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Abstract. Following recently discovered connections between Boolean cumulants
and freeness, we use them to derive explicit formulas for a family of conditional ex-
pectations in free variables. Further, we show how the approach through Boolean
cumulants together with subordination simplifies some Lukacs—type regression char-
acterizations in free probability. Finally, we explain how the free dual Lukacs prop-
erty can be used to get a pocket proof of the free version of the direct Lukacs

property.

1. Introduction

In this paper we study characterizations of probability measures in terms of free
random variables. Problems of a similar type were studied for long time in classical
probability. Among many examples the most prominent one is the Kac-Bernstein
theorem which states that for independent random variables XY, the random
vector (U, V) = (X +Y,X —Y) has independent components if and only if X and
Y have Gaussian distribution with the same variance. Another imortant example
is the Lukacs theorem which states that for independent random variables X,Y,
the random vector (U,V) = (X/(X +Y),X +Y) has independent components if
and only if X and Y have Gamma distributions with the same scale parameter (cf.
Lukacs, 1955).
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Throughout recent years (mostly already in XXI century) it has been observed
that many classical characterizations of probability measures have their counter-
parts in the framework of free probability. The analogue of the Kac-Bernstein
theorem was studied by Nica (1996) and states that for free X,Y, the random
variables U = X +Y and V = X — Y are free if and only if X,Y have Wigner
semicircular distribution with the same variance. The free analogue of the Lukacs
theorem was studied in Szpojankowski (2015).

It was also observed that the strong assumption that both vectors (X,Y) and
(U, V) consist of independent (respectively free) random variables can be weakened
and it is enough to assume only that some conditional moments of U given V are
scalar multiples of the unit. This phenomenon was observed both in context of com-
mutative, independent random variables (see Laha and Lukacs, 1960; Bobecka and
Wesotowski, 2002; Wesotowski, 1990), as well as for non-commutative, free random
variables (c.f. Bozejko and Bryc, 2006; Szpojankowski and Wesotowski, 2014). On
the other hand calculation of conditional moments of functions of non-commutative
random variables typically is highly non-trivial. In Ejsmont et al. (2017) the sub-
ordination methodology of free convolutions was applied quite naturally to some
characterization problems. Its main advantage is a considerable simplification of the
proofs. In this research our goal originally was to apply the subordination method-
ology to characterizations through free dual Lukacs regressions in order to simplify
rather complex proofs from Szpojankowski (2014). The approach proved to be use-
ful for one of the regression characterizations from Szpojankowski (2014). However,
as powerful as it is, subordination does not cover the second of the dual Lukacs—type
regression of negative order considered in Szpojankowski (2014). The problem lies
in lack of an explicit expression for a rather complicated conditional expectation
appearing in the regression condition. Recently discovered connections between
Boolean cumulants Fevrier et al. (2020 ); Lehner and Szpojankowski (2019) and
free probability allow to overcome that difficulty. In particular it was observed in
these references that Boolean cumulants appear quite naturally in calculations of
conditional expectations of some functions of free random variables. We will apply
some of the results from Lehner and Szpojankowski (2019) to derive an explicit ex-
pression for the conditional expectation we are interested here in. One of our main
points is that results from the present paper and Lehner and Szpojankowski (2019)
show that Boolean cumulants are natural tool to calculate explicitly conditional
expectations in free probability.

More precisely, we present a new approach to problems considered in Szpo-
jankowski (2014), i.e. we work in dual scheme to the Lukacs theorem (observe
that in the framework of the classical Lukacs theorem one has X = UV and
Y = V(1 — U)), we assume that some conditional moments of V1/2(1 — U)V1/2
given V/2UV1/2 are scalar multiples of the unit, and conclude that U has a free
Binomial distribution and V has a free Poisson distribution. As we mentioned
above, it turns out, that the characterizations considered in Szpojankowski (2014)
are not a straightforward application of the subordination technique from Ejsmont
et al. (2017).

The main technical result of the present paper is an explicit formula for condi-
tional expectation

Ey ((1 —U) WUV PvUt (1 - 202U A U2 (1 — U)_1> . (11)



Boolean cumulants and the free Lukacs property 255

where Ey denotes the conditional expectation on the algebra generated by V and
random variables U,V are free. Actually, we will be interested in a more general
family of conditional expectations which, we believe, will be of a wider interest, e.g.
in other regression characterization problems in free probability. Next we present
easier proofs of main results of Szpojankowski (2014), for one of them we apply just
the subordination technique alone and for the other the subordination is enhanced
by the Boolean cumulants technique which enables to derive an explicit form of
(1.1).

We also present a surprisingly compact proof of the free Lukacs property for
free Poisson distributed random variables. That is, we show that for free random
variables X and Y both having free Poisson (Marchenko-Pastur) distribution, the
random variables U = X +Y and V = (X + V) Y2X(X +Y)~'/2 are free. In
Szpojankowski (2015) we presented a hands on”, direct combinatorial proof. There
the strategy was to show that all mixed free cumulants of U and V vanish. In
particular, the explicit formula for joint free cumulants of X, X ~! (of an arbitrary
order) for invertible, free Poisson distributed random variable X was derived there.
Here we show that the direct free Lukacs property actually follows from its dual
version proved in Szpojankowski and Wesotowski (2014).

