

j>pBnd-1 m/=1 Jit o tipm =3 z1,...,2,, €[-nd,nd]d A;€Animals;,

m

IA

J1>0, ..0,7,,, >0 |A1|=41
244 _ j/(2.4%) eoml—3/2d o
§ ; (Cl e Czk) +ce can +C{ e Con
p

A eAnimalsmm,
| Apr [=d

Cénd—2+3/2d

= 4d - e 2m’ i !
S ep Z (Cl € C2k) 2.4d Z Z (Qn)d 7dJ1 L 7d]m

j>pBnd-1 m’'=1 it tip,r =y
J1>0, .33y >0

Feopemen +C e
/. d—2+43/2d
2-4¢ dj —Cuk\ I/ (2:47) = dydm’
ST 5 qugeeny e g
P j=pna-t m'=1

X

. ) . j1+"'+jm’:j7 eonl—3/2d / —Chn
{(31,...,jm). S0, >0 }’-1—616 +Ce

2- 4d dyd(c) nd—2+3/2d+2) AN —Cok j/(2‘4d)
ST(%) 5 42 (2717 (Cye™2F)
j=pnd=t
Fopemeen M +C1 e Con
We now choose k large enough such that
1 1/(2.4%)
Cre™®F <2 and ((2 Y Rt e_c2k> <el

Finally, we get
P (3Gn € Gu, I, | = Bt [0 € Cuc)
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g(2nd)dlesn >4 4

j/(2.4%)
A (o o)
b j>Bnd-1
to e_(:2n173/2al —I—Ci e—cén

< 47 exp (2d2cénd72+3/2d logn — ﬁndil) + 1 6_027L173/2'i -l-Ci e—Cén

— 0p .
This yields the result for 8 > By where fy is such that for all n > 0, we have
Bo > (4d?chlogn)/nt=3/24, O

We can now build the relevant continuous object P,. Given a finite set of edges
S, we define

hull(S) = {m € Z% : any path from x to infinity has to use an edge of S}

and
H, = hull(T,)) \ (U hull(f§j>)> .
i=1

We define P,, and its associated measure v,, as

d
1 11
Pnzf Hn 5o ;
n( +[22}>

VE € B(RY), v,(E) = 0,LYP,NE).

We obtain a control on the size of the perimeter of P, by a straightforward appli-
cation of Proposition 5.7:

Corollary 5.8. Let d > 2 and p > p.(d). There exist positive constants By, C1,
Cs depending only on d and p such that for all n > 1, for all 8 > By,
P ( max P(nP,) > fn?! |O c COO> < C; emcen! T2

Gn€Gn
The following Lemma will be useful to compare the measure v,, with the measure
associated to Fj,.

Lemma 5.9. Let G, € G,, and F,, as defined in (5.1). We have F,, = H, N Cxo.

Proof: Let G, € G,,. Let x € H, NCy, then x belongs to Co, NhullT,, but is not
in any of the large connected components Ly, ..., L,,. Therefore, = belongs to G,,
or to one of the small components St,...,Sy and so z € F,.

Conversely, let z € F,. It is clear that x € hull(T',,)). Let us assume z € G,
and that there exists ¢ such that x € hull(ffmZ )) As G, is connected there exists
an open path v in G, that joins x with G, \ %, As the edges of N \ 0°L; are
closed, v must use an edge of 9°L; and so go through a vertex of L;. That is a
contradiction as the path v uses only vertices in G),. Let us now assume that z € 5
and x € hull(ﬂf )) for some 7 and j. As & € Cy, x is connected to infinity by an
open path 7/. However, by the same arguments, to exit hull(fsf )), the path 7/ has
to go through a vertex of L;. Thus, there exist an open path in Cy \ Gy, that joins

x to L;. That is a contradiction as = ¢ L;.
Finally, F,, C H, N Cwo- O
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5.3. Closeness of measures. We shall show that for any ball of constant radius
centered at a point € Z%, the measures v, and j, restricted to this ball are close
to each other in some weak sense.

Proposition 5.10. Let p > p.(d) and r > 0. Let u :]0, +00[—]0, +0o0] be a non-
decreasing function such that lim;_,ou(t) = 0. For all 6 > 0, there exist C1 and
Cy depending on d, p, w and § such that for all n > 1, for any finite set §, of
uniformly continuous functions that satisfies:

Viedn |flle <1 and  Va,y R [f(2) — ()l < ulllz — yl2),

we have

P < max sup |fin(fle@r) = Vn(flB@r)| >0 ’ 0e Coo> < Oy e Cont T
Gn€Gn feg

Remark 5.11. We state here the result in a general form. In the following, we
will apply this Proposition for the particular case of sets of functions that are
translates of the same function. The function u is an upper bound on the modulus
of continuity of the functions in §,. If we think of §, as a set that grows with n,
this condition may be interpreted as a sufficient condition to obtain compactness
for the set §,, in the limit.

To prove this result, we will need the following proposition that is a corollary of
the results in Pisztora (1996):

Proposition 5.12. Let d > 2 and p > p.(d). Let r > 0, and let Q C R? be a cube
of side length 2r. Let § > 0. There exist positive constants ¢; and co depending on
d, p and § such that

P <CZZ(2;)Q| ¢ (6, —9,0,+ 5)) < cpexp(—crdThy .

Proof of Proposition 5.10 : Let 6 > 0 and € > 0 that we will choose later. Let
u :]0, +00[—]0, +00[ be a non-decreasing function such that lim; o u(t) = 0. Let
n > 1. Let §, be a finite set of uniformly continuous function that satisfies:

VieFn Ifle<l and  Va,yeR? |fx)— fy)l <ulllz —yl2),

We define .
ﬁn = m Z 5:E/’I’L .
€V (Fy,)
Thanks to Theorem 1.4, there exists a constant 73 depending only on the dimension
such that
P (n(pn >3 ‘ 0¢c Coo) < Crexp(—Can).

Let G,, € G,,, with probability at least 1 — Cy exp(—C3n), we have

n|0°G,,|

— <3,

|Gl

and so [0°G,| < nsn?~1. As each small component S;j is such that 9°5;N9°G,, # 0,
the number N of small components is at most n3n?~! and by definition of F},,

N
[Fn \ Gn| < Z 55| < 773nd71/2(d71) ‘

j=1
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Finally, with probability at least 1 — Cy exp(—Can), for all f € §p,

~ 1 . _
1 () = ()] < G flloolFn \ G| < 1137 bR

and

P ( max  sup |/“L7L(f]]‘B(CE 7‘)) - Vn(fﬂB(w T))| > 773n1/2(d1)> <Oy engn (55)
Gn€Gn fe3, ’ ’

where P represents the probability measure conditioned on the event {0 € Cu}.
Let € R? and let » > 0. Let f € §,. We now would like to estimate the quantity

|ﬁn(f]lB(l,T)) - Vn(f]lB(a;,r)” .

