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Abstract. Consider random d-regular graphs, i.e., random graphs such that there are exactly d
edges from each vertex for some d > 3. We study both the configuration model version of this
graph, which has occasional multi-edges and self-loops, as well as the simple version of it, which is
a d-regular graph chosen uniformly at random from the collection of all d-regular graphs.

In this paper, we discuss mixing times of Glauber dynamics for the Ising model with an external
magnetic field on a random d-regular graph, both in the quenched as well as the annealed settings.
Let 8 be the inverse temperature, 8. be the critical temperature and B be the external magnetic
field. Concerning the annealed measure, we show that for 8 > . there exists Bc(ﬂ) € (0,00) such
that the model is metastable (i.e., the mixing time is exponential in the graph size n) when § > £,
and 0 < B < Bc(ﬂ), whereas it exhibits the cut-off phenomenon at c,nlogn with a window of order
n when 8 < B or 8> . and B > B.(3). Interestingly, B.(3) coincides with the critical external
field of the Ising model on the d-ary tree (namely, above which the model has a unique Gibbs
measure). Concerning the quenched measure, we show that there exists B.(3) with B.(8) < Be(3)
such that for 8 > S, the mixing time is at least exponential along some subsequence (ny)r>1 when
0 < B < B.(3), whereas it is less than or equal to Cnlogn when B > Ec(ﬁ) The quenched results
also hold for the model conditioned on simplicity, for the annealed results this is unclear.
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1. Introduction

The Ising model is a paradigmatic model in statistical mechanics. It was invented by Ising and
his PhD-supervisor Lenz to model magnetism, for which it was considered on regular lattices (see
Niss, 2005, 2009 for the interesting history of the Ising model, as well as the standard books Bovier,
2006; Ellis, 2006 and the references therein). With the view that the Ising model can also model
cooperative behavior, its relevance in the area of network science has increased, and the literature
on the Ising model on random graphs, invented to model complex networks, has exploded. See
Dorogovtsev et al. (2008) for the physics perspective on critical phenomena on random graphs.
Initially, the focus was on establishing the thermodynamic limit of the quenched Ising model on
random graphs (Dembo and Montanari, 2010b,a; Dommers et al., 2010) as well as on its critical
behavior (Dommers et al., 2014; Giardina et al.; 2015). In the past years, also the annealed Ising
model has attracted considerable attention Can (2019, 2017); Can et al. (2021 1); Dommers et al.
(2016); Giardina et al. (2016). As we explain in more detail below, the quenched and annealed
settings for the Ising model describe different physical realities in the dynamics of the underlying
graph and the Ising model on it. The local weak limit of the Ising model on locally tree-like random
graphs was studied by Basak and Dembo (2017); Montanari et al. (2012).

Recently, the dynamical properties of the Ising model have attracted attention, focusing on its
metastable behavior Bovier et al. (2019); Dommers (2017); Dommers et al. (2017); den Hollander
and Jovanovski (2021) in two frameworks. In the first one (see Dommers, 2017; Dommers et al.,
2017), large random graphs were considered, on which an Ising model lives with a slightly positive
field at very low temperature. In such settings, the all-plus state is the ground state, and thus the
most likely state for the system to be in. However, due to the strong coupling, the all-minus state
is a metastable state, and it takes the system a very long time to leave this state when started from
it. For large network size, the main results of Dommers (2017); Dommers et al. (2017) give detailed
estimates for the transition time to move from the metastable state to the stable state, as the
temperature tends to zero, for graphs of fixed large size. In the second framework, the temperature
of the system is fixed and we are interested in what happens as the system size tends to infinity
The concrete analyses of metastable hitting time for the Glauber dynamics on dense Erddés-Rényi
random graphs have been given by Bovier et al. (2019); den Hollander and Jovanovski (2021), by
using a potential theoretic approach as discussed in detail by Bovier and den Hollander (2015).

In this paper, we follow the second framework. However, rather than treating it as a metastable
system, we approach it as a Markov chain mixing-time problem. Our paper provides the first
results dealing with sparse random graphs instead of dense ones. In general, it is believed that for
supercritical temperature, mixing is fast (mixing time of order nlogn where n is the size of the
graph), see Mossel and Sly (2013), while for subcritical temperatures and small external fields, the
mixing time is exponentially large in the graph size. We focus on both the quenched as well as the
annealed Ising model on random regular graphs, where our results are the strongest in the annealed
setting. In particular, our main results and innovations are as follows:

(a) For subcritical temperatures, where the Ising model at zero external field has two Gibbs
measures, we identify the critical value for the field in the annealed setting. More precisely,
for large field, mixing is rapid (mixing time of order nlogn), while for small field, mixing is
slow (mixing time exponential in the system size). The latter corresponds to the metastable
setting. The proofs rely on a close relation between the annealed Ising model and birth-
death chains, for which such results have been established by Barrera et al. (2009); Chen
and Saloff-Coste (2013); Ding et al. (2009a,b); Levin et al. (2010).

(b) For the quenched Ising model, we prove similar properties, however, we are not able to
identify the ezact critical value of the external magnetic field, but instead resort to bounds
on it. The results rely on proofs of mixing times for Glauber dynamics on general graphs
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such as proved in the literature, and most effort is in proving that the necessary conditions
hold for degree-regular configuration models.

(c) While the mixing time is at least e’ in both models for some appropriate A > 0 in the
slow-mixing regime, in the annealed setting, the constant A is independent of 3, while in the
quenched setting, the constant A is linear in 3 for large 5.

The remainder of this section is organized as follows. We start in Section 1.1 by defining the
random regular graphs that we will be working on. In Section 1.2, we define the Ising model on
random graphs in its quenched and annealed settings. In Section 1.3, we recall some previous results
on the Ising model proved by the first author Can (2019) in the annealed setting and by Dembo
and Montanari (2010b) in the quenched setting. In Section 1.4, we state our main results. We close
in Section 1.5 with discussion and open problems.

1.1. Random reqular graphs. Let us start by defining the configuration model introduced by Bollobas
(1980) in the degree-regular case, and by Molloy and Reed (1995) in the general degree case. We
consider a sequence (Gy)n>1 of such graphs. To define it, start for each n with the vertex set
[n] = {1,...,n}. Construct the edge set as follows. Consider a sequence of degrees (d;);c,,) and
assume that €, = > .1 d; is even. For each vertex i € [n], start with d; half-edges incident to .
Denote the set of all the half-edges by H. Select h; € H arbitrarily, and then choose a half-edge
ho uniformly from H \ {h1}, and pair hy and hy to form an edge. Next, select an arbitrarily half-
edge hg € H \ {h1,h2}, and pair it to hy uniformly chosen from H \ {hi, ho,h3}. Continue this
procedure until there are no more half-edges. The resulting graph is called the configuration model,
see van der Hofstad (2017, Chapter 7) for an extensive introduction. In particular, it is known that
the configuration model conditioned on simplicity is a uniform random graph with the prescribed
degrees (d;);c[n) - see van der Hofstad (2017, Proposition 7.7).

In this paper, we consider the random d-regular graph, that is d; = d for all i € [n], with d > 3
and nd assumed to be even. We let P and [E denote the probability measure and expectation with
respect to the random regular graph. We say that a sequence of events (Ay)n>1 occurs with high
probability (which we abbreviate as whp) if P(4,) =1 —o(1) as n — oo.

In the degree-regular setting, it is also known that the probability that the configuration model
is simple converges to a positive value van der Hofstad (2017, Theorem 7.12) (see also Angel et al.,
2019; Bollobas, 1980; Janson, 2009, 2014), which implies that any result that holds whp for the
configuration model, also holds whp for the random regular graph. This implies that all the results
in the quenched setting also hold for the random regular graph. In the annealed setting, this is less
obvious, as we are taking expectations with respect to exponential functionals in the Ising model,
as we now explain in more detail.

1.2. Ising model and Glauber dynamics. In this section, we define the quenched and annealed Ising
models, as well as Glauber dynamics for it.

1.2.1. Ising model. Let ©, = {—1,1}" be the space of spin configurations. For any spin vector

o= (01,...,0n) € Qy, the Hamiltonian is given by
H,(o) = Hff’B(U) =-p Z k; joio; — B Z oi,
i,j€n]: i<y 1€[n]

where k; ; is the number of edges between vertices ¢ and j, 8 > 0 is the inverse temperature and
B € R is the uniform external magnetic field.
The quenched measure is defined by Boltzmann law, defined, for any o € §2,,, as

1B (o) = eXP(;;g(U))

)
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where Z2'P is the partition function given by

785 = % exp(—HIP(0)).
c€Qy

Similarly, the annealed measure is defined, for any o € €, as

8.8y _ Elexp(—Hn(0))]

Koy, (0) - B8,B )

E[Zn™]

where E is the expectation with respect to the random graph under consideration. These two
measures concern different physical realities (see Can et al.; 2021 +). While the random graph in
the quenched measure is fixed, or can be thought of as varying very slowly compared to the Ising
Glauber dynamics, in the annealed law, the Glauber dynamics only observes an average graph
instant, which, by the ergodic theorem, can be thought of as an expectation with respect to the
graph randomness. As discussed before, we will work on the d-regular configuration model, but in
our discussion we will also discuss more general degree settings. Throughout the paper, we consider
the case B > 0; the other case can be treated identically by symmetry.

1.2.2. Glauber dynamics. Let us first recall the Glauber dynamics for a given reversible measure
vp on §y,. Let (& )i>0 be a discrete Markov chain on 2, with transitions as follows. Assume that

& = o, let I be a random index in [n] chosen uniformly at random. Then,
) . (ot
ot with probability un(aif)(iun)(a—f)’ (1)
I/n(O'_I .
+I)+Vn -y

Sev1 =19

o with probability - @ )

(e=1)
where, for all o € ,, and i € [n], we define o and 0~ to be the i-spin-flipped version of o, i.e.,

i - — i _—i_
o;'=0;"'=ojforj#i, ando;' =-0;" =1

We denote by (&7 )¢>0 the Glauber dynamics starting from the configuration o. It is well known that
(&)¢>0 1s a reversible Markov chain with stationary measure v,,. Hence, as t — oo, the distribution
of (&)¢>0 converges to v,. The distance to stationary of the Glauber dynamics is defined as

dn(t) = %gﬁ IP(EF € ) = vn()llrv,

where || — v||ry is the total variation distance between the probability measures p and v. Then,
the mizing time is defined as

tmix = min{t: dp,(¢) < 1}

The value % is arbitrary and can be replaced by any other value € € (0,1).

In this paper, we study the mixing time with respect to the quenched and annealed measures
ME’B and /ln’B defined previously. From now on, we let ¢y, be the quenched mixing time for ,un’B,
and tx the annealed mixing time for ﬂn’B, respectively. Notice that while ¢« is random as it
depends on the random graph, iy is non-random.

For d > 3, the Ising model on random regular graphs exhibits a phase transition at the critical
value . = atanh(1/(d — 1)), see e.g. Dembo and Montanari (2010b). (Note that this model does
not exhibit a phase transition for d = 1,2, and that is why we consider d > 3.) The mixing time
has been studied in the high-temperature regime:

Theorem 1.1 (Mixing times high-temperature Ising model, Mossel and Sly, 2013, Theorem 1).
There exists a positive constant C, such that if 8 < Bc, then whp tnix < Cnlogn.

We notice that the results by Mossel and Sly (2013) hold for the general class of finite graphs with
degree bounded by d for any 5 < atanh(1/(d —1)). For us, it is crucial that atanh(1/(d —1)) is the
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critical value for the Ising model on the configuration model, so that Theorem 1.1 holds throughout
the high-temperature regime.

In this paper, apart from studying the mixing times of the Ising model, we also study its cut-
off behavior. This is related to the speed at which ¢ — d,,(¢t) decreases. Formally, with tyix(e) =
min{t: dy(t) < e}, we say that the cut-off phenomenon occurs at a,, with a window of order b,, < a,
when, for all € € (0, %),

tuic(€)/an = 1, while  tmix(€) — tmix(1 — £) = O(by). (1.2)

1.3. Previous results about Ising models on the configuration model. In this section, we state some
important previous results about the annealed and quenched Ising model that we shall rely upon.
We first define the fized-spin partition function, which will play an important role in our results.
For o € Q,,, we write

oy ={ien]:0,=1} and o_={i€n]: o5 =—1}.
For any ¢ € (0,1), we define
1
P = o Z5P(0),

where

ZpPy= 3, e

o: |o|=[nt]
and .
el (t) = —logE[Z7(1)].