Except from Introduction this paper has 4 more sections. In Section 2 we set
up the framework and recall necessary notions and results. Section 3 is devoted to
derivation (through Boolean cumulants) of explicit expressions for a family of condi-
tional expectations which contains the conditional expectation (1.1), as a prominent
member. In Section 4 we present how to use subordination and Boolean cumulants
(results of Sect. 3) to simplify proofs of free dual Lukacs regression characteriza-
tions from Szpojankowski (2014). Section 5 contains a pocket proof of the free
version of the direct Lukacs property (based on the dual one).

2. Notation and background

In this section we introduce notions and results from non-commutative prob-
ability. We restrict the background to essential facts which are necessary in the
subsequent sections. Readers, who are not familiar with non-commutative (in par-
ticular, free) probability, to get a wider perspective, may choose to consult one of
the books Mingo and Speicher (2017); Nica and Speicher (2006).

We assume that A is a unital x-algebra and ¢ : A — C is a linear functional
which is normalized (that is, ¢ (14) = 1, where 14 is a unit of A), positive, tracial
and faithful. We will refer to the pair (A4, ¢) as a non-commutative probability
space.

2.1. Freeness, free and Boolean cumulants. The concept of freeness was introduced
by Voiculescu (1986) and among several existing notions of non-commutative inde-
pendence is the most prominent one. Here we recall its definition.

Definition 2.1. Let (A, ¢) be a non-commutative probability space. We say that
subalgebras (A;),,,, of algebra A are free if for any choice of X}, € A;, which is
centered, i.e. p(Xi)=0,k=1,...,n,

whenever neighbouring random variables come from different subalgebras, that is
when iy, # i+ for all k =1,... n, where 4,41 := 1.
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It turns out that freeness has a nice combinatorial description which uses the
lattice of non-crossing partitions.

Definition 2.2.

(1) For a positive integer n denote [n] := {1,...,n}. A partition 7 of [n] is
a collection of non-empty, pair-wise disjont subsets By, ..., Br C [n] such
that U§:1 B; = [n]. The subsets B; for j =1,...,k are called blocks of 7,
the number of blocks in 7 is called the size of 7 and is denoted by |7|, i.e.
we have |r| = k.

The family of all partitions of [n] is denoted by P(n).

(2) We say that m € P(n) is a non-crossing partition if for any By, By € 7 and

1< <j1<i2<ja <,

(i1,92 € By and ji,j2 € B2) = By = DBs.

The family of all non-crossing partitions of [n] is denoted by NC'(n).
(3) We say that m € P(n) is an interval partition if for any By, B2 € 7 and
1§i1<j1<i2§n

(il,ig € By and J1 € BQ) = DBy =B5Bs,.
The family of all interval partitions of [n] is denoted by Int(n).

It is useful to introduce a partial order < on NC'(n) called the reversed refinement
order.

Definition 2.3. For 7,0 € P(n) we say that that 7 < ¢ if for any block B € 7
there exists a block C € o such that B C C. The order < is the reversed refinement
order and it is also a partial order on the sets NC'(n) and Int(n).

By 1,, we denote the maximal partition of [n] with respect to <, i.e. the partition
with one block equal to [n].

It turns out that (NC(n), <) and (Int(n), <) have a lattice structure, for details
we refer to Nica and Speicher (2006), Lectures 9 and 10.

Next we recall definitions of cumulant functionals related to non-crossing and
interval partitions, called free and Boolean cumulants, respectively. Free cumulants,
introduced in Speicher (1994), are important tools in free probability, while Boolean
cumulants are related to the so called Boolean independence introduced in Speicher
and Woroudi (1997).

Definition 2.4. For every n > 1 free cumulant functional k,, : A™ — C is defined
recursively through equations

Ym>1 Y(Xi,...,X,)e A" e(X1 X)) = Y me(X1,.., X),
TENC(m)

where for 7 = {By,...,Bi} € NC(m)

k
kX1, X)) = [ [ 15, (Xisi € By).
j=1
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Similarly, for every n > 1 Boolean cumulant functional 3, : A" — C is defined
recursively through equations

vm>1 Y(Xi,...,Xn,) €A™ p(X1- X)) = > Be(X1, ., Xom),

welnt(m)

where for # = {Bs,..., By} € Int(m)

k
Br(X1,.., X)) = H B, (Xisi € By).
i=1

It turns out that freeness can be described in terms of free cumulants. More
precisely random variables X1, ..., X,, are free if and only if for any r > 2 we have
kr (Xiy, ..., X;,.) = 0 for any non-constant choice of i1,...,4, € {1,...,n}.

Remark 2.5. In the sequel we will need the formula for Boolean cumulants with
products as entries (see e.g. Fevrier et al., 2020-+) Fix two integers m,n such that
0 <m+1 < nand numbers 1 < i3 < iy < ... < &yy1 = n. Denote by o the
interval partition {{1,...,91}, {i1 +1,...,%2},..., {tm +1,. .., 4ms1}}. We have

Bnet(Xn - Xiyooo o X Xi ) = Y BelXa, .o, Xy), (2.1)

welnt(n)
wVo=1,

where V is join of partitions.

