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Abstract. We continue our analysis of Ising models on the (directed) Erdgs-Rényi random graph
G(N,p). We prove a quenched Central Limit Theorem for the magnetization and describe the
fluctuations of the log-partition function. In the current note we consider the low temperature
regime # > 1 and the case when an external magnetic field is present. In both cases, we assume
that p = p(N) satisfies p? N — oo.

1. Introduction and main results

1.1. Description of the model. In this paper we continue our investigation of Ising models on the
Erdés-Rényi random graph. Technically speaking they are disordered ferromagnets in the sense of
Frohlich’s lecture Frohlich (1986). The model we are studying was introduced and first analyzed by
Bovier and Gayrard in Bovier and Gayrard (1993). The topology of this model is given by a directed
Erdgs-Rényi graph G = G(N, p). Its vertex set is the set {1,..., N}, and each of the directed edges
(i,7) is realized with probability p € (0, 1] independently of all other edges. For simplicity, the case
1 = j is admitted. The random variables afvj = ¢i;,4,7 € {1,..., N}, which indicate whether an
edge (i, ) is present or not, are thus assumed to be i.i.d. with distribution

P[Ei,j = 1] =D, P[é‘i’j = 0] =1 —P.
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Our general assumption is that p = p(IN) satisfies p> N — 0o as N — co. This is more than enough
to ensure that asymptotically almost surely the graph is connected. It is likely that one could prove
variants of our central results also under the weaker assumption p/N — oo, but our main technique
runs into problems.

On a fixed realization of this Erdés-Rényi random graph G we define the Hamiltonian or energy
function of the Ising model. It is given by the function

H=Hy:{-1,+1}" R

defined as
N

N
H(o) = —2]1[]? Z €;,j0i0; — hZai (1.1)
ij=1 i=1

for 0 = (01,...,0N) € {—1,+1}N. We note that H also depends on the parameter h, but for
the sake of readability we suppress this dependence in the notation. Here h > 0 plays the role
of an external magnetic field. With such an energy function H we associate a Gibbs measure on
{-1, —|—1}N . This is a random probability measure with respect to the randomness encoded by the
(61'7]‘)%-:1. It is given by

pan (o) = g en(—BH(), o e {-L+1}Y, (12)

where 8 > 0 is called the inverse temperature. The normalizing constant is the partition function
given by
Zn(B,h) == > exp(—BH(0)).
oce{-1,+1}N
The well-studied Curie-Weiss model is a special case of this setup, namely the situation where
p = 1. For a survey over many results on this model see Ellis (2006). The Curie-Weiss model

is an interesting model for ferromagnetism because it exhibits a phase transition at the critical
temperature 5. = 1. This phase transition can be seen by analyzing the magnetization per particle

N
> i=10i _ M

my (o) = ~ N

Here we have introduced the notation
N
lo| == Zai = Nmy (o).
i=1

To avoid possible confusion, observe that |o| can be negative. In the Curie-Weiss model with h =0
the distribution of the magnetization per particle my under the Gibbs measure converges to

1
3 Om+(8) + 0m=(p)).
Here 6, is the Dirac-measure in a point x, while m™(3) is the largest solution of
z = tanh(f5z), (1.3)

and m~(8) = —m™(B). Observe that for 3 < 1 the above equation (1.3) has only the trivial solution
m™*(B) = 0. Therefore in the high temperature regime 3 < 1 the magnetization per particle my
converges to 0 in probability. For 5 > 1 the largest solution of (1.3) is strictly positive. Hence
in the low temperature regime 5 > 1 the magnetization my is asymptotically concentrated in two
values, a positive one and a negative one.
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Let us now turn to the Curie-Weiss model with A > 0 and § > 0. Then, it is known Ellis (2006)
that the distribution of the magnetization per particle my under the Gibbs measure converges to
Om+(a,n)- Here m™* (3, h) is the largest solution of

z = tanh(B(z + h)). (1.4)

In Bovier and Gayrard (1993) the authors show that the same limit theorems for mpy hold
in the dilute Curie-Weiss Ising model, that we defined in (1.1) and (1.2), as long as pN — oo.
More concretely, if 5 < 1 and h = 0, then for almost all realizations of the random graph, the
magnetization my converges to 0 in probability under the Gibbs measure, while for g > 1 and
h = 0 it converges to %(5m+(,3) + - ()) in distribution. Moreover, for all 8 > 0 and h > 0, my
again converges in probability to d0,,+(g). This latter fact is not explicitly stated in Bovier and
Gayrard (1993), however, it can be easily derived with the methods introduced there.

The starting point of our investigations in Kabluchko et al. (2019), Kabluchko et al. (2021), and
Kabluchko et al. (2020), as well as the current note, is the observation that in the Curie-Weiss model
one can also prove a Central Limit Theorem for the magnetization when 5 < 1 and h = 0 (see,
e.g. Chatterjee and Shao (2011), Eichelsbacher and Lowe (2010), Ellis (2006), Ellis and Newman
(1978)). These references show that v/ Nmy converges in distribution to a normal random variable
with mean 0 and variance ﬁ Furthermore, as can be expected from this result, at 5 = 1, there
is no such standard Central Limit Theorem and one has to scale in a different way. The result is
that v/ Nmy converges in distribution to a non-normal random variable with density proportional
to exp(—%a:‘l) with respect to the Lebesgue measure. If 8 > 1, one has to consider the conditional
distribution of v/N(my —m™®(5)) conditioned to my being positive. In this case v N (my —m™*(5))
conditioned on mpy > 0 converges in distribution to a normal distribution with expectation 0 and
variance

1 —m*(B)?
2 2
c“(B,0) :=c*(B) := .
5.0 =) = T e 3
Similarly, when A > 0 the random variable v/N(my — m*(8,h)) converges in distribution to a
normal distribution with expectation 0 and variance
1 = m*(8,h)?
2 )
h):= . 1.6
7N = T (8, 7) (o)
These results can be found in Ellis et al. (1980).
The general question we have been investigating in previous articles was, whether such limit
theorems also hold in the dilute setting introduced above. To state our results let us introduce the
following random element of the space of finite measures on R, denoted by M(R):

(1.5)

1
Lyi=—— ePHO | (1.7)
Zn(B: 1) ae{—%l}N 7 (S oimhm)

where m is either m™(3) (resp. m~(8)) or m™(3,h) depending on the case we consider. In the
notation, we suppress the dependence of Ly on $ and h. Then the probability measure Ly is
random, since it depends on the random variables ¢; j,4,j € {1,..., N}. In Kabluchko et al. (2019)
we showed that, if p? N? — oo, 3 < 1, and h = 0 the random element Ly converges in probability to
the normal distribution with mean 0 and variance ﬁ, denoted by 9y 1/(1-g), which is an element
in M(R). In Kabluchko et al. (2020) we extended this result to the situation of pN — oo, f < 1,
and h = 0. Moreover, for p*N3 — 0o, 3 =1, and h = 0 we considered

1
Ly = ——— e PH(O)§
VIR e
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and showed that it converges in probability to 9t € M(R), the probability measure with density

_ 1.4
e 127

- fR e_l%yzldy'

For smaller values of p, 8 = 1, and h = 0 we showed that suitable versions of L}V again have
a normal distribution as limiting distribution (again in probability). Finally, in Kabluchko et al.
(2021) we analyzed the fluctuations of the random partition function Zy (3, h).

