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Abstract. In this paper we study anisotropic oriented percolation on Z? for d > 4
and show that the local condition for phase transition is closely related to the mean-
field condition. More precisely, we show that if the sum of the local probabilities
is strictly greater than one and each probability is not too large, then percolation
occurs.

1. Introduction

A common feature of lattice systems is that they approach, in some sense, a
mean-field behavior as the dimension of the lattice grows.

In the particular case of oriented percolation, the seminal paper by Cox and
Durrett (1983) shows, among other important results, that the asymptotic behavior
of the critical parameter is 1/d. A little earlier, Holley and Liggett (1981) proved
the occurrence of an analogous behavior for the high dimensional contact process
critical rate and, recently, a similar result was proven for the contact process with
random rates on a high dimensional percolation open cluster, see Xue (2016). For
the non-oriented case, Kesten (1990) and Gordon (1991) independently showed
that the critical parameter is asymptotically 1/2d and, in the last three decades,
a rather complete mean-field picture of high dimensional non-oriented percolation
has emerged; see Heydenreich and van der Hofstad (2017) and references therein.

For d > 3, little is understood about the phase diagram of anisotropic perco-
lation. The results of Cox and Durrett (1983); Kesten (1990); Gordon (1991) are
statements about one point in the parameter domain, the isotropic point, whereas
in Couto et al. (2014) the authors show that the critical surface is everywhere
continuous for a particular setup in the non-oriented case. The behavior on the
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border of the domain, related to the so-called dimensional crossover phenomenon,
is studied in Sanchis and Silva (2017), but still with quite modest results.

In this paper we analyze the interior of the domain in a region containing the
isotropic point, showing that the critical surface behaves nicely around this point
and that the anisotropy introduced in the system does not create any unexpected
behavior.

1.1. The model. We will consider the anisotropic oriented edge percolation model
in Z%. Let {e1,...,eq} be the set of canonical unit vectors of Z¢. Given 0 <
P1,---,pa < 1, we declare each edge (x,z + ¢;) to be open independently of each
other with probability p; for i = 1,...,d. We will denote the corresponding proba-
bility measure simply by P.

An oriented path of length n starting at the origin in Z<¢ is a path (zg, 1, ..., %,)
such that g =0 and z; — z;—1 € {e1,...,eq} for i =1,...,n. Let Cy be the open
cluster of the origin, that is, the set of vertices 2 € Z? such that there is an open
path from 0 to z; we let |Cy| denote the size of Cp.

We are now ready to state our main theorem.

Theorem 1.1. Let ¢ > 0. Ford > 4, let p1,...,pq be non-negative numbers such
that

1) pr+--+pa>1+e,

P 101"
(2) max { — L[|
1<i<d (p1+---+Dd €

then
]P){‘C(ﬂ = OO} > 0.

Remark 1.2. Note that if p; +---+pg < 1 then a straightforward branching process
argument shows that ]P’{|C0| = oo} = 0. Note also that, although the result is non-
asymptotic, it only makes sense for d of order 1/e. We will see in the course of the
proof of Theorem 1.1 (more precisely on the remark just bellow (3.5)) that, for any
C < 1, the upper bound of Condition 2 above could be taken as Ce , as long as
the dimension is taken big enough. We also mention that, for the isotropic case,
Theorem 1.1 gives the bound p.(Z%) < 1/d + 10/d>.

The strategy of the proof is similar to the one in Cox and Durrett (1983): we
build a martingale and prove the convergence to a positive limit showing that it
has bounded second moment. The main difficulty here is to estimate the second
moments of the martingale. We do this by converting the martingale problem into
a random walk problem and comparing the asymmetric case with the symmetric
one.

1.2. Proof of main result. In this section we prove the main result modulo a lemma
which is stated in the course of the proof.

Proof of Theorem 1.1: We want to prove that the open cluster of the origin is infi-
nite, which happens if and only if there exists an infinite open path starting at the
origin. Thus our problem can be naturally converted to a counting of the number of
open paths starting on 0, as long as we have a good control of the second moment
of this random variable.