In the present paper we will also need generating functions related with cumu-
lants and moments:

(1) Moment transform is defined for z € C\ R as

Mx(2) = [ 2 dux (@),

1—zx
if X is bounded then in a neighbourhood od zero one has
Mx(2) = 20(X) + 2%(X?) + ...
(2) n—transform is defined for z € C\ R as

nx(z) = H—XTX(Z)

and in a neighbourhood of zero for bounded X one has
nx(2) = B1(X)z + fa(X)22 + ...

(3) For a positive X, for z in a neighbourhood of (—1,0) one can define so
called S—transform

Sx(2) = HEM ' (2)

z

which for free X, Y has a remarkable property that Sxy = SxSy.
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2.2. Conditional expectation. Assume that (A, ) is a W*-probability spaces, that
is A is a finite von Neumann algebra and ¢ a faithful normal tracial state. Then
for any von Neumann subalgebra B C A there exists a faithful, normal projection
Ez : A — B such that ¢ o Eg = . This projection is called the conditional
expectation onto the subalgebra B with respect to ¢. If X € A is self-adjoint then
Eg(X) defines a unique self-adjoint element in B. For X € A by Ex we denote the
conditional expectation given the von Neumann subalgebra generated by X and
14.

An important tool for dealing with conditional expectations is the following
equivalence

Eg(Y)=Z < ZeB and o(YX)=¢(ZX) VXeEB (22

2.3. Free Poisson and free Binomial distributions. In this subsection we recall defi-
nitions and some basic facts two about distributions: free Poisson and free binomial,
which play important role in this paper.

Remark 2.6 (Free Poisson distribution).
(1) The Marchenko—Pastur (or free Poisson) distribution p = u(a, A) is defined
by
w=max{0, 1 — A} o + f,
where a, A > 0 and the measure fi, supported on the interval (a(l —

V)2, a(1 + v/A)?), has the density (with respect to the Lebesgue mea-
sure)

a(dz) = ﬁ VAara? — (z — a1l + \))2 dz.

(2) For free Poisson distribution p(c, A) the S-transform is of the form

1
Suen (@) = 55

Remark 2.7 (Free binomial distribution).
(1) Free binomial distribution v = v(0, ) is defined by

V= (1 — J)H0<0—<1 0o + 7+ (1 — 9)H0<9<161, (23)

where 7 is supported on the interval (z_, z),

xi:(\/oj—@ (1_aie)i\/aia<l_aie>> ’ @4

and has the density

x—x_)(xy —x)

2rz(1 — ) da.

v(dx) = (0 +0) VA

where (0,0) € {(a, 0) : Uj‘;gfl >0, #06_1 > O}. The n-th free convolution

power of distribution
pdo + (1 = p)di/m

is free-binomial distribution with parameters o = n(l — p) and 6 = np,
which justifies the name of the distribution (see Saitoh and Yoshida, 2001).
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(2) For free Binomial distribution v (o, #) the S-transform is of the form

0

S,io =1 .
(’9)(2) +0+z

3. Calculation of conditional expectation

This section is devoted to derive explicit expressions for a family of conditional
expectations of functions of free variables, as announced in the introduction. To
attain this goal we use Boolean cumulants and some of the results from Lehner and
Szpojankowski (2019); Fevrier et al. (2020-+). Surprisingly, though the variables
involved are free, calculations based on Boolean cumulants are much simpler than
those based on free cumulants and shown in Szpojankowski (2014).

We start with recalling relevant facts about subordination, for details see Biane
(1998).

Let (A, ) be as in Subsection 2.2. For a variable X € A and z € C\ R we define
a function ¥ by Wy (z) := 2X (1 — 2X) " and the following subordination formulas
for conditional expectations with respect to positive V' and U, respectively, hold

EV \Ilvl/zUVUQ (Z) == \IJV(wl(z)) (31)
EU \IIU1/2VU1/2 (Z) = \I/U(CUQ(Z)).

Here, w; and ws are the subordination functions. Note that since we assume
that ¢ is tracial and both U and V are positive the moments of UV, U2V U /2
and VY2UV/2 are the same, so Myy = Myij2yg1/2 = Mys1/2g1/2. Since by the
very definition we have My (z) = (¥ x(z)) identities (3.1) and (3.2) imply

Myy (2) = My (w1(z)) = My (w2(2)). (3.3)

For future use we will also denote ¥y := ¥x(1). In the sequel, we will also use
the symbol ¢ for a formal power series ¢(z) = > .+, z¥, where z is from some
(unspecified) algebra over a real vector space. -

We will also need the following two formulas involving Boolean cumulants. The
first is taken from Lehner and Szpojankowski (2019) and the second is a simple
consequence of Theorem 1.2 from Fevrier et al. (20201 ); it is also closely related
to the characterization of freeness from Jekel and Liu (2019).