Note that the situation we analyzed in Kabluchko et al. (2019), Kabluchko et al. (2021), and
Kabluchko et al. (2020), as well as in the present note is of a different character than the results
for sparse (Erdgs-Rényi) graphs. Such situations were deeply studied by Dembo and Montanari in
Dembo and Montanari (2010a) and Dembo and Montanari (2010b) and by van der Hofstad and
coauthors in Dommers et al. (2016), Dommers et al. (2010), Dommers et al. (2014), Giardina et al.
(2016), and Giardina et al. (2015). In particular, we will comment on related results by Giardina
et al. in Giardina et al. (2016) and Giardina et al. (2015) at the end of the next subsection.

() :

1.2. Main results. As announced, in this note we will study the fluctuations of mjp, when either
h=0and 8 > 1, or when h > 0 and 8 > 0 is arbitrary. In both cases we require that p is such that
p3N — co. The results will be formulated in terms of the quantity Ly defined in (1.7) and related
quantities L and Ly, to be defined below. Recall that Ly is a random element of M(R), the set
of finite measures on R and that M(R). We endow M (R) with the topology of weak convergence
and denote by pweax any metric generating the weak topology and turning M(R) into a complete
separable metric space.
Our main results are Central Limit Theorems for my. The first one is

Theorem 1.1. Assume that h =0, 8> 1, and p>N — oco as N — oco. Then,

2
+ . —BH (o)
Ly = Zn(B,h) Z ¢ 5%(21&1@—%#5)) Isn, o0

oe{-1,+1}N

considered as a random element of the set M(R), converges in probability to the normal distribution
Mo 02(g), which is considered as a deterministic element of M(R). Here the variance o*(f) is given
by (1.5). In other words, for every e > 0,
: + _
]\}floop[pwe“k(LN’mOvU2(5)) > 8] =0.

An analogous assertion holds true, if, in the definition of L}, we replace m*(B) by —m™*(B) =
m~(8) and restrict our attention to configurations with negative magnetization, i.e. if we consider

- _ 2 ~fH (o)

Ly: Zn(B,h) UE{_ZI;I}NG 57%( Y oi-Nm=(8) ', si<o

Remark 1.2. Intuitively, approximately one half of the configurations are such that the magnetiza-
tion per particle is close to m™(3), whereas for the other half it is close to m™~(3). This is very
different from the high-temperature setting considered in the previous publications Kabluchko et al.
(2019) and Kabluchko et al. (2020), where the magnetization per particle was concentrated near
0. In Lj(, we only take the configurations with positive magnetization into account, which is why a
factor of 2 is necessary in its definition. Without the factor, the limit would be a measure of total
mass 1/2.

Our second main theorem is
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Theorem 1.3. Assume that h > 0,8 > 0, and p>N — oo as N — co. Then,

1
Ly :i=—5—— e PHOS | v . :
Zn(B,h) ae{—;rl}fv v (Liz1 0= NmT(Bh))

considered as a random element of M(R), converges in probability to Ny ;25 ). Here m*(8,h) and
o2(B,h) are given by (1.4) and (1.6). In other words, for every e > 0,

]\}i_l;noop[pweak([f]\/'a mO,a'Q(ﬁJL)) > 5] =0.

In Kabluchko et al. (2021) we also analyzed the fluctuations of Zn (5, h) for 8 < 1, h = 0. Before
we state the corresponding result for h = 0, 8 > 1 and for A > 0, 8 > 0 we introduce some notation.
We set

. {m+(ﬁ) ifh=08>1
' m*(B8,h) ifh>0,8>0
and
Zn(B,h) = Z e PH(0) exp( 2Np m? Z Em) (1.8)
oce{—1,+1}V 1,j=1
We comment on the role of Z N (B, h) at the beginning of Section 3. In the following theorem, it is

possible to replace EZy (8, k) by its asymptotic forms given in (3.19) below and (4.1), but we prefer
not to state these long expressions explicitly.

Theorem 1.4. Assume that h =0, > 1 or h > 0, B > 0. Further assume that p = p(N) is such
that p>N — oo as N — oo and, moreover, that p(N) is bounded away from 1. Then,

log(Z (8, h) /EZ (8, h)) — 22’

B2mi(1—-p)
4p

— 9"(071

i distribution.
For fized 0 < p < 1 that does not depend on N this may be rewritten as
Zn(B./EZN (B ) ¢

BNTV‘L
e 2

2. 401
in distribution. Here ¢ denotes a normal random variable with expectation 0 and variance BmTSP),

We will prepare the proof of these theorems analytically in the following section. The actual
proofs will follow in Sections 3-5.

Remark 1.5. In Giardina et al. (2016) and Giardina et al. (2015) the authors prove Central Limit
Theorems for the magnetization of Ising models on sparse random graphs. They consider the
distribution of the magnetization under three different measures: the random quenched setting,
the averaged quenched measure, and the annealed measure. The first of these situations is (apart
from the random graph considered) similar to our setting. The second situation considers the
measure g v averaged over the distribution of the random edges in the graph, while the annealed
measure is given by u3 y = mﬂi exp(—(BH (o)), where the expectation is with respect to
the bond distribution. The results in Giardina et al. (2016, Theorem 1.3) and Giardina et al.
(2015, Theorems 1.3 and 1.5) indicate that for sparse graphs there is a clear distinction between
the (averaged) quenched case and the annealed case. Under all three of the above measures the
magnetization satisfies a CLT. However, while the variances for the normal distribution under the
random quenched measure and the averaged quenched measure agree, the variance for the annealed
measure in general differs from them. In our setting the annealed CLT is easy to analyze using the
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techniques developed in Kabluchko et al. (2019), Kabluchko et al. (2020), as well as in the next two
sections. The result is that also under the annealed measure the magnetization obeys a CLT with
the same variance as in the random quenched case. Given that even in the sparse situation the
asymptotic variances of the distribution of the magnetizations agree under the random quenched
and the averaged quenched measure and that a large expectation of the degree distribution has
an averaging effect for the important observables, it appears likely that also under the averaged
quenched measure my obeys a CLT with the same variance as in the other two situations. However,
this is rather difficult to prove and thus cannot be done in the article.

Remark 1.6. While we were working on this manuscript Deb and Mukherjee published some really
interesting results on the fluctuations of the magnetization of Ising models on general almost regular
graphs in Deb and Mukherjee (2020). Their results partially confirm our results in Kabluchko et al.
(2019) and Kabluchko et al. (2020), as well as those of Theorems 1.1 and 1.3. However, their
techniques are completely different from ours. On the other hand, our third main result, Theorem
1.4, is new. Its proof relies on the results developed in order to prove Theorems 1.1 and 1.3.

