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Abstract. We study the degree distribution of a randomly chosen vertex in a duplication—divergence
graph, under a variety of different generalizations of the basic model of Bhan et al. (2002) and
Vazquez et al. (2003). We pay particular attention to what happens when a non-trivial propor-
tion of the vertices have large degrees, establishing a central limit theorem for the logarithm of
the degree distribution. Our approach, as in Jordan (2018) and Hermann and Pfaffelhuber (2021),
relies heavily on the analysis of related birth—catastrophe processes, and couplings are used to show
that a number of different formulations of the process have asymptotically similar expected degree
distributions.

1. Introduction

The duplication—divergence (DD) model introduced in Bhan et al. (2002), Vazquez et al. (2003)
and Chung et al. (2003), which we refer to as the basic model, can be described as follows. An initial
network with myg vertices is given. At each discrete time step, a vertex in the network is randomly
chosen, and a new vertex having an identical set of neighbours is added. With probability 1 — g, the
new set of edges is then independently thinned, with each edge having probability p of being retained.
Thus the new vertex has as neighbours a subset of the neighbours of the originally chosen vertex,
and hence has smaller (or equal) degree; at the same time, the degrees of some of its neighbours
are increased by 1. We henceforth refer to this model as the basic DD model. There are other
variants; for instance, a link may be allowed between the originally chosen vertex and its copy, and
the new vertex may be allowed a random number of extra links to other, randomly chosen vertices.
Relatively little is known about the properties of the models, though simulations suggest that they
generate networks looking more like protein interaction networks than the standard models; see,
for example, Vazquez et al. (2003), Middendorf et al. (2005) and Gibson and Goldberg (2011).
A closely related model, introduced by Jordan (2018), is obtained by supposing that vertices are
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duplicated at random times, chosen in such a way that each vertex has an exponentially distributed
‘lifetime’ before duplication, independently of all others. The original model can then be deduced as
the sequence of states of this model at the successive duplication times. An advantage of the model
in Jordan (2018) is that other events, such as removal of edges, can more naturally be introduced, as
in Hermann and Pfaffelhuber (2021); in the original model, there is no obvious way of incorporating
events that happen between duplications.

The information most easily deduced from the basic DD model is the distribution of the degree
of a randomly chosen vertex, though other features have been addressed; for example, the numbers
of cliques and stars of different sizes in Hermann and Pfaffelhuber (2016), and the evolution of the
degree of a given vertex in Hermann and Pfaffelhuber (2016) and Frieze et al. (2020).  Starting
from a configuration on mq vertices, let V,, , denote the number of vertices of degree k in the graph
when the total number of vertices is m, and let n,, ; := EN,, ; denote its expectation. Then, for
each m > myg, the quantities p,, = m_lnm,k, k > 0, define a probability distribution p,, on the
non-negative integers Z,. Furthermore, p,, can be interpreted as the probability distribution at
time m of a time inhomogeneous Markov chain Y on Z,. The state Y, of the chain at time m
represents the degree of a ‘tagged’ vertex, changing in response to the evolution of the DD model,
with the tag switching to the copy whenever the tagged vertex is chosen for duplication. This
discrete time inhomogeneous chain can be analyzed directly. However, it was observed in Jordan
(2018) that there is a continuous time homogeneous pure jump Markov process X that apparently
has very similar behaviour; indeed, X and Y have the same jump chain. The process X is a birth—
catastrophe process of a particular kind, and this enables well known probabilistic techniques to be
applied. In particular, X has an absorbing state at zero, with the set N of positive integers forming
a single (transient) communicating class, and a criterion in terms of the parameters p and ¢ can
be established, to determine whether or not the probability of absorption in zero is equal to or less
than 1. If the probability of absorption in zero is 1, the expected proportion of vertices that have
degree zero tends to 1 as ¢ — 0o, so that the DD model generates a graph, most of whose vertices
are isolated. If the probability of absorption in zero is less than 1, then there is an asymptotically
non-trivial proportion of the vertices that have large degrees, of magnitude growing with time.
These results, first established in Hermann and Pfaffelhuber (2016) in the case ¢ = 0, are rather
disappointing for the practical application of the DD model, where a limiting ‘steady state’ degree
distribution would be much preferable.

However, the degree weighted distribution, with elements

]5 = kpm,k
" >ois1 Pmi’

can be represented as the probability distribution at time m of another inhomogeneous Markov
chain, to which there is also a closely related continuous time homogeneous pure jump Markov
process, studied in Jordan (2018). This process evolves on N, which is a single communicating
class. Thus, when the degree weighted process is positive recurrent, it has a non-trivial steady
state distribution, that can be easily translated (by removing the weights) into the distribution of
the original process, conditional on non-absorption. This, in turn, can be used as a template for
the degree distributions of networks observed in practice. Again, a criterion for positive recurrence
in terms of p and ¢ can be explicitly given. What is more, a power law decay of the tail of this
distribution, with an explicit exponent, was presaged for ¢ = 0 in Jordan (2018), and made precise
in Jacquet et al. (2020).

In this paper, we have two main aims. The first is to show that the results above are relatively
robust, in that the rigid prescription of the DD model can be relaxed somewhat, without changing
the qualitative behaviour. For instance, the thinning of edges in the copied vertex need not be
binomial. It is relatively easy to modify the ‘tagged’ processes, but not all such modifications have
obvious counterparts in the original DD process. The second aim is to examine the distribution
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of the large degrees when the original process is transient. In practice, it need not be the case
that an observed network is in equilibrium, and the degree distribution of a transient process
at a particular time m may still provide a reasonable template. Here, we prove a central limit
theorem for the logarithm of the degree of a randomly chosen vertex, if the degree is positive,
implying an asymptotically log-normal distribution for the degree itself, together with a point mass
on zero. We also make the connection between the discrete and continuous time models explicit,
showing that the discrete time model can be represented as a random non-linear time change of the
continuous time model, where the magnitude of the time change, in the time scale of the continuous
process, converges almost surely as ¢t — co. We conduct our analysis in the setting in which ¢
is not necessarily equal to zero, and this also reveals interesting behaviour in the degree weighted
process. If ¢ = 0, the criterion for positive recurrence of the degree weighted process takes the
form p < p, := e~!, as in Jordan (2018). If 0 < ¢ < qo := 1/(1 + €?), the criterion is of the form
c1(q) < p < c2(q), where, somewhat surprisingly, ¢;(q) > 0; above the value o, the degree weighted
process is transient for all values of p.

1.1. Model and results. We work primarily with the following generalization of the DD model. If
a vertex chosen for duplication has degree zero, then so has its copy. If a vertex chosen for
duplication has degree k > 1 and set of neighbours S, we suppose that the new vertex has the same
set of neighbours & with probability g + (1 — gg)7kr, where 0 < g < 1, and that its neighbours
consist of a random subset of S of size j with probability (1 — g;)m;, 0 < j < k. Here, for each
k>1, 10 := {ﬂkj, 0<j< k:} is a probability distribution on {0,1,...,k} such that mg; < 1; for
k=0, moo = 1. Given that the size of the subset is j, the set of neighbours is chosen uniformly
among all j-subsets of S. In the basic model, g, = ¢ for all k, and Il is the binomial distribution
Bi (k,p). We then assume that the parameters are such that, at least asymptotically as n — oo, the
general model resembles the basic model. Specifically, we assume that, for 0 <p < land0<g <1,
and for positive constants ¢; and v;, 1 <1 < 3,

lgn —ql < ak™ |pp—p| < k™2 and k 20} < 3k ?, (1.1)

where kp; and 0,% are the mean and variance of II;. Note that, in order to obtain a satisfactory
‘tagged’ process, there needs to be a relationship between p; and ¢, in that «; := ¢; + p;(1 — ¢;) has
to be equal to a fixed value « for all [. This is because the probability that the new vertex retains
a given link needs to have the same value «, whatever the degree of the vertex being copied. In the
basic model, ¢; = ca =0, v3 = 1 and ¢3 = p(1 — p).

Let Ny, and n,, . be as above. At time m + 1, a vertex v is chosen at random to be copied;
with probability m_levj, it has degree j. Hence the probability that the new vertex has degree k,
conditional on the values (N, [ > 0), is given by

1
m {QRNm,k“‘j;Nm,j(l QJ)W]k}a
and, if the new vertex has degree k, this adds one to IV, ; to be included in the count N, .
However, for any j, Np,41,; may also differ from IV, ; because vertices of degree j at time m may
become neighbours of the new vertex, each removing one from the count of j-vertices at time m+1,
and vertices of degree j — 1 may also become neighbours of the new vertex, each adding one to
the count of j-vertices at time m + 1. The probability that one of the neighbours of a vertex of
degree j is copied is j/m, and the probability that this event leads to a new link to the vertex is «
(irrespective of the degree of the neighbour). Hence, and setting n,, —1 = 0 for all m, it follows that
ko (k—1a qr 1
Nm+1,k = Mmk m N,k + m Nm,k—1 + m N,k + m sznmg(l %)ij7 (1'2)

for k=0,1,... and m > my.
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Define @ to be the matrix with elements

Qrry1 = ak; Qrre = —{ak+ (1 —qr)(1 — mrr) };
Qr; = A—qu)m, 0<j<k—-1; Qg; =0, j>k+2, (1.3)

for each k > 1, and with Qo ; = 0 for all j; it is a @-matrix, in the usual Markovian sense. Writing
Pk = M  np, k, Equation (1.2) gives

1
Pmr1k = Pmik+ —— {—Pm,k(l + ak) 4+ a(k — 1)Pm,k71

m+1
+ QP + > _(1 - Qj)Pm,jok}, (1.4)
ik

or, in vector notation,

Prit = Podl +(m+ D)7 Q). andso py, = py, [[ {+i7'QU (1.5)
Jj=mo+1

where the matrix [Q]; consists of the rows of @ with indices 0,1,...,j — 1, with all remaining
rows set to be identically zero. The truncation of @ has no effect in (1.5), because the vector p,,
can only have positive mass on the elements 0,1,...,m, but it is convenient, because the matrix
PU = {I + j7'[Q];} is a stochastic matrix for all j; the row sums are all 1, and the diagonal
elements are non-negative, because of the truncation. This implies that the vector of expected
proportions (p,,, m > mg) evolves as the state probabilities of a discrete time, inhomogeneous
Markov chain, as in (1.5): p,} oo = b, Il pmoti),

Rather than work immediately with this discrete time chain, to determine the properties of p,,,
we observe that, in view of Equation (1.5), p;rn should look much like p%o e@log(m/mo) o1 alterna-
tively, like p%OP(log m —log mg), where P(-) denotes the semigroup of transition matrices generated
by @. Thus it is reasonable to suppose that the state probabilities at time log(m/myg) of the pure
jump Markov process X corresponding to P, with initial distribution p,,,, should approximate the
vector p,,. This continuous time chain was introduced in Jordan (2018), to describe the evolution
of the degree of a ‘tagged’ vertex, in a model analogous to the discrete model, in which each vertex
independently has an exponential waiting time before duplication, with mean 1. In this paper, we
concentrate on the analysis of the Markov process X, which, being time homogeneous, is easier to
work with than the inhomogeneous discrete time process. We then derive results for the discrete
process as a consequence, in Section 6.

Since Qo0 = 0 and, for all £ > 1, Qpx+1 > 0 and Z;‘:l Qr,; > 0, the state zero is absorbing
for X, and N is a single class, which is transient, because ()19 > 0. Hence X is either absorbed in
zero, or drifts to infinity. Letting X denote the event {X; — oo}, we give conditions in Section 2
that determine whether P[X] is equal to or greater than 0; see Corollary 2.3. Our arguments are
based on the Foster—Lyapunov—Tweedie approach, and have the flavour of those in Jordan (2018).
Since the Foster—Lyapunov—Tweedie theorems are stated for irreducible chains, we modify X to a
process X* which has transitions out of the state zero, but which is recurrent exactly when P[X] = 0.
Such processes are also useful when discussing the degree weighted process in Section 5 and other
variants of the basic model in Section 7. Criteria for determining whether X* is positive recurrent,
null recurrent or transient are given in Theorem 2.1.

In Section 3, when P[X] > 0, we investigate how the process X approaches infinity on the
event X'. The main result is an almost sure convergence theorem, Theorem 3.1, reminiscient of that
for supercritical branching processes. The behaviour is one of exponential growth, interspersed with
large downward jumps, approximately at the times of a Poisson process of constant rate. Under these
circumstances, a central limit theorem, Theorem 4.1, analogous to that in Bansaye et al. (2013), is
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established for log X; in Section 4. This indicates that the expected proportions of vertices of large
degree in the corresponding DD model follow an approximately log-normal distribution.

If P[X] = 0, the conditional distribution of X, given {X; > 0}, may still have a non-trivial
limit, and this is investigated using a continuous analogue of the degree weighted Markov chain in
Section 5. This process is equivalent to a process of the form X*, but with different parameters, and
the conclusions of Theorem 2.1 can be carried over without difficulty. In particular, as mentioned
above, the degree weighted process is only positive recurrent for a very restricted set of parameters,
and is always transient if ¢ > 1/(1 + e2). The corresponding results in the case ¢ = 0, and some
more detailed conclusions, can be found in Hermann and Pfaffelhuber (2016) and Jordan (2018). In
particular, in Hermann and Pfaffelhuber (2016), the rate at which P[X; = 0] converges to its limit
is investigated, also in the case where P[X] > 0.

In Section 6, we show that the original, discrete time model, after a logarithmic time change,
can be closely coupled to the continuous time model. This enables the results for the continuous
time process X to be translated into corresponding conclusions for the discrete time process, both
for the original and for the degree—weighted processes. In particular, for the original process, there
are analogues of the almost sure convergence theorem (Theorem 6.4) and the central limit theorem
(Theorem 6.5). For the degree—weighted process, the limiting distribution for the discrete time
process is the same as that for the continuous time process.