Anisotropic oriented percolation in high dimensions 533

For each n € N let V,, be the set of the vertices in the n-th level , i.e.,
Vn:{xEZd:x1+--~+xd:n,xiZO}, (1.1)
and C,, to be the set of all possible oriented paths from the origin to V,,, i.e.,
Ch={y=(0,v1,v2,...,0,) 1 v; —vj_1 €Vi; j=1,...,n} (1.2)

We define X,, to be the random variable which counts the open paths from the
origin up to level n, i.e.,
Xn =Y 1{y isopen}: (1.3)
vECH

and write p := E[X1] = p1 4+ - -+ pa. A simple calculation shows that E[X,,] = u™.
Now, define

W, = —. (1.4)

We observe that {IW,,},en is a positive martingale. For this, consider z € V,,
and let C, = {y € C,, : f(v) = x}, where f(y) denotes the final vertex of . Define
also the random variables

d
Yo = Zl{<$a$+ei> is open} and N, = Z 1{7 is open}>

=1 YEC,

where Y,, counts the number of oriented open edges leaving = and N, counts the
number of oriented open paths from 0 to x, respectively. Observe that

Xo=Y N, and Xpp1= Y N, Y,. (1.5)
eV, €V,
Let F,, = o(Xy,...,X,); observe that Y, is independent of F,, for each x € V,, and
that N, is F,-measurable. We also have E[Y,| = p for all z, so

xeV,

Thus E[W,,41|F,] = W, as wanted.
Since W, is a positive martingale, it converges to a non-negative random variable
W. Assume for the moment the following lemma.

Lemma 1.3. Let {W,}, be as defined in (1./). Then, under the conditions of
Theorem 1.1 we have

sup E[IW?] < oo.
n

From this lemma it follows that W,, converges to W in Ly and since E(W,,) =1
we have P(W > 0) > 0. Noticing that W > 0 implies X, > 0 for all n, the theorem
follows. O

The proof of Lemma 1.3 in the anisotropic case requires more than a direct
adaptation of Cox-Durrett results. The next sections are dedicated to this work.

The structure of the remainder of the paper is the following: in Section 2 we
convert the martingale problem of Lemma 1.3 into a random walk problem, in
Section 3 we compare asymmetric random walks with the symmetric case to finish
the proof of Lemma 1.3 and in Section 4 we make some final remarks.
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2. Preliminary Lemmas

In this section we state and prove four lemmas with the goal of converting the
martingale problem of Lemma 1.3 into a random walk problem.

2.1. Open paths equivalencies. In the first lemma we give a criterion for bounding
sup,, E[W2]. To do that, we introduce the following notation. Given a path v =
(0,v1,...,0,) € Cyn, we define, for each i € {1,...,n},
i(y) :=wv; and f(7v) := v,. (2.1)
Lemma 2.1. Let
1
ap, = L Z P(y1,7v2 open). (2.2)
(v1,72)€CZ, f (v1)=F(72)
Then -
supE[W?2] < o0 i ay < 0.
up E[W] Ty

n=1

Proof: By (1.5) we have

E[X2 1| F] =E Z N Y,N,Y, | Fo| = 1> X2 + (VarYy) Z N2

(Ly)EV,? €V,
Therefore
2E(X2] | (VarYp) E Ny
v, = P (Vo) B [Reer, M)
[ 1 [
Using the definition of N, we can see that E[N?2] = Z P(vy1,72 open) so

(71,72)€C2
]E [ZxEVn Nmz] _ ZfEV’n Z("/ly’)’Q)EC% IF)(’Yl)’YQ Open)
uQn H2n
1
- ﬁ Z ]P)(’yh’}/? Open)7
(v1,72)€C2,f (m1)=f(72)

which is exactly the definition of a,,. Hence

(Varyy)

5 Qn.-

E[Wﬁﬂ] =E[W2] + m

Iterating the recursion above, we have

VarYs) —
EW2,,] = E[W?] + (72) Z%ﬁ
j=1

and the result follows. O

Given m € N, let
A= {ln7) € 1iln) # () Toralli£m and )= f2)}  (23)

be the set of the pair of paths of size m which meet on the their final vertices and
define

P(71,72 open)
b = Y — e (2.4)

('Yl a'72)€Am
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Lemma 2.2. Let a,, as defined in (2.2) and by, as deﬁned in (2.4). Then

gan = Z (Z bm> . (2.5)

j=1 \m=1

Proof: Recall that
1
ap 1= MT” Z P(y1,72 open). (2.6)
(v1:72)€CE f(v1)=f(72)
We will show that the set {(71,72) € C2 : f(71) = f(72)} can be partitioned by the
number of vertices in the intersection of v; and ~s. Let