Proposition 3.1. Let {X1,...,Xnt1} and {Y1,...,Y,} be free, n > 1. Then

o(X1Y: ... X, Y,,) (3.4)

:Z Z (p(}/}l"'}/jk‘f’l).

k=0 0=jo<j1<...<jg+1=n

k
H 62(jz+1*jz)71(ij+1’ Yjt1--, Yj/z+1—1a Xje+1)
£=0
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and

62n+1(X17Y1a'"7Xn7Yn7X’n.+1) (35)
n+1

:Z Z ﬁk(Xj1""7Xjk)'

k=2 1=j1<...<jr=n-+1
k—1
H ﬁQ(je+1—j/3)—1(le s Xjet1s - ’Xje+1—1’ le+1—1)'
(=1

We note also a simple consequence of (3.4) together with its reformulation.

Remark 3.2.

(1) In some neighbourhood of zero for subordination functions defined by equa-
tions (3.1) and (3.2) we have (see Lehner and Szpojankowski, 2019)

wi(z) =Y Pau1(U,V,U,..., V,U)F,
k=1

wa(2) =Y P (V,U V... .U V2K
k=1

(2) Equation (3.4) can be reformulated in a, seemingly less transparent, but
quite useful way, where we set ¢g := 0 and ix records the distance between
k-th and (k + 1)-st of Y’s which were picked to the outer block together
with Y,

e (XY1... XnY,) = Z Z @ (Ynio—is——igr—(h—1) -+ Yn—ig—iy—1Y) -

k=1li1+...+ix=n—k
A A

(3.6)
k

H Baiyr1 (Xiya1, Yign -, X))

=1

Withiozoandlj:n—io—il—...—ij—j.

The remaining part of this section is devoted to calculation of conditional ex-
pectation (1.1). Actually, we will calculate a more general conditional expectation

Ey f(O)UY2U 1 00172 (2) U 2g(U), (3.7)

where f, g are functions such that f(U) and g(U) bounded. Note that the condi-
tional expectation (3.7) for f = g = v reduces to (1.1).

Below, in Prop. 3.3 and Prop. 3.4, we present main technical results of this
paper, i.e. we derive an explicit form of the conditional expectation (3.7). It is
worth to point out that this explicit form is written quite naturally just in terms
of moments and Boolean cumulants and with no reference to free cumulants. This
fact strengthens considerably the methodological recommendation from Lehner and
Szpojankowski (2019): to calculate conditional moments of functions of free random
variables use Boolean cumulants!
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Proposition 3.3. Let (A, ) be as in Subsection 2.2. Assume that U,V € A are
free, 0 < U < 1 and V is bounded. Let f and g be such that f(U) and g(U)

are bounded. Then for z in some neighbourhood of 0 and wy,ws satisfying (3.1)
and (3.2)

Ev f(U)U Y20 2y 0102 (2) U 2g(U) (3.8)
= wa(2)? (wa(2)) + 2 (wa(2))m (w2 (2)V (1 + Wy (@i (2))

where
n?(2) =Y Bia(f(U),U,... .U, g(U))Z", (3.9)
=0
1h(2) =Y Ba(f(U),U,... . U)Z" (3.10)
=0

Proof: We will calculate the conditional expectation (3.7) using Remark 3.2.
For z sufficiently small we can write

Uinaynse(z) =y 2"UA(V OV HUu'2,
n=1
It suffices to calculate
Y e (f)V UV lgU)H),

n=1

for any H in the von Neumann algebra generated by {14,V }. Thus we reduce the
problem to calculation of moments

¢ (fOVUV)rgU)H) n>1.

We use (3.6) to express the above moment in terms of moments of H and V and

Boolean cumulants of f(U),g(U),U and V. The two free families in (3.6) are

{f(),U,...,U,g(U)} and {V,...,V,H}. Denoting iy = je+1 — je in (3.6) we get
—_————

n+1 n+1

@ (FVUV)" I g(U)H) = @(H)Bans1 (f(U),V,U,...,V,g(U))

n

+> e (via) Yo Beani(fU) V. VL) Baig 41 (U VL, Vig(U),
k=1 i1+ g1 =n—Fk
where the Boolean cumulants which are hidden under - -- in the formula above are

of the form Bor41 (U, V,..., U, V,U).
Thus, taking into account (2.2), the conditional expectation assumes the form

By f(U)U 2172y 01/2(2) U 2g(U) = > 2" Bangr (F(U), V,U,..., U, V, g(U))
n=1

(3.11)

n

+Zz’ﬂ Vk Z ﬁ2i1+1(f(U)7V7'"avaU)“'ﬁ2ik+1+1(U7V7"'7Vag(U))'

n=1 k=1 7Ll+4.4+ik+1:n7k
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Let us denote

Al(z) = Zﬁ?nJrl (f(U)v ‘/7 Uv .. '7Ua ‘/a U) Zna
n=0

A(2) =Y Bonsr (U V,U,...,U,V,g(U)) 2",

n=0

B(Z) = Zﬁ2n+1 (f(U)a‘/a U7 .- '7U7 Vv’g(U)) Zn7
n=1

Ci(2) = Bontr (U V,U,...,UV,U) 2",
n=0

Co(2) =Y Bonyn VU,V ..., V,U, V) 2"

n=0

Observe that the change of order of summation in the second summand at the
right hand side of (3.11) gives