Finally, in Section 7, we discuss some other variants of the models. In Hermann and Pfaffelhuber
(2021), random deletion of edges is introduced into a model analogous to that of Jordan (2018),
in which vertices are duplicated independently of one another, each with a rate (m + 1)/m if the
current number of vertices is m. This results in transitions corresponding to deaths in the related
(inhomogeneous) Markov process describing the tagged particle. Here, we investigate the corre-
sponding modification of the homogeneous Markov process X, and establish behaviour analogous
to that of the original process X. We also allow multiple births to occur simultaneously, so that,
between catastrophes, the process X resembles a Markov branching process. This may not seem
natural in the DD context, though it turns out to be a useful generalization when considering ran-
dom re-wiring variants. These models, such as that introduced in Pastor-Satorras et al. (2003),
involve changes in the duplication rules that often prevent absorption in zero. This allows X, for
appropriate parameter values, to have a non-trivial unconditional limiting distribution, rather than
being absorbed in zero. Once again, our framework is sufficiently flexible to accommodate the
analysis of such models.

Markov branching catastrophe processes of the kind discussed above are examined in their own
right in Hermann and Pfaffelhuber (2020). Their analysis is based on a delightful duality between
branching catastrophe processes and a piecewise deterministic Markov process. We use rather more
elementary techniques, which are nonetheless able to cope with the extra variation in the basic
model that we allow. There is also a large literature on birth, death and catastrophe processes,
conducted under different sets of assumptions (see Kaplan et al. (1975), Pakes (1986), Brockwell
(1986) and Bartoszynski et al. (1989), for example), none of which fit our setting; instead, we have
used our own arguments.

2. Absorption in zero

In the next three sections, we study the behaviour of the pure jump Markov process X := (X,
t € Ry) on the non-negative integers Z that has Q-matrix

Qrir+1 = kag; Qrr = —f{kag+ Br(l —mr)};
Qr; = Bemrj, 0<j<k-—-1 Qrj =0, j>2k+2, (2.1)

for each k > 1, with ag, Sr > 0, and with Il := {ij, 0<53< k:} a probability distribution on
{0,1,...,k} such that mp, < 1. For k = 0, we define Qo ; = 0 for all j, so that the state 0 is
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absorbing. We assume, as before, that kpy and a,% are the mean and variance of Ilg, and that, as
in (1.1),

lpr —p| < k™2 and k7207 < 3k (2.2)
we also suppose that
Bk =B8] < ak™ and |op—af < ak™, (2.3)
for positive constants «, 3, c1, cq,y1 and 74, and we define
= i Al 2.4
v = {min (2.4)

The process that we study here is rather more general than the one with @Q-matrix as in (1.3),
whose parameters are constrained to have ay := 1—(1—pg)8r = a > 0 constant, where 8y := 1—qy;
for that process, we can then take 74 = min{~y;,v2} and ¢4 = ¢1 + ¢2. Because X is dominated by
a Yule process with rate maxy>1 oz, it is non-explosive.

We also extend X to a bivariate Markov jump process (X, Z) := ((Xy,Z;),t € Ry), whose
(Q-matrix has elements

Quey, (b1, = kars  Quepen) = —1kar + B}
Qurn),Gi+1) = Brmrg, 0<j <k, (2.5)

for all & > 0, with 5y := 0; for all other pairs (&',1"), Q1)) := 0. The X-component yields the
same process as before, and the Z-component is the counting process of downward jumps, including
(for neatness) a ‘jump’ at rate Symgx at which the value of X does not change. Thus, in state (k, 1),
the jump rate for Z is fi, indicating that Z is not too far from being a homogeneous Poisson process
with rate /3, which is exactly the case in the basic model. We let F; := o((Xs, Zs), 0 < s < t).

The state 0 is absorbing for X. Because of the assumptions that S > 0 and 7w < 1 for all kK > 1,
it follows that the set N := {1,2,...} forms a single class for X, which is not closed, because it is
possible to reach state 0 from state 1, and hence is transient. As before, let X denote the event
{X¢ — oo}. The main result of this section is a criterion for determining whether P[X] is equal to or
greater than zero. The arguments that we use, as in Jordan (2018), are based on Foster-Lyapunov—
Tweedie theorems for irreducible Markov processes, which are sufficiently robust to accommodate
our more general model. However, since X is not irreducible, we first modify it to an irreducible
process X*, by adding a transition from state 0 to state 1 with positive rate ag. All states in Z
are now either positive recurrent, null recurrent or transient for X*, since it is irreducible; P[X] =0
if X* is recurrent, and P[X] > 0 if X* is transient. A criterion for deciding which is the case is
established in the following theorem.

Theorem 2.1. For the process X*, we have the following behaviour:

(1) ifa < pBlog(1/p), then X* is geometrically ergodic;

(2): if a=plog(1/p), then X* is null recurrent; (2.6)

(3): ifa>plog(l/p), then X* is transient.
Proof: To prove (1), we apply Meyn and Tweedie (1993, Theorem 6.1) with f(j) := (j + 1)" for
n € (0,1] suitably chosen. It is enough then to show that (Qf)(j) < —cf(j) for all j sufficiently
large, for some ¢ > 0, since, for all j > 0, Zl# Qi1+ 1)" < oo. Letting Y; ~ II;, we have

(QN)G) = ol +1) — TGN + BELFY)} ~ FG), izl @)
Now
GG+ = f] = a6+ )"0+ 0+ 1),

and f is concave, so that

E{f(Y;)} = () < fEY;) - f() = Upi +D)"=0G+1)" = G+ D" -1+0(G77)), (2.8)
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where  is as defined in (2.4). Hence it follows that
@QNG) < fGHan+B0E"—1)+0G )}

Now J
%{an+ﬁ(p”—1)} = a—fpTlog(l/p) < 0

for all 7 > 0 small enough, if @ < Flog(1/p), so that there are values of n € (0, 1] such that
an < (1 —p"). Then, for any such 7,

Q) < —cnf(h)

for all j large enough, where ¢, := £{3(1 — p") —an} > 0. This proves (1).

To prove that X* is recurrent when a = Slog(1/p), we apply Tweedie (1975, Theorem 3.3) to
the jump chain of X*. We take f(j) := log(j +1) +1 — (5 4+ 1)7¢ with 0 < ¢ < =, where 7 is as
defined in (2.4); then lim;_, f(j) = oo, and we show that Qf(j) < 0 for all j sufficiently large, if
a = flog(1/p). It is immediate that

GG+ = )] = A+CG+1))+0((G+ 1) (2.9)
is bounded for all j, and that

oy o1 ¢
fl(z) = x+1+(x+1)1+<

is decreasing in x > 0, so that f is concave. Hence, applying Jensen’s inequality, it follows that
E{f(Y)} = () < FBY)) = f(j) = logp+j(1—p ) +0(7).

Hence, from (2.7),

(QNHG) = jojlfG+1) = fO)]+B{E{f (Y)Y — f()} (2.10)
< jalf(G+1) = fO)] + B{fEY;) = f()} +OG) (2.11)
= a(l+¢ )+ B{logp+i(1—p O} +0(G™) (2.12)

= T+ B(L=p )}+0({),

because o — Blog(1/p) = 0. Since e* > 1+ z in x > 0, it follows that p~¢ > 1 + (log(1/p), and
hence that

aC+B(1—p™) < ((a—Blog(1/p)) = 0
thus, because ¢ < 7, (Qf)(j) <0 for all j large enough.

To show that X* is null, if & = Slog(1/p), we apply a theorem of Barbour et al. (1996, Appen-
dix), which is just the continuous time analogue of Tweedie (1976, Theorem 9.1(ii)). Now taking
f(4) :==1log(j +1) + (j +1)~¢, with 0 < ¢ < v as before, we show that (Qf)(j) > 0 for all j large
enough, and also that >, -, Q;x|f(j) — f(k)| is uniformly bounded for all k. As above, the key step

is to approximate the expectation E{f(Y;)}, now with a lower bound. For this we use the lower
bound

fy) = fl@)+(y—2)f'(x) + (y — 2)*f" (), (2.13)
vaild for y in some neighbourhood of z, in view of Taylor’s theorem, and because, since 0 < { < 1,
f"(z) < 0 for all x > 0. Indeed, because f, f’ and f” are uniformly close to log z and its derivatives

for large x, it is easy to check that (2.13) is valid for all y > /2, provided that = > z, for some
fixed ¢ > 0. For j such that jp; > x¢, we thus have

E{f(Y)} = E{(F(EY;) + (¥ — EY;)f (BY;) + (¥; — EY; 21" (BY)) gy, (V) }
FEY;)(1 = P[Y; < 3EYj)) + f"(EY;)Var (Y;). (2.14)

v
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From (1.1) and because of the definition of the function f, this immediately implies that, for all j
large enough,

E{f(Y;)} = F(EY;)+ O logj), (2.15)

where P[Y; < % Jjp;j] has been bounded using Chebyshev’s inequality. Now, arguing exactly as for
(2.10) and (2.11), but with the current definition of f, it follows that, for all j large enough,

@QNHG) = = (aC+ B —p )+ O "log ),

and hence that (Qf)(j) > 0 for all j large enough. It is easier to show that ), -, Qx| f(j) — f(k)| is
uniformly bounded by 2(a+31log(1/p)), for all j large enough; the necessary estimates are essentially
already in (2.12), and the extension to all j is immediate. This completes the proof of (2).

For part (3), we use Tweedie (1976, Theorem 11.3(i)) applied to the jump chain of X*, with the
function f(j) := (j + 1)~", for suitably chosen 1 > 0; since f is a decreasing function, we simply
need to show that (Qf)(j) < 0 for all j sufficiently large. Now the key step is to upper bound the
expectation E{f(Y;)} using

fly) < f@)+(y—a)f (@) + (y — 2)*f"(2), (2.16)

since f”(x) > 0 for all x > 0, valid as for (2.13) for all y > 6z, where 6 = 6(n) < 1. Indeed, by
substituting y = 6z into (2.16), with f(j) = (j + 1)~", it can be seen that (2.16) is satisfied for all
y > Oz, provided that x is large enough, if 8 is chosen close to 1 in such a way that

07" < 14+n(1—0)+n1l+n)(1-06)>% (2.17)

Since the left hand side of (2.17) can be written as 1+7(1—0)+$n(1+n)(1—0)2+O(|L—0®), there
are such values of § to be chosen. Now, arguing much as for (2.14) and (2.15), with the current
definition of f and with % replaced by @, it follows that

E{f(Y;)} = f() < fEY;)+0G) - fG) = 570" =1)+0(G"), (2.18)
with ~ as before. On the other hand,
Joglf(G+1) = f()] = —ani™"(1+0(G™7)),

and hence, for all j large enough,
@QNG) = {-an+BE"-1)}i "+ 0(™7)
= {—an+ B(entos/p) D} +03G7).
Thus, if @ > Slog(1/p), it is possible to choose n > 0 small enough that n < v and that
—am + B8/ 1) < o,

in which case (Qf)(j) < 0 for all j sufficiently large, establishing (3). This completes the proof of
the theorem. [ |

Remark 2.2. Note that, if 717 = 1 and w9 = 0 for all k > 1, then the process X is irreducible on N.
For such a process, we can take X* = X, and the conclusions of Theorem 2.1 remain valid, either
using the same proof, or by re-labelling the states by subtracting 1 from each label. The degree
weighted process of Section 5 comes into this category.

As a consequence of Theorem 2.1, we have the following criterion determining whether P[X] is
zero or positive, valid because P[X] = 0 if X* is recurrent, and P[X] > 0 if X* is transient.

Corollary 2.3. If a < Blog(1/p), then P[X] = 0; if a > Blog(1/p), then P[X] > 0.
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Remark 2.4. In the basic model, with 8 = (1 — ¢), the condition a < log(1/p) is equivalent to
peP < e=1/0-0), (2.19)

and is thus satisfied for p < p.(q), where p.(g) is the unique solution of (2.19) in [0,1]. As in
Hermann and Pfaffelhuber (2016) and Jordan (2018), p.(0) ~ 0.5671 is the solution to peP = 1; p,
is a decreasing function, and p.(1) = 0.

In Jordan (2018), conditions are given as to which moments of the degree weighted process are
finite. Here, we use similar arguments to make comparable statements about the moments of X*,
when it is positive recurrent. For any u > 1, let 2*(u) denote the positive solution to the equation
x = u(l —e™*); note that z*(u) < u.

Theorem 2.5. If o < Blog(1/p), the process X* has a stationary distribution, whose n-th moment
is finite for all m < n* := x*(Blog(1/p)/a)/log(1/p), and is infinite for all n > n*. In particular,
n* < B/a.

