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Abstract. We establish two equivalent versions of the Darling—Erdés theorem for
Lévy processes in the domain of attraction of a stable process at zero with index a €
(0,2). In the course of our proofs we obtain a number of maximal and exponential
inequalities for general Lévy processes, which should be of separate interest.

1. Introduction

Let {{x}r>1 be a sequence of independent mean zero and variance one random
variables and for each n > 1 set S,, = & + -+ + &,. Darling and Erdos (1956)
proved that if the third absolute moments of the {{x}r>1 are uniformly bounded
then for all x, as n — oo,

P <A(n) max. Si/Vk — B(n) < x) — exp (—exp (—x)), (1.1)

where we use the notation for T > 0, A(T) = (2LLT)Y? and B(T) = 2LLT +
27YLLLT — 271 L(47), with LT = log (T V €). Such a limiting distribution result is
now often called a Darling—Erd&s theorem. Einmahl (1989) showed in the i.i.d. mean
zero and variance one case that for (1.1) to hold it is necessary and sufficient that

LLtE{&1{|&1] > t}} — 0, as t — .

Einmahl and Mason (1989) have obtained martingale Darling—Erdés theorems, and
recently Dierickx and Einmahl (2018) have established multivariate versions. Cor-
responding results for Brownian motion were established by Khoshnevisan et al.
(2005).

In the infinite-variance case Bertoin (1998) proved Darling—Erdés theorems for
sums of i.i.d. random variables in the domain of normal attraction of an a-stable
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law. More precisely, if P(§ > x) ~ cx™® and P(§ < —z) = O(z~%), as © — oo, for
some ¢ > 0 and o € (0,1) U (1,2), and E€ = 0 for o > 1 then for any z > 0

. -1/ < 1/a) _ —cz™®
nlLII;OP (rl?gick Sk < x(logn) ) e . (1.2)
Our work was motivated by this result. In fact, our Theorem 3.7 is a Lévy process
version of Theorem 1 in Bertoin (1998).

Let Xy,t > 0, be a Lévy process in the domain of attraction of a stable process
at zero with index « € (0,2). Introduce the running supremum and the maximum
jump processes as

X;=supX,, my= sup AX,= sup (X, — X,_).

s<t 0<s<t 0<s<t

We consider for an appropriate positive increasing function a(t) of ¢ > 0 the maxi-
mum of the scaled running supremum, the maximum of the scaled process, and the
maximum of the scaled maximum jump process, defined as

Yi= sup —, Zy= sup ——, M;= sup ——
t<s<1 a(s) t<s<1 a(s) t<s<1 a(s)

(1.3)

For a = 1 the definitions of Y and Z are slightly different, see Theorems 3.6 and 3.7.
Our goal is to derive analogues of (1.1) and (1.2) for the Lévy process X¢,t > 0.
In particular, we shall prove in our Theorem 3.5 that under suitable regularity
conditions for all > 0, in the case o # 1,

—a

i —logt) V¥ <a) ="
ltlirglP(Y}( logt) 795) e ,

and from this result we shall derive its Darling—Erdés version in Theorem 3.7

—a

i —logt) V¥ <a) ="
ltlf(r)lP(Zt( logt) 795) e

Along the way, in our Theorem 3.2 we establish a similar result for the scaled
maximum jump process M. We fix our notation in Section 2, state our results in
Section 3 and detail our proofs in Sections 4 and 5, where we derive some maximal
and exponential inequalities for general Lévy processes, which should be of separate
interest.

2. Notation

In this section we give our basic setup. Let Xy, t > 0, be a Lévy process with Lévy
measure A and without a normal component. For z > 0 put Ay (z) = A((z, 00)),
A_(z) = A((—o0,—x)), and for u > 0 let

o(u) = sup{z : Ay (x) > u}. (2.1)

Note that Ay (z) > wiff o(u) > 2. Let N be a Poisson random measure on [0, 00) xR
with intensity measure u(dt,dz) = dt x A(dz) and let N(dt,dy) = N(dt,dy) —
dtA(dy) be the compensated Poisson measure. By the Lévy-1to representation for
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suitable shift parameters v; and v_, with v = v +~v_,

t t
Xo=at+ [ [ v@san+ [ [ yNasay)
0 Jly|>1 0 Jly|<1
t t -
=7+t+/ / yN(ds,dy)Jr/ / yN(ds, dy)
0 J(1,00) 0 J(0,1] (2.2)

t t
+7_t+// yN(ds,dy)—i—// yN(ds,dy)
0 J(=o0,—1) 0o J[-1,0)
= X"+ X

We assume that X belongs to the domain of attraction at zero of an a-stable law
for some « € (0,2), which means that for some norming and centering functions

a(t), c(t)
X;r — C(t) D
-+ X t 2.
) — X, astl]O, (2.3)
where X is an a-stable law. This happens if and only if
Ay (z) = 27%(2), (2.4)

where £ is a slowly varying function at 0; see Bertoin (1996, p.82), Maller and
Mason (2008, Theorem 2.3). In what follows we assume that the constants v are
chosen such that

~ Jo yAdy), if [ yA(dy) < oo,
vy = o ©0,1]

0, otherwise,
(2.5)

_ o vA@y), i [ o [ylA(dy) < oo,
Y- = .
0, otherwise.

Note that the integral f(o 1 yA(dy) is always finite for a € (0,1) and infinite for

a € (1,2), while for & = 1 both cases can happen.

Since the function b(t) = ¢(1/t) can be shown to satisfy with, obvious changes of
notation, (2.9) and (2.10) on page 320 of Maller and Mason (2008), we can without
loss of generality assume that a(t) in (2.3) is increasing, moreover

a(t) = p(1/1). (2.6)

Furthermore, using the same remark in Maller and Mason (2008) the function c(t)
in (2.3) can be chosen as

clt) = t(a(t)) = ¢ (w -/ dey)) , (2.7)
(a(t),1]
where for y > 0
v(y) =ve — wA(du).
W= [ uw)

For 0 < a0 < 2, with a # 1, it can be shown using standard properties of regularly
varying functions that, by the choice of v, given in (2.5),
c(t) «

tlﬁ)la(t) S l-a
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This says that (2.3) holds with ¢(¢) = 0 when 0 < a < 2, with « # 1; moreover, in
this case, we shall from now on assume that c(t) = 0.

3. Results

From the monotonicity of a it is simple that
s AXS
M, = sup s —sup{ is € (L, 1], AX, >0} \/ﬁ,
t<s<1 a(s) a(s) a(t)

where a V b = max{a,b}. This simple observation allows us to calculate the distri-
bution of M;. Indeed, for z > 0 put

Aps = {(u,y) : %u) >z, u€ (t, 1]}

Bio = {(u,y) : % >z, u€ (O,t]}.

