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Abstract. We investigate the simulation methods for a large family of stable ran-
dom fields that appeared in the recent literature, known as the Karlin stable set-
indexed processes. We exploit a new representation and implement the procedure
introduced by Asmussen and Rosinski (2001) by first decomposing the random
fields into large-jump and small-jump parts, and simulating each part separately.
As special cases, simulations for several manifold-indexed processes are considered,
and adjustments are introduced accordingly in order to improve the computational
efficiency.

1. Introduction

This paper is a continuation of our earlier work on Karlin stable set-indexed
processes in Fu and Wang (2020). In the most general framework, a Karlin stable
set-indexed process is associated to a measure space (F, &, i) with a o-finite measure
p and an index set A < & such that for each A € A, u(A) < . Fix (E,&, n)
and A. Then, the corresponding Karlin stable set-indexed process, denoted by
Y, s for o € (0,2] and S € (0,1), is defined via the following stochastic-integral
representation (Fu and Wang, 2020, Remark 3.2)

d
{Ya8(A)} aca = {f 1{[N’(T>(w’)](A) odd}Ma(dew,)} ) (1.1)
Ry x ¥ AeA

where (€, F',I”’) is another probability space, on which N’(") is a Poisson point
process on (E, £) with intensity measure ru, r > 0, M, is an SaS random measure
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on Ry x €' with control measure cgr=?~1drdP’, and

p2'=pk
cgi= —.
ST T-p)
We shall refer to a Karlin stable set-indexed process as a Karlin random field
in short from time to time, and its law is throughout understood in their finite-

dimensional distributions (so is the notation ‘i’). The constant cg is chosen so
that Eexp (i0Ya,5(A)) = exp (—p?(A4)]0]*),a € (0,2). Recent developments on
the Karlin random fields include Durieu and Wang (2016); Durieu et al. (2020),
based on the original work of Karlin (1967). The Karlin model is an infinite urn
model that plays a fundamental role in combinatorial stochastic processes (Pitman,
2006; Gnedin et al., 2007).

The abstract representation (1.1) of Karlin random fields provides a stochastic-
integral representation for set-indexed fractional Brownian motions (o = 2, see
Lemma 2.3 below) (Herbin and Merzbach, 2006) and hence extends set-indexed
fractional Brownian motions to stable cases. It has a few notable manifold-indexed
examples as summarized below. When « = 2, these are well-investigated centered
Gaussian random fields, with the covariance functions recalled respectively.

(i) Karlin stable processes, with
(B, &, 1) = (Ry, B(Ry), Leb), and {A;}i=0 = {[0,t]}i=0-
When a = 2, these are fractional Brownian motions with Hurst index 3/2 €
(0,1), with covariance function
1
3 (s" +t7 —[s—t"),s,t = 0. (1.2)
(ii) Multiparameter fractional stable fields, with
(E7 87 ,lL) = (Ria B(Ri), Leb)a and {‘élt}te]Rz+ = {[05 t] }te]Ri .

When « = 2, these are multiparameter fractional Brownian motions intro-
duced in Herbin and Merzbach (2007), with covariance function

% (Leb([0, s])? + Leb([0,t])” — Leb([0, s]A[0,t])") ,s,t > 0. (1.3)
We write [a, b] = [Gl,bl] X [a2,b2] for a = (al,aQ),b = (b17b2) € R%’_
(iii) Fractional Lévy—Chentsov stable fields, with
(E,&,p) = (S' x Ry, B(S' x Ry),dsdr),

where dsdr is the product measure of the uniform measure ds on S! and the
Lebesgue measure dr on Ry, and

Ay = {(s,r):seSl,O<r<<3,t>}7teR2.

This family and the one in the next examples extend the well-known Lévy—
Chentsov stable fields (Samorodnitsky and Taqqu, 1994; Takenaka, 2010).
With a = 2, these are the fractional Lévy Brownian fields with Hurst index
B/2 € (0,1) (Samorodnitsky and Taqqu, 1994), with covariance function

1
5 (sl + 1815 = 1t = 1) s, t e B2 (1.4)
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(iv) Spherical fractional Lévy—Chenstov stable fields, with
(B,&, 1) = (5% B(S?), ds),
where ds is the Lebesgue measure on the unit sphere S? in R3, and
Ay = HyAHyzeS*  with Hy:={yeS®:(z,y)> 0},

where o € S? is an arbitrary fixed point. When o = 2, these are spherical
fractional Brownian motions with Hurst index 3/2 € (0,1) (Istas, 2005), with
covariance function (dg» is the geodesic metric on S?)

1
2
In this paper we investigate the corresponding simulation methods. Simulation
methods for Gaussian random fields have been extensively studied in theory and
broadly applied in various fields (see e.g. Biermé, 2019; Cohen and Istas, 2013;
Kroese and Botev, 2015 for overviews, and Gelbaum and Titus, 2014; van Wyk
et al., 2015 for some recent attempts for models with more general manifold in-
dex sets). As for stable processes and more generally infinitely-divisible processes,
the foundation of simulation methods has been laid down in the seminal work of
Asmussen and Rosinski (2001). They focused on Lévy processes in the original
paper, but essentially the same idea applies to more general stable processes and
infinitely-divisible processes, carried out in details by Lacaux and coauthors later
(Lacaux, 2004a,b; Cohen et al., 2008). These references served as our starting
point. Namely, it has been well understood since then that in order to simulate
an infinitely-divisible process, in practice one should first decompose the process
into two independent components consisting of large and small jumps respectively,
and then simulate each part separately. We shall follow the same idea here for the
Karlin random fields (see Remark A.3 for subtile differences between our framework
and aforementioned ones), and the two parts are referred to as the large-jump and
small-jump parts, respectively.
The main contribution of this paper is two-folded.