We adapt the proof of 16.2 in Cerf (2006). We use again a renormalization argument
but at a different scale L = K Inn. We consider the lattice rescaled by this factor
L. We say that a cluster C' is crossing in a box B if for any two opposite faces
of B, the cluster C contains an open path in B that joins these two faces. Let
e > 0. For y € Z4, we define B,(y) = (2Ly/n) + [-L/n,L/n]¢ and B! (y) =
(2Ly/n) + [-3L/n,3L/n]%. Let X(y) be the indicator function of the event &, (y).
This event occurs if B B

e Inside nB!,(y), there is a unique crossing cluster C’ that crosses the 3¢ sub-boxes
of nBJ, (y). Moreover, C’ is the only cluster in nB;,(y) of diameter larger than L.

o Inside nB, (y), there is a crossing cluster C* such that
|C*| = (6, — )L (nBu(y)) -

e We have |{z € nB,(y) : # +— OnBy(y}| < (6, + ) LYnBy(y)).
On the event &,(y), any cluster C' C nB,(y) that is connected by an open path
to d(nB;,(y)) is the unique crossing cluster, i.e., C' = ¢’ = C* and so it also satisfies

]
L(nBn(y))

The family (X (y)),ezq is a site percolation process on the macroscopic lattice. The
states of the sites are not independent from each other but there is only a short
range dependency. Indeed, for any y and z such that |y — 2| > 3, we have that

X (y) and X(z) are independent. We define the connected component C(y) of y as

€lbp—e,0,+¢].

Cly) = {g € 7% : z is connected to y by a macroscopic open path } .

Let
D={yeZ: B,(y) C B(x,7)}.
We have
DIL! < ' (B(a.r). (5.6

There exists an integer ng = ng(u(e)) such that, for n > ng(u(e)), we have L/n <
u(g) so that

£ B(x,r)\ U B, (y) <eL(B(z,r)),

L
Vw,z € RY, |lw — 2|z < — = fl@) - fly)l<e.



Existence of the anchored isoperimetric profile 231

The last statement comes from the fact that f belongs to §,. By decomposing
i (f1B(z,r)) = Vn(f1B(z,r)| on cubes of size L/n, we obtain:

lﬁn(f]lB(w,r)) - Vn(f]lB(m,r)”
<2£%| B(z, B, + Jdpn, — fdvy
e\ UBw| X |[ g [ g

yeD yeL
<4eLYB(@,7) + Y |fin(Bu(y)) — va(Ba(y))| - (5.7)
yeD

Let y € D. We need to distinguish several cases:

o If E,L(y) N P, =0, then v, (B,(y)) = fin(Bn(y)) = 0. From now on we will only
consider cubes such that B, (y) N P, # 0. ;

o If B,.(y) ¢ P, then we bound

n(Ba(w)) ~ 1 (Ba(®)] < - Baw)

and as B, (y) N P, # 0, the cube intersects the boundary of P,. Thus,

B, (y) C {z €R?Y: doo(2,0P, N B(x,7)) < i} .

Moreover,

3

2L +2)\*
S‘{xGHn,EIyGZd\Hn, ||Iy||11}ﬂB(mc,m"+d)‘< + >

d
< P(nP,, B(nx,nr +d)) <37f>

(3L)

< P(Pp, B(z,r +d))

o If B,,(y) C P, and |C(y)| = oo, then the crossing cluster C* of B, (y) is a portion

of Cs, and

M |(an(g)) N C*l

Vn(Bn(y)) = 917 nd and ﬁn(Bn(y)) = - 4

Thus, we have

fin(Bn(y)) € [(0p — €)L(Ba()), (0p + )L (Bn(y))]

and

|/~L7L(Bn(ﬂ)) - Vn(Bn(ﬂ)” < 5£d(Bn(Q)) .
o If B,(y) C P, and |C(y)| < oo, then we bound

[Fin(Bn(y) = vn(Bu(w))] < LYBu(y)ljc(y) <0

By summing the previous inequalities over y € D, thanks to inequality (5.6) and
(5.7), we obtain

‘ﬁn(f]lB(z,T)) - Vﬂ(f]lB(:c,r))|
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(3L)7

1
< £9(B(w,7))(5e + o Lie(y)<e) + P(Pa, Bz, + d))
—'yeD
Let c(r) = 6£4(B(0,7)) + 39, we get

P ( max  sup |,un(f]lB (z r)) (f]lB(x77‘))| > C(T)e’:‘)

Gn€On feg,

1
< 0* |D| Z Licy) <o = € —HP’( max P(P,, B(z,r +d)) > En) .

d
4eD Gn€Gn L
(5.8)
Besides, using Corollary 5.8, for n large enough, we obtain
1—-3/2d
>e— | < > B) <cle 2"
P (Gmggﬂ P(Py, B(z,r +d)) €74 ) IP’( rilg%(P( ) ﬁ) <ce
(5.9)
Let A be the cube centered at x of side length 2r. We define
A:{yGZd: Bn(y)CA}.
As B(z,r) C A, we have D C A and
|D| Z Cly)l<oo <! |A‘ Zﬂwcw ) <oo - (5.10)

ISHN

Let ¢ € [0,1] be such that 6, > 1 —&/(2(2d)?). As the family (X(y Y))yeza is
identically distributed, has a short range dependency and is such that P(X(0) = 1)
goes to 1 when n goes to infinity (see for instance Chapter 9 in Cerf, 2006), then
we can apply Liggett, Schonmann and Stacey’s result (Liggett et al., 1997): for n
large enough, the family (X(y),y € Z?) stochastically dominates ()? (y),y € Z%
a family of independent Bernoulli variable of parameter g. We denote by C, the
unique infinite cluster of the Bernoulli field (X (y)),eze. Using inequality (o.l())
and the stochastic domination, we get -

(2d)?
|D| Zﬂ\c(y <o 2 €| <P |A| Zﬂ\c(y)l@o =
yeD yEA

<P |A|Z vl 2 |

yeEA

’AﬁC

Pl . # ("q ~ gt 2<2Ed>d>

Using Proposition 5.12, we obtain

|D| Z Lic(y)<oo 2 € | < chexp <c’2 (f) ) . (5.11)

yeD
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We set € = 6/(2¢(r)). Finally, thanks to inequalities (5.5), (5.8), (5.9) and (5.11),
we have for n > ng(u(e)

P (GI?ggn fseué)n |,u'n(f]lB(ac,7‘)) - Vn(f]lB(z,r))‘ > 5)

<P (c??é(n sup b (f) = B ()] > 5/2)