2. Technical preparation

In the proof of our main theorems we will encounter some functions for which we will need an
expansion up to certain orders. These functions will be studied and analyzed in this section.
More precisely, for arbitrary complex variables z and p let us define the function

F(p,z) :=log(1 —p + pe®). (2.1)

Note that in this section we do not assume that p is a probability. We will next compute the power
series expansion of some linear combinations of F'(p, z) in p and z variables around the origin (0, 0).
Note that, for |p| < 2 and |z| < zp with sufficiently small zp > 0, we can estimate that

Ip(e” — 1) < 1.
Thus, the function F(p, z) is an analytic function of two complex variables p and z on the domain
D ={(p,2) € C*: |p| < 2,]2| < 20}

Therefore, it has a power series expansion which converges uniformly and absolutely on compact
subsets of this domain. In particular, by absolute convergence, we can re-arrange and re-group
the terms arbitrarily. We will use the following first terms of the power series expansion in our
computations:

(1-p) o, p(2p*—3p+1) 5 p(—6p°+12p° —Tp+1)

p 4 5
= . 2.2
F(p,z) =pz+ 5 # + 5 27+ 54 24+ 0(z”) (2.2)

The following claim has already been proven in Kabluchko et al. (2019), Lemma 1.

Lemma 2.1.
oo
P (p)
F(p7 Z) :pz Tzkv
k=1
where Py(p) is a power series in p with constant term Py(0) =1 for all k € N.

Corollary 2.2. If z and y range in a compact subset of R and p,~ are such that (p,v(+z+y)) € D,
then

(i)

F(p,7(z +y)) +2F(p,’y(—z ) s %pu — (22 ) + O,
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(i)

Fp,n(z+y) = Fp,v(=2+y))
2
In both cases, the constant in the O-term is uniform as long as z,y stay in compact subsets of R
and (p,v(+z +y)) € D.

= pyz +p(1 — p)y’zy + O(py?).

Proof: From Lemma 2.1 we have

Fp,y(z+y)) +2F(p,7(—z+y)) _ gz Pk(p),yk<(z+y)k+ (—z+y)k)

1 P 3x= Pe(p) 4o
=py+ (1 =PV (" +y) + 57 Lv’“ 3((2 +y)F 4+ (2 + y)’“)
k=3

1
=py+ 51— PV (2% +y%) + O(py?).

Similarly, we have

F(p,y(z +y)) —2F(p,v(—z +v) _ 159 3 B (p) k((z ) — (ot y)k>

= pyz +p(1 = p)y’zy + O(py?).

3. Proof of Theorem 1.1

In this section we will prove Theorem 1.1. The proof of Theorem 1.3 is quite similar and in
Section 4 we will basically point out the differences between the two proofs. Hence, throughout this
section we will assume that h = 0 and 8 > 1. The main idea, for both Theorem 1.1 and Theorem 1.3,
is to consider the following modification of the partition function for g € C®(R) (meaning that g is
globally bounded and continuous) such that g > 0,9 # 0

ol —Nm\ _gpgs
ZJJ\rr(ﬁa}%g) = Z g(||\/ﬁ>e AH( )1\a\>07
oce{-1,+1}N

where we put m := m™ (). Then we have

Lot o —Nm) } Z4(8,h,9)

- z)Lt(dz) =E —_ 1, =N g 3.1

3 [ @40 =By o2 ) 110 | = S 1)
where, for a fixed disorder (ai,j)%zl, K, , v denotes the expectation with respect to the Gibbs

measure p[gp N -

Instead of Z]'f,(ﬁ, h,g) we study the related quantity Z;{,(ﬂ, h,g) in which the summands, as we
will show, behave like asymptotically independent random variables. To define Z;{,(B,h,g), for
o € {1} and for fixed 8 > 0 we first introduce

as well as

N N
T(o):=Tsn(0) :=exp (’y Z £ joio; —ym? Z 5i,j>~

,j=1 ,j=1



544 Zakhar Kabluchko, Matthias Lowe and Kristina Schubert

We will suppress the indices f and N in T y(o) in the rest of this section. We will usually use
T(o) to compute its expectation, its variance or covariances of the form Cov (T (¢),T(7)). From the
expressions that we obtain it will be obvious that T'(c) depends on 5 and N.

Then, for g € C*°(R) such that g > 0,g # 0, we set

~ — Nm
ZEGhg = Y g(’“'>T<o> Lojo.
N oe{-1, +1}N \/N -

Note that in (1.8) we defined a related quantity

N
ZnBh) = Y e H@exp <— ym?® ) %)»

oe{—1,+1}N 3,7=1

which does not exactly correspond to Z]J\r,(ﬁ,h, 1) since in the latter quantity the summation is
restricted to |o| > 0. Since

N
Z3 (B, h.g) = Z3(B. h,g) exp <7m2 > si,j> (3.2)

ij=1
we have _
Z5(Bhg) _ Zy(B,h9)
Zn(Bh)  Zn(B.h)
Let us investigate, how ZJJ{,(B ,h, g) behaves. We start our analysis by the following computation

(3.3)

Lemma 3.1. For h=0, 3> 1, and p>N — 0o as N — co we have for all ¢ € {—1,+1}¥

_ p 2 _ m2N2 (1 —P)»BQ mi — 277”L2|‘7|2
ET (o) = exp <2N(\a] N*) + 8 N2 +1)+o0(1)
with an o(1)-term that is uniform over o € {—1,+1}V.

Proof: We compute

N N
ET(0) = [] E[e%i,ﬂ’if’f—vm?%] =11 (1 — p+ pe(@iTi 2)).

If we introduce

f(@) = f(a:p.y) =log(1 = p+ p?@™)) = F(p,y(a — m?)),
where F is given by (2.1

N
ET (o) = exp < Z log(1 —p+pe“/("i‘71—m ) = exp ( Z f(oio;j )

,j=1 i,j=1

), we can continue by

Note that ; € {£1} for all i and hence o;0; € {£1}. For the two values 1 we can rewrite f in a
linear form. More precisely, we write
f(z) =ap+ ayz, xz e {-1,+1}.

The two coefficients ag and a1 naturally are dependent on p, m and . They can be computed from
the following two equations

_ f)+ (1) _log(l = p+pe?1=m) 4 log(1 — p + per—1mm)
_ ' _ : |
_ f() = f(=1) _ log(1 — p+pe?=m) —log(1 — p+ per~1=m)
2 N 2
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to obtain
ET(0) = exp(N2ag + a1|o]?).
Using Corollary 2.2 we see immediately that

2
ap = —ypm? + %p(l —p)(m* + 1)+ O(py*)

and
_ 2 2 3
ar = py =Pl —p)m” + O(p7°).
Thus
1— 2 92 2 2
ET (o) = exp (;V(\UIQ —m?N?) + <8§)5 <m4 — WE\[’;‘ + 1) + 0(1)>
with an o-term that is uniform in o € {—1,+1}". This was the assertion. O

We will now compute the asymptotic expectation of Z;{, (B,h,g). To this end, we will introduce
the following set of spin configurations. Set

SY = {a e {1}V : ||o| - Nm | < \/MN}

with kxy = pvV/N/(p*N)%/>. These spin configurations will be called typical in the following proof.
The corresponding set of values of |o| is denoted by Wiy, i.e.