It has been shown in the proof of Can (2019, Theorem 1.1(i)) that

1 —Hu(0)) _ _
Oizgn - loggz %::kE (e ) o, (k/n) ’ = O(1/n), (1.3)
with
ﬁd tA1—t
op.B(t) = o B+ 1I(t)+2Bt+ d/ log fa(s)ds, (1.4)
0

where I(0) = I(1) = 0 and, for ¢t € (0,1)
I(t) = (t —1)log(1 —t) — tlogt,

and

e (1 —2t) + /1 + (e 48 — 1)(1 — 2t)2

To(t) = 2(1—¢t)

Thus, for all ¢ € [0, 1],
3 A/BzB — (A
Jim @7(t) = @p.5(1)-
Denote the quenched and annealed pressures by, respectively,
1 1
— | _ 57B A — _ B’B
p(8,B) = lim —logZ,",  ¢(F,B) = lim —logE(Z,”). (1.6)

It is shown in Dembo et al. (2014, Theorem 1) and Can (2019, Theorem 1.1 & Proposition 3.2) that
the annealed and quenched pressures are equal and have a variational expression as

P(8.B) 2 P(8.B) = max b p(t) (1.7)

These results will be crucial to establish the ‘energy landscape’ of Glauber dynamics for the Ising
model.
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1.4. Main results. In this section, we state our main results. We start with the results for the
annealed Ising model, followed by our results on the quenched Ising model.

1.4.1. Main results for the annealed Ising model. For the annealed case with 8 > ., we can show
(see Lemma 2.2 below) that there is a threshold B, = B.(8), such that if B > B,, then the function
t — ¢p.p(t) is unimodular, ie., t — (g p(t) has only one critical point which is the maximizer
characterizing the annealed pressure in (1.7). On the other hand, if 0 < B < B,, then t — p,B(t)
has three critical points (one local maximizer, one global maximizer and one local minimizer), and
thus the graph of t — ¢ p(t) has a valley. This particular observation suggests that for 8 > g,
there is a phase transition in the mixing time of the annealed Ising model when B crosses the
value B.. Indeed, we will show in Theorem 1.2 below that for 3 > ., the mixing time increases
exponentially in the graph size when B < B, but it is of order nlogn when 8 > f.,B > B., or
when 3 € [0, 8.).

We observe that @7 (t) = @i°(t) + B(2t — 1) and thus $g p(t) = $po(t) + B(2t —1). Therefore,
the unimodularity of ¢ p is strongly related to the reflection point of ¢ — (pg0(t). Indeed, we will
show in Lemma 2.2 below that

- - 1. 1. ®g0(s) — @polt
Bo= Bu(B) = —Sdlo(t) = swp (= Lgho®) = sup 220D Z@s0ll) g
2 te(oé) 2 0<s<t<% Q(t N 8)

where t, is the reflection point of ¢ determined as in (2.2). With this notation in hand, we
now state our main result for the Glauber dynamics on the annealed Ising model on the d-regular
configuration model:

Theorem 1.2 (Annealed Glauber dynamics). Consider the annealed Glauber dynamics on the d-
reqular configuration model.

(i) For 8> B, and 0 < B < B,, there exist positive constants C' and \ such that
c! exp(An) < tmix < Cnt exp(An).

Moreover,
sup{A: > B.,0< B < B.} < o0. (1.9)

(ii) For B < B or B > [, but B > B,, there exists a positive constant ¢, such that the cut-off
phenomenon occurs at cynlogn with a window of order n.

Independence of inverse temperature in (1.9). The fact that the constant A in the exponential
growth of the mixing time in Theorem 1.2(i) is independent of 8 for large 5 in (1.9) is rather
remarkable. It can be understood as follows. Think of the curve t — (¢ p(t) as an energy landscape.
It takes an exponential amount of time to cross any energy barrier, meaning a difference in energy,
so that it takes time of order €™ to cross an energy barrier \. For the annealed Ising model, 0p,B(8)
acts as the energy of a configuration with roughly ns plus spins, where s € (0,1). Then, let us start
from a configuration o for which 0| &~ sn where s # t* and t* is such that ¢(3, B) = ¢g p(t*)

(recall (1.7)). Let B > 0, so that t* > 1. Then, the amount of time to go from |oT| ~ sn to

2
nA($) where

A) = sup (55() = Paslt)) (1.10)

equilibrium is close to e

It can be expected that the worst case for this is when s = s* for some specific s* < %, which suggests
that A = A(s*). Then, to go between any o with |o"| &~ s*n and the stationary distribution (having
approximately t*n with t* > % plus spins), the dynamics has to pass through a spin configuration
o’ with roughly n/2 plus spins.
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In many settings, for example also in the quenched setting, this will lead to an energy difference
that grows linearly in n as well as in g for large 3, since the number of edges between any two
disjoint sets of size approximately n/2 will be linear in n for n large, so that the energy barrier
will be of order nf3. However, the annealed dynamics on the configuration model is special, as it
allows to update the graph as well when changing the spins, which makes the energy barrier of
order n with a constant that is independent of 5. Indeed, there exists a graph configuration whose
probability is exponentially small in n but with an exponential rate that is independent of 3, and a
partition of the vertices in two sets each of size approximately n/2, for which the number of edges
between these two sets equals zero. This can be seen by noting that the probability of splitting the
d-regular random graph into two disjoint d-regular graphs of about equal size is exponentially small
in n, with an exponential rate that is obviously independent of 3. By then taking all spins to be
plus on one part, and all spins to be minus on the other part, we see that we have a roughly equal
number of plusses and minuses, while at the same time having an exponentially small cost whose
exponential rate is independent of 5.

The above argument implies that ¢g B(%) < C with C independent of 3, which, in particular,
suggests also that A\(s*) < C where C' is independent of n. This explains (1.9).

Cut-off in subcritical regimes. In the setting where 8 < ., or § > (. but B > B,, there
is no valley in the energy landscape, meaning that the dynamics will move quickly from any spin
configuration to the stationary distribution. The fact that Theorem 1.2(ii) proves that this dynamics
satisfies a cut-off phenomenon is a substantial improvement from the general result in Theorem 1.1,
which is a restatement of Mossel and Sly (2013, Theorem 1), however, it is restricted to the annealed
setting.

1.4.2. Main results for the quenched Ising model. We next state our results for the quenched Glauber
dynamics. We start by investigating the fixed-spin partition function:

Proposition 1.3 (Quenched fixed-spin partition function). The following assertions hold.
(i) For all 8,B and t € (0,1)

onB(t) — g (1) =2 0,

where P (t) = E[(pg’B(t)].

(ii) There exists a subsequence (ng)k>1, such that for all B, B the sequence of functions (855}93)14:21
converges uniformly to a continuous (non-random) function pg p in every compact subset
of [0,1]. Moreover,

©8,8(t) = ppo(t) + B(2t - 1).
Furthermore, let
©p,0(8) — ¢s0(t)
2(t — s) '

B. = B.(f):= sup
0<s<t<%

Then B. € (0,8d) for all B > B.. Moreover, there exists a positive constant ¢ such that

(1.11)

It follows directly from the definition of B, that when B < B, the function t — g g(t) is
non-unimodular and it has a valley; otherwise it is unimodular. While it is not difficult to prove
that the mixing time is of exponential order when B < B, it is not clear to us how to show that
the mixing time is of exp(o(n)) when B > B,. Instead, we can show the following. Let BS be the
critical external field of Ising model on d-ary tree defined by

BY = inf{B > 0: Ising model on infinite d-ary tree has a unique Gibbs measure}. (1.12)

Then, the mixing time is of logarithmic order for B > BCG:
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Theorem 1.4 (Quenched Glauber dynamics). Consider the quenched Glauber dynamics on the
d-reqular configuration model. There exist positive constants c1,c, C where ¢, C may depend on 3, B
and ¢y 1s independent of B, B, such that the following statements hold.

(ia) If B> Be and 0 < B < B, then

lim sup P(tmix > exp(cn)) = 1.

n—oo

(ib) If B > B. and 0 < B < 18 then tyix > exp(c1n) whp.

(ii) If B > Be and B > BE, then tyix < Cnlogn whp.

The same results hold for the d-reqular random graph.

It follows directly from our results that B, < BS. Surprisingly, we can show that BS = B,. This
means that the critical magnetic field for the annealed Ising model on G, is the same as that of the
Ising model on the d-ary tree, which equals the local limit of G,,:

Proposition 1.5 (Identification of BS). For any 8 > f., BS(8) = B.(f).

However, we do not know whether the quenched quantity B, is equal to BCG or not. In particular,
we do not know the quenched behavior of ¢,,;x when B, < B < BS )

1.5. Discussion. Here we give some comments on our results, and state some open problems.

Metastability for Ising models on configuration models. There are some related works on
the metastability of Glauber dynamics on random graphs at zero temperature. Dommers (2017);
Dommers et al. (2017) study the Ising model on configuration models. They show that the hitting
time to all-plus configuration for the dynamics starting from all minus (which we denote by T,)
grows exponentially fast at zero temperature, i.e., limg_,o, ,ug’B(Tn > exp(cfn)) = 1 whp for the
random graph.

Cut-off for quenched setting. In Theorem 1.2(ii), we show the cut-off phenomenon for the
dynamics under the annealed law in the high-temperature regime and in the low-temperature regime
with high external field. We guess that the same phenomenon occurs in the quenched setting. As far
as we know, the best result is due to Lubetzky and Sly (2017), who prove the cut-off phenomenon
for the Ising model on graphs with bounded degrees at sufficiently high temperature (more precisely,
B <e/A with A the maximal degree and ¢ a universal constant).

Extension to configuration models with general degrees. It is natural to extend our results
to the setting of Ising models on configuration models with general degrees. However, it is not
immediate how to appropriately define the critical external fields. One may be tempted to conjecture
that the definitions in (1.8) and (1.11) are still the right critical values for B. However, in the non-
regular case, this is quite unclear. Indeed, to our best knowledge there is no result for the critical
external field BSW for the uniqueness of Gibbs measure on a Galton-Watson tree (the weak limit
of configuration model), see also (1.12). Thus, extensions of our results to non-regular cases require
considerable novel ideas.

Slow mixing times and their dependence on 3 for low temperatures. Fix § large. In
Theorem 1.2, we show that fmix = exp(An(1 4 o(1))) with A\ bounded by a universal constant
for the whole regime of temperatures and external fields. In contrast, Theorem 1.4 says that
tmix > exp(c1n) whp when B < ¢;8. That means that the annealed dynamics mixes much faster
than the quenched dynamics at low temperature (i.e., with large ().
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Local spin and graph configurations for wrong magnetizations. Recall the discussion of
(1.9) below Theorem 1.2(i). It would be of interest to investigate the local neighborhoods and Ising
spin configurations around a uniform vertex when there are around sn plusses, for general s. It
can be expected that the local graph configuration remains on being a d-ary regular tree. If the
discussion below Theorem 1.2(i) is indeed correct, then the spin configuration either equals the plus
or the minus configuration, each with a specific probability.

Organisation of the proof. We start in Section 2 by quantifying various preliminaries on the
critical external field for the Ising model on d-regular configuration models, as well as general
results on Markov chain mixing times. We continue in Section 3 by discussing the mixing of
annealed Ising models and prove Theorem 1.2. This is achieved by comparing the annealed Ising
model to a generalized Curie-Weiss model that makes the message that the annealed setting is
close to mean-field precise. In Section 4, we identify the quenched fixed-spin partition function
in Proposition 1.3. In Section 5, we investigate the mixing of quenched Ising models and prove
Theorem 1.4. In Section 6, we prove Proposition 1.5, i.e. the identification of BS. In Section 7,
we investigate the annealed cut-off behavior stated formally in Proposition 3.4, and give a sketch of
its proof. The full proof of Proposition 3.4 is given in the appendix of the extended version of this
paper Can et al. (2019).

2. Preliminaries: Critical external fields and mixing times

In this section, we list some preliminary results that are used later. We start by investigating
critical externals fields.

2.1. Critical external fields. The following lemma gives a quantitative definition of the critical ex-
ternal field BS. We will omit the proof, which follows by standard calculations as in Martinelli
et al. (2004, Proposition 4.5):

Lemma 2.1 (Critical external field for uniqueness of the Gibbs measure). The critical external field
BE for the uniqueness of the Ising Gibbs measure on a d-ary tree satisfies

BY = inf{B > 0: solution to § = —2B + (d — 1)log Lg(e?) is unique},

where
ey 41

Lg(z) =

In the next lemma, we give a characterization of the annealed critical external field B..

Lemma 2.2 (Critical external field for fast mixing annealed Ising). Fiz 8 > (., then the following
assertions hold:

(i) For any B >0, the function t = ¢ p(t) = ¢ 4(t) has two zeros t, and 1 —t,, with

e—48(d —
b = %(1 B \/1 - i 2)2((1d_ el—)zm)) € (0,3)- (2.2)

(ila) The equation (1.8) holds. Furthermore, ¢ 5(t) has three solutions 1 > th>2>t8 >8>

0 for0 < B < B.. In particular, tlB , tg , t:)]? are the global maximizer, the local minimizer,
and the local mazimizer, respectively, of the function t — g p(t). Moreover, t9 = % for
B =0. Further, t9 =1 — tg and tg are both global mazximizers of ¢ o(t). In addition,

sup{¢573(t33) — @573(75’23): 8> 06.,0<B< Bc} < 00.
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$p.5(t) Pp.5(t)

0 B 1 0 5ty ty 1

[T

(A) B<Be, or B>B., B> B, (B) B> f., 0< B < B,

FIGURE 2.1. Graphs of ¢g p

(iib) If B < B¢, or > . and B > B., then @%73(15) =0 has a unique solution t € (%, 1), which
is the global maximizer of ¢ p(t).