(42 (0,2) + ds(0.y) ~ dalw.y)) 2,y € S

(a) First, we develop a new representation for Karlin random fields, when restricted
to a bounded domain: that is, the index set Ajg is such that there exists Ey € £
with pu(Fp) < oo and for all A e Ay, A  Ey (Theorem 2.1). All the examples
mentioned above, when simulated over a bounded domain, can be reduced to
such a situation and hence the new representation applies. The advantage of
this new representation is that it provides a compound—Poisson representation
for the large-jump part in the Asmussen—Rosiniski approach, and hence yields
immediately an exact and straightforward simulation method for this part. This
is in contrast to the developments in Lacaux (2004a,b); Cohen et al. (2008),
where for most interesting examples the simulations for the large-jump part
require approximation methods.

(b) We then apply the new representation to the aforementioned examples, and
propose adjustments accordingly in order to improve computational efficiency.
Most notably, a straightforward implementation of the Asmussen—Rosinski ap-
proach would meet computational issues even in the simplest case of R, -indexed
Karlin stable processes. The issues are due to the fact that the new representa-
tion is essentially based on the so-called odd-occupancy vector, the law of which
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is determined by the -Sibuya distribution (of which the tail is regularly vary-
ing with index —3, 5 € (0,1)). Sampling directly from the heavy-tailed Sibuya
distribution is very inefficient in practice, and in a couple situations we man-
aged to propose a computational efficient method to sample the odd-occupancy
vector directly without sampling the Sibuya distribution.
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FIGURE 1.1. Simulations for R2-indexed multiparameter frac-
tional stable fields (left), R2-indexed fractional Lévy—Chentsov sta-
ble fields (middle) and S*-indexed fractional Lévy—Chentsov stable
fields (right), with @ = 0.5 (top) o = 1.2 (second row), a = 1.8
(third row) and « = 2 (bottom, Gaussian), and all with 8 = 0.8.
The Gaussian cases correspond to multiparameter fractional Brow-
nian motions, fractional Lévy Brownian fields, and spherical frac-
tional Brownian motions, respectively.

In Figure 1.1 we provide a few simulation examples of the processes of our inter-
est. Note that when « < 2 these are only approximated samplings. Curiously, for
fractional Lévy—Chentsov stable fields, the odd-occupancy vectors are functionals
of models from stochastic geometry (Lantuéjoul, 2002; Schneider and Weil, 2008),
as illustrated in Figures 3.7 and 3.9 later. So fractional Lévy—Chentsov stable fields
can be thought of aggregations of models from stochastic geometry.
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The paper is organized as follows. Section 2 introduces a new representation
for the Karlin random fields, and explains the general strategy for simulations.
Section 3 investigates a few examples and explains how improvement can be made
regarding efficiency of the simulations. Appendix A provides a review on the general
framework of Asmussen and Rosinski (2001) applied to stable processes.

2. Karlin stable set-indexed processes

2.1. A new representation. We develop a new representation of Karlin stable set-
indexed processes, when restricted to a bounded domain. More precisely, fix some
Ey € € with pu(Eyp) < oo and consider an index set 4y such that A — Ey for
all A e Ay. We let Q3 be a random variable with the Sibuya distribution with
parameter (3 € (0, 1), determined by E2@¢ = 1 — (1 — 2)# for all z € [0,1] (Sibuya,
1979). Equivalently, Qs takes values from N with
. B T(k-5) B ~1-8
Q=R =ra—pre+y “Ta-pn" =k

S0 it is a heavy-tailed distribution without finite S-th moment. Throughout, the fol-
lowing random closed set Rg in Fy(Ep), the space of non-empty closed subsets of Ey
(see Molchanov, 2017 for background on random closed sets), plays a fundamental
role for the Karlin random fields

Qs
Ry := | J{Ui}, (2.1)
i=1
where {U;};en are i.i.d. random elements from Ey with the law pg, (1) = p(-

Ey)/p(Ep) independent from Qg introduced before. So Rg is a random closed set
taking values in Fo(Ep). The new representation is summarized as follows.

Theorem 2.1. Assume Ey and Ay as above. For all a € (0,2], 8 € (0,1), the
Karlin set-indexed stable process (1.1) restricted to Ay has the stochastic-integral
representation

d ~
Yos(A)} aca, = U LRy ) nal odd}Ma(dw/)} ; (2.2)
Q' A AeAy
where (', F', ') is another probability space, on which R’ﬁ (w) is a random element
in Ey with the same law as Rg, and Ma 15 an SaS random measure on Q' with
control measure 2 =8 P (Ey) - P'.

Proof: We compute the characteristic function of finite-dimensional distributions.
Forde N, Ay,..., A4 € Ag and 04, ...,0, € R, we have

d
]Eexp (Z Z HjYa”g(Aj)> = exp <—f cﬁrﬁld]fw> .
j=1 R+ x Q!

Note that by the property of Poisson point processes, there exists a measure 7 on
N such that the above is the same as, with {U/};en as i.i.d. random variables with
law pg, (defined on some probability space denoted by (£, F’,P') without loss of

generality),
0
exp <_ >
k=1 |j=

«

d
Z 9j1{N/<r>(Aj) odd}
j=1

«

d
Z 931{|Uf=1{U1/}f\AJ| Odd}
1

ﬁ({k})dﬁ”’) . (2.3)
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The values of 7 can be computed as
0 ] 00 E k
D) = e [ 7B (OB = ) dr = g [0 B g,
L'(k—p5) _
== BB _9l-p
ra—p ) T
Then, (2.3) becomes, letting Q3 be a -Sibuya random variable on (€', 7', '),
independent from {U}};en,
dP’
ot odd}

exp (—21‘Buﬁ(Eo)f
Q/
d «@
= exp (216,U'B(E0) JQ/ Z 0j1{|R/5mAj| odd} dPI) :
j=1

This completes the proof. (I

p2-r
1P (Bo)P(Qp = k), for all ke N.

d
) ejl{ SNAUATYY

Remark 2.2. Let Pyr , denote the induced probability measure of N ™) (as a
random closed set) restricted to Fo(Ep); in particular Pyr , is a sub-probability
measure for all » > 0 (i.e. Py 4 (Fo(Eop)) < 1). Let Pr, denote the induced
probability measure on Fy(Ey) by Rg. We have essentially proved

p .
)= E e J, T P @4

as a probability measure on Fo(Ep). The right-hand side, in the language of Radon
point measures instead of random closed sets, appeared in Fu and Wang (2020,
Eq.(3.1)) as pg(-)/(21 PP (Ep)) and played a central role in the representations of
Karlin random fields therein.