Proof: If a < Blog(1/p), n < 1and an < B(1—p"), the existence of an -th moment of the stationary
distribution of X* follows from the proof of case (1) in Theorem 2.1, by Meyn and Tweedie (1993,
Theorem 4.2). If n > 1 and an < B(1 — p"), the inequality (2.8) cannot be established as before,
because f(j) := (j 4+ 1)" is no longer concave. However, as for (2.18), we can use the bound (2.16),
valid for this choice of f for |y — x| < ¢(n)z and for all x large enough, for some ¢(n) > 0. Using
Chebyshev’s inequality to bound any contribution from |Y; — jp;| > ¢(n)jp;, taking expectations
in (2.16) results in the bound

E{f(Y;)} = f(G) < fEY;) = f(G)+00G"7) = (G+1)"(p"=1+0(7")),
which is the final inequality in (2.8) once again. The remainder of the argument is as before. Note
that, if n < n*, then an < B(1 — p").
For n > n*, so that an > B(1 — p"), entirely similar arguments can be used to show that

@QNHG) = fG){an+BE"-1)+03G ")},
and hence that

(@Q)G) = e, f(5), where ¢ = g{an—B(1-p")} > 0,
for all j > jo, for some jy large enough. Defining fo(5) := max{f(jo), f(j)}, it thus follows that

(Qfo)(d) = cfold), = Jo; (Q@fo)(4) = 0, otherwise.
Now, with f(j) := (5 + 1)", the conditions of Hamza and Klebaner (1995, Theorem 2) are satisfied
by fo, implying that fo(X}) —ftz (Qfo)(X7) ds is a martingale in ¢ > to, for any to. If E fo(X} ) < oo,
this in turn implies that Efo(X}) is non-decreasing in ¢ > to, and that Efo(X}) > Efo(X{)) for
t > to if, with positive probability, X} > jy on a subset of [tg,t] of positive Lebesgue measure;
and this is the case if P[X} > jo] > 0, because X* is a pure jump Markov process. Now the
stationary distribution of X* assigns positive probability to all states, so that this condition is
satisfied if X3 has the stationary distribution, in which case X;" also has the stationary distribution,
and Efo(X}) = Efo(X}) if either one is finite. Thus Efo(X}) < oo is not possible, and the n-th
moment of the stationary distribution of X* is infinite. [ |

3. The path to infinity; almost sure convergence

In view of Corollary 2.3, the event X', on which X; — oo, has positive probability if « > log(1/p).
We now investigate how X; approaches infinity, when it does so. If 8 took the value zero for all k,
and if o = a were the same for all k, then the process X would be a Yule process with per capita
birth rate . In this case, e~ X; would converge almost surely to a positive limit . The presence
of catastrophes, when 8 > 0, changes the behaviour of X substantially. Nonetheless, there is an
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analogous almost sure convergence theorem for the bivariate process (X, Z), which, for constant
a and f and binomial thinning, would be a consequence of Kaplan et al. (1975, Theorem 4.1)
and Biihler and Puri (1989, Theorem 4.1). The theorem shows that, on {lim;,,X; = oo}, X}
behaves like e®*pZi W, where W is a positive random variable and Z’ is a Poisson process of rate 3.
Throughout the section, we assume that

v := a—Blog(l/p) > 0; (3.1)
for the basic process, v = a — (1 — ¢q) log(1/p).

Theorem 3.1. If v > 0, then W; := e *p~%t X, has an almost sure limit as t — oo, which we
denote by W. Furthermore, X = {W > 0} almost surely.

The process (W, t > 0) is the counterpart, in the process with catastrophes, of the usual non-
negative martingale appearing in the Markov branching process, though, in our setting, it is only
approximately a martingale. Just as for branching processes, the random variable W is essentially
determined by the early fluctuations of the process. It is easier to understand the behaviour by
writing the convergence in the form

log X; —at ~ —Z;log(1/p) + log W, (3.2)

for s and t large, but s < ¢. This is an approximation only because log Wy is not exactly equal
to log W3, but the two are close, for s and ¢ large, if W > 0. Thus the process log X; — at, instead
of being asymptotically constant on {X; — oo}, as in the case of the Yule process, has downward
jumps of magnitude log(1/p), approximately according to a Poisson process of rate /3, staying very
close to the lattice log W + log(1/p)Z. The origin of the lattice is essentially determined by Wi,
and the development after s is approximately given by

(log X; — at) — (log Xs —as) =~ —(Zy — Zs)log(1/p), (3.3)

where Zy — Z, is close to a Poisson process of rate § that is independent of Xj.

The proofs of the counterparts of Theorem 3.1 in Kaplan et al. (1975, Theorem 4.1) and Biihler
and Puri (1989, Theorem 4.1) use the fact that, under their assumptions, there is a Galton—Watson
process with random environments embedded in the process, enabling techniques from branching
processes to be invoked. In our setting, this is no longer the case. Instead, we proceed in a
succession of intermediate steps, establishing that log X; develops in almost deterministically linear
fashion between catastrophes, provided that X; is large enough. This is already close to (3.2). The
remainder of the argument consists of tidying up the details.

We begin by considering the bivariate process (X, Z) starting a time ¢y in an arbitrary
state (jo, ko). Define

Ty = to; T, = inf{t > to: Z; = ko + n}, (3.4)
so that 7}, is the time at which Z makes its n-th jump after ¢p. Define X;; := X7,. With v as
in (2.4), and for 7 > 1, define the following events:

Ai = Ai(jo,to) = { sup ‘ngt —a(t—Ti—1) —log X7, , | < X;_WM};
T; 1 <t<T; i-1
B; := Bi(jo,to) = {|log X7, —logp —log Xr,_| < XT_ZZM}. (3.5)

We begin by showing that the events A; and B; typically hold, if X[;_y) is large, as is eventually the
case if X; — oo.

Lemma 3.2. With v as in (2./), and for i > 1, the conditional probabilities of AS and Bf can be
bounded as follows:

(1) PlASGoto) | Fr, ] < Cax)5 < Cax 71

(2): P[BGo,to) | o(T3 v Fr, )] < CuX[7).
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Here, Cy and Cp are (finite) constants depending only on the sequences (a],p],a j>1).

Proof: From time T;_; to time T;, X evolves as a pure birth process, with jump rate jo; when

in state j. Define Y() X, for T4 <t < T;, set Y() = Y(l) , and continue Y() for t > T;
as a pure birth process with the same distribution, 1ndependently of the further evolution of X.
With Sy := T;_1, let S; be the time of the I-th jump of Y@ and let

h(0) := 0; zj:} Jj=1 (3.6)

denote the harmonic numbers. Then, conditional on Fr,_, N {X[;_y) = j}, it follows that

My == h(j+1=1)=h(—1) =Y ajr (S — %), €Ny, (3.7)
=1

can be written as the sum ka:l Ej,, where
By == (j+k-1)7"(1- Ep),

and (Fy, k € N) are independent standard exponential random variables. Note also that M; can be
written in the form

) ) S
M = h(YY —1) —h(y 1) —/T oy du, (3.8)
1—1

linking the development of the process h(Y; (i)) with time, since, in view of (2.3), the integral is close
to a(S; — T;—q) if v )1 is large. Since Var (E}) = (j + k — 1)72, it follows that, for each [ > 1,

l

Var (M| Fr,_,) = Y Var(EBp) < 2X;1,. (3.9)
k=1
Hence, for any a > 0, by Kolmogorov’s inequality,
2
Plsup |[M;| > a | Fr1,_,| £ - 3.10
sup Vil > ol Fii_) < e (3.10)

This inequality controls the fluctuations of (h(Yéf) 1) — h(Y; (Z)

defined by the integrals (fgl_l . du, 1> 1).

The next step is to bound the differences

. — 1), 1 > 1) around the values

Sy
Al = / Y(l) du — Od(Sl z 1) l > 1.
Ti1
We have, for any [ > 1,
X[i,1]+l—1
E{AFr 3 = | Y i-a/ay)| <€ CHA)X;
J=X[i—1)
XjpoqyH-1
Var (A | Fr,,) = Z j72(1 - a/aj)2 = O(X[le]?y)a (3.11)
J=X[i—1

from which it also follows, using Kolmogorov’s inequality, that

Ca(A)

S
a? X,

Plsup|A; — EA| > a| Fr_,] < (3.12)
>0
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for any a > 0, where Cj(A), [ = 1,2, are constants depending on (aj, j > 1). Hence, for any
a > QCl(A)XTPYl,

4C5(A)
s ydu—a(S;—Ti-1)| >a|Fr_,| £ —F5= 3.13
plaan] [ ayg0du—asi- 10| > ol 7 i (.13

In order to recover a bound for the probability of the event A; from (3.10) and (3.13), we first
observe that, by a simple integral comparison, for [ > k, we have

!
h(l) — h(k) < /x_ldac = logl —logk < h(l—1)—h(k-1),
k

implying that |(h(l — 1) — h(k — 1)) — (logl — log k)| < k~!. Then, because Y is a step function,

sup RV = 1) =AYz, —1) — a(t = Ti)

T;—1<t<S;

is attained at one of the points {Sip—, Sk, 1 < k <!}, and ’h(YS(,?) - h(YS(]?_)\ < X[lel}' Hence

tsgfllog(Yt(i))—log(X[z ) —a(t =Tia)| < sup!Mz+Az|+2X
Zto

i1 (3.14)
Combining (3.10), (3.13) and (3.14), and because X; = Yt(i) for T;_1 <t < T, it follows that, if
X[i—1] = Yo, where y37/4 = 6max{C}(A), 1}, then

24 4C5(A)

1—v/2
X1

PIAF | Fr, 4] <

This establishes the first inequality, with C4 := max{2 + 4C(A), j, =/ 2}
The inequality (2) is much easier. We first note that

P(Bf |o(T, V Fr,-) N{Xr,— = j}] = P[|logj —logp —log j| > j~/*],
where Y; ~ II;, as before. Now, by (1.1),
P[|logY; —logp —logj| > j /%] < P|logY; —logp; —logj| > 357"

if %j_”//‘l > c9j 7, and, since |log(1l + z)| < 2|z| in z > —1/2,

4
Plllog¥; —logp; —logj| > 457/ < P(¥;/jp;) — 1| > 1771 < =252,
J
where the last inequality follows by Chebyshev’s inequality, and because of (1.1). Inequality (2)
now follows directly. [

The implication of Lemma 3.2 is that, if X|;_y is large, then A; N B; occurs with high probability,
in which case log X; stays close to a(t — T;—1) + log X[i_l] for T;_1 <t < Tj, and log X[i] is close
to a(T; — Tj-1) + log X|;_1) — log(1/p). If this is the case for all 1 < j <4, then log X; stays close
to a(t — To) — (Zt — Z1,)log(1/p) + log Xjg) for 0 < ¢t < T;. Now E{Z; — Zp,} = B(t — Tp), and
so a(t —Ty) — E{Z; — Zp,} log(1/p) = v(t — Tp), where v is as in (3.1). If v > 0, this suggests
that log X; grows linearly with ¢, or, equivalently, that X; grows exponentially with ¢, on the event

H := H(jo,t0) := [ |{Ai(jo, to) N Bi(jo, t0)}.
i>1

The remainder of the proof consists of making this heuristic precise.
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We begin by investigating the times 7} defined in (3.4), again for the process (X, Z) starting a
time to in an arbitrary state (jo, ko). Let 5’ be such that, for all j > 5/,

a— Bjlog(l/p) > v/2 > 0; (3.15)

write B/ = supy>j Bk Observe that the process (Tj,j > 1) is a point process adapted to the
filtration (F, t > tp), with compensator A(¢ ft Bx, du. Hence, as long as X,, > j' for all u,
it can be coupled to a point process (77, j 2 1) with compensator A'(t) := B'(t — tp), hence a
Poisson process with rate 8’, in such a way that T; — Tj_1 > T} — T;_; a.s. for all j > 1, where we
take Ty := T := to. More precisely, taking a sequence (Uj, j > 1) of independent uniform U[0, 1]
random variables, independent of everything else, define

1 .
T, —T; , = —ﬁlog U; = inf{t >0: f't > —logU;};
t
Ty - T = inf{t>0: / Bx, du> ~log U, (3.16)
Tj—l

so that the times of the Z-jumps in (X, Z) are defined in terms of the sequence (U;, j > 1); the
times of the remaining transitions in (X, Z) are defined using an independent sequence (U7, j > 1)
of uniform random variables. On the event X[j,l] > 5, we then have T, —Ti—1 > TJ/ — T]f_17 since X
is non-decreasing in [T;_1,7Tj) .
For any n > 0 and with v as in (2.4), define the events
& = &to) = {min (o(T) ~ 1) ~ i(10g(1/p) + 1) +log o} > (4/7) log(2/m) |

7

H, = Hi(j(),to) = ﬂ jo,to ﬂB (j(),t())) (3.17)

The next step is to show that, on the event & (jo,to) N H;(jo,to), the values of X[ = X7, can be
bounded below in terms of the times 7.

Lemma 3.3. If v > 0, choose any n > 0 such that (2/n)*" > j', where j' is as defined in (3.15).
Then, for any jo > (2/n)*/7, on the event E]'(jo, to) N H;(jo, to), it follows that

2X[ }7/4 < n and logX[]] > a(T —to) — j(log(1/p) +n) + log jo (3.18)

for all 0 < j < 4.

—/4

Proof: The proof runs by induction on j. By assumption, 2X o = 2jy /4

< n, and the second

inequality is trivial for j = 0. If (3.18), with j — 1 for j, is true for some j, then, from the
definitions (3.5) of A;(jo,to) and B;(jo, to),

—~/4
a(T; — Tj1) — log(1/p) — 2X ;7]

log Xpj — log Xpjy) =
> a(Tj - Tj_y) — (log(1/p) + n);

here, we have used 2X - —/4 1 <7, 80 that X(;_q) > 4'; and then also the fact that X is non-decreasing
on [Tj_1,Tj), so that fx, < ' for all Tj_; < u < Tj. Adding this inequality to the second induction
hypothesis gives

log X(j) > a(Tj —to) — j(log(1/p) +n) +logjo > (4/7)log(2/n),

in view of &(jo, to), implying that 2X; ]7/ < 7 also. [ ]



82 A. D. Barbour and Tiffany Y. Y. Lo

The lower bound established in Lemma 3.3 is useful for establishing that the values X|; grow
geometrically fast with j for 1 < j < i, on the event &(jo,to) N H;(jo,to), provided that the
distribution of the times (T]’ , j > 1) can be controlled. This is made possible by the next lemma.