+P (GI?Gagn fsEuSpn |ﬁn(f]1B(w,r)) - Vn(f]lB(m,T))‘ > C(’I")6>

4 d—1 B
< Crexp(~Can) + 5 exp <c; (™) ) 4oyt
p

The result follows. O

6. Lower large deviations and shape Theorem

6.1. Closeness to the set of Wulff shapes. The aim of this section is to prove The-
orem 1.7.

Proof of Theorem 1.7: Let € > 0. Let £ > 0 that we will choose later depending on
€. We define X such that
1

1-A=——.
1+¢

We denote by We:

We =4, ) z € R4, W is a dilate of W, such that
U LU - W) S LAW) < L1+ 2HW,)

Let u :)0,4+00[—]0, +00[ be a non-decreasing function such that lim; o u(t) = 0.
Let n > 1. Let §, be a finite set of uniformly continuous function that satisfies for
all f € §n,

[fllo <1 and  Va,y € RY, |f(2) — f(y)] < ulllz —yll2).
We define the weak neighborhood V(We, §n, €) of Wk given §,, and ¢ as

Ve Fnie) = {v e MRY) :3ueWe, sup |v(f) - u(f)| <c }.
fE€Sn

Our goal is to show that p, is in the set V(We, §n,€) with high probability.

Step (i): Let G, € G,. Thanks to Proposition 5.10, the measures p, and v,
associated with P, and G, are locally close to each other. In the following, it will
be more convenient to work with the continuous object P, instead of G,,. We can
localize almost all the volume of P, in a random region that is a union of balls of
constant radius. We follow the method in Chapter 17 in Cerf (2006). We can cover
P, in R%, up to a small fractional volume, by a finite number of random disjoint
balls of constant size. Thanks to the isoperimetric inequalities, we can then control
the volume of P,, outside of these balls. Let § > 0 be a real number that we will
choose later. We denote by X:

X ={zez*: L%B(z,1)NP,) >d}.
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On the event { ITn| < Bnd-—1 }, the set X is included in B(0, Bn?~2) and is therefore
finite. As each point in R? belongs to at most 2¢ balls among the B(x, 1), z € Z4,
then using Proposition 2.4

31X| < 3 LUB(2,1) N Py) < 29LY(P,) < 2%6150P(P) T < 20,0877
reX

and finally |X| < M where M = 2dcisoﬂﬁ/5. We now would like to control
the volume of P, outside the balls B(z,1) in X, i.e., to bound the measure of
P\U,cx B(z,1). Forx € 78\ X, by the isoperimetric inequality in Proposition 2.4,
we obtain as in section 17 in Cerf (20006)

ce (Pn\ U B(m,l)) < > LYP.NB(z,1)
zeX TEZNX

_d_ 5
<Y ST P(Pa, Blx, 1))

iso
TELINX

=YL N HIN 0P, N B(x,1))

iso
T€LZINX

< 2§ T I (95(,)) = 2961 T TP (D)

180 180

< 2051/ dpT-T 3. (6.1)

180

d
We note n = 246/ T 3. Therefore, if P(P,) < B, then X C B(0,8n?"2),
|X| < M and £4(P, \ UzexB(x,1)) < 7. We next would like to perform a kind of

A ball B(y,r) with
(y,7) € E(X)

FIGURE 6.6. Covering almost all the volume of P, by balls of
constant radius

surgery between the balls. To do so, we first shall build from the balls (B(z,1)).ex
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a family of balls that covers U, x B(z, 1) and such that the balls are far apart (see
Figure 6.6). This is the purpose of Lemma 17.1. in Cerf (2006). We obtain a subset

EX)={(y1,71),-- -, Ym,™m)} T X X {1,...,3|X‘ }

such that |E(X)| < |X| and

e Y(a,r) € BE(X), B(a,r)NX #£0

° ngxB(.’E, 1) C U(a,r)eE(X)B(aaT)

e Y(a,r), (b,s) € E(X), (a,7) # (b,s) = B(a,r+1)NB(b,s+1) =10

We set
W = GIZSEVVZI?/) )
P P

Let &' > 0 be a real number that we will choose later. By applying Corollary 5.8
and Theorem 1.4, we obtain by conditioning on F(X),

P (HGn € G, ttn & VWe, Fns€) ’ 0¢ cm)

< P(max P(nP,) > A=Y 4+ Blnpn > (1+6")pw,)

+ P3G, € G, pin § VWe, Tns€), P(Pn) < B,npn < (146 )pw,])
< by exp(—bon' ~3/2%) 4 b} exp(—bhn)
ElGn S gnv /’[’TL ¢ V(W57gn’€)’
+ Z Z Z P E(X)Z{(y177"1)7~-~7(ym,7’m)} , (62)

1<M<M Y1,mesYm T1seesTm P(P,) < B, npn < (146w,

where the second summation is over 1, ..., %m in Z¢N B(0, An9"2) and the third
summation is over rq, ..., 7, in {1,...,3M}. The number of ways to choose m and
r1,...,Tm is bounded from above by a constant depending only on M, while the
number of ways of choosing the centers yi,..., ¥y, is polynomial in n. We next
control the probability inside the sums. We will only focus on what happens inside
the balls.

Step (4): Let {(y1,71),..., (Ym,7m)} be a value for the random set E(X) which
occurs with positive probability. We define Q = Q(E(X)) as

m

Q=JBiri+1),

i=1
and the restriction P,, of P, to the balls determined by FE(X):

m o

?n = Pn N <U B(yi,ri + 1)) .

i=1

Thus, using inequality (6.1), we have
LYP,\P,)<7n. (6.3)

We show now that v (f) is close to ju,(f) with high probability on the event

{E(X) = {(y1,7“1),---,(ym,7“m)}}.

It is easy to check that §,U{1} associated with the function u satisfies the conditions
required in Proposition 5.10. So that applying Proposition 5.10 for every r €
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{1,...,3M}, there exist positive constants ¢, co depending on M, u, and § such
that for all z € Z¢

n
P( max sup vn(f1 z,r)) — Hn /1 =) > 77
(Gnegn fe&,,u{l}| (flp@,n) = ma(flp@n)l > 5

max
re{l,...,3M}

<e C762n173/2d

Thus, using inequality (6.3), we obtain

}P’(Gmgg sup |vp, (f) = pn(F) > 21, E(X):{(y17rl)v"'v(ymarm)}>
n€Yn feF,U{1}

<> P max  sup |vp (flpw.r) — #n(fLBey.r)| > n/M
; <G"69n fesnu{1}|P”( wers)) (L)l >0/

re{l,...3M} 7 \ Gn€ln feg,U{1}

1-3/2d

<M max P ( max Sup ‘Vn(f]lB(yhr)) - /J'n(f]lB(yl,r))| > U/M>

< Meye " (6.4)