The integral representations (2.2) with « = 2 correspond to set-indezed fractional
Brownian motions with Hurst index H = /2 € (0,1/2) (Herbin and Merzbach,

2006). These are centered Gaussian processes, denoted by {Bﬁ/Z (A)} aen,, With

1
Cov (Bﬁ/Z(Al),Bﬁ/Q(AQ)) =5 (17 (A1) + 17 (A2) — 1P (A1AAR)) , Ar, As € Ao
(2.5)
Lemma 2.3. Let Y 3 be as in (2.2). Then,

{YQ,ﬁ(A)}AE.Ao i {Bﬁ/2(A)}AEA0 '

A stronger result, including a decomposition of set-indexed fractional Brownian
motions, was already proved in Fu and Wang (2020, Section 3.3). We include a
quick proof for a weaker result here, and we shall need the computation (2.6) below
later.

Remark 2.4. Note that our covariance formula differs from the one in Fu and Wang
(2020, Section 3.3) by a factor of 2. This is because therein for a streamlined
presentation we took the convention that the characteristic function for a stochastic
integral is E exp(if {4 fdMqy) = exp (—[60]* 4 | f|*dp) for all a € (0,2]. With o = 2
this is different from the common convention (considered above) under which the
characteristic function is exp (—(1/2)|60|? {4 | f|?dp) instead (e.g. Fu and Wang, 2020,
Remark 2.9).
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Proof of Lemma 2.5: We compute
Cov (Ya,5(A1), Ya,5(As)) = 21 7P 1P (Ep) - P (Rs(A1) odd, Rg(Az2) odd) .

We shall use the identity (2.4) instead of using the representation (2.1) involving
Q3. Namely,

P(|Rs n Aq] odd, |Rg N Az| odd)

B T (WAL odd N (Ay) odd) dr
I(1 —5)M5(E0)Jo P(/\/ (A1) odd, N (As) dd) dr. (2.6)

We first compute the probability in the integrand. By discussing the even/odd
cardinalities of A1\As, A2\A1, A1 N Ag, we see that it is the same as

P (N (A1) 0dd, N)(43) 0dd)
= % [IP (N(">(A1) odd) +P (N<">(A2) odd) P (N<">(A1AA2) Odd)] '

So (2.6) becomes

B © p=p-1
Sy | (1 e e A g
— P 0) Jo

With Sgo Br=8=1(1 —e=)dr = aPT(1 — ) for a > 0, the above becomes then

P(‘Rﬁ N Al‘ Odd, |RB M A2| Odd)
1 1

= 38,5(B) 2 (1P (A1) + 1P (A) — 1P (A1AAR)) . (2.7)

We now see that Y5 g and IB%g/ ? share the same covariance function. This completes
the proof. O

When restricted to « € (0,2) the Karlin random field with representation (2.2)
has the following series representation (see Samorodnitsky and Taqqu, 1994, The-
orem 3.10.1),

d
{Ya,ﬁ(A>}Ae_AO = {Z noc,jl{\Rg‘ij| odd}} 3 (28)
AeAyp

JeN
where {1, ;}jen are enumerations of a Poisson point process on R\{0} with intensity

Ca
270 (By) - %M_O‘_l»x # 0,

with
- -1
C, = <J zmo L sinxdx) ;o€ (0,2),
0

and {Rg ;}jen are i.i.d. copies of Rg, independent from {1, ;}jen-
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2.2. A general simulation framework. The framework of Asmussen and Rosinski
(2001) applies to {Y, g(A)}aea, as follows. Take the random series on the right-
hand side of (2.8) as the definition of Y, g(A). Then given ¢ > 0, we write

Yo5(A) = Y5 5(A) + Y 5(A)

as the sum of the large-jump and the small-jump parts of the original process given
by

Y;,’;lg(A) = Z Ne,j L{|Rs ;nAl 0dd} L{na,j>e}s
jeN

Ye5(A) i= Y Ma LRy, nA) odd)Lin. ;< A € Ao,
jeN

respectively. The large-jump part has a compound-Poisson representation

Na e
€ d .
{YQZE(M}AGA - { 2, Va"ij’A} with Dj a := 1{|r, ;4| oda}> A € Ao,
¢ Jj=1 AeAgp ( )

2.9

where NV,  is a Poisson random variable with parameter 217 1P (Ey)Cpe™® and
{Vae,j}jen are ii.d. symmetric random variables with probability density function
e*(a/2)y|~* gy, {Rp,;}jen are iid. copies of Rg, and all random variables
are independent.

For the small-jump part, one can show the following.

«

Proposition 2.5. With the notations above,

Y;Z(A) f.d.d. 9
{ al€) }AEAO - {Bg/ (A)}AEAO7

as € | 0, where {35/2(A)}A€A0 is the set-indexed fractional Brownian motion with
the covariance function (2.5).