Lemma 3.4. Let (E;, i > 1) be independent standard exponential random variables, and let
Vii=3T By
(i). For any 0 < ¢ < 1, let u(¢p) be the positive solution to ugp =log(l+w). Then, for any a > 0,

Pmin{V; — jo} < —a] < e %),
Jj>1

(ii). For any 0 < ¢ < 1 and c¢,a > 0, there exist k = k(¢,c) > 0 and 0 < ¢ = (¢, c) < 1 such
that

> E{min(1, e=Vimiote)} < pgmaxtion oy >,
1>10

Hence, in particular,

Zmin(l, e_c(vi_wﬂ)) < 00 a.s.

i>1
Proof: For part (i), it is immediate that the sequence ]\/Z]“ = e~ uVitilog(14u) ig 5 martingale for
any u > —1. Writing o(a) :=inf{j > 0: V; — j¢ < —a}, it thus follows that, for any n > 1,

1 = E{MW = E{e " @Ve@rn=(@Amd) > Ply(g) < nle™(@),

o(a) /\n

from which part (i) follows.
For part (ii), observe first that, for any ¢’ € (¢, 1), we have

E{min(1, e~V L < PV; <i¢/ — a/2] + E{e VIV, > i¢f — a/2]}
< P[V; < i¢f — a)2] + e~ ¢ —@)mca/2, (3.19)
If i¢/ < a/2, P[V; <i¢/ —a/2] = 0. For i¢/ > a/2, take us(¢') := Lu(¢’), for which
v(¢) = log(1 +ua(¢')) — ¢'ua(¢) > 0,
beacuse the function log(1 + u) is strictly concave, and log(1 4+ u) = u¢’ for u = 0 and u(¢’). Then
1 = E{M"*} > E{exp{—ua(¢)V; +ilog(L + us(¢)) Vi < i¢8 — a/2]}
> (@)WY, < g — a/2).

Hence
—iov(¢’)
<l — —auz(¢')/2 _©
;]P’[V; <i¢/ —a/2] < e —— (3.20)
>0
Since also )
S eeile ) ea/2 o omea2 el
>0 - 1 —e—cl¢’=9)’
the second part follows from (3.19). ]

The next step is to use Lemmas 3.2-3.4 to conclude that, by choosing jg large enough, the prob-
ability P[H (jo, to) N €"(jo, to)] can be made arbitrarily close to 1; here, £7(jjo, to) := ;51 & (Jo, to)-

7

Lemma 3.5. Assume that v := a — flog(1/p) > 0, and choose any 0 < 6 < 1 and n > 0 such that

o' 2\ 4/
< — = i’ .
n < 2 and <77> > 7, (3.21)
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where V' := o — 'log(1/p) > 0, and ' and j' are as in (3.15). Then
P[H (jo. to) N €"(josto)] = 1 = Cojy ™,
for 0 < g, Cy < 0o depending only on the sequences (aj,ﬁj,pj,a]z) and 6.

Proof: First, we show that P[(£¢(jo,t0))¢] is small if jo is large, for all ¢ < 5. Writing
¢¢ = B'(log(1/p) + ()/a < ¢y < 1, the process (a(T] — to) — j(log(1/p) + (), j > 0) is that
of the partial sums of independent random variables (a/f')(E; — ¢¢), where (Ej, j > 1) is a se-
quence of independent exponential random variables with mean 1. Hence, by Lemma 3.4 (i), for
any a > 0,

PIM < —a] < e @7/ where M := min{a(T} —to) — j(log(1/p) +¢)}.
J=z

Hence
. ~ _ N4/ —u(¢c)B’ /e
P{(E (o, t0))] = PIM < (4/7)0g(2/¢) —log jo] < {(2) Jo} . (3.22)
Next, we express P[H (jo,t0)¢ N E"(jo, to)] in the form
pEe e = P[(N H> ne|
i>1
= P{(A1NB1)°NEM+ Y PIH; N (Air1 N Bip1)°NET. (3.23)
i>1
Now, because £ C &' for each i, we have
P[Hi N (Ai+1 N Bi+1)c N 577] < P[Hi N (Ai+1 N BZ'+1)C N 5;7]
= E{P[Hz N (Ai+1 N Bi+1)c N 5177 ‘ fTi]}, (324)
and it is immediate that
P[HZ' N (Ai+1 N Bi+1)c N 827 ‘ le] = P[(Ai_,_l N Bi+1)c ‘ ]:Ti]I[Hi N 8;7] (3.25)

From Lemma 3.2 and both inequalities in Lemma 3.3, it thus follows that

PIH; 0 (Aip1 N Biy)°NE | Fr) < (Ca+ Cp) X" PI[H; 0 &)

< (Ca + Cp)min{1, exp{—(7/2)(a(T{ — to) — i(log(1/p) + 1) +logjo)}},  (3.26)

where we have used j' > 1. Combining (3.24) and (3.20), it follows that

P[H; N (Aip1 N Biy1)°NEM < (Ca+ Cp)E{1 A eme(Vimiontan) } (3.27)
where V; and ¢, are as before,
c = ;—; > 0 and ag := 5’1(;5;]’0 .
Applying Lemma 3.4 (ii), it follows from (3.23) and (3.27) that
PIH®NET < (Ca+ Cp)k(ey, c){¥(dn, )} (3.28)
taking ¢ =7 in (3.22), together with (3.28) and the definition of ag, proves the lemma. ]

With these preparations, it is now possible to prove Theorem 3.1.
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Proof of Theorem 3.1. For any j € N, let Ty = 7(j) := inf{t > 0: X; = j} < co. Then, defining
X; := {7(j) < oo}, we have P[H(j,7(j)) N E"(j,7(j))| ;] > 1— Cpj~%, by Lemma 3.5 and the
strong Markov property. On the event H(j,7(5)) N E"(4,7(j)), for any r > 0, we have

sup llog X; — a(t — To) + (2, — Z,) log(1/p) —log Xy < 2 X[l_]”/‘l, (3.29)
t>T) I>r

and hence, recalling that W; := e~ *p~%t X;, it follows that

sup |logW; —log Ws| < 42 X[Z_]V/Zl. (3.30)
s,t>T I>r

Then, by Lemma 3.3, on the event H(j,7(j)) NE"(j,7(j)), we have
X > max{1, jea(Ti,_TO)_i(log(l/pH”)} for all i > 0, (3.31)

and this, in turn, from Lemma 3.4, implies that > ., X[l_.]VM‘ < 00 a.s., and hence that, on the event

H(G,7(5)) N &G, (7)),
. —v/4 _
lim Yox" =0 as (3.32)
P>
Thus, on the event
A@G) = XN H@G () NENG,T()),
we conclude from (3.30) and (3.32), using the Cauchy criterion, that log W; converges a.s. to a finite
limit, implying that W; converges a.s. to a strictly positive limit W.
Now, for Xo = g, X = ()5, &j. Writing Pj[-] for P[-[Xo = j], this implies that
Py, [X] = limj_o0 Py, [X]], and, as above, A(j) C X; and, using Lemma 3.5,

0 < P[] — Py [A(J)] < Puy[&;]C0i ™ — 0 as j — .
Hence, if C' := {W; converges to a positive limit}, we have A(j) C C for each j, and
limsup Py [A(j)] = lim Py [X;] = Py, [X].
j—00

Jj—o0
Hence Py, [C] > Py, [X]. However, X¢ = {X; = 0 eventually}, on which event W; — 0 a.s. Hence
C = X a.s., and the theorem is proved.

4. The path to infinity: the central limit theorem

In view of Theorem 3.1, and its interpretation in (3.3), the main fluctuations in log X;, for
large t, are governed by those of a Poisson process. In keeping with this interpretation, we now
deduce a central limit theorem for log X;, which is based on the central limit theorem for the Poisson
distribution. As a consequence, for large ¢, that part of the distribution of X; that is not the mass
on zero has an approximately log-normal distribution.

Theorem 4.1. Under the assumptions of Theorem 5.1, for any xg € N, the process X with Xg = g
satisfies

Um Py [ {log X, — vt} > y] = Py [X](1 - B(y/v)),
where v? := B{log(1/p)}? and v is as in (5.1).
Proof: From the definition of Wy, we have
log X; = at — Z;log(1/p) — log Wy,
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so that, for any 0 < s < t,
log Xy —vt = —(Z; — t)log(1/p) — log Wi (4.1)
= —(Zt — Zs — B(t — 5))log(1/p) — (Zs — Bs)log(1/p) — log W.
The remainder of the proof consists of showing that, for suitable choice of s, the final two terms are
asymptotically negligible, and that Z; — Z; is approximately Poisson distributed with mean (¢ — s).

The last two terms in (4.1)
We start by showing that, if £ > s > 1, the final two terms of (4.1) are small compared to v/t on a
‘good event’ that has probability close enough to P [X]. In preparation, choose any 0 < € < % B.

With j’ is as defined in (3.15), choose jo := jo(¢) > j' such that ¢1j, " < e. Then choose j; :=
41(g) > (jo(e))? so that, with &; := {7(j) < oo},
0 < Poy[X] — Pyy[X;] < e, (4.2)

this is possible, since X =) A&;. Choose

j>x0
s = s(e) > 0 suchthat Py [7(ji(g)) > s|Xj] < &
z = z(e) > 0 such that IP’IO[ZS(E) > z|7(51) < s(e)] < g (4.3)
w := w(e) > 0 such that Pxo[llogWT(jl)] >w|71(j1) < s(e)] < e,

noting that the quantities jg,j1, s,z and w depend on the choice of ¢, but are then fixed. Let

AY = {7(j1(e)) < s(€)}, and define part of the ‘good event’ by

ED = AD 0 {Zy) < 2()} N {]1og W0 < wle)}; (4.4)

on Eg(l) , the values of the process up to the time of first hitting the state j;(¢) are not extreme.

Take Ty := To(e) := 7(j1(¢)), and let the subsequent jumps of Z be denoted by (7;, i > 1); as
before, note that Tp itself need not be a jump time of Z. Couple them to the jump times (77, ¢ > 1)
of a Poisson process Z' of rate 8’ as in (3.16), and, fixing n > 0 to satisfy (3.21), define

& = &1, o) = { min {a(T] - To) - j0g(1/p) +3n/2)} > L log i }

1<j<i
E" = Ej1,To) = (&1, Th)- (4.5)
i>1
The event R
E® = H(ji(e),7(j1(2)) N E(a(e), 7(j1(€))) NE(ja(e), T(j1 (e))), (4.6)

is to be the second element of the ‘good event’. On this event, using (3.31) and the definition of En,
it follows that

X > joe™?  for all i > 0. (4.7)
Thus, on the event & ) N E§2), from (3.29) and (4.7),
sup [log Xy—logji(e) — alt — 7(j1(e))) + (Zt = Zr(jy(e))) log(1/p)|

t>7(j1(e))
2
= sup |logW;—logW_. < — , 4.8
iy B e Wl = Ggyaa e (49
implying that, on the event &} (o) N Ea(l) N E,_£2),
2
sup |logWy| < w(e)+ (4.9)

t>7(j1(e)) (jo(g))v/4(1 — e—m/S) :



86 A. D. Barbour and Tiffany Y. Y. Lo

Hence, on the same event, for all ¢ > s(e),
2
| Zs(e) = Bs(e)| log(1/p) +[log Wi| < (2(e)+Bs(e)) log(1/p) +w(e)+ o)A — =1 7%)
thus, as t — oo and with s = s(g), the contribution to (4.1) from the last two terms is asymptotically
negligible compared to v/%.
Note also that, from (4.8), we have

sup |log Xy—log X5 — a(t — s) + (Z; — Zs) log(1/p)]
s,t>7(j1(c))

; (4.10)

4
< 2 sup [logWi—log W, (o)l (4.11)

< .
£>7(j1()) ~ (o)1 —em/8)
This shows that the development of log X;—at after the time 7(j1(¢)) is mirrored in the development
of —Z;. Furthermore, on the event & )N E§2) and from (1.1), for ¢ > 1 and for T;_; <t < T5,

1Bx, — Bl < e1(jo(e)elIM2)y™ 1 < gem(=Dm/2 — ¢ p(j). (4.12)

For large times, Z is close to a Poisson process with constant rate

The next step is to show that, to approximate the development of log X; — at after time 7(j1(¢)),
the process Z can be replaced by a Poisson process of rate 5, with only small error. Suppressing
the dependence on ¢ in the notation, where possible, we set Ty := 7(j1), as before, and set To == To.
We then use the independent uniform random variables (U;, ¢ > 1) introduced in (3.16) to define
the jump times (f’z, i > 1) of a further Poisson process Z, of rate (3, on the time interval (7, c0),
coupled to the jump times (T;, 7 > 1) of Z on this time interval. The coupling is achieved by
defining fz — i_l = —% log U;, with T; — T;_1 defined as in (3.16). It then follows from (4.12) that,

on the event X, N E?) (1),

(T =T - @ -Tn)| < =29 77 < 207 7,

- <
B —ep(i) B
because ¢ < % B, and hence that
i
~ 2eg(l
Ti-Ti < ). gf ) (“10g1h).
=1

Because ) ;- e5(i) < oo, it follows that

* 2e5()

T = Z 52 (—log )
1>1

is an a.s. finite random variable, and that

sup|T; — Ty < T* as;

i>1
indeed,

2e5(1) 2e
ET* = ) < = et* (4.13)
2 = 32(1 — o—m/2 '
TR B
also. Thus, on the event & N Eg), for all t > T* + Ty = T* + 7(j1), we have
Zt,T* — ZT(]l) S Zt - ZT(jl) S Zt+T* - ZT(]I) (414)

This in turn implies that

(Z = Zr (1) = (%= Zegy)| < Zigre — Zooge = Zf, (4.15)
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bounding the error involved at time ¢, if Z is replaced by Z. Note that P[T* > 2t*] < %E, by
Markov’s inequality, and that, on {77 < 2¢*},
2; S 2t+2t* — 2t—2t* ~ PO (4t*5) lf t Z 2t* + T(jl).