In particular, on the event {E(X) = {(y1,71), .-, (Ym,7m)}}, with probability at
least 1 — Me¢; exp(—con'=3/2?), we have

. Gy,
9p£d(Pn) _ |nd‘

<2n. (6.5)

Moreover, by Lemma 5.1, there exist positive constants n;, D1 and Ds such that
P (Gmig |G| < nlnd> < D, eXp(—Dgn(dfl)/Qd)) .
n€EGn

We recall that n is a function of §. We will choose ¢ small enough such that
. m fd € M
< = - L. 6.6
w<min (255 0 (6.6
Other conditions will be imposed later on 4.
On the event {ming,cg, |Gn| > mn?}, using inequalities (6.5) and (6.6), we
obtain

- 1 (|G| 1 mn
4P, > — —2 ) > = (n —2n) > = )
ﬁ ( ) - Hp nd 77 - 0p (”71 77) - 29p (6 7)

and as L4(W,) = 1/0,, using inequality (6.5), we have
P

P < o (ig' + 2n) < (4 E = L)+ €4 < £+ ).
(6.8)

p

For v € We, we have

sup |vp, (f) =v(f)l = sup |pn(f) —v(H)| = sup [un(f) —vp, (FI,

feSn feSn fESn "
so that, together with inequalities (6.4) and (6.6), with high probability,
fin € VWe, Fnre) = vp & V(We, 8n,3e/4) .
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Thus, combining with inequalities (6.7) and (6.8), we have

5.8)
< 3G € Gny pin § VWe, Snse), P(P) < B, >
E(X) = {(y1,7“1), R (yma rm)}’ npp < (1 + 6I)<PWP
<P 3CYYn Egnu Vﬁn ¢ V(W§7Sn735/4)7 nen < (1 + 5l)<pr7
=T\ SLUP) S LU+ W), B(X) = {(y1,71), -+, (Y, Tm) }
3/2

P

+ Meyee " 4D, exp(—Dyn(d=1/2d) (6.9)

We do not cover P, directly but we cover separately each P, N B(y,r + 1) for
ke{l,...,m}. Forany r € {1,...,3™} we define the space

¢ = {F cBO.r+1), P(FBO.r+1) <5}

endowed with the topology L! associated to the distance d(F, F') = LY FAF"),
where A is the symmetric difference between sets. For this topology, the space
Cg) is compact. Suppose that we associate to each F' € Cg) a positive number
er < min(n, L1(EW,))/M. The collection of open sets

{H Borel subset of é(O,r—i— 1) : ,Cd(HAF) <ep }, Fe Cg),

is then an open covering of Cg). By compactness, we can extract a finite covering

(Fi(r), € p(m )1<i<n( Of C/(;). By union bound, we obtain

. ( 3G € Gn, vp, & VWe, §n,32/4), nipn < (148w, )
sy < LUPn) < LY+ OW,), E(X) ={(y1,71), - (Ym,7m)}
N N(m)
<> > P(Fa,)  (6.10)
i1=1 G =1

where
3G, €Gn 1 V1 <k <m,
LYET 4+ y) AP, 0 Blyg, i+ 1)) < € s
"k
Firrorsin = ve, & V(We,8n,3e/4), non < (1+6)ow,,
2 < LA(P,) < £4(1+ W),
E(X) = {(yla rl)a cees (ym;rm)}

So we need to study the quantity P(F) for a generic m-uplet (Fy,..., Fy,) € Cé”) X

s X C[(;"’”') and their associated e, ...,ep,, . By definition of the Cheeger constant
©n, wWe obtain

V1l <i<m,
VB, ¢ V(W5’5n735/4)7
|0°G| < (148" )"t Ghlow,,
a3 < LYUPy) < LU+ EW,),
E(X) ={(y1,7m1),- - (Ym,Tm)}

P(F)=P|3G. €6, :
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To lighten the notations, we set

We have

LUFAP,) = 3 £4(Po 0 Blyeors + DA +01)

i=1

m
< e, < min(n, LYEW,)). (6.11)

i=1
Whereas the surface tension of F' in the interior of these balls corresponds to the
surface tension of our minimizer G,, the surface tension of F' along the boundary
of the balls B(y;,r; + 1) does not correspond to the surface tension of G,, because
we have artificially created it. Roughly speaking, I is the continuous object cor-
responding to the graph G,, intersected with the nB(y;,r; + 1). This new graph
has extra surface tension compared to G, due to the fact that we have built it by
cutting G, along the boundary of these balls. However, our hope is to cut along
the boundary of these balls in such a way that the surface tension we create is
negligible. We do not work on G,, but on the continuous object F', but we have to
keep in mind that these two objects are close. The idea is to cut F' in the regions
B(yi, i + 1)\ B(y;,7i), @ € {1,...,m}. These regions contain a negligible volume
of G,, and so of F', we want to cut F in these regions along a surface of negligible
perimeter and so of negligible surface tension. By Lemma 14.4 in Cerf (2006), for

i€ {l,...,m}, for H! almost all ¢ in |0, 1],
I(F N B(yi,ri +1) <I(F N B(yi,ri + 1) + Baa ™ (F NOB(yi, i +1)).

(6.12)

Let T be a subset of ]0, 1] where all the above inequalities hold simultaneously. We
recall that for any i € {1,...,m}, ep, < n/M. We have H(T) = 1 and when we
integrate in polar coordinates, using inequality (6.11),

/ iH"H(F NOB(y;,r; +1))dt = iﬁd(F N B(yi,ri + 1)\ By, ri))
T =1

i=1

< Z.cd((Fi + i) \ B(yi,7i))

<L (ﬁn \ G B(yiﬂ"i)) + LY (P,AF)
i=1
< 2n.

Thus, there exists t € T such that

E HN(FNOB(yi,ri +1)) < 3. (6.13)
i=1
We next set

F=Fn (O B(yimi—f—t)) .

=1
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Using inequality (6.13), we get

i=1 =1
— m o
<P (F U B, + t)> + 37, (6.14)
=1
and using Proposition 2.3,
7,(F) < 1T, <F U By ri + t)> + 3BmazT - (6.15)
=1

On the event F, using inequality (6.11), we obtain
LUF) < LYF) + L (F\ U B(%ﬂ%))
i=1

< LYF) + LYFAP,) + L£* <Pn \ 6 B(yi,ri)> < LYF)+2n. (6.16)

=1

Finally, using inequalities (6.14) and (6.16), we obtain

7, <F U Blyiri+ t)) > Bunin P (F U Blyiri+ t))

i=1 i=1
> Bmin (P(F) - 377) : (6'17)
and using again inequality (6.11),
LUF) 2 £(P,) - £Y(PoAF) 2 o = . (6.18)
P

Using the isoperimetric inequalities of Proposition 2.4 and inequalities (6.16) and
(6.18), we get

(LB o) — o\ — 6o, \ V4
P(F) > <c()> > ((6)77) > (W) . (6.19)
180 180 p*=tso

Next, we choose § small enough to obtain a 7 that satisfies the following inequalities:

Aﬁmzn 771 - 6779;) 171/d
max < - 5 2
3rnaem < 20 (( T 3 (6.20)
and also
m > 610, .