Wi = {lo| : 0 € 8%} = {[Nm — VNkn],...,|[Nm+ VNky|}. (3.4)
The set of the atypical spin configurations is denoted by
Sy = {o: } o] — Nm| > V Nk, |o| > 0}.
Proposition 3.2. For all g € C°(R),g > 0,9 #0, h=0,3 > 1, and p with Np> — oo we have

EZ}(8,h,g)
Nooo (=pB% vy NT(m
oo ISP (1_mt) N ( )2N+1\/%a(6)Edg(§)]

=1

Here, the function I is given by formula (3.6) below and

__a?
e 20%2(8) dzx,

1 [e.9]
Belo(©) = s [0

i.e. & denotes a normally distributed random variable with expectation 0 and variance o%(3).

Proof: By decomposing {£1}" into typical and atypical ¢’s, defined by S%;, we have

EZ5(B,h,g) = Y g(w>ET(a)+ > g(W)ET(U).

oeSy oeSy¥
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For the typical configurations with |o| € Wy ,,, we have from Lemma 3.1

> g(|0|_\/NNm>ET(J) (3.5)

UGSh

12 B 182 2m2|0)2

:ei(l 81;)ﬁ (m*41) Z g<|0’| Nm e%(|g|2,m2N2)7(1 81;))!* 2 N\2I +o(1)
vN

JES1

2 90,0212
:e(l p)ﬁ 4+1 Z Z (’0‘| )eﬁv(|02m2N2) (1— p)B 2 | | +o (1)

kGWN a'e{il}N
lo|=

2 2
o i) Z g(k — Nm>e£v(k2—m2N2)—<18’;)B 2m2)2 +0(1)< ]Xk>

EEWN m VN 2
Note that from Stirling’s formula

1 1
log(n!) =nlogn —n+ 5 log(2m) + 3 log(n) +O(1/n),

we obtain for £ € Wy,

(1+0(1)) %N L (%)
(1- 2)
= (1+0(1)) Me—m(ﬁ)

with an o(1)-term that is uniform for all k such that k € W ,,. We have used that xy = o(v/N).
Here,

1— 1

I(x) := 5 ° log(1l —z) + a log(1 + ) for x € [-1,1]. (3.6)

Hence, we arrive at

lo| — Nm>

T g( ET(0)

oeSk qu

o \52
_a+ 0(1))6(1 25 (m*+1)oN 1 2

\/1_ 2\ 7N
e o et

kGWNym

Let us write £ N =m+ \F with |cgx| < kn. Then,

NI(JIi]):NI(m)—i—I’( JerVN 4+ 1" (m ) (\;L)
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and the O-term is uniform for all k& € Wiy, and can be estimated above by o(1) because of our
choice of kx and since p>N — co. Then

SHEEE S

JES%

)
(14 o(1))e T min-NImgy__ L [ 2

V1—m2V N

472 3a3/2 2.2
_ B 3/2 5 (1*?)[‘32 2mEN“+4m° N cpt+2m CkN
3 oET o i)

N2
VN

o~/ (M)exVN—I"(m)

kEWN,m

M‘?ﬁ“l\:’

(3.7)

Now the linear term in ¢ in the above expression is

Cr <Bm\/ﬁ Bz(;piﬁ) —VNI'(m )> = ¢ (BmVN —VNI'(m)) + o(1) = o(1),

where the first equality follows from xy = o(pv/N) while the second equality follows from I’(z) =
3 log (Hx) = artanh(z) and m = tanh(fm). Therefore, with an o(1)-term that is uniform for
typlcal o we have that

()

GGSh

(-p)B2%, 4 _ 1 2
_ s (m*+1)=NI(m)oN L+ [ 4
(I+o0(1))e @r 2 \/1_7\/ —

E— Nm\ 8.2 (-pg22m!N24om?EN
S (BN st B 1m)
]CGVVN7 N

(a-p)B* p)B
14 (=m*+1)=NI(m)oN
= (1+o(1)e =\
Z <k_Nm>eﬁ12(m>ci
g \/N 9y

kEWN,m

N"xm

where we used that k% = o(pN). Note that for the term in the last exponential we have
B—1"(m) , 1—B(1—m?) , 1, 1 [(k—Nm\?
cp = — cp = — cp = —
2 200-m2) * 20(82% 2082\ VN /)’
where we used ¢ = (k — Nm)/\/ﬁ We see that

v, 2 ()= (i (CA7))

\/; [ swrem (- g e = Bdate))

Indeed, this is basically the approximation of an integral by its Riemann sum. Note that for
k € Wy, the variable ¢, = (kK — Nm)/vV N ranges in [—ky,+kn] intersected with a lattice of
mesh size 1/v/N. Over each fixed interval, the Riemann approximation argument applies. Since

converges to
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kN — 0o, we need an additional justification for the applicability of the Riemann approximation
over intervals of growing size. Note that

Vs | o@e < Q(jgz)z)dm <.

Hence, for all € > 0, there is a compact interval I. such that

\ 27TU /g[s exp( 20 (5) >dm<€

2wNa WZ (k Nm>exp<‘2o<lﬁ>2(k_¢%m>2)“’

ckelc

as well as

where I¢ denotes the complement of I, in R. For the second claim, bound g by its supremum and
estimate the remaining sum by the corresponding integral using monotonicity. On the fixed interval
I. we have convergence of Riemann sums to Riemann integrals, meaning that for sufficiently large
N, the difference between both is at most €. But this means

e, 2 () o (s 2(’“””)2)

x? d
27w02(B) / x) exp - 20(8)? v
for all N sufficiently large.

To prove the proposition, it suffices to show that the atypical spin configurations do not contribute
to the asymptotic size of Z;{,(ﬁ ,h,g). Recall that the set of atypical spin configurations is denoted
by

< 3¢

N ={o:|lo| - Nm|> VNEn,|o| > 0}.

The corresponding set of possible values for |o| will be called Wg .. We will use the following
bound on the binomial coefficient which again is a consequence of Markov’s inequality:

N
<N+k> <2Ve Mk < . (3.8)
2

We can use Lemma 3.1 in combination with (3.8) to obtain

> o e

ocESE

<" B, 3 e ()
KEWS ., oz

<O TGN S 0 O g i) (3.9)
kEWS .

for some constant C' > 0. For the next step again write k = Nm + ¢V N, this time xky < |cx| <
Cm VN (the exact value for C), depends on m). For the second term in the exponent we obtain the
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estimate

(L-p)B22m?k? _ m'(1-p)f® a(l-p)B 5 GO-—p) ,

m
8p N? 4p 2pvV' N 4pN
m'(1-p)8*  a(l-p)B>
— m°.
4p 2pvV' N

Inserting this estimate into (3.9) leads to

= (e

UES}\,C

_ 2 mia— ﬁ2 cp(1— )ﬂQ 2
<CUHT N i (P om N - S TR m NI ) (3.10)

keWs .