See Figure 2.1 for what t — ¢g g looks like. Figure 2.1(B) gives an example of the setting in
Lemma 2.2(iia), while Figure 2.1(A) gives an example of the setting in Lemma 2.2(iib).

Proof: It has been shown in the proof of Can (2019, Theorem 1.1 (ii)) that the equation ¢jg p(t) =

I

@50(t) = 0 is equivalent to

(e —1)(d—1)

ot T2 e )

=0.

The above equation has two solutions 0 < t, < 3 < 1—t, as stated in (i), where ¢, is given in (2.2).
We turn to proving (ii). Since t, is the unique solutlon of 92’,,5/’ o(t) =01in [0, 1] and @50(07) = —o0
(since ¢ o(t) equals I”(¢)+ bounded terms), the function —¢j ; changes its sign from plus to minus

at t, and thus ¢, is the maximizer of —¢@}, in [0, 3. Thub, the equation (1.8) holds. Since

@5 5(t) = 0 has two solutions, ¢}  has at most three zeros. Moreover, @) B(O+) = 400 and
¢5.5(17) = —oo and ¢, is the local minimizer and 1 —?, is the local maximizer of ¢} . Therefore,
¢, 5(t) = 0 has a unique solution if @ p(t,) > 0. Moreover, ¢} 5(t) = @} ,(t) + 2B. Thus

@5 5(tu) > 0 is equivalent to B > B.. That gives (iib).
On the other hand, if B < B, (or equivalently ¢5.5(tu) < 0) then ¢j 5 has three solutions

0<td <t,<th <1—t,<tl <1. Notethat fz(t)fs(1 —t) =1 for all t € (0,1). Thus for all
0<t<1,

@2373( ) = log (1 ; > + dlog fs(t) + 2B. (2.3)

Thus (15:8,3(%) = 2B, since f(3) = 1. Therefore, if B = 0, then 3 = § and if B > 0 then 5 <

It remains to bound the gap $s p(tY) — ¢p p(t5) uniformly in 3 > Bc. It has been proved by
Can (2019, Lemma 3.1) that

Son(t) = % _ B4 I() + 2Bt + dtlog f5(t) + J (1), (2.4)



Ising model on random regular graphs 1451

where ¢ — J(t) is a uniformly bounded function on [0, 5]. Since t£ and t# are solutions of @5 p(t) =
0, using (2.3) and (2.4), we get that

R B pd B B 1—t¥ B
¢p.B(t3) = 7—B+I(t3)—t3 log /B + J(t3)
3
d
= %—B—log(l—t§)+J(t§),

and the same equation holds for t. Hence,

|25.8(t5) — ¢p.B(t5)] <log2+2 max |J(t)|.
0<t<3

This completes the proof of (iia), and thus of the lemma. O

2.2. Bottleneck and spectral gap bounds for mizing times. We next recall a result relating the hitting
time and spectral gap of a Markov chain with the bottleneck ratio, which has been proved in the
book Levin and Peres (2017, Theorem 12.3, 12.4 and 13.14):

Lemma 2.3 (Mixing time bounds). Let P be the transition matriz of a Markov chain on a finite
state space ) with reversible measure w and let v be the spectral gap of this chain.
(i) In terms of the above notation,
-1 4 -1
(7 — 1) log2 <tpix <log| —— | v .
mingeqo 7(x)

(ii) Define the bottleneck ratio as

* . Q(S, S°)
®*= min &(S where P(S5) = —~—,
S:w(S)g% ( )’ ( ) W(S)
and
Q(z,y) =7(x)P(z,y), QK.L)= > Qzy), =(S)=> n(x).
zeK,yeL z€S
Then

(@)% < v < 20",

As a consequence,

1
tmix > <2¢* - 1) log 2.

3. Mixing of annealed Ising models: Proof of Theorem 1.2

In this section, we consider a generalized Curie-Weiss model whose Hamiltonian depends only
on the number of positive spin. This section is organized as follows. In Section 3.1, we state the
model and the main result under some smoothness conditions on the Hamiltonian in Theorem 3.1.
The remainder of the section is devoted to the proof of Theorem 3.1, as well as on its application
to the proof of Theorem 1.2. In Section 3.2, we prove Theorem 3.1(i), in Section 3.3, we use
Theorem 3.1(i) to prove Theorem 1.2(i). A major part of this analysis consists in proving that the
Hamiltonian appearing in the annealed Ising model satisfies the requested smoothness conditions.
We conclude Section 3.4 with the proof of the cut-off phenomenon for generalized Curie-Weiss
models in Theorems 3.1(ii) and 1.2(ii).
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3.1. Mizing of a generalized Curie- Weiss model. We first recall the transition probabilities of the
Glauber dynamics, which are given in equation (1.1). Assume that & = o, let I be a random index
in [n] chosen uniformly at random. Then,

+I : ny vn (o)
by = o with probability oo ) tone=T)?
+ —I vn(o~T)

Assume that we are considering Glauber dynamics on Q,, = {—1,+1}" with Hamiltonian given by
— Ho(0) = nFu(|o). (3.1)

for some function F,: [0,n] — R*.
For any 0 < a < b < 1, let us further consider the Glauber dynamics constrained to the subspace

Qe = {o: [an] < |o| < [bn]}.
Then, the constrained Gibbs measure is defined as

. enFnllo+])
pbBilatl (o) = , for all o € QL*, (3.2)
[bn] (n) onFo (k)
k=[an] \k
Clearly, Q,, = Q,[g’l], and ,ug’B = ME’B;[O’I].
We first formulate a smoothness condition on F), that quantifies how close F, (k) is to F'(k/n)
for some limiting function F: [0, 1] + RT. For this, we assume that there is a function F € C? and
a constant C' such that for all [an] < k < [bn],

(C1) Fo(k) = F(k/n)| < % and |F(k+1)— Fy(k) — F’(Z/n) < %
Define
G(s)=F(s)+I(s) with I(s)=(s—1)log(l—s)— slogs. (3.3)

Our aim is to show some sufficient conditions on G under which the Glauber dynamics on the
generalized Curie-Weiss model exhibits the metastability or the cut-off phenomenon. For this, we
consider the following two further conditions:

(C2) There exist a < s3 < s3 < s1 < b such that G is strictly increasing in the intervals (a, s3)

and (s2,s1) and strictly decreasing in the intervals (s3, s2) and (s1,b).

(C3) The function G’(s) = 0 has a unique solution s* € (a,b), which is the maximizer of G(s).
We remark that the condition (C3) implies that G is strictly increasing in (a,s*) and strictly
decreasing in (s*,b), G'(s*) = 0 and G”(s*) < 0. Condition (C2) implies that the Glauber dynamics
mixes slowly, while condition (C3) implies that the Glauber dynamics mixes quickly, as formalized
in the following theorem:

Theorem 3.1 (Mixing times of generalized constrained Curie-Weiss models). For 0 < a < b <1,
consider the Glauber dynamics on the generalized constrained Curie-Weiss model defined by (3.2).
(i) Suppose that (C1) and (C2) hold. Then there exists a positive constant C, such that, for all
n large enough,
c! exp(An) < tmix < Cn? exp(An),
with
A =min{G(s3),G(s1)} — G(s2) > 0.
(ii) Suppose that (C1) and (C8) hold. Then the dynamics exhibits the cut-off phenomenon at
cenlogn with window of order n, where ¢, = (25*(1 — s*)|G"(s*)]) 1.

Below we only present the proof for the case a = 0 and b = 1, since the proof for the general case
is exactly the same.
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3.2. Slow mizing for generalized Curie-Weiss models: Proof of Theorem 3.1(i). Let (&)¢>0 be the
Glauber dynamics. Define the projection chain (X3)¢>o by

X, = |{i: &) = 1.
Then (X¢)i>0 is a birth-death process on {0,...,n} with probability transitions given by

—k enfn(k+1)
pn(k) = P(Xpp=k+1| Xy =k)=

n " (k) | onFa(k)’
enFn(k—l)

X G Fn (k1) 1 gnFu(R)’

(k) = PXpp1=k-1|Xy=k)=
(k) = 1—pn(k) — qn(k).

The crucial observation for the proof of Theorem 3.1(i) is that the Glauber dynamics of generalized
Curie-Weiss models and their projections have the same spectral gap:

(3.4)

Proposition 3.2 (Spectral gap Curie-Weiss and its projection, Ding et al., 2009b, Proposition 3.9).
The Glauber dynamics (& )t>0 of the generalized Curie- Weiss model and the projection chain (X¢)i>0
have the same spectral gap.

Combining this result with Lemma 2.3(i), we can derive bounds for the mixing time of ()0
from the spectral gap of (X¢)i>0. The spectral gap of birth-death processes are well understood, as
shown in the following proposition:

Proposition 3.3 (Spectral gaps of birth-death chains, Chen and Saloff-Coste, 2013, Theorem 1.2).
The spectral gap 7 of an irreducible birth-death chain on {0,...,n} with transition probabilities
(pn(k), gn(k), rn(k)) and stationary measure v, satisfies

1 2
— <7 S 3.5
1€(io) ~ 1~ (i) (3:5)
where ig is the state such that v,([0,i0]) > 5 and vy ([io,n]) > 3, and
i—1 v ([0
(i) = (i) = ”7 : 3.6
(1) () := max ijaéclz SO ]m]afZ ; (3.6)

where, fori < j,

vn([4,5]) = Z Vn (k).

Now we are ready to give the proof of Theorem 3.1(i). We investigate the birth-death chain
(Xt)t>0. Under condition (C1),

enFn(k+1) oF'(k/n) enFn(k—1) 1 C
_ _ < =
enfn(k+1) +enFn(k) el (k/n) +1 enfn(k—1) +enFn(k) eF'(k/n) +11 = n’ (37>
for some constant C' > 0. Hence,
n—k A(n — k) k Ak
<pu(k) < —— and —— < qu(k) < —, -
im0 and <)< 39
for some universal constant A > 1. The stationary measure of (X¢)¢>¢ is given by
n(k
v (k) = T (k) (3.9)

mn(0) + -+ 4+ mp(n)’
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where (see e.g., Levin and Peres, 2017, Section 2.5 or Barrera et al., 2009, (2.3))
k—1

. k—1 . .
mk) =11 oy - S = et n O, 3.10
(k) s qn(j+1) H j e"Fn(j) k (3.10)

J=0

It follows from Stirling’s formula that

(Z) — exp(nlI(k/n) + o(1)]).
Combining the last two estimates with (C1) implies that
(k) = exp (n :I(k:/n) + F(k/n) — F(0) + 0(1)])

= exp (n G(k/n) - G(0) + 0(1)]) , (3.11)
and thus

) = exp (n G(s/n) — G(k/n) + 0(1)D . (3.12)

Let us define

o mllog) L ta(s) o
(i, g) = ZW Tpnlk) — ) Zﬂn(k) for i > j,

k=j
J - J n
.. TTn\|J, ) 1 Tn S) . .
lo(i,j) = Z (I ]k:) — Z Z ﬂngk) for i < j.
Then recall (3.6) to see that

0,(i) = max (J@?i‘fl (i, 7), max lo(i, 7). (3.13)

Using (3.8) and (3.12) we obtain that there exists a positive constant C, such that, for all 1 < j <
1 <n—1,

C~Yexp (nL1(i,7)) < £1(i,§) < Cn®exp (nL1(i, 7)), (3.14)
where

L1(,7) = max [G(s/n)—a(k/n)},

0<s<j<k<i
and, forall 1 <i<j<n-—1,

C~Lexp (nLa(i, 7)) < £a(i,7) < Cn®exp (nLa(i, §)), (3.15)

where

Lo(i,j) = max {G(s/n)—G(k/n)]

1<k<j<s<n
By assumption (C2), the function G has two local maximizers s3 and s;. We consider the case that
G(s3) < G(s1), the other case is exactly the same.
Since G(s3) < G(s1), s1 is the global maximizer, and thus there exist £,0 > 0, such that sy <
s1—0<s8+6<1and

e <G(s1)— max G(x), and G(s1)—G(s1E£0)<A\/2, (3.16)

|lx—s1|>6

where
A= G(Sg) - G(SQ).
By (3.12) and (3.16), if |k — [ns1]| > on and n is sufficiently large, then

T (k) < m([nsi]) exp(=(e + o(1))n).
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Therefore,

va([0, [n(s1 = )] U [[n(s1 + 6)],n]) < 1/4,
so that g satisfies [n(s1 —9)] <ip < [n(s1 +9)]. If [n(s1 — )] < ig < [ns1], then, by (3.16) and the
assumption (C2),

max Ly (ip,j) = G(s3) = G(s2) + O(1/n) = A+ O(1/n),

<i
Ijigzc!lz(io,j) < G(s1) = G(s1—0) +O(1/n) < A/24+0(1/n).
Similarly, if [ns1] < ip < [n(s1 + )], then
max Ly (io, j) = max{G(s3) — G(s2), G(s1) = Gls1 +0)} + O(1/n) = A+ o),
while

max Lo (ig, j) = 0.
J>10

Combining the above estimates with (3.13), (3.14) and (3.15), we obtain
A exp(An) < £, (ig) < An® exp(An),

for some constant A. By (3.5), the same bound (with a slightly larger A) holds for the inverse spectral
gap. Hence, using Lemma 2.3, Propositions 3.2 and 3.3, and noting that — log(ming,cq,, pun(0)) < n,
we get that the mixing time of the Glauber dynamics on the generalized Curie-Weiss model satisfies

C~lexp(An) < tmix < Cntexp(An),

for some constant C' independent of n. O

3.3. Verifying conditions generalized Curie-Weiss model: Proof Theorem 1.2(i). By Theorem 3.1(i),
we only need to verify the conditions (C1) and (C2) for the annealed Ising model on random regular
graphs.