With this choice of §, we obtain with high probability, using inequalities (6.15),
(6.17) and (6.19),

I,(F) < (1+ A\/2)Z, (F 0 Blys,ri + t)) < (14 N/2)L,(F, Q). (6.21)

i=1
Let G,, € G, on the event F, we have

. Gy,
9p£d(Pn) _ |nd‘

<2n.
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So that, together with inequality (6.16),
|G| < n%(0,L4F) + 0,L(P,AF) +2n)
<nY(0,LYF) + e + 4n)
< n%0,LYF (1+> .
= g
Let us now choose § small enough so that

o1
———<J.
m/2—3n6, ~
Using inequalities (6.16) and (6.18), we obtain

(6.22)

—= on
Gl < n%0,LYF <1+>
Gl < pLAE) m/2 — 306,

<n,LNF)(1+ ).
Finally, let 7 be such that L4(F) = L4(rW,), we get
(148~ (Gulipw, < (1+8'n " 2221, (F)

YF
<1+ 5')2Mrnd711},(?) .
I,(F)
We now choose ¢’ small enough such that
(1+0)21-XN)<1- % : (6.23)
Using inequality (6.11), we obtain
LYF) < LYP,) + LYP,AF) < LY(L+ W) + LUEW,) < LU(1+20)W,)
and so r < 14 2£. We distinguish now two cases:
o If r <1 — ), using inequality (6.23)
2Ip(ﬂj/p)
Z,(F)

where we used the fact that the Wulff crystal is a minimizer for Z,, i.e., that
Ip(rWy) < Iy(F).
e Let us assume that r € (1 — A, 1+ 2¢]. We recall that on the event F, for all

I/EW&,

(1+4) rnd=1L,(F) < (1 — A/2)nd=1Z,(F)

sup |vp (f) —v(f)| = 3e/4.
FETn

Thus, for all z € R?, for f € §, we have

L F2)dLi(z) /  f(@)dLa)
Po\(rWp+z) (rWp+a)\Py

d d
< @l + [ F@laL(z)

(rWp+z)\Pn

< / 1dL%(z) + / 1dL(x)
Pu\(rWp+z) (rWp+z)\ Py

< L4 (?nA(er + x)) ,

lvg, (f) = vrw,+a(f)] <
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and so,

ﬁd(FnA(TWp + x)) > fsélgp v, (f) = viw,+a(f)| = 32/4

and as 7 satisfies inequality (6.6), we obtain
LYFA(W, +2)) > LYP,A(rW, +2)) — LYFAP,) > 3e/4—n > ¢/2.

Moreover, as W), is a minimizer for the isoperimetric problem, there exists a con-
stant ¢(e) > 0, that is a non-decreasing function of ¢ depending also on p and r,
that goes to 0 when e goes to 0, such that

mf{z(E) : Vo € RY, LYBA(x + rW,)) > e/2, LYE) = L4rW,) }
> T, (rWp) (1 + ¢(e)) .

Finally,
Z,(rWp) < 1
I,(F) ~ 1+c(e)
and so,
,(rWy) 4 — (1+4)?2 _ —
146?22 L2717, (F) < ~——2 (1 + 2601 Z,(F).
(482 e (F) < S (1 20 T (F)
We choose ¢ small enough depending on ¢ such that
14 2¢ <1-oa= 1 '
1+ c(e) 1+¢
This is equivalent to choose £ such that
3¢+ 262 < c(e). (6.24)
We obtain using inequality (6.23)
7, — _
(1+ 5')2Mmd—1zp(m < (1= X204, (F).
Z,(F)

Finally, combining the two cases, with ¢ and ¢’ properly chosen and inequality

(6.21), we obtain
B Vl<i<m,

LY(Pn 0 By, ri + D))AE; + ) < e,
9G] < (1= 47 ) T, (F,9),
E(X) = {(ylarl)a SERE) (ymaTM)}

Step (4ii): The remaining of the proof follows the same ideas as in Cerf and Théret

(2011). We link the probability defined in the right hand side of (6.25) with the

probability that the flow is abnormally small in some local region of 9F N Q. We

now want to cover OF by balls of small radius such that OF is "almost flat" in each
ball, this is the purpose of the following Lemma:

P(F)<P|3G,€Gn: (6.25)

Lemma 6.1 (Lemma 1 in Cerf and Théret, 2011). Let R > 0. Let F' be a subset
of é(O, R) of finite perimeter. For every positive constants &' and 1/, there exists
a finite family of closed disjoint balls (B(x4, p;i))icrurx and vectors (v;)icrur, such
that, letting B; = B(x;, p;) and B; = B~ (x;, pi,v;), we have for alli € I

z; € 9 FNB(0,R), pi €]0,1], B; € B(0,R), LY((F N B,)AB;) < 8 agp?,
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and

Z,(F, B 0,R)) Zad N w(ng ()| <7
i€l
We recall that aq is the volume of the d-dimensional unit Euclidean ball.

We apply Lemma 6.1 to each Fj C E(O, ri + 1), with d3 > 0 that will be chosen
later and 7’ = AZ,(F,Q)/16M. We obtain for each k, a family

B @20 e

that does not depend on 1, ..., Ym, so that

L,(Fi, B0, + 1)) = > a1 (o) (w(np, ()| <1 (6.26)
el
We now choose
: n LYEW,)
ep, < min (lgl(n) aq(p™)s,, 1 Tp 7 (6.27)

for a fixed do that we will choose later. Besides, as the balls B(yg,rr + 1) are
disjoint, for k € {1,...,m}, we have

m

T,(F,Q) =Y T,(F N B(yr, 7 +1),Q) = Zzp(Fmé(OJk +1)).
k=1 k=1

Using inequality (6.26), we obtain

Z S a1 (B w(ng, ()| < m' < NI,(F,9)/16.

k=14e1(k)

So, we get

LED) < >3 sl v @)

k=1ie1(®

and

(1_ );l> I,(F, Q) < ;//146 S5 ana (B w(ng, ()

k=14ie1(r)
Whence setting w = A\2/(4 + \?) < 1
A2 k
(1— 4) L(F,Q) < Z ST aa i (p) E wing M) | . (6.28)
k=14ie1(k)