Zz”ZVk Z ﬁ2i1+1(f(U)7‘/7"'a‘/7U)"'52’ik+1+1(U7‘/’"'7U"/’g(U))
n=1 k=1

i1+ tigr1=n—Fk

S
=1k=1

n

( Z 62i1+1(f(U)7‘/7"'7‘/7U)Z7:1 "'/62ik+1+1(U7‘/7'"7U7‘/79(U))zik+l)

i1+ tigp1=n—Fk
=zA: (z)Ag(z)VZ [2C1(2)V]" ! = 241(2) A2(2)V (1 + Uy (2C1(2))) -
k=1

Remark 3.2 implies that 2C(z) is exactly the subordination function wy (z).
Thus, returning to (3.11) and the definition of B we finally get

Ev f(U)U W 002 (2)U29(U) = B(2) + 241(2) A2(2)V (1 + Wy (w1 (2)).
We will use below (3.5) for free collections {f(U),U,...,U} and {V,...,V} for

—_— ——

i+1 i
any i > 0 (with indices changed in the way we did when using (3.6) earlier in this
proof)

( S B (VU U V) L By (VU T, V)z“)

i1t =i—l

= Z ﬁl-‘rl (f(U)’ U,..., U)ZlCé(Z)
=0
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where 2C5(z) = wa(z). Consequently, A;(z) = n{}(wg(z)) - see (3.10).
Boolean cumulants are invariant under reflection

62i+l(Ua‘/7"'7Ua Vag(U)) = 621+1(9(U)7KU77‘/7U)

and thus, by the same calculation as for A;, we get As(2) = nf (wa(2)).
To find B we repeat (with obvious modifications) the first part of the calculation
which has been done above for A;. It gives the representation

Z) = Z 6l+2(f(U)7 U,... > Ua g(U))Zl+1Cé+1(Z)'

Consequently, B(z) = WQ(Z)’I][]}‘Q(WQ(Z)) - see (3.9).
U

It turns out that both nlf]’g and 775 can be conveniently expressed in terms of an
operation Y which we are going to define now.

Let H be a formal power series H(T) = >, -, hxT"* where T is a variable from
some algebra. Let D denote the zero derivative i.e. a linear operator which is
defined on a power series in T' € A through its action on monomials: D T* = T*k~1
for k > 1 and DT* = 0 for kK = 0. Similarly by D we denote the zero derivative
acting on complex power series.

For a power series f : A — A and T € A we define a new operator 5 (H, f)
(acting on complex functions)

Yh(H, f) = hxp (DFf(T)) D (3.12)

k>0

Note that ¢L(H, f) is a formal series of weighted zero derivatives of increasing
orders (with the weight hip (D*f(T)) for the derivative of order k, k > 0). The
result of its application to an analytic function in general is a formal series (which
in some cases may converge). Note that for integer r» > 0

L(H, T ZhWT’" k

and, in particular,
¢p(H,1)=he and  @h(H, T) = hop(T)id + hy D
Therefore, e.g. for H := 1 we have

o, 1)=0 and  ¢L(¥,T)=D. (3.13)
On the other hand, since for ¥(z) = z(1 — 2)71, |z| < 1, we have D¥¢ = 1 + 1,
it follows that
¢h(H,¥) = ¢(1+ Ur)H(D).
In particular,

¢b(W, ) = p(1+ 7)(D). (3.14)

Now we are ready to give explicit formulas for 7;; 29 and 175 defined in (3.9) and
(3.10), respectively.
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Proposition 3.4. Assume that f and g are analytic functions on the unit disc.
Let U be a non-commutative variable such that 0 < U < 1 with the n—transform
nuy. Then

7 = (65, f) o oB (1, 9)] nu, (3.15)

and

i) (2) = 2 ([ph (W, [) o DInu)(2) + ($5 (&, £)nw)(0). (3.16)
Proof: First, we con81der nf 9.

Let f(2) = Zkzo a2’ and g(z) = Zkzo bpz*. Expanding f and g we get

o0

Z ZZ Z @ jﬁl+2 ~'7U7 UJ)

1,720
Since, Bi42(1,U,...,U,U%) = B112(U%, U, ...,U, 1) = 0 the inner double sum starts
with i =45 =1.
Using the definition of Boolean cumulants and the formula for Boolean cumulants
with products as entries (2.1) one can easily obtain the following formula

Bri1 (G,U,...,UU") = B4 (U, U,...,U,G) (3.17)

= Z Br-l-m(Gv U, B U)(p (Ui_m) :

m=1 r+m-—1

Applying (3.17) we obtain
z S a3 S Brpren (U)RT7).
1,7>1 k=1 m=1
Changing several times the order of inner summations and the variables we get

e ZZ Z Bitkm (U ZaiUi_k @ ijUj_m

=0  km>1 i>k i>m

Z Bikm(U) @ (DFF(U)) ¢ (D™g(V))

Mg i Mx

km>1
=Y B W) Y 0 (DH(D) (D7 9(0)
=0 r=2 k=1

T

90 Dkf )) go(DTkg(U))> Z 55+T(U 4
{=0

Q
Il
N

( ¢ (DFF(U)) @(Dr_kg(U))) D"y (2).