Then, recalling the definition of N in (2.2),

AX
P (sup{ a(s)s is € (,1],AXs > 0} < x) =P(N(A,) = 0) = e #Aw),

and
P(m; < a(t)z) = P(N(B;a) = 0) = e #Bee),
As p(dt,dz) = dt x A(dz), we have

(A ) = /t Ay (a(u)z)du and p(By ) = tA; (a(t)z).

Since A; , and B, , are disjoint, we obtain
1
P(M; <zx)=exp {—/ Ay (a(u)z)du — tA+(a(t):1c)} . (3.1)
t

Remark 3.1. If X is a spectrally positive a-stable process, a € (0,2), with A, (z) =
7%, then p(u) = u=/% a(t) = t'/*. Substituting into (3.1) a short calculation
gives for 0 <t <1

P(M; <z)=exp{—z~%(1—logt)}.

Therefore, we obtain for any fixed ¢ > 0 the scaled maximum has Fréchet distribu-
tion, i.e.

—a

P (Mt <uz(l- logt)l/o‘) =e 7 . (3.2)

In what follows, we show that (3.2) remains true in the limit as ¢ | 0 for Lévy
processes in the domain of attraction of a stable law at zero under regularity.

A measurable function ¢ is super-slowly varying at 0 with auxiliary function &,
if for some A > 0

0(ts(t)°)

I
o 6(t)
This is exactly the definition in Bingham et al. (1989, Section 3.12.2), changing
z to t71 and £(z) to £(t71)7L. See also Bingham et al. (1989, Section 2.3). We
further assume that lim; o £(t) = 0 and that & is nondecreasing in (0, c¢) for some
¢ > 0. If (3.3) holds for some A > 0, and ¢ is nondecreasing then (3.3) holds for

=1 uniformly in § € [0, A]. (3.3)
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any A > 0; see Bingham et al. (1989, p.186). In what follows we fix the function
£(t) = (—logt)~".

Theorem 3.2. Assume that for x > 0, Ay (z) = 27%(z), a € (0,2), where £ is a
super-slowly varying function at 0 with auziliary function £(t) = (—logt)~1. Then
forallz >0

—a

i —logt) V¥ <a) ="
ltlf{)IP (Mt (—logt) < x) e . (3.4)

Remark 3.3. The super-slowly varying condition is not very restrictive. The slowly
varying functions £(t) = (—logt)?, B > 0, £(t) = exp{(—logt)?}, B € (0,1)
are super-slowly varying with auxiliary function £(t) = (—logt)~!. The function
£(t) = exp{(—logt)/log(—logt)} is slowly varying, but not super-slowly varying
with auxiliary function £.

Remark 3.4. We also note that Theorem 3.2 is a result on the maximum of a
Poisson point process, therefore A(dz) does not have to be a Lévy measure. Thus
Theorem 3.2 remains true for any a > 0.

For our next result assume that the spectrally negative part does not dominate
in the sense _
lim sup ﬁ_ (z) < o0. (3.5)
zi0 - Ay ()
Theorem 3.5. Assume that X; is a Lévy process without normal component such
that for x > 0, Ay(z) = 27%(z), a € (0,2) with a # 1, where ¢ is a super-slowly
varying function at 0 with auxiliary function &(t) = (—logt)™t, and (5.5) holds.
Then for all x > 0

—a

i —logt) V¥ <a) ="
ltlirglP(Y}( logt) 795) e

This result also holds for & = 1 but, as usual, a different centering is needed. As
n (2.7), for a =1 let
_ tf(g,a(t)] yA(dy), if f(o,l] yA(dy) < oo,
—t f(a(t),l] yA(dy), if f(o,l] yA(dy) = oo.
Theorem 3.6. Assume that X is a Lévy process without normal component such
that for x > 0, Ay (z) = 2~ Y(x), where ¢ is a super-slowly varying function at 0
with auziliary function &(t) = (—logt)~t, (3.5) holds, and f[_ —yA(dy) < oo.
Then for all x > 0

( sup,, < (Xu — ¢(u))

c(t) (3.6)

1,0)

—1

limP

su
tL0 D

—logt) ' <z)=e""
t<s<1 a(s) (logt) ™~ < )

As a consequence, we obtain the following Darling—Erdés result.

Theorem 3.7. Assume that X; is a Lévy process without normal component such
that for x > 0, Ay (z) = 27%(z), a € (0,2), where £ is a super-slowly varying
function at 0 with auziliary function £(t) = (—logt)~t, and (5.5) holds. For a =1
additionally assume f[_ —yA(dy) < co. Then for all x >0

1,0)

) Xs —c(s) “1/a ) e

IimP | sup —————= (—logt <z|=e" , 3.7
t0 <t<551 a(s) (~logty™" < (37)

where c(s) =0 for a # 1, and is given in (5.6) for a = 1.
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Remark 3.8. We note that the conditions for the corresponding result for sums of
i.i.d. random variables in Bertoin (1998, Theorem 1) are more stringent. The non-
dominating negative tail assumption is the same as (3.5), but in Bertoin (1998) it is
assumed that the slowly varying function ¢ in (2.4) is constant, and the o = 1 case
is excluded. It will be apparent from the proofs that the nontrivial slowly varying
function significantly complicates the arguments.

We also mention that large time results similar to (3.7) for stable processes are
stated in Theorem 5 of Bertoin (1998) based on the correspondence between stable
processes and stable Ornstein-Uhlenbeck processes. Theorem 5 in Bertoin (1998)
can be deduced from Corollary 5.3 in Rootzén (1978), since Ornstein—Uhlenbeck
processes can be represented as stable moving average processes with exponential
kernel function (see e.g. Applebaum, 2009, Section 4.3.5).