Proof: The result follows from Proposition A.2 and Lemma 2.3. |

Now we look into implementation issues. For our examples, we always identify
a set of indices T' (a subset of R? or S%) to {A;}ter = Ap, and write simply from
now on

{Ya,ﬂ(t)}te:r = {Ya,ﬁ(At)}teTv

and similarly for the large-jump and small-jump parts. Now the above discussions
suggest that the approximated process (in distribution) in simulation is

Yos(t) ~ You(t) + oa(e)BY2(t), te T. (2.10)

While the large-jump part is compound Poisson and the approximated small-jump

part is Gaussian, and both classes of stochastic processes in principle have exact

simulation methods, computational issues arise quickly if one examines more closely.
For the large-jump part, clearly it suffices to sample the odd-occupancy vector

D = (Diy,...,Dy,)  with Dy :=1(Rs~4,| odd}s

with a finite index lattice T' = {t¢1,...,t,} in practice. A straightforward algorithm
is the following.
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Algorithm 2.6.
(1) Generate a 8-Sibuya random variable Qg.

d
(2) Sample Rz < (J%°{U;}.
(3) Compute {D,}er based on the sampling of Rg.

In order to sample Qs here, we recall a nice expression due to Sibuya (1979).
Namely, with G, Gz and G_g being three independent standard Gamma random
variables with parameters 1, 8 and 1 — 3, respectively, we have

Qs < 1 + Poisson <G1GH’> , (2.11)
Gp

where the second term on the right-hand side is understood as a Poisson random

variable with a random parameter. So in practice we could first sample the random

parameter A = G1G1_3/G3 and then a Poisson random variable with parameter

A, and add one to the sampled value at the end.

However, one should realize quickly that this algorithm is not computationally
efficient, as the 5-Sibuya distribution does not have finite S-th moment (e.g. Pit-
man, 2006). This could become quite cumbersome in practice as from time to time
Q5 may be hundreds of thousands, while the resolution n in T}, is at most a few
hundreds. It turns out that for Karlin stable processes and multiparameter frac-
tional stable processes, one can exploit further the structure of Ay and sample D
directly and much more efficiently, without sampling Q).

Remark 2.7. In practice one should decide also what value of ¢ makes a good
approximation in (2.10). One may choose the value according to the Berry—Esseen
bound on the Gaussian approximation (see Remark A.4), which for the marginal
distribution in this case becomes (taking (S, m) = (', 2'#u?(Ep)-P') and fi(w') =
Di(w') = 1{|R;3 (@)nAy| oda} 3 such that with respect to P’ Dj is a copy of D; before)

1 2-a)? C 1 2-a)p? s

€ = €
(21818 (Eg)EDy) 2 (3 — a)v/aCy BEUBR(A) (3 — a)WaCy
where we used

Qp
ED, = P(Rg n A; odd) = E (; l1 - <1 - 2’“‘(At)) D _ge1 1A (2.12)

CeE

In Figure 2.2, the values of € = ¢, such that
(2 _ a)3/2
(3 — a)val,

is plotted, along with C,, o.(®) and ng 1= Cype™®, for a € (0,2). Note that
Nae = ENg /(217PuP (Ep)) and tells roughly (the terms depending on 8 is dropped
for simple comparison) how many independent copies are needed for the large-jump
part (2.9).

From the plot we see that, first, the small-jump part is far from negligible for
a close to 2. Second, for @ < 1 the gain of approximating small-jump part is
very limited, while the cost of simulating the large-jump part is huge. This is not
surprising as it is well known that when a < 1 the series representation is absolutely
summable, and the magnitudes of small jumps decay as O(j~'/®). Therefore, in
practice we choose not to apply the small-jump approximation for a« < 1. See
examples in Figure 1.1 for a = 0.5, where we set € = 1074,

€*? = 0.01
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Remark 2.8. Another numerical issue that we encountered in implementing Algo-
rithm 2.6 is that, due to the fact that A = G1G1_3/Gp is heavy-tailed, occasionally
sampling A returns a very huge number that forbids the computation to continue
(e.g. in Python on a 64-bit platform, an integer value is no bigger than 2%% — 1; the
parameter of Poisson of A can easily go beyond this order during say 1000 i.i.d. sam-
pling when 8 < 0.2). One way to go around this issue is to set up a threshold, say
Ao, and use Poisson(A A Ag) instead of Poisson(A) in Algorithm 2.6. Then, the
probability that the threshold is exceeded at least once (and hence the simulation

is only an approximation) is bounded by ]P’(Uéi”f{Ai > Ao}) S EN, P(A > o).

For the small-jump part, the by-default method of applying the Cholesky decom-
position to a covariance matrix of size n x n is computationally infeasible for high
dimensions (with complexity O(n?), and R2- or S*-indexed processes a reasonable
resolution requires n to be at least 200?). In a few cases, we are in a fortunate
situation that the set-indexed fractional Brownian motion is known to have a fast
and exact simulation method. The only exception is the case when it is a multi-
parameter fractional Brownian motion, for which we develop a fast approximation
method. The simulation methods are summarized in Table 2.1.

In the next section we provide details for simulations for a few examples. Ta-

ble 2.1 is a summary on where improvement can be made regarding simulation
efficiency.

3. Examples

Recall that we work with Karlin random fields {Y, g(A¢)}ier in (2.8), with a
measure space (F,&, ), Ey € £ with u(Ep) < oo, and an index set {A;}er such

that A; ¢ Ey. The four examples summarized in Table 2.1 are worked out below
one by one.

3.1. Karlin stable processes. This example corresponds to the choice of

(E,&, 1) = (Ry, B(Ry), Leb), Eg = [0,1], and {A¢}ie0,17 = {[0, t]}eefo,1)-
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TABLE 2.1. Summary of simulation methods for examples in Sec-
tion 3. The column ‘E’ indicates the underlying space (E,£). The
column ‘D’ indicates whether the odd-occupancy vector can be
sampled in an efficient way without sampling the entire Rg. The
last column indicates the set-indexed fractional Brownian motion
that approximates the small-jump part, and the corresponding
simulation method. Acronyms used below are, fLCsf: fractional
Lévy—Chenstov stable field; mfsf: multiparameter fractional stable
field; (m/s)fBm: (multiparameter/spherical) fractional Brownian
motion, f{L.Bf: fractional Lévy—Brownian field, CEM: circulant em-
bedding method; IEM: intrinsic embedding method.

