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Abstract. We revisit the convergence of loop-erased random walk, LERW, to SLE, when the
curves are parametrized by capacity. We construct a Markovian coupling of the driving processes
and Loewner chains for the chordal version of LERW and chordal SLEs based on the Green’s
function for LERW as martingale observable and using an elementary discrete-time Loewner “dif-
ference” equation. We keep track of error terms and obtain power-law decay. This coupling is
different than the ones previously considered in this context, e.g., in that each of the processes has
the domain Markov property at mesoscopic capacity time increments, given the sigma algebra of
the coupling. At the end of the paper we discuss in some detail a version of Skorokhod embedding.
Our recent work on the convergence of LERW parametrized by length to SLEs parameterized by
Minkowski content uses specific features of the coupling constructed here.

1. Introduction, set-up, and main results

1.1. Introduction. Loop-erased random walk (LERW) is the random self-avoiding path one gets
after erasing the loops in the order they form from a simple random walk. In the plane, which is
the only case we consider here, it was proved in Lawler et al. (2004) that LERW has a conformally
invariant lattice size scaling limit, namely the Schramm-Loewner evolution with parameter 2, SLE,.
In this paper we revisit this in the case of chordal LERW, proving the result in a slightly different
framework than Lawler et al. (2004). A major motivation for doing this work is that we need the
theorem in this form for our proof of convergence of LERW to SLEs in the natural parametrization
Lawler and Viklund (2021). That is, we prove in Lawler and Viklund (2021) that LERW (viewed
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as a continuous curve) parametrized by renormalized length converges in the lattice size scaling
limit to SLEy parametrized by 5/4-dimensional Minkowski content Lawler and Viklund (2021).
Prior to our work, all SLE convergence results consider the discrete curve reparametrized by an
appropriate “capacity” so that it can be directly described by the Loewner equation (see below)
and the convergence takes place in this parametrization. While this is useful for technical purposes,
the capacity parametrization is not natural from the point of view of the discrete process. Indeed,
useful information is lost when reparametrizing and for several applications one needs to consider
the discrete curve parametrized by length. We refer to the introduction of Lawler and Viklund
(2021) for further motivation and discussion. In order to further describe our results we will first
discuss in more detail the work in Lawler et al. (2004); Lawler and Viklund (2021) and then
elaborate on the results of this paper.

The proof in Lawler et al. (2004) (as well as other SLE convergence results) is based on a
description of LERW viewed as a continuous curve in terms of Loewner’s differential equation, see
e.g. Lawler (2005, Chapter 4). In the case of SLE, the Loewner driving process is \/k times a
standard Brownian motion. The main step is to show that the LERW driving process converges
to Brownian motion with variance parameter 2. The way this is done is by first identifying a
martingale observable. This is a lattice function which for a fixed lattice point is approximately a
martingale with respect to the LERW. One needs to be able to approximate the observable well in
rough domains by some continuum quantity with conformal symmetries. In Lawler et al. (2004)
a discrete Poisson kernel was used as observable, converging in the scaling limit to a conformally
invariant version of the usual Poisson kernel. The martingale property translates via the Loewner
equation to an approximate martingale property of the Loewner process. The argument produces
an estimate on the variance of the increments and from this information one can couple with
Brownian motion using Skorokhod embedding.

Our proof here follows the same basic idea but is based on a different observable: the LERW
Green’s function, that is, the probability that the LERW passes through a given vertex inside
the domain. (Since LERW is a self-avoiding walk this probability is also equal to the expected
number of visits to the vertex, hence the terminology.) By the domain Markov property the Green’s
function evaluated at a fixed vertex is a LERW martingale. The approximation result, which is also
important for Lawler and Viklund (2021), was proved in Benes et al. (2016). More precisely, that
paper proves that the LERW Green’s function properly renormalized converges with a power-law
convergence rate in the scaling limit to the SLE, Green’s function, which is conformally covariant
and explicitly known. The theorem does not need assumptions on boundary regularity. Recall
that the SLE, Green’s function is the limit as e — 0 of the renormalized probability that an SLE,
curve gets within distance € of a given point inside the domain. The observable used in Lawler
et al. (2004) is specific to LERW but the Green’s function is not. Many of the estimates given
here apply to other models as well, assuming one has established convergence to the appropriate
SLE, Green’s function with sufficient control of error terms. However, such a convergence result is
presently known only for LERW.