4. Proof of Theorem 3.2

Since here the spectrally negative part does not play a role, to ease the notation
we suppress the lower index, i.e. A = A;. From (3.1) we get for fixed x > 0

P (Mt (—logt) /> < x)

1 (4.1)
= exp {— / Aa(u)(—logt)*x)du — tA(a(t)(—log t)l/ax)} .
¢
In what follows, we need that
Ala(u)) ~u™", as u | 0. (4.2)

To see this, define for x > 0

f(z)=A(1/z) = 2%(1/x).
Clearly f is increasing and regularly varying with index « at co. Recall (2.1) and
set for y > 0

f7Hy) =mf{z: f(2) >y}
=inf {z: A(1/z) > y}
=1/sup{z~' 1 A(1/z) > y} = 1/p(y).
By (2.6) and Theorem 1.5.12 of Bingham ct al. (1989) we have that as y — oo

F(FH W) = Mey) ~ v,

which by the change of variable y = u~1 gives (4.2).
Let h be an auxiliary function to be chosen later, which is continuous, increasing
n (0,1) and 1 > h(t) > t. We can write the exponent in (4.1) as

- / " o) log )/ 2)du / " K(a(w)(— log )/ 2)du
t h(t) (4.3)

— tA(a(t)(—logt)/ ).
By the assumption on A

A (a(u)z(—logt)V/*) (= log t)_1€ (a(u)z(—logt)t/=)

Raw) alw) #4)
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By the definition of super-slowly varying functions, for any € > 0 there exists o > 0
such that for all s € (0,t)

sup
£(s)2<y<1

- 1‘ <k, (4.5)

where A > 0. To see this note that for any £(s)® <y < 1 there exists a 0 < p < A
such that £(s)? =y. We choose for 0 < § < 1 and ¢ € (0,1)

P(t) = ha(t) = exp {— (~1ogt)" } .
We claim that

t(a(u))
C (a(u)z(—logt)'/®)

lim sup
t0 yelt,h(t)]

- 1| =0. (4.6)

In (4.5) choose

/o

s=s(u,t,z) = alu)z (logt_l)1 and y=y(t,z) =a" (logt_l)_l/a .4

Clearly, y < 1 for t > 0 small enough. Thus, in order to use (4.5) we have to check
that
lim sup a(u)z (log t_l)l/a =0, (4.8)
0 yeft,h(t)]
and, with s,y in (4.7) and u € [t, h(t)],

Es)2 <y=a"t (logt_l)il/a . (4.9)
Since a is regularly varying at 0 with parameter 1/«
— (~logt)”
log (a(h(t))(— log t)l/a) e o, (4.10)
«
Using the monotonicity of a and (4.10), for u € [t, h(t)], t > 0 small enough
—(~logt)’
dwa%w”“<ame»e«gw”a<em{(gqg)}~ (4.11)
a

The latter upper bound tends to 0 as ¢ | 0, therefore (4.8) follows.
By (4.11) for any A > 1 and ¢ > 0 small enough

A 1 -A
§(a(h(t))ﬂf(—10gf)l/a) < (?ﬂlog(l/h(f))> = (3a)®(—logt)~P2.  (4.12)

By the monotonicity of £ and a, and by (4.12) we have
A A
sup €(s)* = sup € (a(u)r(log(1/6)"/*)" = ¢ (a(h(t))z(og(1/)"/*)
t<u<h(t) t<u<h(t)
< (3a)?(=logt) P2 < z7(log1/t) "V,

where the last inequality holds for ¢ > 0 small enough if SA > 1/a. Since, by the
remark before Theorem 3.2, A can be chosen to be large, (4.9) holds, and (4.6)
follows.

Thus, by (4.4) uniformly in u € (¢, h(t))

A (a(u)z(—logt)V/*)
A (a(u))

~x%(—logt)"t.
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Therefore, using also (4.2),

h(t) h(t)
/ A (a(u):c(flog t)l/o‘) du ~ z7%(—logt)™! / utdu
¢ ¢

log 1
- (1_0g/h(f>> 2% ast L0,
—logt

Next we see that
1

/h ;) K (a(ua(~logt)'/*) du = /h B

which by (4.4)

A (a(u)z(—logt)V/*) ] du
A(a(u)) ’

1

=2 %(—logt)"! A (a(u)) [
h(t)

¢ (a(u)z(—log t)1/) "
t(a(u))

Applying part (ii) of Theorem 1.5.6 in Bingham et al. (1989) we see that this last
bound is for any § > 0, some As > 0 and for all small enough ¢ > 0

SAgIa(logt)l/l A (a(u)) (x(flogt)l/a)édu.

h(t)
By (4.2) we can infer that there exists a B > 0 such that for all u € (0,1]
Ala(u)) < Bu™".
Thus with C = AsB

Asz™*(—logt)™! /

h(t)

1 A (a(u)) (x(flogt)l/o‘ydu

< Cx‘s_a(—logt)‘s/a_l/ utdu
hs(t)

= CJ:‘S_O‘(— log t)‘s/a_l'w,
which for small enough § > 0 converges to zero as t | 0.

Therefore it follows that

1
ltiﬁ)l t A (a(u)x(f log t)l/a‘> du =2~

Finally, for the third term in (4.3) we have, by (4.2) and (4.6),

A (a(t)z(—logt)t/*)
A(a(t))

which converges to zero as t | 0, and statement (3.4) follows.

tA (a(t)x(— logt)l/o‘) ~ ~ 27 (~logt)”",

5. Proofs of Theorems 3.5, 3.6, and 3.7

5.1. Exponential inequalities for general Lévy processes. In this subsection for con-
venience of presentation we state and prove the exponential inequalities that are
needed in the proof of Theorem 3.5. All of them are derived from Proposition 5.1
below, which may be of separate interest.
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Let X, > 0, be a Lévy process without a normal component with Lévy measure
A. As before for x > 0, Ay (z) = A((z,00)) and A_(z) = A((—o0, —x)). For any
fixed a > 0 introduce the Lévy processes

X§a>:// yN(du,dy) and Xg—a>:// yN(du,dy), s>0. (5.1)
0 J(0,a] 0 J[-a,0)

Set for a >0
0

B(a):/oayQA(dy) and B(—a):/ y?A(dy). (5.2)

—a
We note that the following proposition holds for general Lévy process, regular
variation of the Lévy measure is not needed here.

Proposition 5.1. For alla >0, b> 0, p > 1 integer, and 0 < t

: b tB(a) (o)
P(SSL;E)Xg )>b) SeXp{(1+1/p)a<1+10g (ab))} (5.3)

and for alla>0,b>0and 0 <t

P (iiﬁ’ (—X§a>) > b> < exp (— 2Hb;(a)) . (5.4)

Moreover, inequality (5.5) holds with sup, <, X replaced by sup, <, (—X(E*“)) and

inequality (5./) remains true with sup<, (—X§G)> replaced by sup,<, Xs(*a); and

where B(a) is replaced by B(—a) in both cases.

Proof. We shall borrow steps from the proof of Lemma 1 of Sato (1973). Clearly,
X,E“) is a martingale, thus by Doob’s martingale inequality, for any 8 > 0

P <sup X§a> > b> =P (exp {9 sup Xﬁ“)} > e‘%)
s<t s<t (55)

< e "Eexp{0X}.
The difficult issue here is to choose the right 6.
Set for 6 € R,

& (0) = logEexp{GXt(a)} = t/oa (e — 1 — 0y) A(dy).