Sec. Example E D set-indexed fBm
3.1 | Karlin (R, -indexed fLCsf) R, fast fBm, CEM

(Wood and Chan, 1994
Dietrich and Newsam, 1997)

3.2 mfsf ]Rf_ fast mfBm, Prop. 3.5
3.3 R2-indexed fLCsf S x Ry | slow fLB, IEM (Stein, 2002)
3.4 S2-indexed fLCsf S? slow sfBm, CEM

(Cuevas et al., 2020)

The large-jump part. In this case, we introduce an algorithm that improves signifi-
cantly the efficiency of Algorithm 2.6 when simulating the odd-occupancy vectors,
thanks to the structure of {A¢}eqo,1]- Note that in simulation we only need to work
with an index set T' = {t1,...,t,} with 0 < #; < --- < t, < 1. Let Ny, be a
Poisson random variable with a random parameter Ag := G1G1_5/Gg, where Gy,
Gp and Gi_p are as in (2.11). We introduce this time

Ry = J (U3},

where {U;};cy are i.i.d. uniform random variables over (0, 1) independent from Ny,.
Let U be another uniform random variable independent from {U;};en. Define

9
M; = Z B + 1{UE(O,ti]} with B; := 1{|§ﬂﬁ(ti—17ti]| odd}’i =1,...,n. (3.1)
j=1

Then, the Sibuya identity (2.11) says that Na, + 1 4 @, and hence

d
{Dti}i:L...,n = {M; mod 2}1':1,..4,”- (3.2)
The advantage of this representation is that the random vector M = (M, ..., M,),
or essentially B = (Bq,..., By,), can be simulated as a collection of conditionally

independent Bernoulli random variables, and hence with linear complexity in n
without sampling the heavy-tailed Ny, (see Remark 3.3 below), thanks to the fol-
lowing simple fact.

Lemma 3.1. With the notations above, given Ag, {B;}i=1,. ,n are conditionally
independent Bernoulli random variables with parameters

1
pi(Ag) = 5 (1 — e_Q(t"_t"*l)AB) i=1,...,n. (3.3)
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Proof: Given Ag, ]?25 is the collection of all points of a Poisson point process on
(0, 1) with intensity Ag. Then by independent scattering, we have that {B;}i=1,..»
are conditionally independent since {(¢;—1,%;]}i=1,....» are disjoint. The correspond-
ing parameter of each follows from the fact that, for a Poisson random variable Z
with parameter A > 0, P(Z odd) = (1 —e2")/2. O

Below is a summary of our improved algorithm for simulating D.

Algorithm 3.2.

(1) Sample Ag L G1G1-3/Gpg.

(2) Given Ag, sample independent B; ~ Ber(p;(Ag)),i =1,...,n (3.3).
(3) Sample U ~ Unif(0,1).

(4) Compute M as in (3.1) and D = M mod 2 as in (3.2).

Remark 3.3. Algorithm 2.6 requires ()3 number of exact locations of i.i.d. random
variables {U; };en, and this shall be repeated N,  times. The random variable N, .
is Poisson and hence well concentrated at its mean 21— uﬁ (Eo)Cqae . Viewing N, .
as a fixed number for comparison, we see that this requires Zfi“f Q3,; - n number
of iterations to sample the large-jump part, with {Qg;}ien being i.i.d. copies of Q.
By the central limit theorem, we know that Ny, e Zili"l‘ Q3,i has, for € > 0 very
small, approximately the totally skewed (-stable distribution (without finite S-th
moment), say Zg. So roughly Algorithm 2.6 has a complexity of order Zg - N(y f “n.
On the other hand, Algorithm 3.2 has a complexity of order N, -n, which is much
lower.

The small-jump part. In this case, simulating the small-jump part is straightfor-
ward, as the set-indexed fractional Brownian motion is {Bﬁ/ ([0, ) h=0 =
{BA/2(t)};>0 the fractional Brownian motion with Hurst index 8/2 € (0,1/2) with
covariance function as in (1.2). It is well known that fractional Brownian mo-
tions can be simulated in an exact and efficient manner by the circulant embedding
method (e.g. Wood and Chan, 1994; Dietrich and Newsam, 1997; Perrin et al.,
2002).

Simulations. In Figure 3.3, we provide a few simulation results for the odd-
occupancy vector. In Figure 3.4, we provide a few simulation results for the Karlin
stable processes. The simulations are over a lattice {i/n};—o.. ., with n = 1000.

3.2. Multiparameter fractional stable fields. In this case, we take
(E,E,,u) = (Ri,B(Ri),Leb),Eo = [07 1]’ and {At}te[&l] = {[Ovt]}te[o,l] : (34)

(In this section, [a,b] = [a1,b1] x [as,b2] for @ = (a1,a2),b = (b1, b)) € R%.)

The large-jump part. Again, {At}se[o,1]> has a nice structure that we can exploit to
obtain an efficient algorithm for sampling D as in Algorithm 3.2. We only present
a brief summary below as the proof is the same. This time the index lattice T is
given by

T .= {(t§1>,t§2>) A e = 1,2}, with T .= {tET)} CRy,r=1,2.

i=1,...,n
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FIGURE 3.3. Simulations of odd-occupancy vectors with different Ag.
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F1GURE 3.4. Simulations of Karlin stable processes.

Again we assume tl(-r) is increasing in 4 for » = 1,2. This time we want to sample

in law the vector D = {D; ;}; j=1,....n, With

Di,j EDtQ) £ = = 1,...,n.
7 ’]

l{yRﬂﬂ[O,tﬁ”]x[o,tf)]’ odd}’i’j

Let Ag be as before (see (2.11)). This time introduce {B; ;}; j—1,... . as conditionally
independent Bernoulli random variables, given Ag, with parameters

1 (1) (1) 1 (2) ()
pii(As) = 5 (1 U = O —tf—l)AB> i j=1,....n, (3.5)
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with the convention tér) = 0,7 = 1,2. Let U be another independent uniform

random vector in (0,1). Then, with

i J
Mag = 3 B+ g oy 9 = o G0
k=1=1 o I
by the same argument as in Lemma 3.1 we have that

d
{DiJ}i,j:l,...,n = {Mi,j mod 2} (37)

ij=1,..m"

In summary, we use the following algorithm to sample the odd-occupancy vector
D of the multiparameter fractional stable fields.
Algorithm 3.4.