I(y1,72) = {ivi(m) =i(2)}

and setting M = my +--- +my, let
C(mla"'amj) = {(71772) eC]2\/[ : 1(71772) = {mlaml +ma,...,my + +mj}}7
then

{(v1,72) €Chp = f(m) = f(12)} = |_| |_| Clma,...,my). (2.7)

= (ml, ,mJ)EN]
my+-+mjij=M

Given two paths v = (0,v1,...,v,) and 2 = (0,w1,...,w,,) we define the

concatenation of y1 and o by y107v2 1= (0,01, ..., Upn, Uptwy, . s Up+wy,). Observe
that, given a sequence of positive integers (mq,...,m;) € N?, and recalling (2.3),
we have

Clm,...,mj) = {(11,72) €Cr : 71 =711 0071572 = V2,1 0+ © Y2,
(M, Y2,8) € Ay, Vo =1,...,5}

Using (2.7) we can rewrite (2.6) as

- - P(y1,72 open)
Se-Y % > fmom) g
n=1 J=1 (m1,...,m;)ENI  (y1,72)EC (M1, ,m;)

From the definitions of C(my,...,m;) and b, mentioned earlier, it follows that

Z P(y1,72 open) _ Z ﬁ (71,1, 72,1 Open)
,uzM - ka

(Y1,10°--071,5,72,10:-02, 7) k=1

(V1,k572,k) EAm,  k=1,...,j

(v1,72)€C(my,--- ,my)

Z ]P(’Yh 72 open)

:LLka

|
Eu

k

T [(11,72)€EAm,,

|
Eu

=1

Substituting the expression above in ) we obtain

(2.8

00 00 J 00 oo J

ZG"ZZ Z [Hbmk] :Z<me> )
n=1 j=1(mq, - ,m;)eNs Lk=1 j=1 \m=1

and the result follows. O
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2.2. Converting the problem to a random walk. Using the lemmas in the previous
section, we have, so far,

oo
supE[W2] < oo iff Z b, < 1;
m m=1
we will now use random walks to compute b,,. In the remainder of the text, we will
consider several independent random walks and we use Q to denote the probability
on a space where they all live in harmony.

We say that ¢ = (¢1,...,q4) is a (d-dimensional) positive vector if 0 < q1,...,qq4
and q; + -+ ¢4 > 0, and we say that ¢ is a (d-dimensional) probability vector if
it is a positive vector with ¢; 4+ --- + ¢4 = 1. Given a positive vector g we say that
{Sn}n is the oriented random walk associated to g if

Sp =&+ +En, (2.9)
where &1, ..., &, are i.i.d. random variables with
Q61 =e) = m, foralli=1,...,d.
Given two independent random walks associated to ¢, {S}: },, and {S2},, we define
T=71({S:} ., {S%},) :=inf{n >1: 8 = S2}. (2.10)
Lemma 2.3. Let by, be as defined in (2./), Ay be as in (2.3) and {S}:}n, {S2}n
be two independent random walks associated to p = (p1,...,pa). Then

Zb <1 iff Z@ <1—%

Proof: Observe that

d d

P(v1,72 open) P({0, e;), {0, el open) i

> e =3 =2 7=y
(71,72)€EAL i=1 i—1

Also, for m > 2, we have

P(v1,72 open)
bm = Z M?m
(71,72)EAm

= Z Q((()?Slla ’S}n) :’YI) Q((Oa5127 ’57271) :72)

(71,72)EAm
=Q(r =m),
thus . .
S b=t > Q=
m=1 Ll ——
and the result follows. O

Lemma 2.4. Let {S}}, and {S2}, be two independent random walks associated
to a positive vector q and let T be as defined in (2.10). Then

ZQ 1—*fo Z@Sk*Sk)<H_1

k=1
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Proof: Observe that
Q(Sy, = S2) = Y QT = n)Q(Sp,_, = Smu); (2.11)

n<m

SO

>y, =82)=>" > Qr=nQS_,=5%:,)

m=1 m=1n<m
=D |Qr=n) > QS; = 57)
n=1 m>0

(Far-) (1 Ean-5).

and therefore

O ) L1 QSH=52) !