Since the balls (Bi(k) + Yk)1<k<m,icito are pairwise disjoint, we have

m

10°Ga] > 3" 7 (0°G) 0 (n(B + i)l (6.29)

k=1;e1(k)
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Using inequalities (6.28) and (6.29), we get
LY(Pn N Blyi,ri + 1)A(F; +4i) < e, 1< i <m,
B 3G, €6, 0°G, | < (1- X2/t 1 T,(F, ),
E(X) = {(ylu rl)u sy (ym7r'm)}
<P Ti Tiero [0°Gn) 0 ((BY + )
k
< (1= wnt! (S Siero aanr (07)* v, ()
(6.30)

Let k € {1,...,m}. We aim to control card((G, N n(Bfk) + yk))A(n(Bi(k) +yr)” N
Z%)). To do so, it is more convenient to work with the graph F),. In the following,
we drop the superscript (k) for clarity. With high probability, we have

card((G, Nn(B® + y))Am(B® + yo)~ N 2Z4)
< card((F, Nn(B; + yp))A(n(B; + yx)~ NZY)) + card(F, \ G,,)
< card((F,, N n(B; + yx)) A(n(B; + yx)~ N Z4)) 4 nand=1/2d=1)
As B; + yr C B(yg, 1 + 1), we have
LY(nP, OVn(B; + yr))A((B; + k) 7)) < LY ((nFx NnB;)A(nB;"))
+ 0t LY P, A(Fy + yi))
< n? ap; 46, +ep, <2n adpd52
By the same arguments as in section 5.2 in Cerf and Théret (2011),
card((F, Nn(B; + yr))An(B; +yr) ™))
< LY((nP, N n(B; + yr))An(B; +yp) ") N 24 4 [-1/2,1/2]%)
< 2n%agplds + T 4d(HTH(OB,) + HITH(OB)))
Finally, for n large enough,
card((G, N n(B; + yx))A(n(B; 4+ i)~ NZY)) < 4nagpls, .
Thus, using inequality (6.30), for large enough n,

P ( 3G, € G, LY(Pp N B(ys,ri + 1))AF; + ) <ep, 1 <i <m, )
10°G| < (1= N /4Ty (F,Q), B(X) = {(y1,71), -+ (Ym>Tm) }
3G, € G,
| (G, ﬁn B; + yx))A(n(B; + yx) ﬂZd)| < 48apdn,
(2B Gy B )

N S ORI R)

|P|/%S

IN

1 m
Q*Z Z G + i o (1), w0, 82)) (6.31)
P k=14crx

where G(z,r,v,w, (52) is the event that there exists a set U C B N Z? such that:
card(UA(nB™ (z,7,v) N Z%)) < 460477 n?

and
1(0°G) NnB| < (1 —w)ag_1r4 H(v(v)n?t.
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This event depends only on the edges inside B(z,r,v) and is invariant under
integer translation. So that,

P ( 3G, € G, L((P, N B(yi, i + D))A(F; + 1)) < ep, 1 <i<m, )
10°Gn| < (1= N /4)n? 'L, (F,Q), B(X) = {(y1,71), -+, (Ym:Tm)}

= *Z > PG, oM n (2),w,8)) (6.32)

O k=1ic1(k)

This event is a rare event. Indeed, if this event occurs, we can show that the capacity
of the minimal cutset that separates the upper half part of B(z,r,v) (upper half
part according to the direction v) from the lower half part is abnormally small.
To do so, we build from the set U an almost flat cutset in the ball. The fact
that card(UAB™ (z,r,v)) is small implies that 9.U is almost flat and is close to
disc(z, r,v). However, this does not prevent the existence of long thin strands that
might escape the ball and prevent U from being a cutset in the ball. The idea
is to cut these strands by adding edges at a fixed height. We have to choose the
appropriate height to ensure that the extra edges we needed to add to cut these
strands are not too many, so that we can control their capacity. The new set of
edges we create by adding to U these edges will be in a sense a cutset. The last
thing to do is then to cover the disc(z,r,v) by hyperrectangles in order to use
the estimate that the flow is abnormally small in a cylinder. This work was done
in section 6 in Cerf and Théret (2011). It is possible to choose 2 depending on
Fi,...,F,, G and w such that for all k € {1,...,m}, there exist positive constants
C’f’; and Cf’; depending on G, d, F},, i and w so that for all i € (%),

P(G('xiaphan (371), w,52)) < CF" eXp( CzF:lzndfl) )

Note that this upper bound is uniform on y, . .., 4., but still depends on r1, ..., 7.m,.
Together with inequalities (6.25) and (6.32), we obtain

3G, € Guy LU(Po O Blysyri + D)A(F, +3:) < emy L<i < m,

P(F) <P |0°G,| < (1 — N\2/4)n=1T,(F Q)
E(X) = {(yl,rl), (ym;rm)}
1 m
< 9, Z Z C’f’; exp(—C'g’;nd_l) .
P k=1ier
So there exist positive constants C1*,...,CF and Cf*,...,CI™ such that
F) <Y CfFexp(—=CyFn*t). (6.33)
k=1

Combining inequalities (6.2), (6.9), (6.10) and (6.33), we obtain for small enough
2,

P (3G € G in & VWe,Fne) |0 € Coc )

N(r1) N('m)
b 1—3/2d 7b
<bre 2" 2 E E E § E Fis,.. ﬂm
Mm=1Y1,-sYm T1,-.-,Tm 11=1 im=1
2 o o —3/2d - (d—1)/2d
+ M3M* O ynM(d=2) (Mcle can! 2y o= Dan )

o 1-3/2d Y
< by e ben b e bem



Existence of the anchored isoperimetric profile 245

NOD  NCm) F(”ﬂ’ G

Y Y Y Y DI

M=1Y1,.-,Ym T1ssTm 11=1 im=1 k=1

4*A13M'Chn”“d*m(ﬂlcle*””13/d4hD1e*Lb”M_Umd>

3. 1-3/2d Y
é ble ban +b/1€ b27l

N(r1) Nm) 1(”“) (rk)
d—1
+ E E 3M* maX { E E E " }
11=1 im=1 k=1

+ M3M C’an(d*Q) (MC1 ecan! +D, e*DQ"(dﬂ)/M )

_ 1-3/2d 3
< beben +b) 702"

NOD O NOm) g, F( k) (m
d—1
+Can(d 2) E 3M max { § § § n }
T1yeesTm
7,1 1

m=1 im=1 k=1
+ M3M Oy Md=2) (Mc1 R ”/“) (6.34)

where Cy is a constant depending only on the dimension and the maximum is over
Ty mm € {1,...,3M}. We recall that M, N and the number of ways of choosing
r1,...,Tm are finite and independent of n.

Remark 6.2. To obtain inequality (6.34), it is crucial to use a covering of Cg that
is uniform in y1,..., Ym.