(1) Sample Ag £ G1G1_3/Gp.

(2) Given Ag, sample independent B; ; ~ Ber(p; j(Ag)),4,5 =1,...,n (3.5).
(3) Sample U ~ Unif(0,1).

(4) Compute M as in (3.6) and D = M as in (3.7).

The small-jump part. It turns out that the set-indexed process {]B%ﬁ/ 2([0, t])}te]Rz+ =

{BP/2(t)}+>0 becomes the multiparameter fractional Brownian motion (Herbin and
Merzbach, 2007) with covariance function (1.3). This random field does not have
stationary increments, and we are not aware of any exact sampling method that
works efficiently with this covariance function. Instead, we propose to apply the fol-
lowing aggregation approximation for simulating the small-jump part. The general
idea of aggregation approximation is, instead of applying the deterministic Cholesky
decomposition of the given covariance matrix ¥, to find an easy-to-simulate random
vector (D here) so that ¥ = E(D'*D) (here D" is the transpose of D', an inde-
pendent copy of D). Below, recall that in this section we identify Ao = {A¢}se[0,1]-
We also keep the factor u(Ep) below, although for set-indexed fractional Brownian
motion (3.4), u(Ep) = 1.

Proposition 3.5. Let {¢;},en be a sequence of i.i.d. standard normal random vari-
ables and {D;} en be i.i.d. copies as in (2.9). Then we have

<21%ﬁ(Eo))”-{ﬁi@Djvt} Rl (U] N (Y

te[0,1]
as m — o0, with B/ determined by (2.5).

Proof: By the multivariate central limit theorem, it suffices to compute to the
asymptotic covariance of the left hand side of (3.8). That is, for s,¢ € [0, 1],

Cov(Ds, D) = E(DsDy) =P (|Rg n Ag| odd, |[Rg n A¢| odd).
We have seen this computation in (2.7). (]
Since |Dg| < 1, we have a Berry-Esseen upper bound as 3.3/y/m (Chen et al.,

2011, Theorem 3.4). Applying the standard Berry—Esseen bound for the sum of
i.i.d. centered random variables with unit variance (Korolev and Shevtsova, 2012),
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we have (recall (2.12))

E|D,|?
CBE<E|L|>|3>3/2m”2 = CoP(|Rg 0 Ag] odd)™V2m 2
t
A —1/2
_ g—1HM ( t) —1/2

as a Berry—Esseen upper bound for the convergence of (3.8).

1.0
0.8 1
0.6 1
0.4 1

0.2 1

0.0

0.0 0.2

FIGURE 3.5. Simulations for odd-occupancy vectors for multipa-
rameter stable fields with different values of Ag.

Simulations. Figure 3.5 provides a few simulations of the odd-occupancy vectors.
Figure 3.6 provides a few simulations for the multiparameter fractional stable fields.
The random field is sampled over a 300 x 300 lattice. For the small-jump part we
take m = 2500 in Proposition 3.5 in view of the Berry-Esseen bound (3.9) (so that
m~Y? = 2%).

3.3. Fractional Lévy—Chentsov stable fields. In this case, we take
(E,E 1) = (Sl x Ry, B(S* x R.),dsdr),

where dsdr is the product measure of the uniform measure ds on S' and the
Lebesgue measure dr on R, and in practice we may restrict to

Ey =S' % [0,v/2] and {At}teion) = {(s,7) :seS 0<r < <s7t>}te[

with p1(Eg) = +/2-2m. (Actually, one could further restrict to ([0, 7] U [37/2,27)) x
[0,1] © Ep to gain some extra computational efficiency.) In this case,

0,1]’

{Eﬁm(At)}te[oJ] = {]]3%5/2(t)}tee[071] becomes a fractional Lévy Brownian field, a
centered Gaussian random field with covariance function (1.4).

The large-jump part. The nice lattice structure of {A;} in the previous two examples
is lost here, and it seems that we have to rely on Algorithm 2.6 to sample the large-
jump part, which is computationally inefficient.

The small-jump part. It is well known that the intrinsic embedding method by
Stein (2002) can be applied to simulate exactly and efficiently the fractional Lévy
Brownian fields.
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FIGURE 3.6. Simulations for multiparameter fractional stable
fields. From left to right: the large-jump parts, the small-jump
parts, and the combined fields.

Simulations. Figure 3.7 provides a few simulations for the odd-occupancy vectors
for the fractional Lévy—Chentsov stable fields. Figure 3.8 provides a few simulations
for the fractional Lévy—Chentsov stable fields. The random fields are sampled over
a 300 x 300 lattice.



Simulations for Karlin random fields 183

Qp=10

1.0

0.2

0.8 1.00.0

FIGURE 3.7. Simulations for odd-occupancy vectors for fractional
Lévy—Chentsov stable fields with different ()g. The plots in first
row are i.i.d. Qg hyperplanes (some may not intersect the region
[0,1]?), and the plots in the second row are the corresponding
odd-occupancy vectors over a 300 x 300 lattice.

3.4. Spherical fractional Lévy—Chenstov stable fields. In this case, we take
(B, &, 1) = (S?,B(S?),ds), By = E,
where ds is the Lebesgue measure on the unit sphere S? in R3, and
Ag = HyAHo,x€S?  with Hy:={yeS®:(x y)> 0},
where o € S? is the fixed north pole, and Hy, is the hemisphere of S? determined by

@. The spherical fractional Lévy—Chentsov stable field, denoted by {Yy, g(€)}pesz =
{Ya,8(Az)}tes2, can be obtained by

~ ~

Yas @} aegs * {Tas@) = Tap(@)} . with Tos(@) = Vos(Ha) @ e 52

(3.10)
The random field {SN/Q,B (z)}zes2 is again a special case of Karlin random fields. In
addition, it is rotationally stationary (a.k.a. strongly isotropic), and the discussions
below are for ffa,@ instead of Y, g.