Since |e” — 1 —v| < v?exp (Jv]) /2 for all v € R, we see that

6> [°
&) <% / Y2A(dy) exp (ald]) < o0, 6 € R.
0

Thus Eexp{HXt(a)} < oo for all # € R. Differentiating &,(6) with respect to § we
obtain for all 8 € R

€(0) = / "y (e — 1) tA(dy),

and differentiating again, for all § € R

V() = /a y2ePtA(dy) > 0, (5.6)

0
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from which we see that
&) —p=: —/ ytA(dy), as 6 | —oo,
0
where —oco < —p <0, & (0) =0 and & (0) 1 oo, as 6 T co.
For any —p < x < oo introduce the inverse to & (6) :

& (m (x)) = =. (5.7)

The function 7, is well defined on (—pu, 00), since by (5.6), &, () is strictly increasing
and continuous as a function of #. Furthermore by the inverse function theorem we
have

V(@) (z) =1, for —p < < oo, (5.8)

and we know from the above that 7;(x) > 0 if and only if > 0. Now by (5.5) with
6 = n(b) and (5.7) for any b > 0,

P (sup X@ > b) <P (nt(b) sup X (@) > m(b)b)

s<t s<t

< exp {& (1 (b)) — me (D) (1:(0)) } -
Observe that

Ut(b)
& (e (8)) — 1 () € (e (b)) = / & (s)ds — 1, (5) € (1 ()

- _ /Om(b) s¢) (s)ds = — /Ob ne () & (ne (x)) ) () da,
which by (5.8) is equal to
= _/bﬁt (x) dz.
Thus for all b > 0 0

b
P (sunga) > b) < exp (/ N () dx) . (5.9)
s<t 0

Since exp (v) — 1 < wexp (v) for all v > 0, for 7 >0

&)= [ v - <o [ Paarean
= t;(a)T exp (at), '
from which it follows by (5.7) that
x < tB(a)m(x)exp (any(z)), for = > 0.
The inequality v < (p!)l/p exp (%) for p > 1 and v > 0, gives

z < tBa(a) ()7 exp (1 +1/p) any (), for z > 0,

and thus

log 1 tB (a) (p!)l/p
(1+1/p)a(1+1/p)a10g< a >§77t(9€),f0rx>0.
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Hence after a little algebra we get

(- /ob ) <o (- /ob EvorRd el <tB(a)§pl)1/p )

_ b tB (a) (p)"?
—eXp{(1+1/p)a<1+log< 7 ))},

which on account of (5.9) gives (5.3).

Next consider inequality (5.4). The process —X§“), s >0, is also a martingale.

Therefore exactly as above for all 6 > 0
P (ililt) (—XS(“)) > b) < e PEexp{—0X "} = exp (—0b + 7, (),
where 7; (0) ; & (—0). We get
O =€ (-0 =t [ y(1- ) M)

and ~/ (0) = &, (—0) > 0, from which we see that

74W)Tu:t[;yA@y%aseTm%

where 0 < p < 00, v, (0) =0 and ~v; () | —o00, as 0 | —oo. For any —oo < z < p
introduce the inverse to v; (6) :

Ve (ke (2)) = .

"

The function k; is well defined on (—oo, ), since by ;' (0) = & (—6) > 0, v; () is
strictly increasing and continuous as a function of #. Furthermore by the inverse
function theorem we have

o (e () ) () = 1, for — o0 < o < g
and we know from the above that x; (x) > 0 if and only if = > 0.

Now just as in the proof (5.3), for all b > 0

P (02% (—Xé‘”) > b) < exp (- /Ob ke (2) dx) . (5.10)

Since 1 — exp (—v) < v for v > 0, we have for all § > 0,

NO =0 =t [ y(1-e ) Ady)
" 0 (5.11)
gt@/ y*A(dy) = 6tB (a),
0
from which it follows by setting 8 = x; (z) into (5.11) that x < tB (a) k¢ (z). This
gives (5.4) by (5.10).

The validity of the moreover part of the statement of Proposition 5.1 is obvious.
d
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5.2. Applications of Proposition 5.1. In what follows we assume that (2.4) holds.
Then

_ 2
B(z) = /Hy Ady)
—2 / YR ()dy — 22 K (2)

= 2/ y' Y U(y)dy — 2 (),
0

which, by an application of the obvious at zero version of Proposition 1.5.10 in
Bingham et al. (1989) to the integral in the last equation gives

B(x) ~ 2?A,(z) asx 0. (5.12)

2—-«a
For any 0 < 8 < «, select 0 < p small and x > 1 depending on « and ( so that for
all 0 < zu < p with > 1 such that by the Potter bounds (Bingham et al., 1989,
p. 25, Section 2.3, Theorem 1.5.6),

< kaP. (5.13)

Corollary 5.2. Assume (2.4). For any e € (0,1) there exist &' > a, tg > 0, and
A >0, such that whenever max{a(t)z,a(t),t} <ty and (1 —¢) > 1

P <Sup X@®e1=)) 5 g(t)x(1 — 5/2)> < Az~ (5.14)
s<t

Proof. Let a = a(t)z(l —¢) with (1 —¢) > 1, b = a(t)z(1 — ¢/2), and set
q=(1—¢/2)/ (1 —¢€). Choose the integer p so large that 1+ 1/p < ¢q. By (5.3)

| 1/p a/(14+1/p)
() < q tB(a) (p!)
P (.?E)Xg > b) < exp (1 n 1/p> ( " . (5.15)

Let 8 < « be defined later. If both a(t)z and ¢ > 0 are small enough, we get from
(5.12), (4.2), and (5.13) that for some K > 0

tB(a) (p)"/?

< KPP,
ab = A
Substituting back into (5.15) we obtain
P (su XS(“) > b> < ex ( q ) K=ot q/(1+1/p)7
<S<Iz o p 1+ 1/p ( )

which, by choosing 8 > 0 small enough, implies (5.14). O
Corollary 5.3. Assume (2.4). For any B € (0,«) there exists to > 0 and D > 0
such that if max{a(t)z,a(t),t} < to and x > 1, then for any 7 >0

P ( sup (—Xt(a(t)z)) > Ta(t)m> <exp (—Dr%z*7"). (5.16)
0<s<t

In particular, for any 0 < s <t <ty and 0 < a(t)z < tg with x > 1

P <7X§“(t)“”) > Ta(t)x) < exp (fDsza*B) . (5.17)
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Proof. Set a = a(t)x, and b = 7a, with > 1, and 7 > 0. If both a(¢)x and t > 0
are small enough, we get from (5.12), (4.2), and (5.13) that for some D > 0

b2 2 ap
>D *TP,
2B(a) = "
Thus, an application of inequality (5.4) implies (5.16). O

Recall from (2.2) that X~ is the spectrally negative part of the Lévy process X.