Let us assume p,, € V(W,8n,2¢). Let v € We, we can write v = vpqpw, with
r€RYand r € [1 — \, 1+ 2¢]. We have for all f € F,
Vasw, () = Verrw, (F)] < max (C1W, \ (1= NW,,), L1 +26) W, \ Wy))
< c(p,d, §) (6.35)

where ¢(p,d, £) is a constant that goes to 0 when £ goes to 0. So that

sup |Vx+Wp (f) - Va:+er(f)| <c(p,d,¢).
fETn

As pn, ¢ VOV, §n, 2¢), we have

sup |pn(f) = vasw, (f)] > 2¢.
fESn

So that up to choosing a smaller £, we have
c(p,d,§) <e (6.36)
and so

E(EGn S gna Vv € W, sup |,U'n(f) - Vx+Wp(f)| > 25)
fE€Sn

< P3G, € Gn, Vv € W, fsup lpin (f) = veqrw, ()] > €).
EFn

Finally, using (6.34), there exist positive constants Cy and Cy depending on €, u, p
and d such that for all n > 1,

P (3G € Gny pin ¢ VWV, §ns2) [0 € Co) < Cre "

1-3/2d
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and the result follows.

To conclude, let us sum up the order in which the constants are chosen. We first
choose € > 0. Next, we choose £ small enough such that it satisfies both inequalities
(6.24) and (6.36), and ¢’ such that it satisfies inequality (6.23). Next, we choose §
such that 7(9) satisfies inequalities (6.6), (6.20) and (6.22). We choose d2 depending
on w (and so on €) and G. The parameter ds has to satisfy some inequalities that
we do not detail here, we refer to section 7 in Cerf and Théret (2011). Finally,
to each 7 in {1,...,3M} to each F € Cg), we choose e in such a way it satifies
inequality (6.27). O

6.2. Proof of Theorem 1.5. In this section we prove Theorem 1.5. Thanks to The-
orem 1.7, we know that with high probability pu,, is close to the set W and so it is
close to the measure of a translate of the Wulff shape. In fact, as u,, has its support
included in B(0,n9"1), the measure j, is close to W, the set of measures defined
as:

W, = {I/erWP, x € B(0,n4 1) }

The continuous set WV, can be approximated by a finite set w containing a polyno-
mial number of measures such that py, is close to W and so is close to at least one
measure in W. Let € > 0 and let w > 0 be a real number depending on ¢ that we
will choose later. We first use Lemma 6.1, to cover W), by a finite number of balls
of small radius such that W), is almost flat in each ball. Let d5 that will be chosen
later and let (B(zk, pk, vk ))res be a family associated to Wy, 02, ¢ that satisfies the
conditions stated in Lemma 6.1. We will use this covering for all the translates of
the Wulff shape. We set ey = minge s ozdpztsg. We now cover W, by a polynomial
in n number of balls of radius less than ey. Let & > 0 small enough such that
EW

1
By construction, j,, has its support included in B(0,n%~1). We can cover B(0,n?~1)
by a polynomial in » number of balls of radius £&. More precisely, there exist
21,...,zy € B(0,n%1), such that M’ is polynomial in n and

Vo,y €RY o~y <€ = L9((z+Wp)Ay + W,)) <

M/
B(0,n* ") c | JB(2:,9).

i=1

We set
W={v.qw,i=1,...,M}.
Let § > 0 we will choose later. We define Wg and V[/p"S as
W ={x eR?: dy(a,W,) <6} and W, * = {z € W, : do(,0W,) > 6}.

Let us define g as

| min(dg(z,W,)/d,1) if v € RT\ W,
9(w) = { —min(dy(z,0W,)/8,1) if z € W,

The function g is uniformly continuous and satisfies ||g]|.c < 1. For each i €
{1,...,M'}, we define g; by gi(z) = g(x — ;) for x € R% and § = {g;, 1 <i <
M’} U{1}. The set § is a set made of translates of g and the constant function
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equal to 1. If the measure p, is in the local weak neighborhood V(W, §, £4%), then

there exists v, 4w, in V(W,,§, &%) such that
ew
sup [z w, (f) — pn ()| < iR
fes

Moreover there exists an ¢ € {1,..., M’} such that z € B(z;, &) and so

EwW
S e, (1) e, (1] < £ (0 + W) Ao+ W) <
€
and also
:u’I’L E V(Wag) EW/2) .
Let us choose r > 0 large enough so that the ball B(0,r — 2d) contains W,. For
r € R, we define || to be the closest point to z in Z¢ for the Euclidean distance.
For any i € {1,..., M'}, we have
W+ 2z C B(lz],7).
Let us define the function w such that for all ¢ > 0,
u(t) = min (sup { §>0,Vz,y e RY, e —ylla <0 = |g(z) —g(y)| <. }, 1) .

As the function g is uniformly continuous, the function u is positive. Moreover, as
§ is made of translated of g and the constant function equal to 1, it is clear that this
set satisfies the condition stated in Proposition 5.10 associated with the function
u. Using Proposition 5.10 with the function wu, there exist positive constants Cf,
C5 depending only on r, u, p and ey such that for all i € {1,..., M’}

ot/
P ( max  sup |pn(fLe(|2],m) = Un(flB(2]m)| > Ew/4> <Cie™ e
Gn€Gn fET
(6.37)

The point of choosing such a set § is that we can deduce from the fact that the
quantity sup peg [pn (f) —vwz, (f)|is small that the associated symmetric difference
LA(P, N B(|2i],7))A(2; + W) is small. Indeed, we have

LY(Po 0 B(L2i],7) Az + W)

1dL%(x) + / 1dL%(x)
(zi+Wp)\Pn

gi(@)dL(z) - / gi(x)dL ()

(zi‘f‘Wp)\Pn

APnﬂB(LZiJ ST\ (Zi+Wp)

<

/(PnﬂB(LZiJW))\(ZWWp)
+ LYW\ W, %)
= V(9L B(12).)) — YWtz (G B(12:).0) | + LYW\ W, °)
< sup | pn (fLB(12 ) = Vn(fLB(12],m)]

€8

50D i (FLp(120).m) = vt (L) + LAWI\NW, ). (6.38)

So we choose § small enough so that

_ EwW
LYW\ W, ?) < - (6.39)
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Moreover, we have

P (3G € Gu, 107Gl < (1= )Ty (Wy)n® ™, i € VOV, €W/2))

M/
3Gy € G, 10°G| < (1 — w)T,(Wy)n )
P . A4
< (e O S S Joees) . wan)

Using inequalities (6.37), (6.38) and (6.39), we obtain

0°Gn| < (1= w)I,(Wy)n?~t, )
P (3G, € Gy, 0ecC
< €9 supseg [t (f) = vws ()] < €W/2 ’ ©
|0°G,| < (1 —w)L,(W,)nd1, )
<P|(3G, € Gn, PR
B ( suPfeg [n (fLB(12),m) — Wz (fLB(l2)m)] < ew /2
0°G,| < (1 - w)Ip(Wp)nd_l, —con
< 2
P(E'Gnegnv Ed((PnﬂB(LZZJ,T))A(Zl-i-Wp)) §5W +Cle