I
hE
% o~

ﬂ
[|
[\v]
£
Il
—
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Consequently,

=y ( ) [p(D*f(U))D"] [w(D"kg(U))D"_ko n

= |3 o (DEF(U)) DF| o | Y o(D*g(U))D* | no.

k>1 E>1

Second, we consider n{,. By definition

0 (2) = 2t (2) + i (S (0)). (3.18)
Note that (3.15) for g = id together with the second identity of (3.13) yields
0™ = et (W, f) o Dlno. (3.19)

For f(2) =3 s, a;z" we have
U)) = Z a;p1(U
i>1
Thus (3.17) yields

:Z Z (U F) =) Be(U) (D F(U)).

E>1
Since B¢ (U) = (D*nyr)(0) we see that
BUFU)) = oD FU))(D* 0)(0) = (9B (4, f)nw)(0)- (3.20)
k>1
The final result follows now by inserting (3.19) and (3.20) into (3.18). O

Remark 3.5. Note that due to the second formula in (3.13) it follows from (3.15)
that

id,id
g = Dy
and (3.16) yields
g = Diu.
The last identity extends to any function f,. defined as f,.(T)) = T", where r > 1 is

an integer, as follows
.

nr =Y o(U)Diny.
j=1

Remark 3.6. One can rewrite the equation (3.15) in a more straightforward form
as

o0

m(z) =Y Zs@ Sal ™o Y b U Y B (U)2
£=0

r=2 i>k j>r—k

Similarly (3.16) expands into

Z © Z a;,U" Z Besr(U)z
=0

i>r
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Finally, we calculate the conditional expectation (1.1) which will be needed in
Section 4 in the proof of the second one of the regression characterizations.

Proposition 3.7. Let (A, ) be as in Subsection 2.2. Assume that U,V € A are
free, 0 < U < 1 and V is bounded. Then for z in some neighbourhood of 0

Eyv (1 —U)" YUYW 12y 0102 (2)UY2(1 — U) ™! = B(z) (3.21)
+ 2A%(2)V (1 4+ Uy (wyi(2)),

where
) L) 1y, 522
B(z) () (wn(z)) (:u:((]z()l)z)ng(z) — Ly (1)) P ((1-0U)"")  (3.23)

and w1, wsy satisfy (3.3).

Proof: From (3.8) with f = g = ¢ we see that the conditional expectation at the
left hand side of (3.21) is of the form

(D @(2) 1 2 (m (=) (14 Br )V,
i.e. we need only to show that
o ng(wz(z)) = A(z), where A is defined in (3.22);
and
. wg(z)ng’w(wg(z)) = B(z), where B is defined in (3.23).
We first compute 77(15- To this end we rely on (3.16). Observe that (3.14) yields

0D (W, ¥)(Dny) = (1 + W) > Dy = o(1 4+ Wy ) (DY(D))ny.
k>1

Note that for a power series h(z) = >, h;z7 we have

WD) (h)(2) = D*(z) =S hi2d =3 Z R
k=1

k>1 k>15>k j>1
(3.24)

Therefore, using (3.24) we get

z z—1

Thus, since zDny (z) = nuy(2), we get

20 (4, ) (D) () = (1 + Tyy) HEZ ),
Note also that due (3.24) and 7y (0) = 0 we obtain
¢ (W, ¥)(n)(0) = (1 + Yu)(W(D)nw)(0) = (1 + Ty)nu(1)
Thus, (3.16) implies A(z) := ng(wg(z)) .

Now we calculate nﬁ’w. Using (3.15) and then first only once referring to (3.24),
we get

it = *(1+ W) ¢ (D) = 9*(1+ y) ¥(D) K,
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where the function K is defined by
K(w) = nu(w)=nu(1)

w—1
Since K (1) = n;,(1), upon using again (3.24), we get
nu(w)-nu@)
w1 o)
g (w) = 9*(1+ W) —2=

w—1

and the formula for B follows. O

4. Dual Lukacs regressions of negative orders

In this section we present simplified proofs of results from Szpojankowski (2014).
We start with the regression characterization which can be approached just by
subordination technique, see Ejsmont et al. (2017), without necessity to refer to
Boolean cumulants.

Theorem 4.1. Let (A, ) be a W* probability space. Let U,V € A be free and
such that 0 < U <1 and V > 0. Assume that for some b,c € R

Eyi/2gyie VY21 = U)WVY2 = bl (4.1)
]Evl/2le/2 [V1/2(1 - U)V1/2]71 == CI. (42)
Then b,c > 0, bc > 1 and, with o = p(Vy) > 0,

e V has free Poisson distribution p <bc_1 bc+“),

c ) be—1
; ; ot ; o] be
o U has free binomial distribution v (bcfl’ bcfl)’

Remark 4.2. This result holds, with the same proof, for unbounded random vari-
ables U, V affiliated with respective von Neumann algebras, similarly as in Ejsmont
et al. (2017). The same framework was considered in Biane (1998). Then it is
enough to assume that U,V > 0 are such that (1 — U)~! exists and p(V), o(V 1),
o(U) and o((1 — U)~1) are finite.