Corollary 5.4. Assume (2.4) and (5.5). Further assume that f[—l,O) —yA(dy) < oo
if a = 1. For every 0 < € < 1 there exist to > 0 and xg > 1, such that for all
0<t<ty and x > x¢
— € —ze/8
P (supXS > a(t)x) <e . (5.18)
s<t 4
Proof. First note that if f[71 0) —yA(dy) < oo, in particular if o < 1, then — X is
a subordinator, therefore the probability in question is 0.

Assume that o > 1. Since X is a spectrally negative Lévy process for any
0<a<l1

P (sust > Ea(t)x) <P (SupXS(“) —tu_ (a) > Ea(t)x) , (5.19)
s<t 4 s<t 4
where
p—(a) = / yA(dy).
[71770')
Now

tu_ () = t/[l’a) yAdy) =t (aA_(a) ~A-(1) +/G1A_(y)dy)7

which by (3.5) and (2.4) for all small enough a > 0 is for some C,, > 0
< Cuathy(a).

Similarly, we can verify that for some D, > 0
tB(—a) = t/ y?A(dy) < Doa*tA, (a).
[_a70)

Setting a = a(t) we see by (4.2) that for all ¢ > 0 small enough for some ¢, > 0
and d, > 0 both

—/ tyA(dy) < cqa(t) and tB(—a) < doa®(t).
[—1,—@)
Choose x so large so that gz > max {ca,2ds}. Thus by (5.19)

P (sup X, > Za(t)x) <P (sup X (o) > Za(t)x> )

s<t s<t

which by inequality (5.4) in the sup,, X case with a = a(t) and b = ea(t)x/8

is
<e b2 <e (%x)2 <e ( 6)
xp | ——— xp | — xp (—=z).
=P\ "B (—a) ) =P\ 2, P78
This gives (5.18), with x9 = 8¢~ max{ca,2d,} and for ¢y > 0 sufficiently small.
(I
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5.3. Four auziliary lemmas. The i.i.d. counterpart of the next result is due to
Bertoin (1998, Lemma 1).

Lemma 5.5. Let a € (0,2), a # 1. Assume (2.4) and (3.5). For any 0 < e < 1
there exist A > 0, to > 0, xg > 1, & > «a, such that if t < tg, x > x0, a(t)z < 1,
and for oo < 1 additionally assume a(t)x < to, then

P (m; <a(t)z(l—¢), Xy > a(t)z) < Az~ (5.20)

Proof. Step 1. Assume that X, is spectrally positive. Note that in this case
v— =0. For a € (0,1), ¢ > 0 we have

{mi <a,X; > c} = {N((0,t] x (a,00)) =0, X; > c}
={N((0,¢] x (a,00)) = 0}N

N {sup (m_s —|—/ / yN(du, dy) — s/ yA(dy)) > c} ,
s<t 0 Jy<a (a,1]

where the latter two events are independent. Therefore

P (mt <a X;> c)
=P(m; <a)P | sup <’}/+8 +/ / yN(du, dy) — s/ yA(dy)) >c
s<t 0 J(0,qa] (a,)1] (521)

<P |sup 7+s+// yﬁ(du,dy)—s/ yA(dy) | > ¢ .
s<t 0 J(0,a] (a,1]

Recall the definition from (5.1). We see by (5.21) that when 1 < o < 2
P(mt§a7yt>c) §P<sup Xg“)>c),
0<s<t

as v+ = 0 by (2.5), and when 0 < a < 1, again by (2.5)

P(mt<a,Xt>c)<P<sup XS(“)>c—t/ yA(dy)).

0<s<t (0,a]
Fix 0 <e < 1. Put
a=a(t)x(l—¢) and c¢=a(t)x. (5.22)

In the case 0 < a < 1, Proposition 1.5.10 in Bingham et al. (1989) can be applied
as in (5.12) to show that for a > 0 small enough

a_ 1
t/ yA(dy) < t/ Ay (y)dy ~ l
(0,a] 0

—

atA (a).

Thus, by using (4.2) and the Potter bounds there exists a ¢; > 0, such that for all
a = a(t)x(1 — &) > 0 small enough

t/ yA(dy) < a(t)z(1 —e)tA, (a(t)z(1 —¢)) < Cla(t)zlfaJra/Q.
(0,a]

Hence for all ¢ > 0 small enough and x large enough

a(t)x — t/oa yA(dy) > a(t)x (1 — clcc*aJra/Q) > a(t)z (1 - g) .
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Therefore, for any 0 < a < 2, @ # 1, there exist tg > 0, 79 > 1, &’ > «, such that
for 0 <t < tg, x > xp, and for 0 < a < 1 additionally assume 0 < a(t)x < tg, we
have with a as in (5.22)

P (me < a1 X, > o)) <P X19> a0 (1)),

which by inequality (5.14) is less than or equal to Az~ for some o > a and
constant A > 0. This proves (5.20).

Step 2. Finally, we extend the statement from spectrally positive processes. Recall
from (2.2) that X, is the spectrally negative part of X;. Notice that by arguing
as in Step 1, for a € (0,1), ¢ > 0 we have

P(m<a,X;>c)<P (sup (XS_ +y4s+ X — 5/ yA(dy)) > c)
(a’l]

s<t
Inthecase 0 < a <1

0< f/ yA(dy) < oo,
[71’0)

so —X, is a subordinator and thus X, < 0 for any ¢ > 0. Therefore, the result
follows immediately from the 0 < o < 1 case of Step 1, since

s<t (a,1] s<t

sup (Xs +yes+ X — s/ yA(dy)) < sup X (@ +t/( ]yA(dy).
0,a

On the other hand vy = 0 in the case 1 < a < 2, thus

{sup (X; +ps + X[ - 8/ yA(dy>> > a(t)x}
s<t (a,1]

C {s:g) (Xs(a) — S/(a ; yA(dy)> > a(t)x (1 - ;)} u {TE?XS_ > ;a(t)x} .