Finally, we have

1 1 =
1- = <1——iff Y QS =52) <p-1,
rysLoE o <l )
and this finishes the proof. O

3. Analysis of the random walks

In this section, we will estimate the maximal probability of two i.i.d random
walks meeting in a fixed time as a function of their parameters.

Given a probability vector ¢ = (q1, ..., qa4), let {S}},, and {S2} be two indepen-
dent random walks associated to ¢ and define

Aag) =) _Q(S, = S7). (3.1)
n=1

Combining the results of the previous section, and observing that Q(7 = 1) > 0,
we have
If Mq) <p—1, then supE[W2] < co. (3.2)

In this section, we investigate the behavior of A(q).

Theorem 3.1. Let d > 4 and 4 < m < d be integers. Consider the d-dimensional
probability vector ¢* = ¢;(m) = (1/m,1/m,...,1/m,0,...,0), and let X(q) be as in
(5.1). Then

10

ANg*) < —
(2) Ae") < — 1
(b) for all d-dimensional probability vectors q such that max; ¢; < — we have
m

Ag) < Aq).

We will prove Theorem 3.1 in the next sections, but before that we use it to
prove Lemma 1.3.
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Proof of Lemma 1.5: Let q; = pr Under the hypothesis of the Theorem 1.1, we

have ¢; < [¢/10]7" for 1 < i < d; taking m = [10/e] we obtain ¢; < 1/m. Taking
q = (q1,-.-,94), it follows from Theorem 3.1 that A(¢) < 10/m < e. Finally, by
(3.2) we have sup E[W?] < oo and the lemma follows. O

3.1. Bounding the probability of meeting. In this subsection we prove Item (a) in
Theorem 3.1. Observe that for all d > m we have

A1/m,1/m,...,1/m,0,...,0) = X(1/m,1/m,...,1/m).

m d—m m

For m < 3, we have that A(¢*) = oo, so we let m > 4. Then

A(l/m,l/m,...,1/m):§: 3 (ll7~n~,lm>27rL12”

n=1(l1,...,l;m)EN™
it +lm=n

5 NS
_ z B W\, b ) [ mm

- +l'm,7n

We will split the first sum in two parts, the first for n < m and the second for
n > m, and bound each one separately.

Observe that for n = 1,...,m the maximum inside the brackets is bounded by
n!, so the sum for n < m is bounded by

" onl 1 2 3l 1 8
A T A 3.3
;m"*m—km? 1;) 3 7" m  m2 (3.3)

Now, for each 7 > 1 and 0 < ¢ < m — 1, we use Stirling’s bounds,

[\

ﬂn(%) <n'<\/7( ) e

to obtain, for n = jm + /£,

(1, " o)} = o

14 Fl=n

jm + g)]m—‘ré .
e 12(im+0)

()]

)jm-i-é

2r(jm + L) (

()

< etz \/m - mimtHt (jfé .
[Vam)" G gt
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Now, observe that

(j i %)jm-Ff m— ¢ (j+1)¢ ) j(m—2)
. A e l=—r 1+—
(G + 1) x jim=i m(j+1)

< exp (- (mn; %) X exp (i(m - e))

=1,

T - /- e
max {( " >} < e mem . (3.4)
(I1,ee sl ) EN™ liy.o 5 lm ,/27r)m—1(\/j)m—1

lit+lm=n

thus

Using the bound above we obtain

IA
\
+
|
_l’_

1 8 eI om /M 1
Ag") \Fz

<+

1
T - - 2
8 2 g emomevm m(1+>g7, (3.5)
m m

and the result follows.

Remark 3.2. For any ¢ > 0, both upper bounds of (3.5) could be taken as §/m as
long as m is chosen to be sufficiently large. In this case, we could conclude that
A(g*) < (14 20)/m in (a) of Theorem 3.1.

3.2. Projecting the random walks. We now want to understand the behavior of
a random walk in Z?. To do that we will split the random walk in Z¢ in two
"normalized" projections in Z? and Z? 2 and consider the behavior of the two
parts to determine the behavior of the main random walk.