Hence, choosing Z := Z(e) in such a way that Po (4t*8){[Z,00)} < 3e, it follows that, for all
t > s(e) + 2t

Py [Z; > 2| AY] < ¢, (4.16)
quantifying the error (4.15).
Approx1mat10n using Poisson probabilities

Let Z; := —(Z; — ft) denote minus the centred version of Z;. Then, for ¢ > s(¢) and on the ‘good
event’

Aie = ENNE®PN{Z <3(e)}, (4.17)
we can use (4.3), (4.15) and (4.11) to give the following summary of the approximation of log X; —
using the centred Poisson random variable Z; — Z(.y:

|(log X — vt) — (Zi — Zy(e)) log(1/p)| I[Ar] (4.18)

< {z(e) +s(e)B + z(e) } log(1/p) + w(e) + o (5)7/4(11_ p—Te) =: r(e).

Note that the ‘natural’ approximation to log X; — vt would be Z; log(l/p) but for (4.20) below we
need the fact that, conditional on any event in F )N Aé ) , the increment Zt Z s(e) has the centred

version of the Poisson distribution with mean §(¢ — s(¢)); using this increment in the approximation
leads to the term {z(g) + s(¢)8} log(1/p) in the error bound r(g).
Using (4.18), it follows that, for any y € R, we have
({(Zs — Zy)) log(1/p) > yVt +1()} N AD)\ (A5, N AD)
C {IOgXt —vt > y\f}ﬂAtE
C {(Zi — Zye))log(1/p) > yVt—r(e)} N AL,
and hence that
Poo[{(Zt — Zy(o)) log(1/p) > yvVE +1(e)} N AD] — Py [A5, | AL
< Py, [{log Xy — vt > yVt} N A ] (4.19)
< Poo[{(Zs — Zye)) log(1/p) = yVt —r(e)} N AD].

Because the increment Z; — ZS(E) has the Poisson distribution Po (3(t — s(¢))), conditional on any
event in Fy.y N AS)
Puy[{(Z1 = Zy()) log(1/p) > 2} N AW] = Py [ALM]Po (B(t — 5(2))) [B(t — s(e)) + x/ log(1/p), 00),

(4.20)
and this can be used on both the left and the right hand sides of (4.19), with only slightly different
values of x.

, it also follows that, for any = € R,

A first normal approximation
We now convert the inequalities (4.19) into an explicit normal approximation to the probability
P, [{log X; — vt > yv/t} N X]. First, by the Berry—Esseen theorem, if ¢ > 2s(¢), we have

2Cs

[P(Z: = Zy(o)) log(1/p) = 2/t = s(e)] = (1 = B(z/v))| < i TER
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where Cp is a finite constant and v2 is as in the statement of the theorem. Thus
yvV't — T(é)) L 2G5
v/t — s(e) Vit

Then, from the properties of the normal distribution, and using t > 2s(¢),

P((Zs — Zuo))log(1/p) = yvE—1(e)] < 1- 0

Vi Vit —r(e) r(e)
0 < qvh)‘q’(gW) < v
and
i o /v)?/2 o
o) ) = e Y s =

where we have used 0 < (1 — x)_1/2 —1<2zin0 <z <1/2. Collecting these bounds, we have
shown that R
P[(Z — Zue)log(1/p) = yVi—1(e)] < (1—Dly/v)) +3(t,2), (4.21)

where

note that lim;_,,0(t,€) = 0 for each € > 0. An entirely similar argument shows that
P[(Z: — Zue)log(1/p) > yvi+r(e)] > (1— B(y/v)) — 8(t,2). (4.23)
Hence, in view of (4.19), we have

IPoy [{log X — vt = yVE} 0 Are] = (1= @(y/0))Bu [AV]] < By [A7 [ AD] +6(t ). (4.24)

(4.22)

The final normal approximation
It now remains to tidy up, replacing A; . and Agl) by X in (4.24), and evaluating the various error
terms. First, observe that

X C X and ADY = {1(ji(e)) < s(e)} T X,
so that, for any event B,
[Poy[B N X] = Py [B N ALY
< (Pao[X) ()] = Puo [X]) + (P [V (6)] = P [T(G1(€)) < 5(e)]) < 2e, (4.25)

where the last inequality follows from (4.2) and from the definition of s(¢). In particular, taking B
to be the certain event, this implies that

Py, [X] — Py [AV]] < 26 (4.26)
Thus, again using (4.25),
Py [{log X; — vt > yvVt} N Ay ] — Py, [{log Xy — vt > yV/t} N X
< Py [{log Xy — vt > yv/t} N AY] — P, [{log X; — vt > yVE} N X
+ Py [A7 | A

2e + Py [AS | AD].
Hence, and from (4.24) and (4.26),

Py [{log Xt — vt > yvV/t} N X] — (1 — B(y/v)) Py [X]| < 2Py [AS | AD] +5(t,e) +4e. (4.27)

IN

To bound Py, [Af, | AS)], note that, from (4.17),
Pay[Af - | AL] < Pay [(B) | AD] 4 Py [(BP)° | AD) + Py [ 2] > 2() | AV].
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From (1.4), we have Py, [(ES)e| AM] < 2¢, and Py, [Z7 > 2(e)| AV < e, from (4.16), if ¢ >
2t* 4 s(e). It remains to bound IP’zO[(ECEQ))C ] Aél)]. From (4.6), we have

Py [(EE) | AD] < Puo[(H(j1(e).7(1(2))) N EGa(e), m(j1(2)))) | AL]
+ Pay [{E7(i1 (), 7(71.(2))} AL,
and, from Lemma 3.5, we have
Py [{H (1), 7(1(£))) N € (fa(e), (j1(£))) } | AD] < Cojy

From the definition (1.5) of £7(j1,7(j1)),

Py [{€7(1(e), 701 ()} | AL = P[(a/B) inf (Vi = i¢) >~} log ja(e)]
where (V;, ¢ > 1) are as in Lemma 3.4, and where i

¢' = B'(log(1/p) +3n/2)/a < 1.

By an argument as for Lemma 3.4 (i), it follows that

PH{E(j1(e), T(1()))}° | AY] < exp{—(§log ji(e))B'u(¢)/a} = (ji(e)) ™",
where 41 > 0. Combining these bounds, we conclude that
Py, (B[ AM] < Cr(fi(e)) =m0, (4.28)

Hence
Poo[(Are) | AW < 3e 4+ Ci(1(e)) ™M) if ¢ > 2% + 5(e).

Thus, and from (4.27) and (4.22), it follows that
lim sup |Px0[{10g Xt —vt > y\/i} N X] - (1 - (I)(y/v))]P)xo [‘X” (4'29)
t—00

can be made arbitrarily small by choice of €, and is therefore equal to zero. Finally, if Y; is any
stochastic process such that Y; — oo a.s., then lim;_,oP[Y; < M| =0 for all M € R. Applying this
observation using Py, [- | X¢] as probability measure shows that, since log X; — —oco on X’¢,

lim sup Py, [{log X; > vt +yVt} N X < Jlim Py flog X; > M[X] = 0
— 00

t—o0

for any y, M € R, completing the proof of the theorem. [ |

5. The degree weighted distribution

Throughout this section, we work with the process X under the restriction
arp = 1= (1 —pp)Br = «, forallk>1,
for some fixed a > 0, which includes the generalized DD model of (1.3). If e is defined to be the
vector with e = k for k > 0, then Qe = (2a — 1)e, implying that e is the (1 — 2«)-invariant vector
for @Q on N. Because of this, the matrix ) on N having elements

Qritr = a(k+1);  Qui = —{—1+ka+ (1l — m) + 20}
Qrj = Pkﬁkﬁ, 1<j<k-1;  Qp; =0, j>k+2 (5.1)
for each k£ > 2, and with @1,2 = —@1,1 = 2q, is a Q-matrix; indeed,
Qij = (Qij+ (1 —20)d;)j/i fori,j€N. (52)

Note that, from the definition of pg, 711 = p1, and 1 — (1 — p1)51 = @, so that the general formula
for Qr in (5.1), when evaluated for k = 1, still gives the correct value —2c. The form of the
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matrix @ shows that the pure jump Markov process X = ()zt,t € R;) on N corresponding to é
is dominated by a Yule process with rate 2a, and is thus non-explosive. Hence we can deduce the
following proposition; as observed in Jordan (2018), in the case where o = py, = p and II, = Bi (k, p),
this follows from Pollett (1988, Lemma 3.3) when 2o < 1.
Proposition 5.1. The point probabilities for the processes X and X are related by

JPi[X; = 4] = e U729 P[X, = 4] foralli,j €N andt> 0. (5.3)
Proof: Because X is a non-explosive pure jump Markov process, the Kolmogorov forward equations

]P)z[Xt = ]] = ZP’L[Xt = Z]Ql,j

>0

dt

are satisfied. Hence, writing .CCEl)(j) e(1=200L (5 /3) Py[ Xy = j], it follows that

th )(J/DQu; + (1 —2a)x Zaz le

1>0 1>0
(1)

this last from (5.2). Hence x; ’ satisfies the forward equations for the process X. On the other
hand, by Hamza and Klebaner (1995, Theorem 2), the process

t
o(X;) — / (Qe)(Xu)du = X — / (20— 1) X, du
0
is a martingale, implying that m()(t) := E{X; | X, = i} satisfies
t
mWM) = i+(2a—1)/ mW (u) du, or mM () = et
0

Hence, for all ¢t > 0,

S a0 = 02NN iR, = 1] = 0720 W) = 1.

>0 1>0

Thus l‘gl) is a probability distribution for each ¢, and hence is the unique probability solution to the
forward equations for X having initial condition the point mass on 7; that is,

1), . . .
2(j) = (/) BilX, = 4] = BilX; =],
proving the proposition. [ |
The matrix é has the same form as that given in (2.1), with & := «a(k + 1)/k and Bi = piBr,
and with Il defined by 7y; := jmy;/kpg, and in particular with 7711 = 1. Note that the quantities &y,
are not the same for each k, but that differing oy, were allowed for in (2.1). The only effect of not

having 711 < 1 is to make N a closed class, and to remove the absorbing state at 0. The mean and
variance of II; are given by

k ko3
- . J 7Tk J Tkj -
kpr = Y jik; = Z L oand Gy = o (ki)
: = kpi = kpr

If the assumptions in (2.2) and (2.3) are satisfied for X (the condition on ¢y, is automatic, since in
this section oy, = « for all k), then

1B —pB|l < &1k™7 and |ap — o] < &k, (5.

ot
=

)

so that the assumptions (2.3) are satisfied for X with 3 := pfB and & = a. That assumptions (2.2)
are satisfied for X, with «/4 for ~, is established in the following lemma.
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Lemma 5.2. Let ?k ~ ﬁk Then there are positive constants ¢o and 3
pr—p| < Ek™ and k7257 < &k, (5.5)
Proof: It follows by direct calculation that
kpy = EY), = kpy + o2/ (kpy),
from which, and from (2.2), the first assertion follows. To prove the second assertion, it is enough

to show that (k:pk)*QIEl72 < 1+O(k™7/%), because 57 = E(YQ) (EY:)2, and BY}, = kpi+ O(k* ),
from (2.2). Letting ej := k™ /4 and Yy, ~ Hk, it follows from Chebyshev’s inequality that

(kpy) °EY} = (kpk)_gzjgﬂkj

IN

(kpk)f‘g{(l + €k)3(kpk)3 + k3P[Yk > (1 + Ek)k:pk]}
< (L+ep)® + 02

=1+ O0(k™Y),
which completes the proof. [ |

As a result of the inequalities (5.4) and of Lemma 5.2, we can now apply the theorems of the
previous sections to the process X. Recall that, as in Theorem 2.5, for any v > 1, 2*(u) < u denotes
the positive solution to the equation x = u(1 —e™%).

Theorem 5.3. For the degree weighted continuous time process )~(, we have the following asymptotic
behaviour:
(1) If « < pBlog(1/p), then X is geometrically ergodic, and the stationary distribution has n-th
moment finite for all n < n* := z*(pBlog(1l/p)/a)/log(1/p) < pB/«a, and infinite for all
n> n*}. N
(2) If « = pBlog(1/p), then X is null recurrent;
(3) if a > pBlog(1/p), then X is transient.
In case 1, P;[X = j] — pj(00) for each j > 1, where p(oc0) is a probability distribution on N. In
view of Proposition 5.1, it follows that

17200, (X, = j] = (i/5)Pi[Xe = 5] — (i/4)pj(o0) ast — oo,
so that the probabilities ;[ X; = j] all decay exponentially in time, with the same rate. Furthermore,
since the function j + j~! is bounded on N,

CI2NP (X, € A] = iy jTIRX = 5] — i pi(00), (5-6)
jEA JjEA
and hence _
7P Xy = ] J'pi(0)

Pi[X; =7 Xy > 1] =

Ssr P [X = 1] > is1 U pi(00) 57)
showing that then the conditional distribution of X;, given X; > 1, converges, and identifying the
limit. In the basic model, with ¢ = 0, (5.7) is Jordan (2018, Proposition 3.4). and the exponential
tail in (5.6) is in Hermann and Pfaffelhuber (2020, Corollary 2.7(1)).

In the basic model, in which o = p(1 — ¢q) + ¢ and 8 = 1 — g, for any choices of p and ¢ such that
0 <p<1landO0<gqg<1,the behaviour given in Theorems 2.1 and 5.3 can be categorized according
to the cases

(A): a<p(l—q)log(1/p), (B): p(1—q)log(1/p) < a < (1—q)log(1/p)
and (C): a> (1 —q)log(1/p);
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see Figure 5.1. For fixed p, these cases can be represented by (A): ¢ < ¢2(p), (B): ¢2(p) < ¢ < ¢1(p)
and (C): ¢ > q1(p), where ¢ is the inverse of the function p, solving (2.19):
a(p) = log(1/p) —p 2(p) = plog(1/p) —p
1 +log(1/p) —p 1 +log(1/p) —p’
and where ¢2(p) < 0if p > e~ ! and ¢1(p) < 0 if p > p.(0) ~ 0.5671.