It is known (see for instance Can, 2019, Lemma 2.1(i) and (3.2)) that if |0 | = j then

o exp(nky,(j))
fin (o) S, (Z) exp(nk,(k))’

with

1 2
:Bd+logg(dk,dn)+B(k—1>,
2 n n

where g(k, m) satisfies that, for all 0 < k < ¢ <m,

Fy (k)

L log gk, m) — L logg(t,m) /UW_WI fo(yds| < ¢ (3.17)
—logg(k,m) — —logg{t,m) — og S SS ) .
m m k/mA(1—k/m) ’ m?
with C being a universal constant independent of k, ¢, m. By (3.17),
C
Fulk) = F(k/m)| < =5,
and (/)
F'(k/n C
_ _ < )
1Bk + 1) = Fak)] - =222 < =, (3.18)
where
,Bd tA1—t
F(t)= -t B(2t—-1)+ d/ log f3(s)ds, (3.19)
0

which implies that (C1) holds. The function G(t) = I(t) + F(t) is indeed the function $%5(t).
Hence, Lemma 2.2 implies that (C2) holds.
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Finally, by Lemma 2.2(ii) and Theorem 3.1(i),

sup A= sup G(tF) - G(td) < o, (3.20)
/3>BCA /3>/BCA
0<B<B, 0<B<B,
which completes the proof of Theorem 1.2(i). O

3.4. Cut-off generalized Curie-Weiss models: Proof Theorems 5.1(ii) and 1.2(ii). For v > 0, define
T, (v) = cxnlogn+n, T, (7) = canlogn — n,
where
e = —[s*(1 = s*)G"(s")] ' >0,
since G"(s*) < 0. Theorem 3.1(ii) follows from the following proposition:
Proposition 3.4 (Annealed cut-off behavior). Suppose that Conditions (C1) and (C3) hold. Then,
lim liminfd, (T, (7)) =1, lim limsup d, (T, (7)) = 0,

Y—+00 N—+00 V=0 psco

where we recall that, for T > 1,

dn(T) = Ssup sup ‘,U/n(A) - ]P)O'({T € A)‘
ACQn O'GQ’VL
For the proof, we will closely follow the strategy of proving cut-off phenomena for censored Curie-
Weiss model in Ding et al. (2009a). Since the proof is long and technical, we defer it to Section 7.

Proof of Theorem 1.2(ii). Thanks to Theorem 3.1, we only need to show that Conditions (C1)
and (C3) hold for the annealed Ising model. The condition (C1) is already proved in Section 3.3.
Condition (C3) follows from Lemma 2.2 (iib), since G(t) = F'(t) + I(t) = ¢ (t). O

4. Quenched fixed-spin partition function: Proof of Proposition 1.3

In this section, we prove Proposition 1.3. We start in Section 4.1 by relating the fixed-spin
pressures for different values of the total spin. We continue in Section 4.2 to prove concentration
properties of the fixed-graph pressure, and prove Proposition 1.3(i). In Section 4.3, we show that
the mean pressure converges along a subsequence and use this to prove Proposition 1.3(ii). We
conclude in Section 4.4 by showing where the quenched and annealed pressures agree using large
deviation ideas.

4.1. Relating pressures with different total spins. Let G = (V, E') be a graph with degrees bounded
by d and consider the Ising model on G with Hamiltonian given by

H’B’ —B Z oi0; = —(B|E| — 2Be(04,0-)),
(i,j)€E

where e(A, B) is the number of edges between A and B in G. For any 0 < k < |V, define

zgh =3 exp(-HL (0)).

o: |lot|=k
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We have

3,0 _ E —28e(U,UC
ZG,k+1z — AIE Z o~ 2Be( )

ucv
|U|=k+¢
— eBIEIL Z Z o—2Be(AUB,(AUB)®)

(k+é)
£ ) ACV  BCV\A
[Al=k  |B|=¢

= SIE Y o2 L T e B)—e(B(AVBY)]

ACV (k#) BCV\A

|[A|l=k |B|=¢
Using the naive bound
—dl < —d|B| <e(A,B) —e(B,(AUB)°) <d|B| < d¢,

we get

<W’e_ k) exp(—28d0) < Y @PPl(AB)eBAUB)] <We_ k) exp(284d).

BCV\A
|B|=¢
Therefore,
_ 750 _
—opae (VI —k k+¢ G+t _ opac(IVI—k k+1¢
e(z/egzmge e )\ ) (41)
Gk

This shows that the fixed-spin pressures cannot change too much when changing the value of the
total spin, a fact that will prove to be useful when deriving properties of the limiting fixed-spin
pressure.

4.2. Concentration of finite-graph pressure: Proof of Proposition 1.3(i). In this section, we will
use a vertex-revealing process, combined with the Azuma-Hoeffding inequality, to show that the
quenched finite graph fixed-spin pressure is whp close to its mean. We start by setting up the
necessary notation. Let G’ = (V’, E’) be a graph obtained from G = (V, E) by adding one vertex v
with at most d edges between v and V. Then,

780, = fIFI ST )
u'cv’
|U'|=k
_ emm[ Z o~ 28e(U,(V\D)U{v}) 4 Z e~ 28e(UU{v},V\U) |
UcCv ucv
|U|=k |U|=k—1

We observe that 0 < |E'| — |E| < d, and

0 < eU,(V\U)U{v})—eU,V\U) <d,

0 < e(UU{w},V\U)—-eUV\U)<d.
Therefore,

o PMZEN < 28N, < PUZEL + Z5h). (42)
It follows from (4.1) that

B’O /370

ZGk 20 —opalVI—k+1 oplV[—k+1

230 o € |° 1 C - :
Gok—1 Gk
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Combining (4.2) and (4.3) we obtain

/370 ﬁ?o
—28d _opalVI—k+1 Zgk 26k
(§ 1ANe T < 5.0’ 3.0 (44)
+ Zéx 2k
k+1 Vi—-k+1
< (1Ml T ) (1ve T,
< e +e VI—k+1 e A
For ¢t € (0,1), we define
10 70
2= Y ep(-HI0)).
ooy |=[tV]]
Since 0 < [t|]V'|] = [¢|[V|] < 1, the inequality (4.4) implies that
ﬂ70
(12l 0) < 20 gpa(y e L) (1m0, (45)
t+1 —Zg,o(t)— 1—t t

For any random graph G,,, we may consider log Z30 (t) as a martingale with respect to the vertex-
revealing filtration (see e.g. Bollobas, 2001, Chapter 11.4 or Dembo et al., 2014 for the construction
of the filtration). Indeed, for k € [n], add vertex k € [n] along with its edges to the graph, and let
Gk, denote the graph with vertex set [k] and edge set the restriction of G, to [k]. Let .%; denote
the sigma-algebra generated by (G, )i<k, and define

Mj, = Ellog Z;°(¢) | 1), (4.6)

Then, M, = log Z5°(t) and My = E[log Zﬁ’o(t)]. Due to (4.5), the increments of the martingale
are uniformly bounded by

t 2—1t
| My 1 — M| <A= Bd + log(1 + ewﬁ) + log(1 Vv A4 . ).

Hence, it follows from the Azuma-Hoeffding inequality that
P (|n_1 log Z20(t) — n~'E(log Z50(1))| > e) < 2exp(—en/2 A2).
In other words,
P (62°() — 62°(1)| = ¢) < 2exp(—en/2 1?), (4.7)
which proves that
Pl (t) — o (1) == 0.

The same statement holds for the sequence gpn’B (t) since

nt
cib0 =i+ 5 (2% - 1) (1.5)
This completes the proof of Proposition 1.3(i). O

4.3. Convergence of the mean pressure: Proof of Proposition 1.3(ii). In this section, we prove that

there exists a subsequence {nj}r>o along which ¢ — @Q’O(t) converges uniformly to a continuous
function ¢ — g o(t). By (4.1), for 0 <t <t+s< 2,

() e ()

with k = [nt] and ¢ = [ns]. By Stirling’s formula,

(7Y = [ omi (1) ot () + O]
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Therefore, with cpn’o(t) = %log Z30 (t), there exist non-random constants ¢y, co > 0 such that

1 I
—28ds + J(t,s) - (f”) < B0t + 5) — PBO(t) < 2Bds + J(t, 5) + <f’” (4.10)

where

Jts) = (=01 (%) = ¢+ ()
= slog(t%s —1) = (1 —t)log(1 — %) + tlog(1 — ).
This inequality holds with probability 1, so the same inequality also holds for @5’0, ie.,

1 1
01<701gn> < @Ot + ) — @EO(t) < 28ds + J(t, ) + Q(ng (4.11)

—2Bds + J(t,s) —
We observe the following:
(01) J(t,s) > 0forall 0 <t <t+s < 3, since the function zI(1/z) is increasing in z > 1 and
1—t>4>t+s,
(02) (t,s) — J(t,s) is continuous on {(¢,s): t,s € [0, 3],s+¢ < 3} (and hence uniformly contin-
uous on this compact set).
(03) For any t € (0,1) and for s small, J(t,s) = slog (1) + O(s?).
By (02), we conclude that the collection of functions {@h°(t),0 < t < 3} is equicontinuous.
Besides, @n"(0) = Bdn/(2n) = dB/2 for all n € N. Hence, using Ascoli-Arzeld’s theorem, we
can extract a subsequence (ng)r>1 along which {¢F° n > 1} converge uniformly in [0, 1] to a
continuous function ¢go. By symmetry, e0t) = @01 = t) + O(1/n). Moreover, by (1.8),
e B(t) = g20(t) + B(2t — 1) + O(1/n). Therefore, {@E;f’, k > 1} converges uniformly in [0, 1] to
the continuous function ¢g g defined by

vp.8(t) = ppol(t) + B(2t — 1),

where ¢g 0 is extended to all the interval [0, 1] by ¢z(t) = goﬁ’o(l —t) for t € [3,1].

Recall that
vp.0(t) — ppolu)

B.:= sup

0<t<u§% 2(u B t)
By (O1), we have @h’(t) — gh0(t + s) < 28ds + ca(logn/n) on 0 < t <t + s < %, and thus
B. < fd. (4.12)
By Jensen’s inequality, Eflog Z5°(¢)] < log E[ZE2°(¢)] for all t € (0,1). Therefore,
pp0(t) < ppolt)- (4.13)
We claim that
sup @p0(t) = sup_ Gpo(t) = @po(t3), (4.14)
0<t<% 0<t<3

where t3 € (0, %) is one of two global maximizers of ¢ as stated in Lemma 2.3.