The large-jump part. We rely on Algorithm 2.6 to simulate the large-jump part.

The small-jump part. An advantage of working with ?aﬂ instead of Y, g is that
now, Proposition 2.5 says that the small-jump part is approximated by a rota-
tionally stationary spherical Gaussian field, denoted by {Iﬁ%ﬁ/ 2(x)}ges2. Thanks to
the rotational stationarity, such Gaussian random fields can be simulated fast and
exactly by the circulant embedding method (Cuevas et al., 2020).
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FicUure 3.8. Simulations for fractional Lévy—Chentsov stable
fields. From left to right: the large-jump parts, the small-jump
parts, and the combined fields.

It remains to compute the covariance explicitly. In view of Proposition 2.5, BA/2
is a set-indexed fractional Brownian motion with the same law as Y3 oy (Hy) (see
(2.2)), where H, is the hemisphere determined by & € S? and p the Lebesgue
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measure on S? so that u(H,) = 27 and u(H,AH,) = 4d(x, y). Therefore, we have

Cov (]EB/Q(w),IE%B/z(y)> = Cov(Yaor (Hy), Y221 (Hy))

= % (1" (Hg) + p*" (Hy) — p?" (Hy AHy))

FI1GURE 3.9. Simulations for odd-occupancy vectors for spherical
fractional Lévy—Chentsov stable fields for different Q3. The plots
in first row are the great circles corresponding to i.i.d. Qg points
from the sphere, and the plots in the second row are the corre-
sponding odd-occupancy vectors over a 300 x 150 lattice in polar
coordinates.

Simulations. Figure 3.9 provides a few simulations for the odd-occupancy vectors
for spherical fractional Lévy—Chentsov fields. Figure 3.10 provides a few simulations
for the spherical fractional Lévy—Chentsov fields. The spherical random fields are
sampled over a 300 x 150 lattice in the polar coordinates. For simulation examples
of Y, g, see Figure 1.1, where we sampled the approximated }N/a”g first and applied
the pinning-down relation (3.10).
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discussions on spherical fractional Brownian motions. ZF and YW’s research were
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a=1.2, B=0.5

a=1.8, B=0.8

FiGure 3.10. Simulations for rotationally stationary spherical
fractional Lévy—Chentsov stable fields. From left to right: the
large-jump parts, the small-jump parts, and the combined fields.

Appendix A. A general framework for simulating stable processes

The framework here can be read from Cohen et al. (2008) where an essentially
more general one for infinitely-divisible processes is explained in details. We only
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focus on a subclass of SaS processes, of which the task is significantly simplified
(see Remark A.3). Namely, for some measurable space (S,S) equipped with a
finite measure m and a family of square integrable functions {fi}ier on (S, m), we
are interested in simulating SasS processes defined as

= N fi(W)),te T e (0,2), (A1)
jeN

where
aCy,

(050 W)} ~ PP (Gl g ).

Remark A.1. Alternatively, the above can be viewed as a Poisson point process
with i.i.d. marks, with {1, ;}jen ~ PPP((1/2)Com(S)aly|=*"tdy) on R\{0} and
{W;}jen as iid. random elements in S with law m(-)/m(S), two families being
independent. This representation is helpful for some analysis of the stable processes,
but is not needed in our proofs.

The definition (A.1) has the following stochastic-integral representation

KOher 4 { [ ft(S)Ma(dS)}tET e (0,2), (A.2)

where M, is an SaS random measure on (5, S) with control measure m (Samorod-
nitsky and Taqqu, 1994, Corollary 3.10.4). In general, the representations of stable
processes, in particular the choices of (S,m), are not unique, and a good choice
may increase significantly the efficiency of simulation method.

It is well known that, when o € (0,2), there are no exact simulation methods
for most SaS processes. In the seminal work of Asmussen and Rosinski (2001), it
was pointed out that in simulations, the SaS process should be decomposed into
the large-jump and small-jump parts, and then the two parts could be simulated
independently. Namely, let € > 0, in view of (A.1), the process {X(¢)}wer can be
written as the sum of two independent processes

X(t) = Xe’l(t) + X672(t),
with X, 1 and X, 2 given by

Z N, n,ft 1{77a n=€hr and Xe 2 Z Mo, nft 1{na n<€}*

The two processes are referred as the large-jump and the small-jump parts, re-
spectively from now on. For the large-jump part, thanks to our assumption that
m is finite on (S,S), it is immediately seen that X.; has a compound-Poisson
representation as

{(Xeatier = { Z Vaej ft(W. } ) (A.3)

where N, is a Poisson random variable with parameter Com(S)e™®, W; are as
before, V, . ; has probability density (1/2)e*aly|=*~!, |y| > ¢, and all random vari-
ables are independent. An exact simulation of X 1 in view of (A.3) is straightfor-
ward.

The small-jump part {X. 2(t)}ier is an infinitely-divisible process that can be
approximated by a Gaussian process, as summarized in the following proposition.
The proof is essentially the same as Asmussen and Rosinski (2001, Theorem 2.1);
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see also Lacaux (2004b, Lemma 4.1) and Cohen et al. (2008, Proposition 5.1). For
the sake of completeness we include a proof here again. Let v, (dx) denote the Lévy
measure for standard SasS distribution

Vo (dx) := aga

||~ " %dx, x # 0.