S (c)
log(1/p) -p
= (B) ql(D)=m
< |
o | gp) - PP
° " 14 plog(1/p) -p
T m
o | | 1 |
0.0 0.2 0.4 0.6 0.8 10

FIGURE 5.1. A p — ¢ plane. The labelled areas correspond to the cases above.

In particular, ¢2(0) = g2(e™!) = 0, and the maximum of ¢ is given by qz2(e™2) = 1/(e? + 1) =
0.1192. Case (A) holds for 0 < p < e~! and 0 < ¢ < g2(p), and in this case (5.6) and (5.7) hold. In
case (B), the process X is absorbed in zero with probability one, but the degree weighted process
is transient. In case (C), the process X is transient and the central limit theorem of Theorem 4.1
can be used to approximate its (time-dependent) distribution.

When the process X is transient, Theorem 3.1 and 4.1 can be applied to it, in view of the
inequalities (5.4) and of Lemma 5.2. However, because of the degree weighting, their conclusions

no longer give information about the typical degree distribution.

6. Discrete time processes

6.1. The DD model. We now return to the analysis of the original probabilities p,., m € Z,, that
can be derived as the state probabilities of an inhomogeneous Markov chain Y := (Y,,, m € Z,),
using (1.5). Note first that, given that the chain Y has a jump at step (m + 1), the probability
distribution of Y, 11, given Y,, = k, depends only on the value k, and is the same for all m; the
distribution is given by the transition probabilities out of the state k of the jump chain associated
with the homogeneous process X in continuous time. Hence the Markov chain Y can be constructed
from a realization of the jump chain of X, together with an independent realization of a sequence
(Uj, j > 1) of independent standard uniform random variables, which are used to determine the
residence times in the successive states of the chain. In particular, properties such as recurrence
and transience, which depend only on the sequence of states visited, can be deduced for Y from
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the corresponding properties for X. However, the factors (m + 1)~! in the definition of the jump
probabilities at time m imply that the distribution of the residence times of Y in a given state k
themselves depend on the time m at which k was reached, and that the residence times, as measured
by the number of steps in k, become much longer as m increases. Instead, by compressing the time
scale, a close analogue Y of the homogeneous process X can be derived, as follows.

Let ()?j, j > 0) be a realization of the jump chain of X. Then a version of X can be obtained

from X and an independent sequence of mutually independent standard uniform random variables
(Uj, 7 > 1) by setting

n
Xy = X if Sp= ) Vi <t < Sppr, 20, (6.1)
j=1
where, with ¢ :== —Qrx, V; = q;?l {—log(1 — Uj)} represents the j-th residence time of X, the
-1

residence time following its (j — 1)-st jump, and has an exponential distribution with mean cj)i(l

j—1
Note that, if X;_1 = 0, then V; = oo a.s., because gy = 0. A similar construction can be used to
define Y®). Let Nj represent the step at which the j-th jump of Y occurs, with Ny = mg. For any
a > —1, define the generalized harmonic numbers hq(j), j > 1, by ha(j) := >_7_; 1/(I+a), so that hg
represents the harmonic numbers h defined in (3.6). Let V; := ho(N;) — ho(Nj—1) represent the j-th

residence time of ¥, but in an almost logarithmically distorted time scale; again, if X;_1 = 0, then

Vj = oo a.s. Then set
YW =X, if S,= YV <t < S, t20 (6.2)
j=1

From (6.1) and (6.2), it is immediate that the paths of X and Y(® are close to one another if the

partial sum processes S and S defined from the V; and the ‘73 are close to one another. Indeed,
defining

Ay = 0 A, = 85,—85,, n>1,
and then setting

Ay = D Z b a0 A G <t < S, 30, (63)

Sn+1 — Sn SnJrl )
with A(t) := A, if t > §n and §n+1 = 00, we have

(h

Y, ) (h)

ho(m)—ho(mo)r ™ = M0 € ZLiy.. (6.4)

= Xipaw, t20, and also Y, =
In this way, the process Y(" is represented as a random time shift of the process X, and the
process Y can be deduced from Y® by a deterministic time change. We now show that the time
shift connecting Y and X is not substantial: in fact,

A := lim A(t) exists a.s. (6.5)

t—o00

To establish (6.5), we need to examine the distribution of the random variables ‘7] From the
definition of the process Y, conditional on the values of the whole of X and on {N;,1<1<j—1},
and on the event {(Nj,l,)?j,l) = (m,k)}, ‘N/] has the distribution of Vy(m,dx), where V,(m,b)
denotes a random variable taking values in the discrete set {hq(j) — he(m), 7 > m + 1} with
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probabilities given by

r—1
P[Va(m,b) > hq(r) — he(m)] = H (1-=b/(l+a+1)), r > m. (6.6)

l=m

The next lemma shows that if Ej; denotes a random variable having an exponential distribution
with mean 1/b, random variables with the distributions of V,(m,b) and Ej can be constructed on
the same probability space, in such a way that they are close.

Lemma 6.1. For V,(m,b) defined as above, EV,(m,b) = 1/b. Furthermore, if Ey, as defined above,
is coupled to Vy(m,b) using the quantile coupling, and if b/(m +a+1) < ¢ < 1, then there exists a
positive constant cy such that, for all j > m+1,

1 a ) — a
_ < By Vi(mb) < o b(ha(j) = ha(m))
J+a m+a+1

: (6.7)

almost surely on the event {Vy(m,b) = ha(j) — ha(m)}. As a consequence, there exists a positive
constant kg such that

kg
E{(Ep — Va(m, b))z} < m

Remark 6.2. The quantile coupling can be achieved by using a standard uniform random variable U:

take Fj := —b~!log(1 — U) and

r r—1
Va(m,b) = ha(r+1)=ha(m) if J[(1-b/(+a+1) < 1-U < [[A-b/(+a+1)),
l=m l=m

for r > m.

Proof: For any non-negative non-decreasing sequence (f;, j > 1) and any probability distribution
(pj, > 1) on N, it is immediate that, if 3, pjfj < oo, then

> pifi = D _Pi(fi - i),

j>1 7>1
where Pj := 3,5, pi, and fo := 0. Hence, since hq(j +1) — ha(j) = 1/(j +a + 1), it follows that

j—1
L H(1 —b/(l+a+1))

BV = 2 e
j>m =

= - Z{H (1-b/(+a+1)) ﬁ 1—b/l+a+1))}
l=m

jiz>m l=m

1

5
For the quantile coupling, first observe that

j—1

j—1
[Ta-b/a+a+1) = exp{3 10g1 = b/t +a+1)},
l=m

l=m
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from which it follows that

e tha()=ha(m) > PV (m,b) > ha(f) — ha(m)] (6:8)
1

— e b(ha(i)=ha(m)) exp{ {log<1 Tir s+ 1) i 2+ 1}}

m

<.
I

=
= MRl Bl = BB, > ha(f) = ha(m) + Ya(3.D)], (6.9)

say. Because b < ¢(m+a+1) and log(1 —2) > —z — cpz? in 0 < x < ¢, for some constant ¢, > 0,
it is immediate that
1

<.
|

1 b b
JGib) = —= S {log(1 -
¥a(J:b) bl_m{og( l+a+1>+l+a+1}
j—1 9 .
Co b b(ha(j) — ha(m))
< £ . .
~ b Z(H—a—i—l)2 = T ratt

l

Il
3

Hence, using the quantile coupling, if V,(m,b) < hy(j) — ha(m), it follows that
b(ha(]) B ha(m))
m+a+1

and, in particular, on {V,(m,b) < he(j) — ha(m)}, the second inequality in (6.7) now follows. The
first inequality in (6.7) follows similarly as a consequence of (6.8), applied with j — 1 for j.
For the final statement, it follows from (6.7) and (6.8) that

E{(Ep — Va(m,))*}
< > PVa(m,b) = ha(j) — ha(m)] max{ 1 (% b(ha(j) — ha(m))>2}

27
Pt (m+a+1) m+a+1

by < ha(j)_ha(m)‘i‘dja(jvb) < ha(j)_ha(m)+c¢

)

1 T b e—b(ha(j—l)—ha(m))(c¢b(ha(j)_ha(m))>2

< st —
(m+a+1)2 i ta m+a+1

v _2b bhat)—hatm)) [, BlAald) — ha(m)) )2
= (m+a+1)2+zj+a+1e (% m+a+1 )

j>m

Now, for a unimodal function f: Ry — R, and for a sequence 0 = xg < z1 < ---, with zj41 —2; <
xj —xj-1 for all j > 1, it follows by an elementary comparison that

S =) f) < [ " f(2) di + 2(zs — o) sup f(z).

720 =0
Hence
3 2eb b(ha(i)—ha(m)) (C ) b(ha(j) — ha(m))>2
jij—l-a—Fl m+a+1
2 o0
< mff‘iw {/0 22~ d + 8¢>e—2},
and the final part of the lemma follows. ]

This enables the partial sum processes defined from the V; and the XN/J to be constructed so as to
be close to one another.
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Corollary 6.3. Conditional on the whole of the jump chain )?, the random variables (173, j>1)
and (Vj, j > 1) can be coupled in such a way that

lim A, = limA(t) = A
t—o00

n—oo

exists a.s., with the convergence holding also in mean square.

Proof: In view of the constructions (6.1) and (6.2), it is enough to use the coupling in Remark 6.2
with a = 0 successively, with a sequence of independent standard uniform random variables
(Uj, j > 1), that are also independent of the jump chain X. The corollary then follows be-
cause (A,, r > 0) is a square integrable martingale, as is implied by the variance bound given
in Lemma 6.1, and because A(-) interpolates the values of (A,, » > 0). Note that, under the as-
sumptions of Section 1, G < (m+1)¢ for all k < m, where ¢ := %(1 + a) < 1, and that necessarily

X j < Nj for all j, because upward jumps are of magnitude 1. [ |

As a result of Corollary 6.3, it is possible to transfer results about the long term behaviour
of X into corresponding results about Y () and hence about Y. When X is absorbed in zero with
probability one, as in Corollary 2.3, the same is true for Y and Y, but this is already clear,
because they have the same jump chain as X. If the process X is transient, then there is an almost
sure growth theorem for Y that can be deduced from Theorem 3.1. To state it, let J,,, denote

the number of ‘downward’ jumps of Y up to time m > mg, and let Jt(h) denote the number of
downward jumps of Y " up to time ¢, where a downward jump is a jump that increases Z by one in
the process (X, Z); since the jump chains of the three processes X, Y and Y are identical, their

downward jumps can also be defined to be the same. Note that J,, = J (R) for all m > my.

ho(m)—ho(mo)

Theorem 6.4. If a > Blog(1/p), let W := limy_,00 e **p~2¢ X} be the almost sure limit given in
Theorem 5.1. Then m~“p~’mY,, converges a.s. as m — oo to a limit W' such that

W o=, ea{A-ﬂ-(logmo—ho(mo)-ﬁ-v)}m/’
where A := limy_,oo A(t), and v is Euler’s constant. Note that W and A are dependent random
variables, and that limy,,— oo (logmo — ho(mo) + ) = 0.
Proof: From the definition of W, it is immediate that

e—a(t+A(t))p—Zt+A(t>XHA(t) — W as. ast— oo.

Then, because Y and X can be constructed together in such a way that Yt(h) = Xyya@) for all
t > 0, it follows that

_a(t—i-A(t))p—Jt(h) Yt(h)

e — W as. ast — oo.

Taking t = ho(m) — ho(mg) for m > mg, m € N, and because A(t) — A a.s. as t — oo, this implies
that

e—oc(ho(m)—ho(mo))p—JmYm 5 AW as. as s — 0,

and the theorem follows, because lim,,,~{ho(m) — logm} = ~. ]
The logarithm of the inhomogeneous discrete time process Y also satisfies a central limit theorem.
Theorem 6.5. Ifv:=«a — Blog(1/p) > 0, for any xo € N, the process Y satisfies
Tim_P[{logm)~/2{log Yoy — vlogm} > y| Vi, = 70 = Buy[X)(1— B(y/v)),

where v? := B{log(1/p)}? and P, [X] := P[lim;_,00 X; = 00| Xo = x0].
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Proof: We begin by proving the central limit theorem for YY", arguing using the coupling
Yt(h) = Xyya@t), t > 0, and deducing the theorem from Theorem 4.1.

Writing log X; = at — Z;log(1/p) — log Wy, where logW; — logW > —oo as. on X, and
log Wy — —o0 a.s. on X¢, we have

|log Xyya@) —log Xi| < alA(t)| +1log(1/p)|Zeyaw) — Zt| + [log Wipa@) — log Wyl (6.10)
For s > 1 and ¢t > 2(s + 1), define the events
AWD = {JA(u) — A| <1 for all u > s}; = {|Zppss — Zy_pys| < Y1
AEQ) = {|A] < 18} AD = {JlogW, — log Wyl <1 for all u,v > s}. (6.11)

The first three of these events are shown to have probabilities approaching 1 as s,t — oo, and the
fourth event approaches the event X as s — oo. On Agl) N AEQ) N Ag4), with s > 1 and t > 2(s+ 1),
so that t — t'/8 — 1 > s, it follows that |log Wira@) — log Wi < 1. Hence, if also Agg) holds, then,
using (6.10),

log Xy pa@) —log Xi| < a(t'/®+1) +log(1/p)t"/* +1 = r();
here, we have used the fact that Z, is a.s. non-decreasing in u. Note that t=1/27(t) — 0 as t — oo,

so that, on the event & ; := Agl) N AEQ) N Agg) N Ag4), the difference between log X; A () and log X;
is negligible as far as the CLT is concerned. We exploit this as follows.