Next observe that from the analysis of the Curie-Weiss model (see Ellis (2006) for the large deviations
regime and Eichelsbacher and Lowe (2004) for the regime of moderate deviations) we know that the

function % — %RQ — NI( %) attains its maximum for % positive at m and that
B 2 k B2 2
—k = NI| =] <N(=m"—-1 - K 11
5N k NS 5 M (m) 165 (3.11)

for some sufficiently small constant K7 > 0. Moreover, ci will be at least of order x%. Hence

SREEE

UES}\,C

_ a2 2¢. (1—p) 32
<O (M) oN ~NI(m) Z o i mioKi

kEWS,
Q) (1Yo N N I(m) —Kac?
<Ce ® 2Ve > et (3.12)
kEWS

for some other constant K> > 0. We used that c;/(pV'N) = c2/(ckpV'N) with cxpV'N — oo in the

denominator.
Now cz > m?\] > N1/10 and the sum contains at most N summands, which yields
lim Y e K =0, (3.13)

N—oo
kewg

This shows that the contribution of the spin configurations in S3¢ is negligible and therefore proves
the proposition. O

In the next step we will control the variance of Z]J\r, (B, h,g) in order to show that it is of smaller
order than the squared expectation. This would imply that the quantity Z]J\r, (B, h, g) is self-averaging

meaning that ZJJ\“,(B, h, g)/EZj{,(B, h,g) converges in probability to 1. Our first step in this direction
is

Lemma 3.3. For h =0, 3 > 1, all p = p(N) such that p> N — oo, and all 0,7 € {—1,+1}" we
have

E(T(o)T(7)) = exp(N2b0 + b1|0]2 + b2|’7'|2 + b12|a7'|2),
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where
bo = —2(m*p)y + (p+ 2m*p — p* — 2m*p*)y* + O(py?),
b1 = by = py + (—2m?p + 2m*p*)y* + O(py?),
biz = (p — p*)7* + O(1?),

and the O-term is uniform over o,7 € {—1,+1}". Here, we set

N
loT| := Z 0T
i=1

Proof: We have

N N
E(()T(7) = [] (1 ptpermmmm=2m)) — ey ( S foios + >>

i,j=1 i,j=1
where
2
f(@) = fz:p,7) =log(l — p+ pe?’=2m)) = F(p,y(x — 2m?)),
and F'is given by (2.1). Note that for fixed m, f(o;0;+7;7;) is a function of the arguments z1 = 0,0}
and x9 = 7;7;, where z1 and x5 take values in {#£1}. Hence, for these values of z1 and z9, we can
write
f(ﬂjl + 1'2) =bg + b1z + baxo + biox o,

where the coefficients are given by

f(2) + F(=2) +2/(0)

b() - 4 ’

s J2)+ 7(-2) - 27(0)

12 — 4 ;

2) — f(—2
y oy, {5
4

The representation of the coefficients is then an immediate consequence of Corollary 2.2. Using
(2.2) the lemma is proved. O

From here we start to estimate the variance of Z;(8, h, g).

Proposition 3.4. For h =0, 3 > 1, all p = p(N) such that p N — oo, and all g € C*(R),g > 0,
g #Z 0 we have that

V(Z(8.h,9)) = o(E2Z5,(8,h,9)]).
Proof: Obviously,
VZ (5 ,0) = | (25(6.0.0)) | ~ B2 (0,000

The asymptotics of the second term on the right is already known from Proposition 3.2. Our aim
is to show that the first term satisfies

B[ (Zi0m.9))| < 1+ B Z5 (51,00

Since the variance cannot become negative, this would imply the assertion. Introduce the set of
typical pairs of spin configurations

S% = {(0,7) : |0, |7] € Wi, ||lo7] = Nm?| < OV Nk},
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where Wy ,,, is defined as in (3.4), C’ is a constant to be specified below, and we recall that
loT| := ZZ]\L L 0i7;. The pairs of spin configurations (o, 7) that are not in S%; will be called atypical.
The set of atypical pairs (o,7) that satisfy |o| > 0, |7| > 0 will be denoted by S3¢. We split
E[(ZX,(B ,h, g))?] into the contribution of typical and atypical pairs of spin configurations as follows:

B|(zene)] = X o(ME)(ME eoro)

(o,7)e{H1}NV x{+1}N

= ) g<wk%ym>g<hKhym>EahﬂT@»

(o,7)ES%

£ 3 (M) e(ME e,

(O’,T)ES%VC

Let us first consider the typical spin configurations. Using Lemma 3.3 we obtain

3 g(“”;%m)g(”';Jivvm)MT(a)T(T))

_ Z g < ‘0’ — Nm>g < ‘T| — Nm) e—2m2N2p'y+N2p(1—p)(2m4+1)'y2+o(1)
vN VN

x exp ((py + (= 2m?p + 2m*p*)¥?) (lo ] + |7*) + (p — p*)¥?|o7|?)

s () (1
VN VN

(0,7)€S%

(U,T)ESIQV

2 2 2 2 2
y e%((\0\2—m2N2)+(\7'|2—m2N2))—(1_4125 2m (\L;\\]Q-HT\ )_,’_(14;\;72)5 |UT‘2. (314)
Our first observation is that the term with |o7|? can be asymptotically replaced by a term not
depending on o and 7. Indeed, for (o, 7) € S% we have that

(1—p)p?

(1 —p)B*m*
4N2p +

2 _
o7] i

o(1)

because kx = o(pN). Our second observation is that the same can be done for the term involving
|02 + |7|? since

(1 —p)B* 2m*(|o* + |7]*) (1—4ﬂ522ﬂﬂ-2ﬁﬂﬂﬂ_+ 1)
= (0] =
4p N2 4p N2 D

where we used that ky = o(pv/N). Overall, we get

> oo (P e

(O’,T)GS?V

(l—p)/32(1—m4)+0(1) <|O’| — Nm |7'| — Nm B ((\0\2—m2N2)+(|T\2—m2N2))
=€ 4p Z g g e2N .
VN ) < VN >

(0,7)6512\,
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Now we have the upper estimate

3 g<"";%Vm)g<'T';NNm)MT(a)T(T»

(0,7)ES%,

=pB2a=mb) 4 ) <\0|Nm> <\T|Nm>
<e 4
= 2 Ty ) VN

(o,7)ESK XSK

« o ((oP=m2N2)+(Ir2=m?N?))

2
(=p)pa-m?) | o <|a|—Nm> 5 (lol2—m2 N2
<e 4p E L egN(‘al —m=N ) .
o g \/N

UGSb

To justify the inequality, observe that in the first line we sum over a smaller set of pairs (o, )
because S%; involves an additional constraint on |o7|, and recall that g > 0.
Now we proceed similarly to the proof of Proposition 3.2. Indeed, in the same way we prove that

> g(lal—ﬁn)egwmm _ em(muml%a(mdg(@],

This, together with the statement of Proposition 3.2 shows that

lo| = Nm IT| = Nm ~ 2
(W)ZES%V9< oMo E o) < 1+ o) (B24(5.1.9)

We will now show that the contribution of the atypical spins to the variance of Z]'\F,(B, h,g) is
negligible. We need to show that

> oo (M e = o (B25(5.0.9)°).

(o,7)ES3E

UESb

Note that the pairs of spin configurations (o, 7) € S3¢ either satisfy
||lo| = Nm| >V Nen or, ||r| = Nm|>VNky or, ||lor| = Nm?| > C'VNkn.