By a slight modification of the first part of the proof given in Step 1, the probability
of the first event on the right-hand side of the last inclusion is bounded by Az for
some o’ > a and A > 0, while the probability of the second event is exponentially
small by (5.18). O

Lemma 5.6. Let a € (0,2), a # 1. Assume (2.4) and (3.5). For any 0 < e <1
there exist a constant A > 0, tg > 0, g > 1, o > «, such that if t < tg, T > x9,
and a(t)z < to, then

P (X; <a(t)z(1 —&),m; > a(t)z) < Az~ (5.23)

Proof. Step 1. Assume first that X is spectrally positive. For a € (0,1) let
T =17, = inf{s : AXy; > a}. Then {m; > a} = {7 < t}, and 7 is exponentially
distributed with parameter A (a). Conditioning on 7, and using part (iii) of Propo-
sition 0.5.2 in Bertoin (1996), which says that the Poisson random measure N on
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(0,a] x R is independent of 7, we get for b > 0

P(X;<bm>a)=P (X, <b71<t)
<P (X, <br1<H)

/ <’y+s+/ / yN (du, dy) —s/ A(dy) <b-— >A+(a)e_A+(a)sds
0,a] (a, 1]

< (1 - e_K+(“)t) supP [ X 44,5 —s yA(dy) <b-—a .
s<t (a,1]
(5.24)
Put
b=a(t)x(l1—¢) and a=a(t)x. (5.25)

For a € (1,2) integration by parts and the at zero version of Proposition 1.5.8 in
Bingham et al. (1989) give

| vatn) = [ Retw)dy+Kee) - 1)
(2,1] z

(67

~

ailzx_k(z), as z | 0.

Moreover, by (4.2) and by Potter’s bounds, there exist to > 0 and z¢ > 1 such that
for t < to, x > o, a(t)r < to

7K+(a)
Xy (a(t))

Therefore for any 0 < ¢ < 1 fixed, there exist ty > 0 and zy > 1 such that for
0<s<t<ty, x>z, alt)z < i,

tA, (a)a =ty (a(t)) a < 227 %a(t)x.

b—a+ s/ yA(dy) < —ga(t)x.
(a.1] 2

For a € (0,1) by the definition of v, in (2.5), simply X{* +~,s—s S ¥A(dy) =
(a)
X

Summarizing, for any « € (0,1) U (1,2), 0 < s <t < ¢y and = > x(, we get the
bound

p (x,g‘” Fyss—s /( ; yA(dy) <b— a> <P (Xé‘” < —%a(t)x) :

Inequality (5.17) gives for any choice of 0 < § < « there exist tg > 0, such that for
0<t<tgand 0 <a(t)r <ty withax >1

P <7X(§a(t)m) > ga(t):c) < exp <D (%)2 T > =: exp (D (%)2 936) ,

which is clearly stronger than (5.23).
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Step 2. We extend the proof to the general case. As in (5.24)

P (Yt < b,mt > Cl)
_ 1
< (1 fe*“”(“)) sup P (XS + X 45— s/

s<t

yA(dy) < b— )

b—a (5.26)
)

< (1 — e‘tx+(“)) sup [P X 4y, s— s/ yA(dy) <
(a,1]

s<t
+P<XS‘§ b;a)].

The first term in the square bracket is exponentially small by the first part of the
proof, where a, b are as in (5.25).

Note that — X in the second term is a spectrally positive Lévy process, therefore
we can use the methods of the first part of the proof of Lemma 5.5. Let m; =
sup,«; | X5 — X,_|, we have

P(-X; > a;b) :P(—X; > ga(t)x)

(5.27)
<P (m; > Za t):c) +P (fX; > ga(t)x, m, < ia(t)x).

(

For the first term in (5.27) we have by (3.5), (4.2), and (5.10)
p (m; > Za(t)x) =1 exp{—sA_(a(t)ze/4)}
< erthy (a(t)ze/8) < coz™T/8,

whenever a(t)z and ¢ > 0 are small enough. For the second term in /(5.27), by
assumption (3.5), Lemma 5.5 is applicable, therefore it is of order =% for some
o/ > «a. Finally, note that the first factor in the right-hand side of (5.26)

1— e ™+ < 2R (a) < cqa™ /8,
and the result follows. O

The next result is the continuous analogue of Lemma 2, Bertoin (1998). Recall

the notation in (1.3).

Lemma 5.7. Let a € (0,2), a # 1. Assume (2.4) and (3.5). For anyy > 0 and
0€(0,1)

li%P (Mu < (flogu)l/ay(l —9),Y, > (—log u)l/ay) =0.

Proof. For 0 < q < 1 consider the sequence ¢". We have for s € [¢" 1!, ¢"]

e Mg a(g*t)

a(s) ~ a(g"?) alq®)
As a(s) is regularly varying, the second factor in the lower bound converges to ql/e.
Therefore for any ql/o‘ > g1 > 0 there is a tg > 0 such that for all 0 < u < v’ <ty

m Mgn —
sup —= > max (¢Y/% —e))—L— =: (¢"/* —e1) M, 5.28
wesw als) ~ n'Sngnu(q 1)@(qn) (q 1) (5.28)

where
n, = [logu/logq] and n' =n, = [logu’'/logq]. (5.29)
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Since X, is monotone increasing, for s € [¢"*1, ¢"]
X, Yq" a(g™)
a(s) = a(g") a(g™™)’

Similarly, the second factor in the upper bound converges to ¢—'/¢. Thus for any
ql/o‘ > g1 > 0 there is a tg > 0 such that for all 0 < u < v’ <t
X X ~
< (g7 T =i (g Y, 5.30
uﬁs}slgu/ a(S) - (q + El) n/—Ilnﬁavf(Snu a(qn) (q " 51) v ( )

with n’ and n, as above. Note that for any 0 < u’ < 1 fixed the random variables

ms X
sup —— and sup
w<s<1 a(s) w<s<1 a(s)

(5.31)
are almost surely finite. Keeping in mind that 0 < § < 1 is fixed, we can choose
g < 1close to 1 and €1 < ¢'/ small so that

(1=0) (g™ —e1) ™ < (¢ +e1)". (5.32)

Then choose ty such that both (5.28) and (5.30) hold true. This choice will permit
us to use Lemma 5.5. We see for 0 < u < u' <ty

P (Mu < (—logu)l/o‘y(l —9),Y, > (—logu)l/o‘y)

<P (Mu < (—logu)/oy(1- ), sup =

> (—logu)/ >
S (—logu)/y

X
+P ( sup
w<s<1 a(s)