Suppose for the moment (4.14) holds, then, for all 5 > £,

¢p.0(t3) — Pp0(u)
1 2(u—t5)

=3

> 0. (4.15)

We now show that B, grows linearly in $ when /3 tends to infinity. We first show that there exists
a positive constant ¢ > 0, such that, for § > 12,

lim P (2570(0) > ecﬂnzﬁ’o(%)) — 1. (4.16)

n—oo
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Indeed,
-1

53,0
Zn(0) _ Z exp(—2pe(o4,0-))

ot ot |=[n/2]

(e

where i, 4 is the isoperimetric number of the random regular graph defined as

e(A, A°)
|A]
where [n] is the set of vertices in G,,. Bollobas (1988) showed that

lim P <z’n’d > g —y/dlog 2) =1 (4.17)

ind = inf{ cAC [n], |4 < n/2},

n—o0

Therefore, whp,
Z7°(0) d_ /79
2
for some ¢ > 0. Notice that for the second inequality we have used that g > 12 and d > 3.
Using (4.16), we thus conclude that
"’610 ’"’570 1 670 670 1
0) — 5 0) — 5
B, > liminf @n(0) — Pn (2) — liminf ©n”(0) — on (2)
n—00 1 n—0o0 1
Combining this with (4.12) and (4.15), we obtain the desired result in Proposition 1.3(ii). We are
thus left to prove (4.14).
Now we prove (4.14), which is a direct consequence of Proposition 1.3(i) and the fact that

> cf. (4.19)

P (t5) == @po(ty) = sup Pgo(t). (4.20)
1
tE[O,ﬁ]

Furthermore, (4.20) follows from the following two claims

log Zi"

. ~ 0y __ o -
P Jim == = Ppolts) = sup Gao(t) | =1, (4.21)
tE[O,ﬁ]
and, for any > 0 and for all n large enough,
8,040 8,0
n n

The first claim (4.21) follows from (1.7), so it remains to prove (4.22). By (1.3),
E(Z7°(t)) < exp(nipo(t) +O(1)).
Hence, Markov’s inequality implies that for any € > 0
P (Z3°) = exp(n(@o(t) +2)) ) < exp(—en/2). (4.23)
For k € [n], define Ay, = {o: |o4| = k} and write

70 3
Zﬁk = Z exp(—HﬁO(o—)).
O'GAk
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Then, by symmetry,

z5°
70 n
oozl > 5 (4.24)
k<[n/2]
For any ¢ > 0, we define
[(t3—0)n] [n/2]
6 = >0 2N+ Y A
k=0 k=[(t3+0)n]
and
[(t§+0)n]
Z6) = > 2
k=[(t3—0)n]

As for (4.23), using Markov’s inequality, we see that for any € > 0
P (Zg’o(tg,5+) > exp (nsup{@g,g(t): 0< tg < %, |t — tg| >0+ ne)) < exp(—en/3).
Combining this with (4.21), for some € = £(§) > 0,
P(Z50(t3, 6%) = Z80/4) < exp(—en/4).
Thus, by (4.24),
P(Z70(t53,67) > Z7°/4) > 1 = P(Z7°(t3,6%) > Z°/4) > 1 — exp(—en/4). (4.25)

On the other hand, using (4.1), (4.10) and (O3), it follows that for given small 6 > 0 for all n large
enough and for k such that |k — [t9n]| < dn and (logn)/n < §, one has, for some é > 0,

570

log Z3°(t9)  logZ 1
n n n
where C = d + log (1;0@) + ¢. Therefore,
3
log Z5°(t9)  log Z5°(t9,6~
‘Og n (3)_Og n (37 )‘§305
n n

Combining this with (4.25) and the fact that Z5°(t3,67) < Z5°, we obtain (4.22). This completes
the proof of (4.14), and thus of Proposition 1.3(ii). O

4.4. Relating the quenched and annealed pressures. In this section, we relate the pressure in the
quenched and annealed settings in more detail. Using Dembo et al. (2014, Proposition 1.2), we have

Llog zpP — 1E[log ZE’B] — 0 a.s., and thus

1
©(B,B) = lim —E[log Z>P] a.s. (4.26)

n—oo N

On the other hand, since Z5'% = Yoo Zﬁ’B(%),

1 g(? 1 g 1 g (1
57 < /89 < 67
n o0y log Z, <n> n log Z, n {log(n 1 0<52n log Z, (n)] ’

and hence

1 1
B8,B1 _ ~3,B
E[log Zn ] = Org%gan <n> —i—o(l), (4.27)
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FIGURE 4.2. Graphs of ¢ g and ¢g g. The two functions are equal in [0,1—¢(3)]U
[t(B),1], and in the remaining interval, ¢ g is above g p.

where we recall that gbg’B(t) = 1E[log Z,’?’B(t)]. By Proposition 1.3 (ii), there is a subsequence

(ng)k>1, such that (@gLB) k>1 converges uniformly to a continuous function g p. Hence

)
lim max ¢ [ — ) = max t).
k—r00 0<i<ny P ng 0<t<1 #5,5(t)

Combining this with (4.26) and (4.27), we obtain that

B) = t) a.s.
©(B,B) Orgggxls%,B()as

In addition, recall from (1.7) that 3(8, B) = limy—,cc = log E[ZE’B] exists, and satisfies

a.s. A ~
#(B.B) = &(8,B) = max $s.5(t).
Then, g p(t) < ¢p.p(t) for all t by (4.13), but Z,’?’B(t) = ¢nep.s®+or(1)) hag expected value
E[Z2B(t)] = en®s.s(®1+o(1)) Thus, it is impossible that w,B(t) < ¢s.p(t) for all t € [0,1], while
at the same time and instead, these two functions must have the same optimizer and value in their
optimum. Since the optimizer equals tP, we thus arrive at the fact that pg 5(tF) = ¢ 5(tP) holds
for all 5, B.
However, we also know that, for every b,

pob(t]) = @p.B(t) +200— B)Y,  @pp(th) = Ppn(t]) +2(b — B)H.
As a result, for all b, pgp(t) = psp(th) for every b € R. Now, by varying b, we vary % in
a neighborhood of ¥, which shows that wg’B(t) 22 ¢p.p(t) for all t in a neighborhood of ¢£.
Further, since t§ — 1 as b — oo, it follows that g p(t) = pg p(t) for all t € [tF — §,1] for some
6> 0.

Next take 3 > S.. Then, since t? — t(8) = 3(m(B8) + 1) as b — 0, where m(3) is the sponta-
neous magnetization, we conclude that ¢g g(t) = ¢g p(t) for all t € [t(5),1]. Next, we start from
05,8(t8) = pp (1Y) for all b, but now take b < —B, so that t? < 1. Again, we can take any b < —B
in this inequality, and letting b N\, —B gives t — 1 — t(j3), while for b — —o0, t; — 0. Thus, we
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conclude also that ¢g p(t) = ¢p p(t) for all t € [0,1 —¢(3)]. Unfortunately, however, this does not
imply that g0573(t33) = 955’3(7533), since t3B € (1 —t(p), %)

Since t(B) > 3 for 3 > B, we cannot conclude that ¢g g(t) = $g p(t) for all t € (3 — t(B),t(B)).
In fact, this is certainly not true, as we next show.

Indeed, we claim that o?B(1) £ ¢FB (1) for B very large. Indeed, by Lemma 2.2(iia),

¢5.8(0) — P5.8(3) < PpB(ty) — PpB(t)) <A,
which remains finite for large 5. Instead, (4.18) shows that

©5,5(0) — ©p,B(3) > cB.
Together with ¢ 5(0) = ¢ 5(0) this completes the proof of the claim. O

5. Mixing of quenched Ising models: Proof of Theorem 1.4

In this section, we investigate the mixing of the quenched Ising model on the d-regular random
graph. We start in Section 5.1 to investigate the slow mixing for 8 > (., B < B.(/3). We continue
in Section 5.2 to prove the rapid mixing for 3 > 3. and B > BY.

5.1. Slow mizing in the quenched setting: Proof of Theorem 1./(i). First, we consider the case
B > 12. As we have shown in (1.16), whp Z2°(0) > exp(cﬂn)Zﬁ’O(%) for some positive constant
¢ > 0. Therefore, whp Zﬁ’B(O) > exp((cf — B)n)Zg’B(%). Hence, for B < ¢f3/2, whp

25 (0) = exp(chn/2) 2P (3). (5.1)

By Lemma 2.3, we have

bte > <2¢}U) _ 1) log2,  B(U) = % (5.2)

for any U C €, with 42 (U) < 2 +0(1).
We start by proving Theorem 1.4(ib), for which we assume that 5 > 12 and consider the bottle-
neck ratio ®(S) of the following set

S ={o: 4| < Tn/2]}.

Observe that in each step of the Glauber dynamics, we flip at most one spin. Therefore, after one
step, the number of positive spin increases at most by one. Hence,

Q(S7 SC) - Z :u’n’B(O-)P(O—v UI) = Z ME’B(U)P(U, U/) < ngB(A(n/Q]% (53>
og€S,0’eS*e UEA(n/Z"\ ,O',EA(TL/Q"+1
where, for £ > 0,
Ap ={o € Q: lo4]| = k}.
Combining this estimate and (5.1) with the fact that S contains Ay, we get that, whp,
e , ,B
(5) = U85 P losl = [n/2]) _ Zo”(3)
mn’(8) T (oo =0)  Z2P(0)
To apply (5.2), we need to show ME’B(S) < % + o(1) whp. Observe that
Yoo ep-HPPO)< Y exp(—H(0))

o: o4 |<[n/2] o lor]<[n/2]

< Y ep(=H(0) < > exp(—H)P(0)).

ot los[>[n/2] ot ot |>[n/2]

< exp(—cpn/2). (5.4)
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Hence,
Koo oy < In/2]) < 4.
In addition, by (5.1),
P (o o] = [n/2]) = o(1).
Combining the last two estimates we get ph” (S) < 2 +0(1) whp. In conclusion, by (5.2) and (5.4),
tmix > exp(cfn/4) whp if § > 12 and B < ¢f3/4.
We now continue to prove Theorem 1.4(ia). Let us fix § > 8. and B < B.. Then there exists

0<t<u§%,suchthat

©p0(t) —ppo(u) = (u—t)(Be + B),
which implies that

vp,8(t) = ¢p.B(u) = (u—1t)(B. — B),
since g p(t) = ¢p,0(t) + B(2t — 1). Let (ng) be the subsequence along which {(pn’o}nzo converges
almost surely to pgo. (We can take such a subsequence thanks to Proposition 1.3.) Therefore, whp

0,
BB, > exp(ng(u —t)(B: — B)/2). (5.5)
Iy (w)

Now, by repeating the same arguments for Theorem 1.4(ia) (here we use S = {o: |o4| = [un]}, for

which it is obvious that 5 (3) < 3 +0(1)), we obtain that

klggo Ptk > exp(eng)) =1,
for some ¢ > 0, where we write ¢% for the mixing time considered on the graph G,,. The above
estimate proves Theorem 1.4(ia). O

5.2. Rapid mizing in quenched setting: Proof of Theorem 1./ (ii). We first recall a result by Mossel
and Sly (2013) that gives a sufficient condition for the rapid mixing of Glauber dynamics. For a
graph G = (V, E) and vertex v € V, we write B(v, R) for the ball of radius R around v and we
write S(v, R) = B(v, R) \ B(v, R — 1) for the sphere of radius R around v.

Theorem 5.1 (Fast mixing of Gibbs samplers, Mossel and Sly, 2013, Theorem 3). Let G be a graph
on n > 2 vertices such that there exist constants R, T, x > 1 such that the following three conditions
hold for allv € V:

> Volume: The volume of the ball B(v, R) satisfies |B(v, R)| < x.
>> Local mixing: For any configuration n on S(v, R), the mizing time of the Gibbs sampler
on B(v, R — 1) with fized boundary condition n is bounded above by T
>> Spatial mixing: For each vertez u € S := S(v, R), define
Qy 1= iup P(O’U:—i-|O'S:77+)—P(O'U:+|O'S:’r]7),
0t
where the supremum is over configurations n,n~ on S(v, R) differing only at u with n} =
+,1, = —. Then the spatial mizing assumption states that

Z augi.

ueS(v,R)

Under the above three conditions, there exists a positive constant C, such that the mizing time of
the Gibbs sampler satisfies tmix < CT log(x)nlogn.

Remark 5.2 (Continuous vs. discrete time). In fact, Mossel and Sly (2013, Theorem 3) applies to
the continuous-time Gibbs sampler and has a factor n less in the bound. However, by Mossel and
Sly (2013, Lemma 15), the above bound with the extra factor n holds for the discrete-time system.
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The volume and local mixing time conditions are verified for any graph with maximum degree at
most d by Mossel and Sly (2013), as stated in the following two lemmas:

Lemma 5.3 (Volume bounds, Mossel and Sly, 2013, Lemma 1). Let G = (V, E) be a graph of
maximal degree d. Then the volume of B(v, R) is less than

R
X=1+d» (d—1)"".
=1

Lemma 5.4 (Local mixing bounds, Mossel and Sly, 2013, Lemma 2). Let G = (V, E) be a graph of
mazimal degree d, and consider the ferromagnetic Ising model on G. Then, local mixing holds with

R
T = 80d*y*e™ 0y =14d) (d—1)"".
1=1

By Lemmas 5.3-5.4, to apply Theorem 5.1, we only need to prove spatial mixing estimates, as
we claim in the following proposition:

Proposition 5.5 (Spatial mixing bounds). Suppose that 8 > 3. and B > BS(B). Then there exists
a large R such that the spatial mixing condition holds whp.