Proof: Consider first (4.2) which after multiplication by Wy 1/2¢11/2(2) implies
L:=¢ ((1 - U)—lv—l/%lzvl/zwl/z(Z)V—W) = My /agyse(2). (4.3)

It is easy to see through purely algebraic manipulations that for non-commutative
W>0and T >0

W71/2\Ilwl/2Twl/2 (Z)W71/2 == ZT1/2 (\IjTl/ZWTl/Q (Z) + 1) T1/2. (44)
Therefore applying (4.4) with (W, T) = (V,U) to (4.3) we get

0 (z(l U LUYREy e (2) + 1)U1/2)
2o (1= U)"'U(Ty(wa(z)) +1)).

L:<p Z(l U) 1U1/2(\I/U1/2VU1/2(Z)+1)U1/2)

By simple algebra
UQ-U)" Ty (t) +1) = 5 (o (t) - Yu(1)) (4.5)
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and thus (we write below wy = wa(2))
My (ws2) — «
Wwa — 1 ’

L=z

Consequently, (3.3) and (4.3) yield
z (My(w2) — @) = ¢(wg — 1) My (w2). (4.6)
Similarly, we multiply both sides of (4.1) by 2Wy-1/2111/2(2) and obtain
M=z ((1 - U)vl/quvl/2le/2(z)v1/2) = 2bMy1japy2 (2). (4.7)
Applying (4.4) with (W, T) = (U, V') we see that
M = (1 = DU 2012y 12 ()U2) = 26((1 = U)V).
Thus traciality and subordination (3.2) yield
M = (g Wy (ws(2))) = 2b
since (4.1) implies ¢((1 — U)V) = b. We rewrite (1.5) as
U Wy (t) =t + (t— D)Tu(t)

and plug it into M. Taking additionally into account (3.3) at the RHS of (4.7) we
finally get

( ) + (UJQ — 1)MU(UJ2) = bZ(MU(WQ) + 1) (48)

Identity Myy (= ) My (w2(2)) can be written in terms of inverse functions as

wz(Mé}D(s)) = ( ) (for the discussion about the existence of an 1nverse see
Belinschi and Buconu 2005). Thus rewriting (4.8) and (4.6) in terms ofM ( )

and M, =1 (s) we obtain the following system of linear equations

b(1+ $)M (5) = (14 )M (s) = s,
(s — a)M;JV>(s) =cs (M(S_D(s) - 1) .

We solve this system in terms of M, ! and M[}‘l, and thus obtain S-transforms

(4.9)

be
Suls) =1+ a+ (be—1)s
c
Suv(s) = a+s(be—1)"

By freeness of U and V' we know that Syy = Sy Sy, which allows to compute the
S-transform of V,

c
be+a+ (be—1)s

Since the S-transform determines the distribution uniquely, the result follows. [

Sv(s) =

The next regression characterization cannot be proved just by referring to sub-
ordination as in the proof above. The proof we give below shows how useful can
be enhancement of the subordination methodology with explicit formulas for con-
ditional expectations expressed in terms of Boolean cumulants. We expect that
this kind of approach can be of use also in other regression characterizations for
which a simple subordination technique is not a sufficient tool, e.g. in regression
characterizations related to recent results for the free GIG and free Poisson see
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Szpojankowski (2017) and of the free Kummer and free Poisson given in Piliszek
(2019).

Theorem 4.3. Let 0 < U <1 and V > 0 be free, V bounded. Assume that for
some ¢,d € R condition (4.2) holds and

Eyi2gyse VY21 —U)VY2 72 = dI. (4.10)
Then d > ¢* and with a = (V)

. . . . _ .2 2
o V has free Poisson distribution p (dcgc ; Cdfj;i),

e U has free binomial distribution v (%, #).

Proof: We first observe that, as in the previous proof, (4.2) implies (4.6).
Then we consider (4.10). We multiply its both sides by Uy1/21/2 (%) and apply
state to get

Ni=¢ (V‘1/2(1 Uyl — U)—lv—l/QxI/Vl/zle/z) = dMyr oy (4.11)
Using traciality of ¢ and identity (4.4) with (W, T) = (V,U) we obtain
N =2 ((1 SO WA = U) YUY (U e (2) + 1) U1/2)
=20 (V11 = 0) U201y p (U2 (1L = U) 71 ) 420 (V7 (1= U) 20)
_— <V‘1EV (1= U) " UY2W oy a2 (2)UV2(1 — U)—l)
+zo (VI (1-U)"%0).
By Proposition 3.7 we get
N =zB(2)p(V ™) + 22 A%(2)(1 + My (wi(2))) + 2 (V711 = U) V).