In the case when

|lo] = Nm| > VNky or ||7| = Nm| > VNkN
we can proceed similarly as in the proof of Proposition 3.2. For concreteness, let us assume that
we consider the situation where ||o| — Nm| > /Nry and 7 is arbitrary and let us denote the
corresponding set of spin configurations by SZQ\E 4- Then, starting from (3.14), we estimate

(0,7)%% g(|0|\/NNm>9(|T| \/NNm>IE(T(a)T(T))

_ 2 m4 —
Se(l OLAlES. )+O(1)HgHoo Z g<|7'\\/%Vm>ezgv((U|2_m2N2)+(T|2_m2N2))

_a=pB? 2m? (0?4172 |, 1-p)B% | |2
X e 4p N2 + 4N2p ‘UTl

2 4
oo oy 3 g(!ﬂ—Nm>e,;;v((02_m2N2>+<T2_m2N2>)
VN

(0,7')65’12\,6,14

<e
(CT,T)GSJQVC!A

_(=p)B? 2m?(lo?+I71?)
X e 4p N2
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953
2 2
because %’UTP < %. Thus

> g<ya| —Nm)g(!r\ ~Nm

JEE)T()
(0,7)65'12\,‘3714 \/N \/N
< I g
l— Nm L((kZ_mQNQ)_i_(lQ_mQNQ))_mM N N
X g<>62N » NZ N+k |\ N+l
(kzl; VN S ASE
|k—=Nm|>VNkp

a-p)p*@tam?h) B (122 N2y (=082 2m?k2
<o T Vgl YD emw (oI TR AN
k:|k—Nm|>vNky
— B (1-p)B% 2m2i2
% Zg(l Nm)em\/(l2_m2N2)_4’;; N

2
N N4l
D)

(%)

where the last step follows from

() sem(-(3)

Note that as in Proposition 3.2, especially equation (3.5) and the following equations we obtain that
(1-p)B%(2+2m?)

¢ Zg<w)eﬁv<l2—m2w2>-uﬁ>ﬁ?w< N )

N2 N
; VN 2

— 1+ 0(1))(3(172;;)52 —NI(m)oN+1 \/iwa(ﬂ)ﬂzdg(é-)]

a=p)p2@emh)
= (1+0(1))e 8p ]EZN(/Bahag)
This implies that

(M)EZ%A g<\o!\;§7m>g<w \;Jivvm)E(T(J)T(T))

- -p)B2B+mh) B2 _(a-pp?
<(+o(EZ (B g gl YD eI

k:|lk—Nm|>vN&n

e ()
~ (1-p)B>(3+m*) B (12 2a2Y_ k
<(+o(EZGB g 5 Vgl Y eRn NN,
k:|lk—Nm|>vN&yn

But following the steps in (3.11), (3.12), and (3.13) we see that

(17p>5;§3+m4> N Z oo (W=m2N?)-N1I (%)
k:|k—Nm|>vNrn

1=p)B2(=m?)

B (1.2 2 7\72 k
o . oN ) o2 (K3=m2N?)-NI (%)
k:|k—Nm|>vNkyn

(S

(1-p)82(2+2mt)
—e 8p

(1-p)B2(2+2m?)
8p

<e

17
e( 81;>B (7m4+1)2NefN1(m) Z o

kEWS,
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with the set Wy, defined as in the proof of Proposition 3.2. But

2 (1-p)B2+2m?) 2
E e 2% < Ce 8p e 2Ry 5 0

keWS

(1-p)B2(2+2m?)
e 8p

because m?vp — o0. Together with Proposition 3.2 this shows that

> oo mreren = o (8756007

(O',T)ES?\]C’AA

Hence the contribution of the pairs of spin configurations from SJQVC, 4 is asymptotically negligible.
The contributions of pairs of spin configurations from 512\76, g the set where
[|7| = Nm| > VNkn
and o is arbitrary, is bounded in the same way.
It remains to estimate the contribution of the pairs of spin configurations of the set
512\;‘370 = {(O‘,T) € 5% ||lo| = Nm| < V Nk,
||I7| = Nm| < VNkn, ||loT| = Nm?| > C/\/N/iN}.
Let us denote by R?\?’C the set of possible values (k,l,n) the vector (|o|,|7],|o7|) can take, when
(o,7) € SJQVC’C, formally
R?\?,C ={(k,l,n): 3(o,7) € SJQVC,C with (k,l,n) = (|o|, |7, |o7])}
Moreover, denote by Vy(k,l,n) the set of pairs
(o,7) € {1}V x {£1}  for which |o| =k, |7| = l,and |o7]| = n

and set vy (k,l,n) := #Vn(k,l,n). Note in particular that by the definition of |o|, |7| and |o7| we
have
—(N+k)<l+n<N+k and —(N—-k)<Il—-n<N—k. (3.15)
In order to treat the corresponding contribution we need to compute the distribution of |o7| in
greater detail. We begin by using Lemma 3.3 again:

3 g<'“’;%Vm)g<'T';NN’”)E(T(@T@))

(U,T)GS?VC’C

a-pB2atrmt) | o) (IG\—Nm> (|T|—Nm)
= e 4p
2. yN )\ N

(O‘,T)GSIQ\EC

1—p)82 2m2 (|02 2 1—p)32
« o (102 =m2N2)(jr[2—m?N2)) (g 2melleb ) URp o

a-psatamt) | ) (IU\—Nm 7| = Nm
ey > X ;
VN VN

(klsn) ERZS ¢, (0,7)EViy (,Lim)

1082 9m2 (10124 1712) (1252
« e%((|a’|2—m2N2)+(|T|2—m2N2))—( 41;),3 m (\i\l{2+|7| )_,'_(4]\;’2);3 |O’T|2

(-p)a®atamt) ooy (k — Nm) <l — Nm>
= e 4p
D il Gavi

(kL,n)ERY

B (12,2 N2 2, 2872 7(1—p)ﬁ2 2m?(&2+1%) | 1-p)B2 2
><e2N((k mENZ)+(E-m N == N7 TaNg vn(k,l,n).
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As observed in Kabluchko et al. (2020) vy(k,1,n) divided by 22V is a probability mass function,
which can be written in terms of a conditional probability:

2_2N1/N(k, l,n) wmit(|o] =k, |T| =1, |oT| =n)

=P
= Punic(lor| = n| o] = & 7| = DP(lo| = K)B(I7| = 1

_ N \_._ N
=2 N<N+k>2 N<N+I>P(|O'T| :n‘|a\ =k, |t| =1).
2 2

Here, Py,ir denotes the probability distribution under which (o,7) is uniformly distributed on
{£1}V x {£1}V. Using the hypergeometric distribution, we can express the conditional proba-

bility P(jo7| = n’ |o| = k,|7| =) as the following fraction:

N+k N—k

(NE#»TL)(N{»ZEIV*TL)
P(lor| =n|lo| =k, |7 =1) = = I 4 (3.16)
(a1)
2
We will use
CN—1/22Ne—NI(§)—>\N(k) < ( ]Xk> < CN—1/22Ne—NI(%)—>\N(k:)’ k| < N
T2

for some constants ¢, C' > 0 which was shown in Kabluchko et al. (2020), Eqn. (4.11), as a conse-
quence of Stirling’s formula. Here