Proof of Theorem 1./(ii). Theorem 1.4(ii) follows immediately from Theorem 5.1 and Lemma 5.3,
5.4, and Proposition 5.5. ([l

It remains to prove Proposition 5.5. We follow the approach by Mossel and Sly (2013) using
Weitz’s result to compare the Gibbs measure on graphs to the one on the tree of self-avoiding paths.
For any v € V, we denote the tree of paths in GG starting at v that do not intersect themselves,
except possibly at the terminal vertex of the path, by Tiw = Twaw(G,v). By the construction,
each path in Ty, can be naturally mapped to a vertex in G which is the terminal vertex. For
any set A C V, let W(A) C Teaw (G, v) be the pullback of this natural map. Using this, we relate
configurations 7, to the corresponding configurations nyw(x) on W(A). Furthermore, it holds that
dg(A,B) = dr,,,(W(A),W(B)). Here, dz(A, B) is the graph distance in G between two vertex
sets A and B, while with a slight abuse of notation, we denote the graph distance in Tg,, between
the vertex sets of the two sub-trees W(A) and W(B) by dr,,.,(W(A), W(B)). The following lemma
describes a relation between the Glauber dynamics for the Ising model on subsets of V(G) and that
on Tiaw:

Lemma 5.6 (Glauber dynamics on G and on Tg,y,, Weitz, 2006, Theorem 3.1). For a graph G and
v € V(G), there exists A C Tyw(G,v) and a configuration vg on A such that for any A C V' and
configuration np on A,

Pa(oy =+ |oa) = Pr,, (00 = + | owapna = Twa)4,04 = va).

Here, the set A is the set of leaves in Ty corresponding to the terminal vertices of paths which
return to a vertex already visited by the path.

We note that the construction of v4 is described in the proof of Mossel and Sly (2013, Lemma 13)
and Weitz (2006, Theorem 3.1).

When G is d-regular then T,y (G, v) is a d-regular tree, denoted by T,;. We now prove the spatial
mixing of the Glauber dynamics on T4 under the uniqueness regime of Gibbs measure, which is the
main innovation of this paper in the rapid mixing regime:
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Lemma 5.7 (Spatial mixing in the uniqueness regime). Suppose that 3 > . and B > BS(3). Let
o be the root of Ty, let U C A C Ty, and let nt,n~ be two configurations that differ only on U with
n; = +,ny = —. Then there emist positive constants s, C, K depending only on 3 and B, such that
x<1/(d—1) and

’P(Uo = 4 ‘ oA = 77+) — P(Uo = 4+ ‘ op = 77—)‘ < C‘U’%d(O’A)_K_
Proof: For any v € Ty and a boundary condition 7, let us define

Plo, =—1n)

Rl = ,
P(oy =+ [n)

where P(- | n) is the Gibbs measure on the subtree T,, C Ty with boundary condition 7 outside T;,.
It is well known that

R} =e 2P [ Ly(RY), (5.6)
w=<v

where w < v means w is a child of v in Ty, and

28
ePr+1
Lo@) =512

Equation (5.6) can be obtained by taking the conditional expectation of o, conditionally on o, for
w < v, and noticing that on a tree these expectations factorize.

A boundary condition 7 can be characterized by its support, which is defined as A, =
{v: ny is fixed}, and the values of  on A,. Then for any vertex v and boundary condition 7,
we set

d(v,n) =d(v, Ap). (5.7)

+ —
For any ¢, let us denote RIZ = R (respectively, R, = RZ“)? where njge (resp. n;e) is the plus
(respectively minus) boundary condition on T'(v, ), the subtree of height ¢ starting at v. Using
(5.6) and the fact that Lg(-) is an increasing function, we obtain that, for any boundary condition

n;
R,,<RI<R, (5.8)

where ¢ = d(v,n). By (5.6), we have logRjéJrl = —2B + (d — 1)log Lg(R;,) and logR , , =
—2B + (d — 1) log Lg(R;, ). It is well known that if 8 > 8. and B > BY(), then the fixed point
equation

r=e 2BLg(r)?t (5.9)

has a unique solution, denoted by r*, and thus the Gibbs measure is unique (see the proof of
Martinelli et al.; 2004, Proposition 4.5). In particular, as £ — oo

R, R:;e —r*.
Hence, it follows from (5.8) that
R} — r* as d(v,n) — oo.
In particular, for any § > 0, there exists K = K(J), such that if d(v,n) > K, then
|R — r*| < 0. (5.10)

We are now ready to prove the lemma. First we consider the case that U = {u}. Then n* differs
from 1~ only at u. Let 0 = ug,...,u = uy be the geodesic path from o to u. We observe that for
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d>0and K as in (5.10), if d(u3,n) > K, then
1 1
1+RI" 1+RI
+ - _ + -
<IRI =Rl |=e?® ][] Ls(RYILs(RY) — Lg(RY,)|
w=<0,w#ul

- + -
<e?® ] Ls(R]) max Lj(x)|R], — R},

[P(oo =+ ") = Ploo =+ | n7)] = |

w=<o0,w#uU1 z€[RY, Rily ]
d—1 .
< e 2B L L R7T — R" . 5.11
se <|J3%T‘<5 ﬁ(w)> <|x1:f§}|x<6 5() ) R, ia (5.11)

Here, in the second line, we have used (5.6), and the fact that the boundary conditions n* and n~
constrained on T, are the same if w # wy, while in the third line we have used the mean-value
theorem and (5.10) and in the last line, we have used the fact that Lz(z) > 0 for all . Similarly,
if d(u;,n) > K then

+ - _ + -
R R <e® [ LR max | Ly@IRY, - R
W=U;  WHEU; 41 wG[RZi+1,RZi+1]
d—2 N
-2B / -
< o max La(o)) (e 2G0)) IR, - AL (5.12)
Note that w; for ¢ > 1 has only (d — 2) children instead of (d — 1) as the root.
Next, we claim that there is s < 1/(d — 1), such that
e 2P La(r) 1P L (r%) < s (5.13)

We postpone the proof of this claim to Section 6, since we will use some properties of the equation
(5.9) proved in Section 6.
We turn to prove the proposition. Using (5.11)—(5.13), for K large enough and ¢ = d(o,n) > K,

+ —
n U
Ug— K RUZ—K‘

[P(oo=+n") = Ploo=+|n7)| < supLg(z)"¥|R

< sup Lg(z) "% sup Lg(z)4!
€T x

< 2Py K (5.14)

Note that in the first line, the term sup, Lg(z) appears since in (5.11) the exponent of
max|, .+ <5 Lg(z) is (d — 1) instead of (d — 2) as in (5.12), and in the second line, we use (5.6) to
obtain the uniform upper bound for R.

Now we consider the general case U = {uy,...,uz}. Let n°,..., 1 be the interpolation sequence
of configurations on A with n° = n~ and ¥ = n™, where * and *~! differ only at u; with nf% =+
and ni-! = —. By (5.14), for all 4,

|P(0o =+ | 0') = P(oo =+ | ' 1)| < XK,
and thus
‘P(UO =+ | 77+) - P(UO =+ | 777)’ < ke26d%€—K7
which proves Lemma 5.7 subject to (5.13). O

With Lemma 5.7 in hand, we are now ready to complete the proof of Proposition 5.5:

Proof of Proposition 5.5. For any v, let T" be the tree of self-avoiding paths starting at v. Let
W(S(v, R)) denote the vertices in T" that correspond to vertices in S(v, R), and, for each u € S(v, R),
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let W(u) denote the set of vertices in T that correspond to u. Then, by Lemmas 5.6 and 5.7,
Gy = SUp ’P (Uu =+ | ow(swr)na = n{/FV(S(v,R))\A’ A= VA)
ntn-
-P (0'1; =+ OW(S(v,R)\A — 77\7\/(5(1,73))\,4’ oA = VA) ’
< C|W(u)|xE, (5.15)

since d(v,n) > R. We observe that for any fixed R,

lim P (B(v, R) has at most 1 cycle for all v € [n]) =1,

n—oo
since by the construction of d-regular configuration models using the random pairing of half-edges
as described in Section 1.1, for each v € [n], the probability that B(v, R) has at least 2 cycles is
of order (d¥/n)? = O(n=2). Assume that B(v, R) has at most 1 cycle. Then every u € S(v, R)

appears at most twice in the tree of self-avoiding paths, which gives |W(u)| < 2. Therefore, (5.15)
implies that
Y aw<20(d-1)R < (5.16)
ueS(v,R)

for some R = R(K) large enough, since 3 < 1/(d —1). This completes the proof of Proposition 5.5.
O

Remark 5.8 (Spatial mixing and cycles). The inequality (5.16) still holds if |W(u)| < sf, with some
w1 < 1/((d —1)5) and R large. Therefore, spatial mizing holds for graphs satisfying that the ball
B(v, R) has at most £ cycles for every v € V.

6. Identification of BS: Proof of Proposition 1.5

We recall from (2.3) that the equation of annealed critical points is ¢ 5(t) = 0, or

log <1t_t> 1+ 2B + dlog f5(t) = 0, (6.1)

where fg is as in (1.5).
On the other hand, the equation (5.9) can be rewritten as
log(rLg(r)) + 2B — dlog Lg(r) = 0. (6.2)

We aim to show that the two equations (6.1) and (6.2) are equivalent. We consider the following
change of variable ¢t = p(r), where

p(r)

We remark that the function p(r) is strictly decreasing and is a bijective map from (0, c0) to (0, 1).
Then

- 1 B e 1
CorLg(r)+1  e2Pr2 4 2r 428

i e 28(1—2t) + /1 —2|rt(e—4/3 - -2 _ fﬁ(t)(tl —t) (6.3)

Thus
1-—1¢ tr 1

= rLs(r),  fs(t) = 1—t Lg(r)

Combining (6.1), (6.2) and (6.4), we obtain that the two equations (6.1) and (6.2) are equivalent.
In particular,

. (6.4)

B, = B¢,
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since
B. = inf{B>0: equation (6.1) has a unique solution},
BY = inf{B > 0: equation (6.2) has a unique solution}.
This completes the proof of Proposition 1.5. O

Proof of (5.13). We need to prove that if B > BS then

1
d—1’
where 7* is the unique solution to (5.9). Let us consider the function

glr)y=r— e*ZBLg(r)dfl.

e_QBL/; (r*)d_2L’B(r*) <

Then g(0) < 0 and r* is the unique solution to the equation g(r) = 0. Therefore ¢’'(r*) > 0, since
otherwise the equation g(r) = 0 has at least two solutions. In other words,

0< g (r*)=1—(d—1)e *PLg(r*) 2L (r"). (6.6)

Hence, to prove (6.5), we only need to show that ¢'(r*) # 0.

Assume that ¢'(r*) = 0. We shall show that this assumption leads to a contradiction. Since
B > BY = B,, the equation @5, 5(t) = 0 has a unique solution t* € (1,1) (which is indeed tP). As
we have shown in (6.3), the unique solution 7* of (6.2) satisfies

™ =p L") € (0,1), (6.7)

since t* € (3,1).

Suppose that ¢”(r*) < 0. Then there exists € > 0 such that r* + e < 1 and ¢"(z) < 0 for all
x € [r*,7*+¢€|. Hence, by the Taylor expansion, we have g(r*+¢€) = g(r*) +eg'(r*) + %g”(r*)wQ <0
for some z € (r*,r* 4 ¢€). Moreover, g(1) = 1 — e 28 > 0. Thus the equation g(r) = 0 has a
solution in (r* + €, 1), so this equation has at least two solutions in (0, 1), which is a contradiction.
Using the same argument and the fact that ¢g(0) < 0, we can also prove that ¢”(r*) > 0 leads to a
contradiction. Therefore, we have ¢”(r*) = 0.

Since ¢'(r*) = g(r*) =0,

1=e2B(d - 1)L5(r*)d72Llﬁ(r*), r’ = ef2BL5(T*)d71.

Thus
. Lg(r) (P 1)(e2P + 1) (6.5)
S @d=DLyr)  (d=D(eP-1) '
On the other hand, ¢”(r*) = 0 implies that
(d—2)L'(*)* + L(+*)L" (r*) = 0,
or equivalently
(d—2)(e*? —1) —2(e*r* +1) = 0. (6.9)

Combining (6.8) and (6.9) yields that
(d—2)(e®’ +17*) (d — 2)e?’
* *
" 2d—-1) " d - b

since § > . = atanh(1/(d — 1)). This is contrary to (6.7).
In conclusion, ¢’(r*) > 0 and thus (6.5) (or equivalently (5.13)) follows. O
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Remark 6.1 (Relation constrained annealed measure and d-ary tree with minus boundary condition).