First, since log Xy — —oo a.s. as ¢ — 0o on X, it follows also that log X;, o) = —0o0 a.s. on X
Hence, as in concluding the proof of Theorem 4.1,

lim Py [{t7/*(log Xy a@ry — vt) > y} N X = 0. (6.12)
It thus remains to approximate the probability P, [{t~'/2?(log Xira@ —vt) > yyNA]. For this, we
use the following sandwich:
({t7 2 (log Xy — vt) >y + 7 2r(t)} N X) \ (5, N X)
C ({t7*(log Xy a@ — vt) > y} N X) (6.13)
C ({t72log Xe —vt) >y —t 7 Pr(H)} NX) U(ES, N X).

The first step now is to show that the event
ENX C (AD) U AP U AP U\ AD)

s

has small probability when s and ¢ are large. It is immediate that
: . 2
Jim Py [(AD)] = Jim Pryl(47)] = 0,

because A(t) — A a.s. and because A is a.s. finite. If 3 := sup;~ S, a comparison between Z
and a Poisson process with rate §* shows that

P, (AP < Po (B*(t1/8 + 1){(t/%,00)} — 0 ast — oo
For X \ Ag4), note that A§4) is an increasing sequence, and that X C limg_ A§4), because
X = {limy_, o log W} € R}. On the other hand, for all s > 1,

= {lim logW; = —o0} C (AW)ye,

Hence X = lim,_o0 Ag4) a.s., and 8o limg_yo0 Py [X\ A(4)] = 0. Thus it follows that
lim lim Py, [E5, N AX] = 0. (6.14)

§—00 t—00
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Returning to (6.13), we note that
Jlim Py, [{t~Y%(log X; — vt) >y +t7r(t)} N X
—00
= lim Py [{t72(log X; — 1) >y — 7 2r()} N X] = By [X](1 — @(y/)),

by (4.29) and because t~1/2r(t) — 0 as t — co. It thus follows that
lim sup [Py [{t7/%(log Xos ) = 1) 2 9} 1] = Py [X](1 = O(y/v))| < limsup Py [€5, N Y]

for any s > 1, and hence, from (6.12) and (6.14), that
. - h
Jim Py [t (log V") — vt) 2 y] = Pay [X](1 - B(y/v)
for all y € R. The conclusion of the theorem now follows by replacing ¢ by ho(m) — ho(mg) for

m > mg, m € N, and noting that ho(m) — ho(mo) ~ log(m/mg) as m — oo. ]

6.2. The discrete degree weighted process. There is also a degree weighted process Y in discrete
time. Multiplying equation (1.4) for p,,41 by k, it follows that, with w,,  := kpp i,

Um+1k = umk"i_mi{ umk(1+ak)+akumk 1+Qkumk+ng —4q; )umjﬂ-]k}
Jjzk

where 7, 1= kmji/{jp;}, so that ﬁj is the size-biased transformation of II;. This can be re-written
in vector form as

whn = b {T4 = (@i + 2o - D1},

where @ is the Q-matrix defined in (5.1) with B; = 1 — g¢;; recall that, for each j 2 1,
0 < ¢j +pj(1 —¢j) = o <1 is constant. Hence, defining vy, := [[.-, i+ 2a—-1)/(s+1)} L,
this implies that, in parallel to (1.5),

1~ " 1 ~
m d T = T {I _——— }
= [Qun |, andso vy, vmoj:gH + e —7lOh

s=my

rTn+1 =v {I+

These equations show that, if the initial configuration at time mg has jg vertices, then the fam-

ily of vectors jg l(vm, m > mg) can be interpreted as the sequence of probability distributions
(jo,mo)

(prn
Vmo.jo = Umo.jo = Jo if Pmy 1s the distribution with point mass at jo, and since I+ (j +2a—1)7Q];

, m > myg) of a time inhomogeneous Markov chain Y starting in state jp at time myg, since

is a stochastic matrix, for each j. This in turn implies that, if p(jo’mo) denotes the distribution of Y,
starting in state jp at time myg, then

m—1
po = okt T A+ 2a = 1)/(s + 1355,
s$=myo

so that the fractions p(JO’ ™0) can be deduced from the probabilities p(jo’mo). This is the discrete
analogue of Proposition 5.1; note that, for large mg and m > my,

m—1

[[{1+@a—1)/(s+1)} ~ e (Im2)lmmmo),

s=mg
making the comparison clearer.

A time changed version Y (™ of the discrete time inhomogeneous degree weighted process Y can be

closely coupled to the continuous time degree weighted process, using arguments exactly like those
above. The processes Y and X have the same jump chains, and can be constructed in parallel, using
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the same realizations of the jump chain, and the same sequence of independent uniform random
variables. The time scale for the discrete process that matches that of the continuous time process
is (ha(m) — hq(mo), m > my), where a := 2a — 1, and the waiting time until the next jump in the
time scaled discrete process Y ()| when starting in state k at time hq(m) — ha(mo) (or at step m
of the process 17), has the distribution of V,(m, —@kk) The subsequent arguments, showing that,

W= X for all t > 0, for a difference A(t) defined analogously to the

t+A(L)
definition (6.3) of A(t), and that A(t) converges a.s. as t — oo, are substantially the same.

The next lemma can be applied to show that the limiting probabilities for the degree weighted
inhomogeneous chain Y are the same as those for X, if the process X is positive recurrent. The
lemma can also be applied to the discrete versions of the unweighted chain, in models, such as the
DD model with ‘random re-wiring’ in Section 7.2, in which the original chain is positive recurrent.
For the basic DD model, with 0 an absorbing state, it is not needed.

with this coupling, EN/t

Lemma 6.6. Suppose that (X;, t > 0) is an irreducible positive recurrent pure jump Markov process
on Z, with some initial distribution A and with stationary distribution w. Let (A(t), t > 0) be a
cadlag stochastic process such that A :=limy_, o A(t) exists and is finite a.s. Then, for each j € Z,
lim P X, =jl = =,
tggo [ t+A(t) 7l Ty

~

Proof: Suppose first that A is integrable. Write A(t) := E{A|F;}, where F; := 0{X,, 0 < s < t}.
Define the events

Ay(e) = {|A(t) —A| <eforallt>s}; Aye) = {|JA(t) —A| <eforall t > s},
noting that, for each € > 0,

~

lim P[A,(c)] = lim P[A,(e)] = 1.

§—00 §—00

Now, for any j € Z, s,t > 0 and € > 0,
Xera =3} D (Kisagen = b - Su< N A(/2) N Ale/2)
O X, A = I —€ Su< e} N 4(e/2) N As(e/4),
from which it follows that

PXiyaw =4l = ]P)[Xt+3(s)+u

= j, —e < u < e] — P[AS(e/2)] — P[AS(e/4)). (6.15)
Then, by the Markov property,
PIX,, Asysu = J» —¢ Su<e| F] It +A(s) = > o]
= ¢ PUEPX, ny . = d | FSl L[t +
= 725 Py i(t+A(s)—e—s) 1]t
where ¢; denotes the Jjump rate from the state j, and P; j(u) := P[X, = j| Xo = i]. Hence, and
because lim;_,oo [t + A(s) —e > s] = 1 a.s., we have

}E&P[Xt-‘rz(s)—l—u =Jj, —€<u<e | ‘Fs]
= }EEO{P[XHM)M =j, e <u<e|F]I[t+A(s) —e>s]}

= e 295¢ T as.,
and thus, by dominated convergence,

lim P[X

~ = — — e 245¢ .
t—o00 t+A(S)+u_]’ 5§u§z—:] = e "
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It now follows from (6.15) that
liminf P{X a0 = 7] > e 2% n, — PlA%(e/2)] - PLAS(e/4)],

t—o0

for any s > 0, j € Z and € > 0. Letting s — oo and then € — 0 thus implies that
o > .
hg})gfp[XHA(t) jl = (6.16)

for all j € Z. The inequality (6.16), used in the second and final inequalities below, now implies
that, for any jo € Z and any finite set J C Z such that jo € J,

1-— Zﬂ'j > hmsupIP’[XHA(t e J] - ij (6.17)
jeJ jeJ

> limsup (]P[Xt-‘rA(t) = jo] — 7Tjo) > liminf (]P)[Xt-i-A(t) = Jo] — 7%) > 0.

t—o00 t—o0 o

Letting the set J increase towards the whole of Z, the sum ) jes Tj can be made arbitrarily close
to 1, and so the left hand side of (6.17) can be made arbitrarily small, implying that

Jim P[Xy a) = jo] = mjo
for any jo € Z, as required.
If A is not integrable, for any M > 0, define Ay := [A]M,, := max{—M, min(A, M)} to be

A truncated within the range [—M, M], and let Ay (t) := [A(¢)]M,,. Then, because []*, is a
continuous function, lim;_,oAps(t) = Aps a.s., and hence, by the previous result,

tli}/?OP[Xt-i‘AAI(t) = j] = Tjs j €z,
since Ay is integrable. But
IP[Xeran@ = I —PXeraw =5l < PlAm(t) # A®)] = PIA®)] > M],
and, since A(t) — A a.s., limsup,_,. P[|A(¢)] > M] < P[|A| > M]. Hence, for all M > 0,
; — P|A] > M] < lig(i)rolfP[Xt_,_A(t) jl < hmsup}P’[XHA(t) =j] < 7 +PA] > M],
implying that lim;—,oP[X;ya) = j] = 7, and completing the proof. [
Applying Lemma 6.6 to the process Y™ shows that, if X is positive recurrent, with stationary
distribution p(oc0), then, in view of (6.4),
: S a4 .
Jm PY,™ =] = pj(0),  j=1.
It thus also follows that
hm P[Ym —.7] = ﬁj(oo)7 j=>1,
and hence that the inhomogeneous process Y has the same limiting distribution as X , since

v _ ()

Ym = Yho(m)fho(mo)’ and limm%oo{ho(m) — hg(mo)} = OQ.

7. Variants of the basic process

7.1. The process with removal of edges. A process, in which edges are also allowed to be removed,
has been discussed in Hermann and Pfaffelhuber (2021). The analogue in our formulation is obtained
by modifying the process X of Section 2 by allowing deaths at rate ko, k > 1, with |0 — 0| < c5k™7
for all k. This gives a Q-matrix

QMH = kay; 5:;)?,1 = kb + Beh k-1 Q;(“)c = —{k(@k+5k)+ﬁk(1—7fkk)};
QY = Bimy, 0<j<k-2 QY =0 j2k+ (7.1)
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for the modified process X (@ whose properties are much as for the process without deaths. First,
the asymptotic growth rate for the process without catastrophes becomes a(® := a — §, rather
that «. This affects the criterion for transience and recurrence in the obvious way; Theorem 2.3
holds, but with a replaced by (¥, and the proofs are otherwise unchanged. The net growth rate
for the process with catastrophes now becomes v(@ = (@ — 3 log(1/p), and Theorem 3.1 holds
with a® for o and with v(@ for v. Here, some small modifications to the proofs of two of the
lemmas are needed, largely because the process is no longer increasing between catastrophes.

In the discussion that follows, we drop the superscript (¥, where possible. First, in the proof of
Lemma 3.2, the martingale (M;, [ > 0) in (3.8) has to be modified. Here, ;) is to be replaced

by &

(
Yy
VOB where, in order to obtain a martingale, we define &; := a; — j6;/(j — 1) in j > 2; the
quantity &; is not quite the same as o; — §;, but is close to it when j is large, which is the case in
the arguments of Lemma 3.2. A stopped version M? is used in the proofs, where My := M;,,, and

g = O'(l) = ll’lf{l Z 1: Yéé)71]+l S %{X[Z—l] +lp(%X[l_1])}},

where p(j) := infy>;{(cs — 0)/(ax + 6;)}, a lower bound for the drift of the asymmetric random
walk described by the jump chain of Y in Z N [7,00). Provided that X [i—1) = 2, there is thus no
need to define &; for j < 1. It is then possible to apply Doob’s inequality to control the fluctuations
of M?, and this can be translated into bounds on the probability of the events A;, again with
a replaced by a(®. Note that the variance of M? and the means and variances of A7 = Ajpo,
conditional on Fr, ,, can be bounded much as in (3.9) and (3.11), but with different constants. For
instance, temporarily defining

pjo=1-¢ = ——,

we have
E{(M, — M;_1)*| Fs,_, n{c'? >1—1}n {Ys(le =7j}}
s L \2 fpj 4 2 9
:p'Q‘{f.‘i" }"1‘{*.—. } < 4577 7.2

in j > 2, where the first term in (7.2) comes from the variability in h(YS(li)) and the second from the
variability in &(S; — S;—1). Hence, for any [ > 1

Var (M7 | Fr,_,} < 4 E{(YS) ) 2[0® >k —1]| Fr,_,}. (7.3)

k>1

But since, for any r > 1,

ST > 1) < ST{MHX oy X))

>0 1>0

< 2" { 1 4 1 }
- Xf;j] Xy (r=Dp(3Xp-q) )
the sum in (7.3) is bounded by 16X[;f1](1 +1/p(j0)), uniformly in Xj;_1; > 2jo, for any jo such that
p(jo) > 0. This is the analogue of (3.9). The bounds analogous to (3.9) and (3.11) in turn imply
analogues of the probability bounds (3.10) and (3.12) for the deviations of M7 and A7, again with
different constants. By using a Wald martingale for the simple random walk with drift p(%X i—1])s
the probability P[o() < oo | Fr._,] is bounded by e ¢Xii~11, for a suitable constant ¢ = c(p(%X[i_l])).
This is enough to establish Lemma 3.2, under the extended model.