Given two independent oriented d-dimensional random walks {S} (q)}n, {S2(q)}n
associated with the probability vector ¢ = (qi,...,qq), for i = 1,2, let {R!(q)}n
be two independent 2-dimensional oriented random walks associated with (¢, g2)
and let {U!(q)}» be two independent (d — 2)-dimensional oriented random walks
associated with (gs,...,qq). Writing, for i = 1,2, Si(q) = (SL(q)1,---,5%(q)a),
we define two complementary bi-dimensional oriented new random walks, {S?(¢)},,
and {S2(q)}» coupled with {S!(q)}, and {S?(q)}, respectively, where

Si(q) = (S%(q)1 + Si(q)2, Si(q)s + -+ Si(q)a) -

Clearly {S!(¢)}» and {52(q)}, are independents and have the same distribution of
a random walk associated with the probability vector ¢ := (¢1 + ¢2,93 + -+ + qa)-
We will omit the dependency on ¢ until the proof of Theorem 3.1.

One can think of the those newly defined random walks defined above as psudo-
projections of the original random walks and the next lemma will express the meet-
ing probability of the first in term of the latter.
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Lemma 3.3. Let {S}, and {S2}, be two random walks associated with the prob-
ability vector ¢ = (q1,...,q4). Then

QSy =5 = > Q) =5 =(k)QR] =R)HQU. =UZ).  (3.6)

(j,k)€EN?
Jj+k=n
Proof: In fact
QSy =52 = > QS)=5;,8, =5 =(j,k) (3.7)
(j,k)eN?
j+k=n

Now, observe that fixed (j, k) € N? such that j + k = n, we have

Q(S, = 82,8} =82 =(j,k) =

n? n

i+ k\? ,

(Jj ) (Q1+qQ)2J'(QB+"'+Qd)2k]‘
0 () ()
2 l Q1+ q2 Q1+ q2

=0
[ > (" f(qua“(%lfh
Ist-dlyg=k I3,...,1a q@+-+qa g3+ +qq

Q(S; = 8% = (j.k)) - Q(R} = R%) - QUL = UY).
O

Next, we state and prove an elementary lemma which will be useful to bound
the second term in (3.6).

Lemma 3.4. For each z € [0,1] let {Z,(x)}n be a random walk over Z
Zn(z) = (@) + - + Cal2),
where {(; }ien are i.i.d. random variables with
QGi(z) =0) ==

and

1—2

QGi(z) =-1) =Q(Gi(x) =1) = 3
Then, for each n € N fized, the function F, : [1/2,1] — [0,1] given by
F,(z) = Q(Z,(x) =0). (3.8)
is increasing .
Proof: We want to prove that for 1/2 < z <y < 1 we have F,(y) — F,(z) > 0.

To do that we will write F' as a sum and analyze the terms of the sum separately.
Define

Yo (x) :=#{i € [n] : ;(x) =0}, (3.9

SO we can write
n

Fo(x) =) Q(Zn(z) = 0|Yy(2) = /)QYa(z) = j).

Jj=0
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Let us now analyze each part of the sum. We first observe that
0 ifn—j7=1 mod 2
an—j = Q(Zn(2) = 0Yn(z) = j) = ( n—j )

(n=3)/2) X on=j

Observe also that a,_; is well defined because it does not depend on n or j, but

ifn—j3=0 mod 2

n
only on n—j. It is also easy to see that for any 0 < k < 5~ 1 we have asg, > agk42

and thus agy > age for all 0 < k < ¢ < n/2.
Now, let us analyze the behavior of the function g; given by

03(@) = Q@) = ) = (j) P(1— 2y, (3.10)

Taking the derivative, we have

i) = (7)1 -2y (122,

so that, for |y — x| sufficiently small and y > = > 1/2, we have

9i(y) — g;(z) <0, if j < nz, (3.11)
9i(y) — g;(x) >0, if j > na. (3.12)
Let N={0<j<n:j=n mod 2}; then
Fuly) = Ful@) = > _lg5(y) — g5(2)]an—;,
JEN

and using the fact that {as¢}o<¢<n/2 is decreasing, and (3.11) and (3.12) we have

Fu(y) = Fu(z) = > o) —gi@an+ Y lg;(¥) — gj(@)]an—;

j<nz,jEN ji>nz,jEN
> > W -g@l+ D 95w —9i@)]| tuna)
| j<nz,jeN j>nxz,jEN
jEN jEN

Now note that Z g;(y) can be obtained as the sum of the expansion of two bino-
jEN

mials

1+@2y—1"

> 6i(0) = 5l — (=) + (g + (- )] =

JEN
and hence Z g;(z) is an increasing function in [1/2,1]. It follows that F,(y) —
JEN
F,(z)>0. O

Now we give a proof of Theorem 3.1.