Fiz 8> B. and 0 < B < B.. Then the curve of g p has three critical values tSB <t <tB. Let

fi,, be the annealed measure restricted to Q,, = {o: |o4| < [tF¥n]}. More precisely,
Elexp(=Hn(9))]

fi () = EZzo] ooy (6.10)

where
Zy =Y exp(—Hu(0)).
o€Q,
Here we omit the superscript 3, B to simplify the notation. Using the same arguments in Can (2019,
Theorem 1.1), we can prove that

lim E, <01++0"> =B 1. (6.11)

n—00 n n

Now we consider the magnetization of the root, denoted by p, in Ty with minus boundary conditions
at level 0. Recall from (5.6) that, as ¢ — oo,

P(o,=—| U;g)
Plop=+1n,,)

where Moo is the minus boundary condition on the level ¢ of Ty and r_ is a solution to (5.9), or

R}, = — e ?PLg(ro)?,

equivalently r_ = e 2B Lg(r_)2=1. Therefore,
lim R}, =r_Lg(r-),

l—oo P
and thus .
1-R 1—r_Lg(r-)
I = ok — o 6.12
Zggo<ap>77p,e i1t RZ! 1+r_Lg(r-) (6.12)
As we have shown above, t¥ and r_ are related by
R —
P Lg(ro) 1
Combining this with (6.11) and (6.12), we obtain that
Jim oy, ), = lim (o), , (6.13)

where Uy, is a random vertex chosen uniformly in [n]. We conclude that restricting the annealed
measure to 2, has the same effect in the large n limit as the minus boundary conditions for the
Ising model on the d-ary tree.

7. Annealed cut-off behavior: Proof of Proposition 3.4

Let us recall the statement of Proposition 3.4. For any v > 0, we define
THy) = conlogn+yn,  T;(7) = conlogn —yn,

where
e = —[s*(1 — s*)G"(s*)] 7! > 0.
The aim of Proposition 3.4 is to prove that, under Conditions (C1) and (C3),

lim limintdo (T, (7)) = 1, (7.1)
and
lim limsup d, (7, (7)) = 0. (7.2)

Y70 n—oo
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We give the proof in three steps. In the first step in Section 7.1, we analyse the projection chain
(Xt)t>0 defined in Section 3.2. In the second step in Section 7.2, we prove (7.1) and in the final
step in Section 7.3, we prove (7.2).

7.1. A careful analysis of the projection chain. The projection chain (X;);>0 has been defined as
Xi = [{i: &(i) =1},

where (&:)¢>0 is the Glauber dynamics. Then (X¢)¢>0 is a birth-death process on {0,...,n} with
probability transitions given in (3.4). The drift Ry of (X¢)¢>0 satisfies

Rt = E [Xt+1 - Xt | Xt] (73)
n— Xt enFn(Xt—l—l) Xt enFn(Xt—l)
= n S eFa (XD ¢ onFn(X0) | p \ enFa(X—1) § gnbn(X0)”
Then, by (3.7),
C
Rt — R (Xt/n) S E, (74)
where © "
F'(s 1 F'(s
R(s) = (1— 8)— ° 5. (7.5)

ef"(s) + 1 _SeF'(s)—Fl TP 1
Combining (7.3) and (7.4), we get

X+ R(X¢/n) — C/n <E[Xp1 | Xi] < Xy + R(X¢/n) + C/n. (7.6)
We recall that G”(s*) < 0 and G'(s*) = 0. Therefore, I'(s*) + F'(s*) = 0, or equivalently s* =
ef"(5) /(ef"(s") 4 1). Thus, R(s*) = 0 and, using that G”(s) = F"(s) — [s(1 — s)] !,

F’(s*)F//( *) 1
/(RN € S ok * 1 x _ 1 x\
R(S)—M—I—S(I—S)F(S)—I—S*(I—S*)G(S)——a<0 (77)
By (7.7) and R(s*) =0, we can find a positive constant ¢ such that

R/(s) <0 for all s € (s* — 2§, s* +2§) C (0,1). (7.8)
We define, for 6 € (0,1)

5 _ P |0+‘ < o*
o {JEQn.s <2< +5}. (7.9)

Before going into the full details, let us start by summarizing the main steps in the analysis of
the projection chain (X;);>0. Thanks to the assumption that the function G only has one local
maximizer at s*, the measure of (X¢);>0 is highly concentrated around ns*. Moreover, we will show
in Lemma 7.1 that the chain (X;);>0 accesses Q2 very quickly, namely, after a time of order n.
Then we consider the chain after entering Q9. Thus, next assume that Xy € Q2. Then we will show
that the drift function R(s) plays a central role to describe the time for X; to reach ns*. Roughly
speaking, in Lemma 7.4 below, we show that

RN S‘k
Vi — Y~ (Hfﬂ) ¥,

where Y; = X; — ns*. Notice that R”(s*) < 0, and, therefore, when Yy € [—dn, dn], the time for Y;
to reach [-O(y/n), O(y/n)] is (—=R"(s*)) " 'nlogn + O(n). Finally, we prove in Lemma 7.7 that if
the starting points of (X;)i>0 and (X;)s>0 are both in [ns* — O(y/n), ns* + O(y/n)], then the two
chains mix after a time of order n. Combining the above steps, we conclude that the mixing time
of (X¢)¢>0 concentrates around c,nlogn (note here that ¢, = (—R”(s*))™!) with a window of order
n.

We now present the details of the argument. We start by proving that Qi is hit quickly:
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Lemma 7.1 (Q9 is hit quickly). For & as in (7.8), there exists a positive constant C' = C(6), such
that

sup P, (inf{t: el > C’n) = 0O(1/n).
O‘EQn

Below, we give a sketch of the proof, the full proof can be found in Can et al. (2019, Appendix A.1)
of the extended version.

Proof: Since G is strictly increasing in (0, s*) and strictly decreasing in (s*, 1), there exists a positive
constant e, such that

G'(s)>e if s€(0,s—0§) and G'(s)<—e if se€(s5+6,1). (7.10)
As in (3.9) and (3.10), the stationary measure of (X);>o satisfies
V() ~ mn(k) = exp (n [G(k/n) - G(O)]) . (7.11)

For each k and ¢, we define the waiting time for (X;) going from k to ¢ as
The = inf{t: Xy = €| Xo = k}.
To prove Lemma 7.1, it suffices to show that
P (maX{Tn_)[n(S*_;'_(g)},T0_>[n(s*_§)]} > Cn) = 0O(1/n), (7.12)

for some positive constant C' > 0. A standard computation for the birth-death chain (see e.g.
Barrera et al., 2009, Proposition 2) gives that

E(Tkok-1) = 1k)z HEZ:%

E(risp1) = DBy () - E(7jsk—1)Tn () — E(Th—r—1)-

??‘

j=
By (3.4), gn(k) < (k/n). Thus using (7.10) and (7.11), we obtain that

n

AZeXp< [ (j/n) — (k:/n)D —0(1). (7.13)

T

bl
3
s

Therefore,
E(thok-1) = O(n/k), E(ri4_1) = O(1).
Hence,
max{E (T n(s*+6)])> Var(Tnsn(s++s))) } = O(n),
which implies by using Chebyshev’s inequality that

P (Tnﬁ[n(s*JrJ)] > Cn) = O(l/n),
for some €' > 0. A similar estimate holds for 7_,[,(s»—5), and then we get (7.12). O

Lemma 7.2 (It takes long to leave Q2%). For each y > 0, there exists a positive constant C' = C(y),
such that
C(logn)?

sup P, <inf{t: & & Q?f} < T;(V)) < 2

o€y

Again, we give a sketch of the proof below, the full proof can be found in Can et al. (2019,
Appendix A.1) of the extended version.
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Proof: By (7.7), it holds that
a:= —inf{R/(s) : |s — s*| < 2§} > 0.
Therefore there exists a function Rys : [0, 1] — R, such that
Ras(s) = R(s) for |s — s*| < 2§ and Rhs(s) < —a for all s € [0, 1]. (7.14)

Define also

Ty = inf{t : | X; — ns*| > 2nd}.
Observe that if | Xo—ns*| < 2nd then the waiting time 77 depends only on the transition probabilities
{(pn(k), qn(k),rn(k)) : |k — ns*| < 2nd}. We define an auxiliary birth-death chain (X]) with
transition probabilities {(p),(k), q,,(k), 7}, (k)) : k € Z} defined as

n(k), qn(k), rn(k if |k —ns*| <2nd,
(B () €, (), T (k) = { PP o) T (R) siad (7.15)
(Ros(k/n),0,1 — Ros(k/n)) otherwise.
Then Rys is related to the drift of (X7):>0 by
E[X{i1 — X7 | X{] = Ras(X;/n) + O(3).
Moreover,
sup Py (Tt < Ty (7)) = sup Py (T{ < T,7 (7)),
|zo—ns*|<dn |z —ns*|<dn
where
Ty = inf{t: | X] — ns*| > 2nd}.
By the strong Markov property,
sup Py (T < T,/ (7))
|z —ns*|<dn
< sup Py(T;<T () x  sup  Py(T] < T, (v)), (7.16)
|z, —ns*|<dn 0 |z] —ns*|<3nd/2 !
where
Ty = inf{t: | X] — ns*| > 3nd/2}.
By using the same arguments as in Ding et al. (2009a, Lemma 4.12), we can prove that
sup  |E(X]) —ns*| <9nd/8, Var(X}) = O(n). (7.17)

0<t<Tyf (2)

The crucial point in the proof of (7.17) is the contraction property of Var(X{) that Var(Xj, ;) <
Var(X/{)(1 — £) for some € > 0. As for Ding et al. (20092, Lemma 4.12), this contraction property
can be shown when the drift function satisfies f(z) = Ros(x) — ax is decreasing for some a > 0 (this
holds by (7.14)). Note that in Ding et al. (2009a, Lemma 4.12) the authors proved (7.17) directly
for (X¢)i>0 with the function f(z) = tanh(Bz) — (1 — ¢)z, for some € > 0. In our case, we do not
know the behavior of the drift function outside the interval (s* — 24, s* 4+ 2J) well, so we need to
consider the modification chain (X7);>0.
It follows from (7.17) and Chebyshev’s inequality that
sup P (|X] —ns*| >5n6/4) <  sup P (|X{—E(X])| >nd/8) =O(1/n).
0<t<Ty¥ (27) 0<t<T,f (27)

As a consequence,
E(N') < Cylogn, (7.18)
where C1 = C(a, ) is a large constant and

N' = #{t < T (27) : | X] — ns*| > 5nd/4}.
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Since | X/, — X{| <1 for all ¢, if |X{ — ns*| > 3nd/2 for some tq then |X| — ns*| > 5nd/4 for all
to <t <tp+ on/4. Hence,

E[N" | Ty < T ()] > dn/4. (7.19)

Combining (7.18) and (7.19), we arrive at
E[N’ O(logn
swp Py (T} < TH()) < IV _ Ollogn)
|z —ns*|<dn E[N | T2 <Ty (’7)] n
Similarly, we also have
O(logn
sup By (T < T (7)) = 208,
|z —ns*|<3dn/2 n

Now combining the last two estimates and (7.16), we arrive at the claim in Lemma 7.2. O

Lemma 7.3 (A variance bound on X;). There exists a positive constant C, such that for all v > 1
and n > ng = no(y), with ng a large number,

sup Vary,(X;) < Cn forall Cn <t<T}(y).
oy

Proof: Fix C' > 0 sufficiently large. Define
E={|X; —ns*|<26n forall Cn<t<T (7))}
By Lemmas 7.1 and 7.2,
P(&°) = O(1/n).
Therefore,
Var(X;) < Var(X;lg) + E(X?1ge) = Var(X;le) + O(n). (7.20)

Suppose that € happens. Then (X 4cn)t>0 has the same law as the auxiliary chain (X{);>o defined
in (7.15) in the proof of Lemma 7.2 for all Cn <t < T, (7). Therefore,

sup Var,(X;lg) < sup Var, (X[ o, 1e), (7.21)
o€y O'EQ%‘;
where
& ={|X. —ns*|<20n forall s<T, (y-C)}
By Lemma 7.2,

P(E) = O((logn)? /n?).
Hence, by (7.17) for all 0 < s < T)F (v — C),
Var(X/1g) < Var(X)) + E(X21gr) + 2E(X)E(X 1gr)
< Var(X)) + 3n*P(£¢) = O(n).
Combining this with (7.20) and (7.21) we arrive at the claim in Lemma 7.3. O

Lemma 7.4 (Relating XTni(,y) to ns*). The following assertions hold:
(i) For any a > 0,
WILH;O lirrln_)solip Py (XT;(W) < ns* + ay/n) = 0.
(i)
lim lim limsup sup Po (| X7+, — ns*| > 4y/n) = 0.