In the proof of Lemma 3.3, the fact that the process Y # is non-decreasing is used, but only for
convenience. The proof can easily be modified for the process in which deaths are allowed to occur.
It is enough, instead, to know that Y does not fall below the value %X[i_l], and to define 7 so
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that (2/ 7])4/ 7 > 245 in the analogue of Lemma 3.3. Then, in the induction argument used to prove
Lemma 3.3, note that on A;, for any ¢ € [T;_1,T;),

log Xy > log X|;_ —X[;_W{f > log(X[i—11/2),

as desired, if n < 2log2, by the induction hypothesis, so that then Sx, < 8’ for all T;_1 <t < T;.
The remainder of the proof is as before. In the analogue of Lemma 3.5, 1 should also now satisfy
2/m*7 > 25"

Theorem 4.1 also holds, with ¥ for v. As for Theorem 3.1, some small modifications in the
proofs are needed, again because the process is no longer increasing between catastrophes.

The biological motivation for allowing edges to be removed is that some interactions may decline
in importance over time, being replaced by more advantageous interactions. However, these removals
would not occur only at the occasions on which a vertex is duplicated, so that the original discrete
process is not well suited to such a modification. Hermann and Pfaffelhuber (2021) introduce edge
deletions in a process very similar to the continuous time model of Jordan (2018), in which edges
can easily be modelled as having independent exponential lifetimes.

In Hermann and Pfaffelhuber (2020), extra terms are introduced into the birth-death—catastrophe
process, allowing for upward jumps of sizes greater than one, those corresponding to a Markov
branching process. Here, we can again allow such jumps, now allowing the jump rates to vary a
little with the state k. Writing N_; := {—1} UN, we can modify the matrix @ further by setting

b . b
Q](i'};_i_j = kapj, JeEN; Q;(g,zc_l = kag, 1+ BrTrk—1;

Q;(f;€ = —{k Z ak,j+/6k(1_77kk)}§ Q;(cbz = Brmkj, 0<j<k—2 (7.4)
JeEN_1

Here, we assume that inf;>q ZjeN—l ar,; > 0, and that

]a;w- — A j < C*’jk_v, J€N_, k>1,
where
S da = a® < s Y e <o,
JEN_1 JEN_1

and > JeN j2ak7j is uniformly bounded in k. It then follows that the asymptotic growth rate for

the process without catastrophes is a(*), rather that «, which is consistent with o9 when as; =0
for all j > 2, and with « in Section 2, when also a4, _1 = 0. Largely using the proof of Theorem 2.1,
we can show that the process X(*0) that has an additional transition from state 0 to state 1,
satisfies the following theorem.

Theorem 7.1. For the process X*?) we have the following behaviour:
(1) if o® < Blog(1/p), then X*P is geometrically ergodic;
(2):  if a® = Blog(1/p), then X*b) is null recurrent; (7.5)
(3):  if a® > Blog(1/p), then X*b) is transient.

Proof: The difference from the proof of Theorem 2.1 comes from needing to find the leading terms

in k) en , ani(f(k+j) — f(k)), rather than just in k(f(k+1) — f(k)), for the same four choices
of f. For the two recurrence arguments, when f is concave, we immediately have

D ar(Flk+3) = f(k) < D jar;f (k)

jEN FEN
and the rest of the proof is straightforward, under the assumptions on the ay ;. For the remaining

two arguments, we use (2.13) with z = k and y = k + j in proving null recurrence, and (2.16) in
proving transience. ]
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The analogue of Theorem 2.5 is also true, in case (1), with a® in place of a.
In case (3), the analogue of Theorem 3.1, with a(®) in place of «, is also true. As discussed above
for X@  there are modifications to the proofs of Lemmas 3.2, 3.3 and 3.5, because of the deaths. In

Lemma 3.2, the martingale M in (3.8) again has to be modified, now Wlth (i) replaced by agzi),

where we define

&) = > aph(G+k—1) = h(j—1) ~ ol
keN_q

in j > 2. The lower bound p(j) on the drift of the jump chain, used in defining the stopping
time ¢, also needs to be modified to

ZZGN,l lag, }

D leN_; Okl

p(g) = inf{

k>j

As for X(@ it is necessary to be able to bound the variance of M? and the means and variances
of A7 := Ayp,, conditional on Fr, |, much as in (3.9) and (3.11), but with different constants.
Under our assumptions on the values of ay, ;, the calculations are routine. Finally, again with small
modifications to the proof, Theorem 4.1 also holds for X ®) with v® for v.

7.2. The process with random re-wiring. In Pastor-Satorras et al. (2003), the basic DD model is
modified to accommodate random connections, added to the duplicate vertex after copying and
thinning. At time (m + 1), each vertex, other than the vertex being copied and its neighbours, may
be connected to the duplicate, independently with probability r/m.

In this case, the equations (1.4) for probabilities in the basic DD model, for & > 1, are modified
to

" 0 1 _ 9
Pikie = okt g {0k ak (= (k1) /)l

T {(h —1>a+r<1—k/m>}pmk1 (7.6)
rm) (r,m)
+qumj Tjk Z m] Tjk }’
i<k 7>0

ry(rm)

where, as before, a := ¢ + p(1 — ¢); the probability distribution II, is the binomial distribu-

tion Bi (m — k,r/m), having point probabilities 7T1(g ; ), and the probability distribution H,(:’m), with

point probabilities Wé?’m), is the convolution of II; and ﬁ,(:’m), and has mean kp +r — rk/m. In
vector notation, the equations can be written as
(i)™ = BT+ (m+ )R ™ ), (7.7)
and so
i) = )" T A7+, (7.8)
j=mo+1
where

QU = ak+r(l— (k+1)/m)+ (1 — q)rl i +ar 7
T = ok 4 (1= (k+ 1)/m) + (1 - q) (1 —miy™) + g(1 - F) (7.9)
QY = —om™, 0<i<k-1 QY = (—om" +ary™, Jzk+2,
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for each k£ > 1, and with

o= (L= 1m) a5 Q= 20, =
G = —fr(1 = 1/m) +1 - 755™). (7.10)

Note that, if » = 0, Q™™ reduces to the Q-matrix for the basic DD model. If m is large, the
Q-matrices Q™) are very close to the matrix Q("), in which, for all k£ > 0, the fractions (k+1)/m

are replaced by zero, ﬁl(:’m) is replaced by ﬁ(’”), the Poisson distribution with mean r, and Hgﬂ’m) is

replaced by H,(:), the convolution of II; and e,

Now the process X (") with Q-matrix Q(") is almost of the same form as that for the irreducible
process X* in Section 2, with ag := r, and with oy := o+ r/k and S := (1 — ¢q) for all £ > 1. The
difference is that it also has extra elements in the rates, because of the (limited) re-wiring.

First, instead of having rate ak of upward jumps in state £, with o constant, we have a rate ka,, ;,
where

(r)

o) = a+{r+ (-, +afg k= atOE™), k>1, (7.11)

)

and there are also jump rates kagg for j > 2 as in (7.4), with

af) = {0 —aml, +ai} 3k = Ok, k=1
Thus the framework is technically that of the process X, as given by (7.4), though the quan-
tities ay ; are all zero, except for j = 1. Then, instead of the copy distribution from a vertex of
degree k being a mixture of the point mass on k with probability ¢ and the distribution II; with

probability 1 — ¢, the distribution is convolved with the Poisson distribution Po (7). This in part
(r) (r)

contributes to the extra terms a, i but also has the consequence that the distribution Hkr

stricted to the set {0, 1,...,k}, has probability mass less than 1. In order to fit with a process of the
form X(® | the factor 1 — ¢ should be replaced by a parameter B,ir), where ﬁlgr) =(1- q)H,(:){[O, |},

and the downward jump distribution should be modified to ﬁg) =(1- q)H,(:) / ﬂ,(:). Under the

assumptions on Iy, l(f) =(1—¢q)+ O(k™7), the mean of ﬁ,(;) is asymptotically kp(1 + O(k™7)),

and its variance is of order O(k?~7).

Thus the process X can be analyzed in the same way as for X(»). For instance, Theorem 7.1
shows that X () is positive recurrent if a < (1 — ¢)log(1/p), null recurrent if o = (1 — ¢)log(1/p)
and transient if & > (1 — ¢g)log(1/p). In the case of positive recurrence, Theorem 2.5 indicates
which moments of the stationary distribution exist. Note that the critical exponent n* is smaller
than (1 —¢)/a=(1—-¢q)/(¢+p(1 —q)) < 1/p, so that higher moments can only be finite when p
is small enough. In the case of transience, as for the process X® the conclusions of Theorems 3.1
and 4.1 hold. R

We now show that the behaviour of the inhomogeneous Markov chain Y ("), whose probabilities
are governed by the equations (7.8), can indeed be deduced from that of the process X ). To

, when re-

do this, we couple Y™ to a process Y(") whose probabilities are given by (7.8), but with Q™)
replaced by Q). If the two processes are started together in the state (mq, 1), construct them
jointly so as to make identical transitions as far as possible. If, at any step m, the two processes
are in the same state k, the jump probabilities differ in two respects. First, the probability of
jumping up by 1 because of a re-wiring from a copied vertex that is not a neighbour is an amount
r(k+1)/{m(m + 1)} larger in Y™ than in Y. Secondly, the copy distributions differ, in that
one of them is Il convolved with Bi (m — (k+1),7/m) and the other with Po (7). As in Prokhorov
(1953), the total variation distance between these two distributions is at most em ™!, where ¢ can

be taken to be r. Hence the jump distributions of Y and Y (") when leaving state k at time m + 1
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differ in total variation by at most r(k + 2)/{m(m + 1)}. This suggests that the two processes can
be coupled so as to have identical paths with high probability, if m; is large enough.
More precisely, the probability that the two processes fail to remain identically coupled is at most
E{Ym +2|Ym) = ji}
m(m + 1)

Ejym =1

m>mi
Now, from the one-step probabilities for Y ("), we have

aj+2r+(1—-q)(p—1)j ,{1 2a—1} 2r
= )1t + )
m+1 m+1 m+1

E(Y") 1Y =5} = G+

and hence, for m > mq,

. 2001 . , 2r
BVl 1Y) =i} = {1+ S R 1Y) =0} + —

Iterating, we deduce that

(.h + —2321) Hﬁmlﬂ{l n 20‘;1}, if 20 > 1:
E{Y(r ‘Yr) =}t < ]'1+Z?;m1+12%, if 2a =1;
le;iml-s-l{l"‘QO[l;l}—l-lEga? if 200 < 1,

for m > mq, and hence that
C(j1 +2r/(2a — 1)) (m/m1)?* L, if 2a > 1;
E{Y," Y =51} < < i+ 2r{log(m/m1) + 7}, if 200 = 1; (7.12)
Cij1(my/m)t=2% 4+ 2r /(1 — 2a), if 2a < 1:

here, v denotes Euler’s constant. In all cases, this implies that Ej, ,,, < C’ jlmfl, for a finite
constant C’, implying that the probability that the processes Y™ and V") ever differ, if started at
time my in state ji, is of order O(jlml_l).

Now, for the process Y (") started at any time mg in any state jo, couple it to a process Y (")

starting at time my in the state }7,,(17;) For 2a¢ > 1, the probability that the two processes ever differ
in m > mj is at most

Q/E{?(r ’Y(T _JO} < gc(jo_i_m,/( 20 — 1)) ( 1) a—1

my ™ mo ’
where, for the last bound, we have used (7.12), because the mean of Y(") grows faster than that
of Y ("), Hence the probability that the two processes ever differ in m > m; is at most

C//jo 1
mae ! m?(l—a) ’

and can be chosen to be as small as desired, for fixed initial state (jo,mg), by choosing m; large
enough. For 2a < 1, the comparable bound is of order O(jomfl), and, for 2a = 1, it is of
order O(jo log(ml)ml_l). Hence, after some finite random time, the paths of Y are exactly
those of a process Y("). In consequence, the conclusions of Theorems 7.1 and 2.5 hold for Y(T), if
a < (1—q)log(l/p). If &> (1—q)log(1l/p), as in Theorem 6.4, m_ap_Jergb) converges a.s., and,
as in Theorem 6.5,

lim P[{logm}~*{log Y.\ — vlogm} > y|Yim, = wo] = 1—d(y/v),

where v? = (1 — Q){log(l/p)}2
Note that the argument relating ¥ ") to Y (") does not greatly involve the detail of the re-wiring
mechanism. For instance, at step m + 1, suppose that each new vertex adds extra connections to a
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random number of other vertices, chosen without replacement from all those other than the vertex
being copied, and that double edges are then merged, as proposed in Bebek et al. (2006). Let the
distribution of the number of extra connections be denoted by ﬁ(m), having point probabilities #(m)
and mean r,,. The distribution H,(Cm), with point probabilities ngm), that represents the number
of edges in the copy of a vertex of degree k at step m + 1 is not quite the convolution of Il
and ﬁ(m), because some of the extra connections may duplicate edges to neighbours of the copied
vertex, but it is easy to check that the difference in total variation between the two distributions
is at most kr,,/m. The equations corresponding to (7.9), defining the analogue Q™ of Q™)
have « replaced by a,, == a+ (1 — a)ry,/m, @ replaced by #(™ and 7Tl(€r7m) replaced by W](Cm).
Then, if there is a distribution II(*®) with mean (> such that dpy (II™) T1()) = O(m™1), and if
[ — 1) [+ 0(m~1), the previous arguments can be used to show that the process is asymptotically
equivalent to one associated with the Q-matrix Q(°), obtained by formally replacing m by oo in
the definitions of Q™ to which the asymptotic theorems of the paper can once more be applied.

(r;m)
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