With this formula we can treat the binomial coefficients in (3.16) (where we bound the log-correction
in the exponent of the denominator by 0) to obtain

P(lor| =n|lo| =k, |r| =1) < C\/(N +k)(N — k)
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for some positive constant C. Note that K = N or [ = N is excluded by the definition of R%C
Moreover, on R3¢, we have that ’/W < C/V/N (again for another C' > 0). Thus

> oM (M e

(O’,T)GSJQVC,C

(1-p)B2(a+2mt) k— Nm l— Nm
Ce 4p
= 2 g< VN >g < VN >

(k)R ¢
8 2 2 72 2 2 A72 a-pp2 2m? #2112 | 1-p)s% 2
« o2 (R2=m2N?) 4 (2-m2N?) AP Gt L Gpine [ N\ (N
N+k N+
2

L N R GE) - 160) A (3D A e (50)

v IN
(1-p)a2(1+3mt) k— Nm l— Nm
=Ce p
2 g( VN >g< VN )

(kJ,n)ER%ic

82 2m2 (k2412
%((kQ—m2N2)+(l2—m2N2))—<l 47;))5 2 (Nk2+l )_,_(14;2)5 (n? m4N2)< N >< N )
+k

2

X e

y e—N(WI(jlm)%;ﬁ(]@-_';)—f%))—AN;k(%“)—ANQ_W-Q")

VN
Now, borrowing an idea from Kabluchko et al. (2020) we observe that

I N-kl-n N+Ekl+n

N 2N N—k+ 2N N+Ek’

l —-n N+E

is a convex combination of 4 +k and N 7 with weights 5~ and & SN N , respectively. On the

ie. =
N
other hand, I is a convex function, and, even more, considering its Taylor expansion
l2 1%

Jj=2

with positive coefficients dp; we see that it is a positive linear combination of convex functions.
Using that dy = % we obtain

N+k (l+n\ N-k [l—n !
_N( 2N I(N+k>+ 2N I(N—k)_I<N>>

N4k & I+n\¥ I-n\¥ & 1\
(W () R S () - Se(y)

c N(N4+k(I4n N ON—k(1-n\* (1)
= 2\ 2N \N+k 2N \N—k N
1 (Nn—1k)?  1(n—%)?

C2N(N2-R?) 2N - By

where for the inequality we used that for each j7 > 2

N+k I+n\*? N-k I—n\% 1\%
ds, ds, —a (L) >
oN 2J<N+k) TN 2]<N—kz) 2]<N> =
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Thus
N CRRR TG+ AR TGRS ~1G0) A avge (5D A (159)
(n — kL2 n+1 —n
< _ _ S P
eXP ( 2(N — %) )\NTM 2 ATk 2
_ Ely2
<C'exp (— (n Nk)Q )
2(N - %)
“Angr () -An_ik (52) .. .
We used that e 2 p < C as by the definition of A and the lower bounds in (3.15)
1
“Ank (B . I1n+1l\ 2
¢ - <1 TINTE) S
and
1
“An—k (55) 1l—mn)\ 2
= - <
°© T < Ton—k) =¢
Therefore

(™ )ea@ro)

S

r ()

(CT,T)GSJQVC!C \/N
(-pstsmh) |0’|—Nm> 7| = Nm
< ool g( g( (3.17)
(k,l,n)ER% v VN
(1-p)B2 2m2(k2412) | (1-p)s*
X e%((k27m2N2)+(12*m2N2))7 : 4pp : ]\I;ZH i 14NPZP e (ﬂ) (Ai\ll)
P] 2

Note that on R%ﬁc we have that % differs from Nm? by at most Cv/Nky for some constant C.
On the other hand, n differs from Nm? by at least C'v/Nry by our definition of S?\ﬁc. Choosing
C" := 2C we have that [n — 4| > Cv/Nrky and hence

p o 2
\/1NGXP <— 2((]\]_]\7]32)) <exp (— CQN,%?V/QN)) =exp(— 02/1?\,/2).
N

On the other hand,

for some constant p. Hence the sum over n on the right hand side of (3.17) (which contains at most
N summands) can be bounded by

K
N exp < — C?*k% /2 + p> = o(1).

. . 1,2 2
The latter is true, since 5= o(Kk% ), because pry, — 0o as N — oo and

Nexp (- 025?\[/2) = o(1).
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Thus we have that

) g("";NN?”)Q('T';NN”’L)E@(@T(T»

(G,T)GS%C

(1-p)B2(143m*) ol — Nm 7| — Nm
<o) Y, e @ g<’ |\/N >g<’ |m )

k,lGWN,m
B (1.2 2 \72 2 2 7\72 (1-p)82 2m2(k%2+1%) | 1-p)B?, 2 4 n72
X 62N((k —m?N?)+(?—m?*N?))— ip N2 + N, (n®*—m*N )(N]Xk) <J\][Y_l)
2 2

Following the lines of the proof of Proposition 3.2, we see that for k,I € W ,, we have
1— 2 2 2 k2 4 l2 1— 2,4
(1 —p)B= 2m*( ) _ (1—p)f'm +o(1).

4p N2 D

a-pp’atsm®) [|o| — Nm |7| — Nm
Z € i g \/N g \/N
k,lEWN,m

82 am2 (k2412
e%((k27m2N2)+(127m2N2))7(1 41;)/3 2 (]€2+l ) N N

N+k N+I

2 2

(1-p)B2(1—m*) (\a! — Nm> (\7’| — Nm>
B e e (L WILEL
N N

kIEWN m

B (k2_m2N2 2_m2N2 N N
X ezN((k N2)+( N?)) <N+k> <N+l)
2

Hence

X

2
and — as in Proposition 3.2 — the sum on the right-hand side is bounded above by [IEZ]J{,(,B, h, g)]?.

Thus o] ] )
o T -
— — |E(T(o)T(7)) = o (EZF (B, h, ,
S o )o( )raemen = of (e2ia.0))
(O’,T)ESN'L’C
which shows that also the contribution from SJQ\,‘iC is negligible. This finishes the proof. g

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1: Proposition 3.4 shows that, when p> N — oo, we have that V(Z;(,(B, h,g)) =
o((EZ% (B, h, g))?) for all non-negative g € Cy(R), g # 0. This immediately implies
Z3(8,h,9)
EZ{ (8, h, )
in L?, for all non-negative g € C5(R), g # 0. By Chebyshev’s inequality, this implies that
Z3%(8,h,g)
EZ{ (8, h, g)
in probability. Recall from Proposition 3.2 that
EZ3(8,h,9)
N (1-p)p2 —mA—=NT
—oo P (1-m) (m)2N+1ﬁU(B)E§[9(€)]

—1

—1

=1

Arguing in the same way but without the restriction to |o| > 0 we get

! (3.18)
EZN (B, h)
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in probability and R
i EZn(B, )
im

A=pB2 (1 pay_
N—>ooe 81;7 (1-m*) NI(m)QNJrlﬁU(B)

=2, (3.19)

Note that the limit equals 2 because the summation can be split into two sums over configurations
with || > 0 and |o| < 0 having the same asymptotic behavior.