L—00 V720 noo geQ,
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Proof: By Lemma 7.1, the chain (X;);>0 is in Q2 after O(n) steps with probability 1 — O(1/n).
Therefore, in the proof of Lemma 7.4, we can assume that X € Q0 by replacing T+ () by T:F (y—C).
By Lemma 7.2,

O((logn)?
BT} < Tif () = 20870, (7.22)
where
T, = inf{t: | Xy — ns*| > 2nd}.
Define B
Y; = X; — ns* and Y = Yilyery-
Then,
E[Y@H - f/;f | X3 = E[Yt-i-lﬂ{tJrlng} - Yt]l{thl} | Xi]
= E[(Yi1 = Y)lp<ny — Vi lin =1y | Xi
= lp<rEB[Xi1 — Xo | Xo] = E[Yip1lyp—sg1y | Xil-
Combining this with (7.6) and the fact that Y;4+1 < n, we get
- - C
’E[Yt+1 Vi | Xi] = R(Xe/n) Lyery| €~ +nP(Ty = 41| Xo). (7.23)
If t <Tj then X;/n € (s* — 20, s* 4 26), and thus using R(s*) = 0 we get
- - - - 2
’R (Xu/n) Ljperyy — R'(s*)Y}/n‘ _ ‘R (s* n y;/n) - R’(s*)yt/n) e (Yt/n) ,
where C1 = SUDy¢(sx 25,5+ 425) [ 11" (5)|/2. Combining this estimate with (7.23) leads to
- - . - 2 C
\E[Ytﬂ Y | Xi] - R’(s*)Yt/n] < (Yt/n) +nP(Ty=t+1]X;) + —,
and thus by taking the expectation and using (7.22), we get, for t < T, (),
i R'(s* | _ CiE[(Y})?] |, 2C
)IE[YHl] - <1 + S )> IE[Yt]’ < 17[1(29] + (7.24)

By Lemma 7.3, Var(Y;) = O(n). Thus it follows from (7.24) that

\E[ffm] - (1 + R,(S*)> E[th]\ <Ci (EWt])z + g

n n n

Let us denote b; = E(f/}) Then |bi41 — by| < 2 since D?tﬂ — fft\ < 2. Moreover, the above estimate
gives that, for all ¢t > 1,

b\ b\
(1—a0>bt—a1<t) —@Sbt+1§<1—%>bt+al<t) +%7
n n n n n n
with [bo| < dn and ap = —R"(s*) > 0 and a1 = C1 = SUp,¢(sx_25 s+1+26) [R"(5)]/2.

A straightforward analysis using recursion (which is quite similar to the proof of estimates for a
process (Z;)i>0 in Ding et al. (2009a, Sections 4.3.2 and 4.4.1); see Can et al. (2019, Appendix A.1)
of the extended version for the full proof) gives that if by = dn, then

by () = /ne¥%/?, (7.25)

and
Vne 21 < brt(y) < V1. (7.26)
By Lemma 7.3,

Var(f/Tn— ™) ), Var(Yo,+

n

() = On). (7.27)
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-
{

Using Chebyshev’s inequality, (7.25) — (7.27),

F (fan’(v) = a\/ﬁ) = P (YT* () " O S O eWO/z)\/E>

n

Var(f/T; (7))

= —7ao
n(a — e790/2)2 O(e )
and
5 ~ Var(YT+(,y)) _9
P (YTM) > e\/ﬁ) <P (YTM) byt 2 (0~ 1)\/5) < e = o),
The first inequality implies Lemma 7.4(i), while the second proves Lemma 7.4(ii) by taking
{ — 0. O

7.2. The left side of the critical window: Proof of (7.1).
Lemma 7.5 (Concentration of the number of plus spins). We have

lim lim gy, (0 |0y —ns*| > ay/n) =0.

Q=300 N—300
Proof: For any k, let
p = k(02 o] = k).
Then, by the definition of p,,
W () exp(n (k)
e (7) exp(nFu(l))
Let 0 > 0 be any positive constant such that (s* — 24§, s+ 20) C (0,1). Since s* is the unique global

maximizer of G, there exists ¢ > 0, such that G(k/n)—G(s*) < —e for all k satisfying |k—ns*| > dn.
Therefore, by (7.28),

= exp (n|G(k/n) — G(¢/n)]) . (7.28)

pn(o: ||og] = ns*| > on) < nexp(—en). (7.29)

For the case |k — ns*| < dn, we use G'(s*) = 0 and a Taylor expansion around s* to obtain that

where

Here the fact that G”(s*) < 0 follows from condition (C3), which implies that G”(s) < 0 in a
neighborhood of s*. Therefore, as o — o0,

pnlo avi < llos|—nstl<on) S Y exp(—ant/2)
ay/n<t<én

o0
< / exp(—at®/2)dt — 0,
o
since a > 0. Combining this estimate with (7.29) we get the desired result. O

We are now in the position to prove (7.1):
Proof of (7.1). For any o > 0, let
Ap ={o:|os| < ns* +avn}.
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By definition of the total variation distance, and the fact that u, is the stationary distribution,

dn (T, (7)) = sup sup |n(A) = Po (&) € Al (7.30)

> IP)1(€T 6 A ) (Aa)'
Therefore, for all o > 0,
lim liminfd, (7, (7)) = lim lminfPy (&7 ) € Aa) — le pn(Aq) (7.31)

Y00 M—00 y—00 n—00

> lim liminf }P’l(XT_(A/) <ns* +ayn) — li_>m tn(Aa),
n n—oo

Y—00 Nn—+00

Hence, by taking o — oo and using Lemma 7.5 as well as Lemma 7.4(i), we obtain that

. e N _
7h_}n;o hnni)gfd (T, (7)) > ah—{%o yll)HQo hnnilor‘}f Py (XTn_(’Y) <ns* +ayn) =1, (7.32)
which proves (7.1). O

7.3. The right side of the critical window: Proof of (7.2). Recall Q2 from (7.9). Let (&);>0 and
(&)i>0 be two Glauber dynamics, and let (X;);>0 and (X;)¢>0 be the corresponding projection
chains, i.e.,

Xo= i &) =1}, K= Iis &) = 1}, (7.33)
For og € Qfl and o € €, we define
U(o) = {i: o(i) = 00(i) =1}, V(o) = [{i: o(i) = o0(i) = -1},
© = {o: min{U(0),V(0),U(o0) —U(0),V(00) — V (o)} > on/8}.
We also define

D(t) = |U (&) —U&)l,  Hi(t) = {inf{s: X, = X,} < t},

H tl,tg ﬂ{fte@fte@}

t=t1

We will crucially rely on the following result from Ding et al. (2009a):

Proposition 7.6 (General mixing time bound, Ding et al., 2009a, Theorem 5.1). There erists a
positive constant ¢, such that for any possible couplings of (&)i>0 and (& )e>0, for any 1 < 9 and
a > 0 and all large n,

max |[Poy(&r, € ) = p()[ry < max [Pao,a (D(r1) > av/n) + Poy o (H1(r1)°)

a0eNd 00,0€Q8,

c n
+Pgy,o (Ha(r1,72)°) + CO‘\/; } :

We next investigate the different terms appearing on the right hand side in Proposition 7.6, where
we choose 11 = r1(7) =T,F (7)) = Cn =T (y—C), ro =ra2(y) =T} (2v) — Cn =T, (27 — C), with
C as in Lemma 7.1 and o = 4'/* for some ~ large enough:

Lemma 7.7 (Unlikely that projection chains remain uncoupled for a long time). We have

lim hmsupmangg (H\ (T, (7))°) = 0.

17X npn—oco 0,0

As a consequence,
lim lim sup max Py o/ (Hi(r1(7)))¢) = 0.

V=X npnooo 0,07
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Proof: By Lemma 7.4(ii)

lim lim L P, (| X —ns*| > —0.
A, o B e g Po (X ) sl 2 ) =0

Hence, it suffices to show that

lim lim limsup max Py (inf{t : X; = X;} > yn) =0, (7.34)

£—00 V=0 oo 0,0'€EQ
where
Qf = {0 €Qy,: |0, —ns*| < ly/n}.
By monotonicity, it is sufficient to prove (7.34) for the cases that Xy = ns* + £y/n and X =

ns* —fy/n.

By (7.0),

- . - C
max {|E[Xt+1 — Xy | Xi] — R(Xe/n)|, [E[Xppr — X | Xi] — R(Xt/n)|} <=, (7.35)

where C is a universal constant. Moreover, if ns* — on < X; < X; < ns* + én, then

_ 1 _
R(X:/n) — R(X¢/n) < |, in*f\<5 |R(s)|(X; — Xt)} (7.36)
since R'(s) < 0 for all |s — s*| < 4. Define
2C

K= € (0,00), (7.37)

inf|y_grj<5 [ R/ (3)]
and
v = inf{t: |X; — X3| < 2K or | X; —ns*| > dn or | Xy — ns*| > dn},
M, = X;—Xy,  My=DMlg, .
By (7.:‘}6), M, is a supermartingale. Indeed, let F; = o(Xs, Xs: s < t) and observe that if M, =0
then M;1; = 0, so that
E[Myyr — My | i) < E[(My1 — My) L5y | Fi]
= E[Xi1 = X | A0 — BIX e — Xo | Fil 1,505
< [R(Xt/n) — R()_(t/n)] R{Mt>0} +2C/n

< Xk |R(s)|2K) —20] <0,

n ||s—s*|<é

where in the third line, we have used (7.35), while in the last line, we have used (7.36) and (7.37)
with a notice that if M; > 0, then the condition ns* — én < X; < X; < ns* + dn needed to apply
(7.36) holds. We claim that, on the event {7a; > t},

Var(My1 | Fi) > A, (7.38)
for some universal constant A > 0. Indeed, when 73, > t,
]P)(Mt_t,_l—Mt:O’Ft),P(Mt_A,_l—Mt:l ’Ft) ZC,

for some positive constant ¢ > 0. Thus Var(M;11 | F;) > ¢. Moreover, as we have shown above, M;
is a supermartingale with increment bounded by 2. Therefore, using Ding et al. (2009b, Lemma 3.5)
we obtain that if My = 2¢+/n then

P(ry > n) = O(My/VBn) = O(1/V7).
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Hence, by definition of 73y and Lemma 7.2,
P(inf{t: M; < 2K} > 3n) < P(ry > 03n) + P(inf{t: | X; — ns*| > on} < £3n)
+P(inf{t: | X; — ns*| > dn} < £3n)
= P(ry > £Pn) + O(n~3/?) = O(1/V7).
where we let £3 = o(logn) and apply Lemma 7.2 in the last line.
Thanks to the above estimate, now we can assume that My = 2K. We observe that
P(Myy1 — My € {—1,-2}) =1—P(My41 — M; € {0,1,2}) > ¢, (7.39)
for some universal constant c. Let 79 = 79 = 0 and define for ¢ > 1,
7, = inf{t > 71 : My > 4K or M; < 0},
7, = inf{t > : M; <2K}.

We observe that ((7;41 — 73,73 — 74))i>0 are independent random variables. Moreover, using (7.38)
and the fact that | M1 — M;| < 2, we can show that

Sup (El(rix1 — 7)°] + El(7i — m)?]) < C,

for some universal constant C'. Therefore, using Chebyshev’s inequality,

P(1y > 4CY) = O(1/0). (7.40)
By (7.39),

P(M,, <0|7_1) > K.
Hence,
P(3i<l: M, <0)>1—-(1-5)=1-001)0).
Combining this estimate with (7.40) we obtain that
Pog (inf{t : My <0} > 4C¢) = O(1/¢).

This completes the proof of (7.34). O

Lemma 7.8 ﬁ(ft)tzo and (g})tzo are about equally far from og). Consider two Glauber dynamics
(&)t>0 and (&)e>0 started at some oy € Q0 and o € Q,, respectively. There exists a positive
constant C, such that for all a > 0,

lim limsup Py, »(D(T,7 (7)) > ay/n) < C/a.

Y0 n—oo

Consequently,
lim limsup Py, o (D(r1(7)) > ayv/n) < C/a.

Y= pn—oo

Lemma 7.9 (Both chains are in © for all large times). Consider two Glauber dynamics (&)i>0 and
(&)t>0 started at some og € Q‘TSL and o € Q) respectively. Then for vo > 1,

Clya—m)+Cy
n 9

Pog.o(H2 (T, (), T (12))) < (7.41)

where C' is a universal constant and C7 is a constant depending on v1. Consequently,

lim T sup Poy o (Ha (11 (+), 72(7))€) = 0. (7.42)

Y70 n—oo
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The proofs of Lemmas 7.8 and 7.9 are essentially the same as those of Ding ct al. (2009a, Lem-
mas 5.5 and 5.6), so we omit them here. Their full proofs will be given in Can et al. (2019,
Appendix A.2) of the extended version.

Proof of (7.2). By Lemma 7.1,
lim sup max Py (0, € Q°) = 1. (7.43)

n—oo UGQn
Combining (7.43) and Lemmas 7.7, 7.8, 7.9 and Proposition 7.6 with 7y = T.F(y — Cn), ry =
T:F(2y — Cn) and a = 44, we arrive at
. —1/4
hmsquEaé( ||IPU(€TH+(2»Y) €)= pn()|rv < Cy 1/ )

n—oo O

for some C' > 0. This proves (7.2) by taking v — oo. O
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