Since ny = 4= it follows that ;, = % Also My(1) = ¢ (> pe, U*) =
(W) and M{,(1) = ¢ (U Y37, kU ') = ¢(U(1—U)~2). Moreover, (4.2) implies
e(V (1 -U)") =c and ¢(Vu) = cp(U)p(V)

and (4.10) yields
UL =U)2)p(VTh) = dp(U)p(V).
Additionally, we easily see that

, B B —2\ _ a(l+a)d / — Ozid
My(1) =¢(U(1—-U)?) =229 pp(1) = Tta)

Moreover, My (w1(2)) = My (w2(z)). Summing up, (below wy = wa(2))

2 2
_ czw My (wa)—a z (My (w2)—a) dz
N =25 oot T <wQ—1) Mol T~ Ty

Since Myr1/211/2(2) = My (w2) at the RHS of (4.11) this equation upon multipli-
cation both sides by z can be written as

2
(simm) S @ (qwn — 2 [Mu(w) — o) = dz (s o+ Mu(ws))
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MU(wz)

Using now (4.6) in the form ") = Ty ()T

c(wa

we get

2

7Mu(22)+1 (cws — z [My(w2) — a]) = dz.

Now, plug in z [My(w2) — a] = ¢(wa —1) My (w2), which is another reformulation
of (4.6), to conclude that

ws + (wo — 1) My (ws) = L2(My(w2) + 1). (4.12)

Note that (4.12) upon substitution b = d/c? is the same as (4.8). Therefore (4.6)
and (4.12) is the same system of equations as in the previous proof and thus the
result follows. 0

5. Direct free Lukacs property for Marchenko-Pastur law

Recall that in classical probability the following two implications are trivially
equivalent:

e if X and Y are independent gamma variables with the same scale parameter
A and shape parameters oy and ay, respectively, then U = X/(X +Y)
and V = X 4+ Y are independent, U is beta with parameters ax, ay and
V is gamma with the shape ax + ay and scale );

e if U and V are independent random variables, U is beta with parameters
ax, ay and V is gamma with the shape ax +ay and scale A, then X = UV
and Y = (1 — U)V are independent gamma variables with the same scale
parameter A and shape parameters ax and ay, respectively.

However, the situation in free probability changes drastically, see the proofs of the
dual Lukacs property in Szpojankowski and Wesotowski (2014) and of the free direct
Lukacs property in Szpojankowski (2015).

Until this moment we considered regression versions of the free dual Lukacs
property which says that for U and V which are free and, respectively, free binomial
and free Poisson distributions with properly interrelated parameters then X =
VI2Uvt2 and Y = VY2(1 — U)V'/2 are also free and have both free Poisson
distributions. It appears that this free dual Lukacs property can be used as the main
tool to construct a pocket proof of the direct free Lukacs property. Let us note that
the original proof of the direct Lukacs property for free Poisson distribution, as given
in Szpojankowski (2015), relied heavily on combinatorics of free cumulants and non-
crossing partitions. In particular, one of its highlights was explicit expression for
the joint free cumulants of X and X ! for free Poisson distributed X.

Finally, before we present the free direct Lukacs property and its proof, let us
emphasize another methodological distinction between classical and free probability
which is related to characterizations by independence/freeness. In classical prob-
ability derivation of independence properties (e.g. Lukacs or Matsumoto-Yor or
Hamza-Vallois properties) is completely elementary (it relies on just derivation of
the jacobian of the considered transformation). Only the converse problems, char-
acterizations, typically present serious mathematical challenges. For free counter-
parts, as a rule, both the property and the characterization are challenging questions
- see e.g. for the free version of the Matsumoto-Yor property/characterization and
Piliszek (2019) for the free version of the Hamza-Vallois property/characterization.
In these two cases the transformations ¢ mapping independent/free X, Y into U
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and V are involutions, i.e. ¥ = ¥ ™! and thus the direct and dual properties are
tautologically equivalent.

Theorem 5.1. Let (A, ) be a non-commutative probability space, let XY € A
be free both having the free Poisson distribution pu(\, «), u(k, ), where A+ K > 1.
Then random variables

U=(X+Y)?2X(X+Y) Y2  and V=X+Y
are free.

Proof: Due to the hypothesis A+k > 1, and implicit assumption that ¢ is a faithful
trace, element X + Y is invertible.

Let (B, ¢) be a non-commutative probability space, Uy, V; € B free with free
binomial (A, k) and free Poisson (A+k, ) distributions with respectively. It suffices
to show that

o [[omve | =¢ | [V . (5.1)
J J
for any non-negative integers m;,n;.

Define X; = V11/2U1V11/2, Y1 = Vi — X1. From Szpojankowski and Wesotowski
(2014, Th. 3.2) we get that X; and Y7 are free with free Poisson distributions
w(A, «) and p(k, A) respectively. Thus (X,Y) and (X7,Y7) have the same joint
distribution.

But J[; U™ V™ = g(X,Y) for some function g. Since A+£ > 1 the spectrum of
V' is bounded away from zero and thus U is in C*-subalgebra generated by X and
Y. Consequently, it can be approximated by polynomials in free variables X and Y.
Therefore, the distribution of g(X,Y’) is uniquely determined by the distributions
of X and Y, see e.g. Nica and Speicher (2006).

Of course, [T, Uy V" = g(X1,Y1) for the same function g.

Since the quantity ¢(g(X,Y)) for X and Y free depends only on distributions
of X and Y so ¢(g9(X,Y)) = ¢(g9(X1,Y71)) and the proof is completed. O

Acknowledgement. We would like to thank the anonymous referee for careful read-
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results.
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