SR

which by (5.31), as v | 0,

X
=P (M, < (=logu)*y(1—14), su 2
( < (~log)"*y(1 = 9). swp %

> (—logu)l/o‘y> +0(1)

ms 1/04 YS 1/04 )
<P su < (=logu 1-9), su > (—logu +o(1
(o228, 205 < (0w w1 =0) mp 25> (-1oga) ") + ot
— (— logu)l/ay(l -6 ~ (— logu)l/o‘y
< P (Mu < ql/a — e 7Yu > W —|—O(1)7

where at the last inequality we used (5.28) and (5.30).
We apply Lemma 5.5 with

(—logu)t/ey M e
— N — — = — —
t=q", x=x(u) = e e=1 IV (1-9), (5.33)
and note that e € (0,1) by (5.32). By Lemma 5.5 there exist 0 < t; < tg, 21 > 0,
and o > a such that if ¢ < t1, > x1, a(t)z < t; then
n — ey (1 — X n — 1/a ,
P(mq < (—logu)t/y(1 5)7 X, N (—logu) y) < Awe
a(qm) gl — e a(@") = g Vete
With z(u) in (5.33), for w > 0 define

n=n(u) =min{n : a(¢"™)x(u) < t1}. (5.34)
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Using Potter’s bounds for z small enough, a(z) < z'/%) thus

oy (—logu)t/oy y n/(2q) 1/a
(¢") Ut SgFaged (—logu) ™.

a(@")zr=a

1

For n > 4(logg~!)~! loglogu™! we have

q" %) (= logu)"/* < (—logu)~H/*

which tends to 0 as u | 0. Therefore, n(u) < 4(logg=!)"!loglogu=! for u > 0
small enough. Recall n, and n’ from (5.29). Simply,

—logu)/*y(1 — 5)5,“ - (—logu)'/ey
gt —ey g Vo 4e

P (J\Z < (
<P (Y > t1>
N Z p < mg_ (Zlogw)oy(1—0) X (logU)l/“y>

gl —e Ta(gr) T gV + e

n=n(u)

<P (an/ > tl) + Anux_o‘/,

where the second term goes to 0 as u | 0 for any u’.iTo finish the proof note that
for t1 > 0 fixed as u' | 0 (thus n’ — oo) we have P(X ./ >t1) — 0. O

Lemma 5.8. Let a € (0,2), o # 1. Assume (2.4) and (3.5). For anyy > 0 and
0<do<1

lif&P(Yu < (=logu)Yy(1 = ), M, > (—logu)*/*y) = 0.
Proof. The proof follows the steps of the previous proof, so we only sketch it.
For 0 < ¢ < 1 consider the sequence ¢". For any ¢'/® > &; > 0 there is a ty > 0
such that for all 0 < u < o/ < tg

mg —1/O¢ mqn . _1/a __
a(s) = = M., (5.3
S ale) S w s, (T e gy =@ e (5.35)
and
X . X, N
sup ——= > max lo _e) =L = (¢M* — 1)V, 5.36
tgsgt/ Cl(S) - ",Snﬁ’ﬂt(q 1) a(q") (q 1) ( )

where n’ and n,, are defined as in (5.29).

Choose ¢ < 1 close to 1 and £ < ¢/ so small that (5.32) holds. Then choose
to such that both (5.35) and (5.36) hold true. This choice will permit us to use
Lemma 5.6. We see for 0 < u < u' <t

P( < (=logu)/y(1 - 68), M, > (—logu)l/ay)

( —logu)Y%y(1—4), sup s > (— logu)l/o‘>

u<s<u a(8)

+P ( sup s (—logu)l/o‘y> )
1<s<1 a(s)
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where the second term goes to 0 by (5.31). For the first term by (5.35) and (5.36)
we have

P (Yu < (—logu)l/ay(l —9), <su5 / a( ) > (— logu)l/ay>

(—logu)'/y(1 — 4) (—logu)t/°y
i/ M > 1/ '
/=& “+e1

<P (?u <
Choose t, z,¢ as in (5.33). Using Lemma 5.6 we can show there exist A > 0, o/ > «,

0<t; <tp,x1 >1,and A > 0 such that if t < t1, > 21, a(t)z < t; then

X n — 1/ _ n _ 1/ ,
P<Xq < (logu) /oyl —e) mgr _ (~logu) y> < Aw
a(q™) ¢/ — e a(g) ~ gVt e

For n(u) in (5.34), as in the previous proof n(u) < 4(logq=1)~!loglogu=! for u > 0
small enough. We obtain

p (7 o (Clogu)/ey(l-0) (—10gU)1/“y)

1/04_61 ) —1/a_|_€1
—1 ay(l— n —1 >

SP(mqn/>t1) Z P ( Og‘f) y( 5)’ mqn >( f:gu) y
n=n(u) qe —¢€1 a(qm) q o+

<P (mqn/ > tl) + Anuxfo‘/,

where the second term goes to 0 as u | 0 for any «’. To finish the proof note that
for t; > 0 fixed as ¢’ | 0 (thus n' — oo) we have P(m, .. >t1) — 0. O

5.4. Proof of Theorem 5.5. Now we are ready to prove Theorem 3.5. Let 0 <e <1
be arbitrary. Simply,

P(M, < (—logt)'/?z(1 —¢))
=P(M,; < (—logt)/%z(1 —¢),Y; < (—logt)"/“x)
+P(M, < (—logt)/*x(1—¢),Y; > (—logt)"/*x).

By Theorem 3.2 the left-hand side converges to exp{—[(1 — &)z]~*}, and by
Lemma 5.7 the second term in the right-hand side tends to 0. Therefore

lin P(M; < (~logt)!/a(1 — £),Y; < (~logt)!/s) = exp {~[(1 - £)a] "},

thus

h%i)nfp(n < (=logt)¥ o) > e ", (5.37)

On the other hand, for 0 < e < 1
P (Y, < (~logt)"/°a(1 - 2))
=P (Yt < (~logt)Yx(1 —€), M; > (—logt)l/“x>

+P (Yo < (~logt)/*a(1 — &), My < (~logt) /).
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Here the first term on the right-hand side goes to 0 by Lemma 5.8, and by Theo-
rem 3.2

limsup P (Yt < (=logt)" (1 —¢), M; < (—logt)l/o‘x) <e™®
10

Combining this with (5.37) the result follows.

5.5. Proof of Theorem 5.6. In the o = 1 case the result follows similarly, only a
minor change is needed in the proof, because one cannot choose the centering to
be zero. Note that Theorem 3.2, Proposition 5.1, and Corollaries 5.2, 5.3, and 5.4
hold for any « € (0,2). Recalling the definition of the centering in (3.6), introduce
the notation R

X =sup(Xs —c(s)), t>0. (5.38)

s<t

Lemma 5.5 remains true in the following form.