Proof of Theorem 5.1: We want to show that, the value of A is maximal when the
positive entries of the vector are packed in m coordinates. Let

1
= = 0<g; < —, Vi=1,...,dand i =17,
A {q (q1,--000) 0 < i < —. Vi and Y g }
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and given ¢ € A let

B) = #{i € [ a; ¢ {0,1/m}}.

With that in mind we will define a packing algorithm A : A — A which increases
the value of A in each step.

Let ¢ € A. If B(q) = 0, then define A(q) = ¢*. If B(gq) > 0, then necessarily
B(q) > 2, and suppose without loss of generality that neither g; nor ¢ belongs to
{0,1/m}, so we define A(q) = (qi,...,q};) where ¢, = ¢; for all ¢ > 3, and

for ¢1 + g2 < 1/m, we let ¢ = ¢1 + ¢2 and ¢}, = 0,
for qy +q2 > 1/m, welet ¢ = q1 +q2 — 1/m and ¢5 = 1/m, .
We claim that the this algorithm has the following properties
(1) if B(q) = 0 then B(A(q)) = 0;
(2) if B(g) > 0 then B(A(q)) < B(q);
(3) AMA(9)) = Aa)-

Properties 1 and 2 follow from the definition and we proceed with the proof that
Property 3 holds.

We now compare the probabilities of the random walks associated with ¢ and
A(q). By Lemma 3.3 we have

Q(S)(q) = Sa(q) =
> QShg) = Ska) = (j, k)Q(R;} (q) = R3(¢))QUj(q) = UR(q))-

(5,k)eN?
j+k=n

Observe that Q(U.(¢) = U2(q)) depends only on the last d — 2 coordinates of g,
so that

Q(Uk(@) = U(a)) = Q(Uk(A(@)) = UE(A(0))).

Analogously, Q(5!(q) = S2(q) = (j, k)) depends only on ¢; + ¢» and since this
sum is invariant by A we have

Q(Sh(a) = $2(@) = () = Q
We will now prove that
Q(R}(Q) = R?(Q))
and it will follow that

o)=Y Q(Ska) = 52(@) < 3 Q(SH(AW) = S2(A(9)) = A(A(g).

S (A(@) = S2(A() = (G k))-

< Q(R}(Alg) = B2 (A()), (3.13)

To prove (3.13) we observe that for each ¢ € A, although R} (q)— R2(q) is defined
as a random walk on Z2, its trace lies on the secondary diagonal of Z2, and it has
the distribution of a lazy random walk {Z,(x)}, as defined in Lemma 3.4 with

r = (fjfy > 1/2. Analogously R!(A(q)) — R2(A(q)) has the same distribution

as {Z,(a") }n, with 2’ = % > x. Now, (3.13) follows from Lemma 3.4.

Finally, we observe that for all ¢ € A we have A%(q) = ¢*, where A? is the d-th
iterated of A. Hence, by Property 3, we get A(¢*) = M(A%(q)) > A(q) and this
finishes the proof. O
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4. Final comments

We do not know whether Condition 2 of Theorem 1.1, the upper bound on
the probabilities p;, is only a technical limitation or if a big discrepancy on the
anisotropy prevents the system to behave as in mean-field conditions even in arbi-
trary large dimensions. In any case, the isotropic case shows that some bound on
the probabilities p; must be required as we explain now.

One of the results in Cox and Durrett (1983), states that the isotropic critical
parameter satisfies p.(d) > 1/d+1/(2d®)+o0(1/d?). Let now each p; = 1/d+1/(3d?),
and take dy so that p; < p.(do). In this case € = 1/(3d2) and p; = v/3¢(1 + ¢).

A natural related question is whether anisotropic non-oriented percolation has
the same limiting critical surface behavior, i.e., under which conditions can we
guarantee that the critical surfaces stay close to the isotropic critical parameters in
high dimensions.
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