Recall that for the convergence of the random probability measure L} defined in (1.7) we need
to consider its integral against all non-negative g € Cy(R). Moreover recall that, according to (3.1)
and (3.3) we have

oo ]\L Ui_Nm ~+(ﬁ7hvg)
[ i) =25, o ZEA) | - T,
0 N §ZN(/31 h)
The above claims and Slutsky’s lemma yield
400 EZ+ h
lim g(z)LY(dz) = lim M = Ee[g(¢)] (3.20)
N—oo Jo N—o0 §EZN(ﬁ,h)

in probability, where £ denotes a normally distributed random variable with expectation 0 and
variance 0%(/3). Hence, we have shown that the measure LE, considered as a random element of the
space of finite measures, converges in probability to a normal distribution with mean 0 and variance
o2(B). This is the assertion of Theorem 1.1. O

4. Proof of Theorem 1.3

We go through the proof of Theorem 1.1 and indicate where we need to adjust the arguments.
At the beginning of Section 3 we already defined T'(c) = T n (o) for h = 0. Now, in the definition
of T and in the rest of the proof we use

m =m"(8,h)
and set
N N N
T(o):=Tgpn(0):=exp (’y Z €005 —ym? Z €ij + ﬁhZJZ)
ij=1 ij=1 i=1
and

- lo| — Nm
ZN(67h7g) = 9\ — 7= T(U)
06{—21,;-1}1\’ < \/N )

Again, we will suppress the indices 3, h and N in T y(0) in the rest of this section.
In the expansion of ET(0), we get an additional deterministic term exp(Sh|o|), i.e. we get im-
mediately

Lemma 4.1. Assume h > 0,3 > 0. Then for all o € {—1,+1} we have

VA2 2| 12
ET(0) = exp <2€V(’U|2 —m2N?) + (18;;)ﬁ <m4 — 2m]JV|;| + 1)) exp(hB|o| + o(1))

with an o(1)-term that is uniform over o € {—1,+1}¥.
The analogue of Proposition 3.2 now reads as follows.
Proposition 4.2. For all g € C°(R),g > 0,9 #0, h > 0,3 > 0, and p with Np®> — oo we have
EZn(B,h,g)

Nooo G=pB2( 4 \\_NI(m m
=0 Ty (mmA D)= NI(m)+BhN 2N+1ﬁ0(57h)1}3§[g(5)]

where & denotes a normally distributed random variable with expectation 0 and variance o%(j3,h).

=1, (4.1)
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Proof: We note that, in contrast to the case h = 0, there is an additional term e®"V™ in the
denominator in the assertion of the proposition. We proceed as in the proof of Proposition 3.2. The
main difference is that ET'(0) has an supplementary factor ePhlol which results in an extra factor
Pk in (3. ) The remaining notation is the same as in the proof of Proposition 3.2. Again we use
% =m+ \F with |ex| < Kk, 1ee.

Bk _ BhNm eﬁh\/ﬁck'

Instead of (3.7) we have

SHET DR

JGS%
a-pB% . 4, qy_ 1 2
mAN214m3 3/2c m2c2
y Z k—Nm £ (2N3/2mey+c2 N)— L 8;;)/322 NZ 44 1\]]\]2 w2 N | oy e
N"vN )¢
kEWN’m

2

Sk _ ‘k

% e—NI/(m)\/N I'"(m)-4 .

The linear term in ¢ in the exponent is

cr <5mf (Qp \ﬁ) —VNI'(m) + 5h\/N>
=g <ﬂm\ﬁ —V/NI'(m) + ﬂh\/ﬁ) +o0(1)

= o(1),
where the first equality follows from the definition of xx and Np? — oo and the second equality
follows from m™ (3, h) = tanh(B(m™* (8, h)+h)), which is the defining relation for m™ (3, h). The rest
of the proof for typical spin configurations can remain unchanged, except for the additional factor
ePhN™  which now appears in the denominator in the assertion of the proposition. For atypical spin
configurations we get again an extra factor e’** in the expansion of ET (), i.e. instead of (3.10) we

arrive at
5 (e e

UES}\,C

B2, 4 B 22 2_m4(17p)B2_20k(17p)B2 3 &
<C|lgllece” ®» (m*+1)9N Z eg]\](k m2N?2) i o NI(N)eﬁhk'

k:
2
k GWNmO

The function % — %kz2 - NI(%) + Bhk attains its maximum in m™* (8, h) and hence

%kZ — NI(%) + Bhk < N<§m2 —I(m) + ﬁhm) — kic3,

for some ki > 0. The rest of the proof is completely analogous to the case h = 0. O

In the expansion of E(T'(0)T' (7)) we get two extra terms, which leads immediately to the following
analogue of Lemma, 3.3.

Lemma 4.3. For h > 0, 3> 0, all p = p(N) such that p>N — oo and all o,7 € {—1,+1} we
have

E(T(0)T(7)) = exp(N?by + b1|o|? + ba|7|* + bia|o7|? + hB(lo| + |7]))
with coefficients by, by, ba, b1a given in Lemma 3.35.
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The proof of
V(Zx(8.h.9)) = o(E*Zn(8,h9)]).

i.e. of the result corresponding to Proposition 3.4, as well as the rest of the proof is completely
analogous to the case h = 0, where in (3.20) £ is now a normally distributed random variable with
expectation 0 and variance o%(3, h). In particular, it follows that

M—m M%

1 R 1, (4.2)
EZn (B, h,g) EZn (B, h)

in probability.

5. Proof of Theorem 1.4

We give the proof for the two cases h =0, > 1 and A > 0, § > 0 simultaneously. The main
ingredient for the fluctuations of Zn (3, h) is the relation (see (3.2))

N
ZN(B,h) = Zn(B, h) exp (’Ym2 > %‘)

ij=1

together with

Zn (B, h
fv(iﬁ’) — 1 in probability;
see (3.18) for the case h = 0, § > 1, and (4.2) for the case h > 0, 5 > 0. The term exp (7m2 > €Z'7j)
can easily be treated by the Central Limit Theorem. tj=1

Proof of Theorem 1.4: We have

og INBR) o INBR) e Z i

EZy(8,h)  EZn(B,h) 5=

Note that v Z €;,j i1s a sum of independent random variables with

- 8
E(v > %‘) =pN? = ON

ij=1

i,7=1

and
2 272 B2
Z&g—vN(l) (=)
i,7=1 p
Hence, by the Central Limit Theorem (which applies since N%p(1 — p) — oo) we have for N — oo
N
ym? D ij—1Eij ~ ngN
2
mA (1 p)

— sJ‘(()J

in distribution. It follows that

ZnBh) 28 ZN(B h) N
8 EZn@Bh) s NV IOg Zn(B,h) + ym? Zi,j:l Eij — ngN

2 = 2 2
mtE (1 —p) mt (1 —p) mA(1—p)




562 Zakhar Kabluchko, Matthias Lowe and Kristina Schubert

The numerator of the first summand converges to 0 in probability, while the denominator is bounded
away from 0 because p is bounded away from 1. It follows that the first term converges to 0 in
probability and hence

log &zt — ™ 2N L,
2 b
mA (1 p)
in distribution. This completes the proof. ]
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