Lemma 5.9. Assume (2./) with « =1, (5.5), and f[7170) —yA(dy) < co. For any
0 <e <1 there exist A >0, tg >0, z9g > 1, o' > 1, such that if t < tg, x > x9,
a(t)x < to, then

P (mt <a(t)z(l—e), X, > a(t)x) < Az™“

Proof: Step 1. First let X; be spectrally positive. Note that in this case y_ = 0.
For a = a(t)x(1 —¢) € (0,1), ¢ = a(t)x we have

{mt <a, X, > c} = {N((O,t] x (a,00)) =0, X; > c}
= {N((0,¢] x (a,00)) =0}N

N {sg <7+5+/05 /y<ay]\7(du,dy) s/w yA(dy) c(s)) > c},

where the latter two events are independent. Therefore

P(mt Sa,)?t >c)

=P (i‘i‘?( +5+/ /Oa N(du, dy) _S/<a,1] yA(dy) —c(s)) >c>. (5:59)

Recall the definition of v, and the centering in (2.5) and in (3.6). Since, for s <t
and z large enough, a(t)z(1 — &) > a(s), if f(o 1 yA(dy) = oo we obtain

ves s [ yhy) - c) =5 [y s [ )
(a,1] (a,1] (a(s),1]

= s/ yA(dy) > 0.
(a(s),a(t)x(1-¢)]
While, if f(o 1 yA(dy) < oo

7+5—5/ A(dy) — (s :s/ A(dy) —s/ yA(dy)—S/ yA(dy)
(a,l} (0,1] (a,1] (0,a(s)]

s/ yA(dy) >0
(a(s),a(t)z(1—e)]

(5.40)

(5.41)
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Therefore in both cases we get the same term. Next, we claim that for all = large
enough and ¢ > 0 small enough

sups/ yA(dy) < Ea(t)o:. (5.42)
(a(s).a(t)a] 2

s<t

We have for x > 1 and t > s > 0 small

(s)
za(t)

[T s
1

a(t)r
s / yA(dy) = s < / K. (y)dy — €(a(t)z) + e(a(s»)
(als)sa(t)a] a (5.43)

du + sl(a(s)).
By Potter’s bounds, whenever a(t)x is small enough

w5 ta(s)w) W e [a(t)
/1 Wdug/l 2u du < 4v/x @.

Substituting back into (5.43) and using that Ay (a(t)) = £(a(t))/a(t) ~ t~! by (4.2),
we obtain uniformly in s <t

3/ yA(dy) < sl(a(s)) <4\/5 aft) + 1)
(a(s),a(t)z] \ a(s)

< 5V 2za(t) < %xa(t)

for x large enough and ¢ > 0 small enough. This proves (5.42).
Using the bound (5.42) in inequality (5.39) we obtain

P (mt < aJZ} > c) <P (supXég“) > a(t)x (1 - E)) ,

s<t 2

and the result follows from (5.14).

Step 2. The extension to the general case is immediate now, because —X, is a
subordinator by our assumption f[_l 0) —yA(dy) < 0. O

The corresponding version of Lemma 5.6 also holds. Recall the definition in
(5.38).

Lemma 5.10. Assume (2.4) with « =1 and (5.5). For any 0 < e < 1 there ezist a
constant A >0, to >0, g > 1, &' > 1, such that if t < tg, © > x9, and a(t)z < to,
then

P ()?t <a(t)r(l—¢e),ms > a(t)x) < Az~
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Proof. Assume first that X, is spectrally positive. Let 7 = 7, = inf{s : AX; > a},
for a € (0,1). As in the proof of Lemma 5.6 for b > 0

P()?tgb,mt>a):P<)?t§b,T§t)
<P(X;—clr)<b71<U)

t s
< / P (’}q_s —|—/ / yN(du, dy) — s/ yA(dy) —e(s) <b-— a) X
0 0 (0,11] (avl]

x Ay (a)e_x“a)sds

< (1 — e*KJr(“)t) sup P Xg“) + vrs — s/
s<t (a,1]

Put b = a(t)z(1l — €) and a = a(t)z. From (5.40) and (5.41) we obtain

yA(dy) —c(s) <b— a) :

P (Xﬁ‘” +7+S*8/ yA(dy) — e(s) < ba) <P (X <b-a).
(1)

Therefore, the result follows as in the proof of Lemma 5.6.

The general case follows exactly as in the proof of Lemma 5.6. O

After having the appropriate versions of Lemma 5.5 and 5.6 the proof of the
theorem is identical to the proof in the o # 1 case.

5.6. Proof of Theorem 5.7. We shall prove that
X.
lim P (Yt = sup 90(5)) =1, (5.44)
tl0 t<s<1 a(s)

which clearly implies the theorem.
First assume that o # 1, in which case ¢(s) = 0. Note that

SUPy<s XU Xs
Y= sup ——— > sup —— =: Z;.
TR ) T e
Assume that Y; > Z;. Then YV; = %, for some sg € [t,1] and ug < sp. Since

Y; > Z;, we have ug < t, thus the monotonicity of a implies Y; = X;/a(t). Therefore

P(}Q>Zt)<P(}Q:a)((tt)).

Now for all¢ > 0 and z > 0
X, 1 X X, 1
P(Y:—><PY< —logt)® P(Y:—,—> —1 ta)

+=aty) <P e+ P = 0 gy 2 w8 ) 5 )
=:p ().

By Theorem 3.5 for all > 0 the first term on the right-hand side tends to

exp (—z~%), which converges to 0 as | 0. Next we show that X;/a(t) is stochas-
tically bounded. By (2.2)

1 1 1
—sustg—supXj—&——sust_. 5.46
a® 2= 0 (546)
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The second term on the right side of inequality (5.46) is stochastically bounded by
(5.18), while the first term on the right side of inequality (5.46) is stochastically

bounded since the process
+

th
, 0<s<1,
a(t)
converges weakly in Dy[0,1]. (See Remark (iv) on page 322 of Maller and Mason
(2008) and the methods of the proofs of Proposition 4.1 and Corollary 4.2 of Maller
and Mason (2010).) Thus the second term in the right side of (5.45) converges to
0 for all x > 0. We see now that

X,
limsupP | V; = — | <limlimsu x) =lime —r~%) =0,
o ( ' a@)>mi0 tu)ppt() z10 < )
which implies that

ImP (Y, = Z,) =1,
t10

and this is (5.44).
For o = 1 the proof is almost identical, except that here, instead of Theorem 3.5,

we apply Theorem 3.6. There is a small difference in the verification of the stochastic
boundedness of X;/a(t). Note that

1 1 1
—— sup(X, —¢(s)) < —sup(XT —¢(s)) + —sup X . 5.47
o S — 9) € o p(X —els) + s Xy (547)
The second term on the right side of inequality (5.47) is again stochastically bounded
by (5.18), while for the first term on the right side of inequality (5.47) it follows
from the convergence of (X; — ¢(t))/a(t) as above. O
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