Introduce

€ 1/2 € 1/2 1/2
oal€) i= (J UQVa(dv)> = <acaf vl_o‘dv> = (;C‘Z> el—o/2
—€ 0 —

Proposition A.2. Assume that f; € L*>(S,m) for allt € T. Then

{Xe,z(t) }teT SR (eT00)

oa€)

as € | 0, where {G(t)}es is a centered Gaussian process with covariance function

Cov(G(t1), G(tz)) = L Fou(5) fon(sYym(ds) 1y, 1y € T

The tightness of the sequence {X. 2}c~0 was also established in a few earlier
investigated cases (Asmussen and Rosinski, 2001; Lacaux, 2004b). Note that the
Gaussian process G that arises in the limit shares the same form of integral repre-
sentations as the original SaS process X, with the SaS random measure replaced
by a Gaussian random measure (o = 2).

Remark A.3. Most examples of interest in Lacaux (2004a,b); Cohen et al. (2008) are
such that S = R¢ equipped with the control measure m being the Lebesgue measure.
Then, the large-jump part does not have compound—Poisson representation; it is
known as a shot-noise model over R? in the literature (Vervaat, 1979). Simulating
of shot-noise models requires another approximation, with key ideas from Rosinski
(2001). On the other hand, the treatment for approximation the small-jump part
remains the same for different choices of (S, m). From this point of view, working
with a generic (S,m) instead of (R%, Leb) as in earlier references does not bring
new technical challenges in analysis immediately: choosing m to be finite on S
even simplifies our task.

It is worth noting that the assumption on the finiteness on m is not essential, as
one could also apply a change-of-measure trick to work with a different represen-
tation satisfying this property. The essential constraint here is the L-integrability
of the functions f; (after change of measure) that is needed for the Gaussian ap-
proximations of the small-jump part (for (A.1) to be a well defined SasS process it
suffices to have f; € L® in general). Another notable example of SaS processes that
fits into the framework presented here is the one recently introduced in Owada and
Samorodnitsky (2015), where S takes a more abstract space than R<.

Proof of Proposition A.2: We start by providing some background on infinitely-
divisble processes. As an infinitely-divisible process, by Samorodnitsky (2016, The-
orems 3.3.2 and 3.4.3), (A.2) also can be written as the following integral represen-
tation

KO)er 2 { [ prtan} (A4)

S teT

where M:? is an infinitely-divisible random measure on S with control measure dm,
and M?? is uniquely determined by local characteristics 0®> = 0,b =0, p(s,-) = v, (")
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(Samorodnitsky, 2016, P.86). (The infinitely-divisible random variable X (¢) has
Lévy measure on R as the push-forward measure

pyp, = (M X vy) o0 Tf:1 with Ty, (s,z) := 2 fi(s),se S,z e R, (A.5)

see Samorodnitsky, 2016, Theorem 3.3.2, although we do not gain anything in this
proof by using uy,.)

We shall understand stochastic-integral representations as in (A.4) via their cor-
responding characteristic functions of finite-dimensional distributions based on local
characteristics, namely with Z?=1 0;ft,(s) = g(s),

Eexp (ii@-)g].) exp ( f J 1~ ig(s) [2]) ua(d:c)m(ds)), (A6)

where
x| <1
[r] =< -1 =z <1,
1 T =1

Then, X, has the similar integral representation as (A.4) with M¢ modified by
replacing the Lévy measure v, by the truncated measure 1,|<cVa(dv). Now we
consider for d e N, t = (t1,...,t5) € T and @ = (0y,...,04) € RY,

g0.4(s Zeft

Then the characteristic function of finite-dimensional distribution of X 2(¢) is given
by (thanks to the symmetry of v,, replacying g(s) [z] in (A.6) by g(s)1{|g(s)x|<1})

Eexp (W) ~ exp (L Ia,e<ge,t<s>>m<ds>) ,

with
Loc(y) = JR <exp Gii)) i ( | M) 11<qyva(dz)

(o) -

where we dropped [z] on the right-hand side of first line above thanks to the
symmetry of v,. Now, since o,(€)/e — o0 as € | 0, we have

€ 2.2 d 2
Yy Y S 22V, (dz) y
Loct) ~ | =g pvelae) = 50T -

In addition, for all y € R, |1, (y)| < y?/2 (since | — 1 — iz| < 2?/2). Therefore
by the dominate convergence theorem we have

410 Xca(t;
lgg)lEexp <2H> = lim E exp <f Io.(g0.t(s))m (ds))

0u(€) el0

= exp <—J |g6,t( dS))
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Now, we read the right-hand side as the the characteristic function of Z;L 10;G(t5),
which completes the proof. O

So for the small-jump part, in practice we shall pick a small number ¢ > 0 and
apply the approximation

{(Xe2®ler ~ {0a()G(B)} er

for the corresponding Gaussian process in Proposition A.2. The replacement of
small-jump part by a Gaussian process is crucial in view of numerical analysis. For
example, for Lévy-driven stochastic differential equations, the performance of ap-
proximation schemes is much better with the Gaussian approximation than simply
neglecting all the small jumps. See Fournier (2011) and references therein for a
detailed investigation.

Remark A.4. As in earlier results, one could also have an Berry—Esseen bound
on the pointwise approximation, thanks to Asmussen and Rosinski (2001, Theo-
rem 3.1), Lacaux (2004b, Lemma 4.1): letting

$2(0) = EX2,(0) = [ 1iPdm | () = Var(G(0)a2(0),

we have immediately the following rate for the convergence in Proposition A.2
(recall the Lévy measure in (A.5))

Xe
sup |P < 2 < x) —P(G(t) < x)
zeR Ja(e)
< Cg SS ‘ft|3dms |x|3ya (dx) < SS |ft|3dm (2 - a)3/2 a/2

s3(0) =PI ARPAm)E (3 = a)vaCe

where Cpg is the constant in standard Berry—Esseen upper bound for partial sum
of centered i.i.d. random variables with unit variance. The value Cgg = 0.7975 was
used in the aforementioned references, and this value has been improved to 0.4785
in Korolev and Shevtsova (2012).
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