1-3/2d

(6.41)

Finally, we proceed as in inequality (6.32) in the proof of Theorem 1.7:

|0°G,| < (1— w)Ip(Wp)nd L
P <3Gn € Gn, L4(Pyn B(| ,J NA(z + W) < ew ’0 ecC )

Z]P Zz +xk;pk7nwp(mk)aw,52)) . (642)
O keJ

It is possible to choose d2 depending on W, G and w (see again section 6 in Cerf
and Théret, 2011) such that there exist positive constants C; , and Cs j, depending
on G, d, W, k and w so that for all k € J,

P[G(zk, pr, nw, (z1), W, 82)] < Cq o exp(—Can®1).
So combining inequalities (6.40), (6.41) and (6.42), we obtain
P (3G € Gu, 107Gl < (1 - w)zp(w,,)ndfl, i € VOV, 52w /2))
9 Z Oy 1, exp(—Cy n? 1)) . (6.43)

P reg

173/2(1

S M/ (Ol €7C2n

Moreover, we have

Gl o
n

3G € G, Cal > (1 4+ w)0,L4(W,),

< P nd p p
Z ( b (1) — Vw+zlv(1)\ <ew/2

L (3G € Gn, 1 > (14 w)b, LW,
S;P< |15L — 0,9(W,)| < 2w /2

where we recall that 6,£4(W,) = 1, so up to choosing a smaller ey, we assume
that ey < 2w so that the probability in the sum is equal to 0. Finally, combining
inequalities (6.43) and (6.44), we obtain

P (HGn € Gn, > (1+w)0,LYW,), pin € V(W 3, sW/Q))

OECOO>

0e coo> (6.44)

1—w I —~
P(nwnz 1+MW‘OEC )sp(aenegm i ¢ VOV, 5.2 /2))
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1
+ M’ (01 exp(—Can) + — Z Cik exp(fCQ?knd*1)> . (6.45)
O keJ

Thanks to Theorem 1.7, there exist positive constants C{, C%, depending on p, u,
ew and d such that
P (3G € G, 10 ¢ VOV, 52w /2) ]o € Cxo) < Cf exp(~Cyn! ~3/2),
By choosing w small enough, we obtain
Z,(Wp)
P (ng, > (1—e)—2p)_ ‘0 € Con
(nga = (1-9) OpLHW))

< O exp(—Cynt=3/2dy 4 M (C’l exp(—Can) + Z Chk exp(—Cg,kndfl)) .
keJ

As M’ is polynomial in n, the result follows.

6.3. Proof of Theorem 1.2. Let ¢ > 0. As in the proof of Theorem 1.5, there
exists an integer M’ that is polynomial in n and z1, ..., zp points of B(0, nd=1)
such that for any finite set § of continuous functions of infinite norm at most 1, if
tin € VOV, §,€) then p, € VOV, §,2¢) where W = { v, 1w, i=1,..., M }. Let
6 > 0 we will choose later. Let us define f and g as

f(z) = min(dy(z, R\ Wg)/é, 1), for z € R?

and
g(x) = min(da(x, W,,)/5,1), for z € R,

The functions f and g are uniformly continuous and satisfy || f]|ec < 1 and ||g]leo <
1. For each ¢ € {1,..., M'}, we define f; by fi(x) = f(z — z;) and g¢; by g;(z) =
f(z — z;) for z € RY. We define

F={fi,1<i<M}U{g;, 1<i<M'}.
Let G,, € Gp,. Let i € {1,..., M'}. We have

|G A((n(W + 21)) N Coo)| = |G \ n(W) + )| + [(n(W + 2:) N Coo) \ G -
(6.46)

Using a renormalization argument as in the proof of Theorem 1.4, there exist posi-
tive constants C7 and Cy depending on p, € and d such that for alli € {1,..., M'},

J(CRES LSRR

nd

>¢ ‘ 0e Coo) < Ch exp(—Can) .
As G, N (n(W, + 2;)) € (n(Wp, + 2;)) N Coo, we have with probability at least
1 — C1 exp(—Can),
[(n(Wp +2:)) N Coo) \ G
= |(n(Wp + 2:)) N Coo| = |G N (n(W), + 2i))|
< 0, LYWy + e — nyun (f) + (W3 + 2) \ (W + 20)) N Z4].

We can find a constant ¢(§) depending only on §, p and d, such that ¢(d) goes to 0
when § goes to 0 and for all z € R?

(W +2)\ (W, +2)) N Z] < c(é)n?,
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so that,
(W + 1)) N Coo) \ G| < 0w, 2, (fi) = pin(fi)| + (€ + ¢(8))n?

<t sup i, 1, (1) = pn ()| + (= @) (6.47)

Moreover, noticing that vy, ., (g:;) = 0, we obtain
G \ n(W + 29)| < npin(g:) + [n((W] + 2:) \ (W + 2:)) N 27|
< npan(gi) = v, 2, (9i)| + n’e(d)

<n? Sup 14+, (h) = pn ()| + ne(8). (6.48)
€

Combining inequalities (6.46), (6.47) and (6.48), with high probability, we have

. 1
i, LG, A (T, + )0 )
< min i|GnA((7”L(VVp—l—zi))ﬁCoo)|

~1<i<M’ nd

< min {sup () — o (0] + 50D (1) — e (1)] } +  + 2e0)
veW Lheg heF

< 2min sup [v(h) — pn(h)| + € + 2¢(6) .
veW heg
Let us define for any ¢ > 0,

ug(t) = min (sup { § > 0, Var,y € R, |z —ylla <6 = [g(x) —g(y)| < e },1)

ug(t) =min (sup{d >0,Vz,y eRY, |lz —yl2a <6 = [f(x) = f(y)| < },1)
and v = min(uy, ug). This function is positive because the function f and g are
uniformly continuous. It is easy to check that § satisfies the condition required in
Theorem 1.7 associated with the function w. Thus, there exist positive constants
c1 and ¢y depending on p, u, € and d such that

v (HG" € Gn, inf sup (k) — (k)| = 2|0 € coo) < oy omeant T
vew heF
and so

P <3Gn € Gn, min sup |[v(h) = pn(h)| = 22 ’ 0¢ Coo) < epemem TV
veEW heF

We now choose ¢ small enough such that ¢(d) < e so that

1
P <3Gn € Gu, inf —|GA((R(W, + 2)) N Co)| > T2 ‘ 0e coo>
z€ERI N

—egnl—3/2d

<ce +M'Cy exp(—Can) .

As M’ is polynomial in n, this yields the result.
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