LERW is a random self-avoiding walk on a lattice (we use Z?) and as such can be viewed
either as a continuous curve traced edge by edge or as a sequence of Jordan domains obtained
by removing the faces touched (and disconnected from the target point) when walking along the
LERW. These viewpoints are of course essentially equivalent but other considerations may make
one more convenient than the other. For example, Jordan domains can be easier to work with
analytically. In this paper we adopt the second point of view. We exploit a fundamental robustness
of Loewner’s equation: the analysis is based on a difference version of Loewner’s equation which
uses only mesoscopic scale information about the growth process. The difference equation does not
require the conformal maps to come from a curve, only that the sequence of maps is generated
by composing maps corresponding to small hulls of controlled diameter and capacity. There is
still a discrete “Loewner process” representing the growth on a mesoscopic scale, up to a uniform
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multiplicative error. (But this process does not uniquely determine the evolution.) The resulting
argument is in a sense more elementary. We explain how to compare solutions to the difference
equation corresponding to nearby Loewner processes, and write down formulas for some of the
usual important processes such as the derivative and conformal radius.

Given the results we obtain here and some additional but not difficult regularity estimates for
LERW it is not too hard to derive convergence of the LERW path to SLEs as curves in the half-
plane capacity parametrization, see for instance Lawler et al. (2004). We have chosen to not discuss
this here, and instead focus on the more novel parts of the argument. We have tried to provide a
good amount of detail and to make the paper self-contained with the hope that it will be read not
only by experts but also as an introduction to these techniques.

1.2. Discrete quantities. We now discuss the discrete quantities we will use. We want the setup to

match that of Lawler and Viklund (2021), so in this section there will necessarily be some overlap
in the presentation.

e Let A be a finite subset of Z?, and write 0, A for the edge boundary of A, that is, the set of

edges of Z? with exactly one endpoint in A. We specify elements of d.A by a, the midpoint

of the edge; this is unique up to the orientation. Given an edge a € 0. A, we write a_,a

for the two vertices connected by a with the convention that a_ € Z? \ A and a; € A.

Note that
a_,b_ € DA :={z € Z*~ A:dist(z,A) = 1},
ay,by € 0;A:={z¢€ A:dist(z,04) = 1}.
We also write e, = [a—,a4], e, = [b—,by] for the edges oriented from the outside to the
inside.

e Let A denote the set of triples (A,a,b) where A is a finite, simply connected subset of
Z? containing the origin, and a,b are elements of 9. A with a_ # b_. We allow a; = b,.
Sometimes we slightly abuse notation and write A € A when A is a simply connected subset
of Z? containing the origin.

elet S ={z+iy e C: |z||yl < 1/2} be the closed square of side length one centered at
the origin and S, = z + S. If (A,a,b) € A, let D4 be the corresponding simply connected
domain defined as the interior of

U s..

z€A
This is a simply connected Jordan domain whose boundary is a subset of the edge set of the
dual graph of Z2?. Note that a,b € 9D 4. We refer to D4 as a “union of squares” domain,
slightly abusing terminology.

o Let F' = Fy 4y denote a conformal map from Dy onto H with F(a) = 0, F(b) = co. This
map is defined only up to a dilation, but in our arguments we always fix one particular
choice. Note that F' and F~! extend continuously to the boundary of the domain (with the
appropriate definition of continuity at infinity).

e For z € D4, we define the important conformal invariants

QA,a,b(Z) = argF(z), SA,a,b(Z) = sin HA,a,b(Z)>

which are independent of the choice of F', since F' is unique up to scaling. Also for z € H,
we write

S(z) = sinfarg(z)].
Note that (argz)/m is the harmonic measure in H of the negative real line and sin[arg z]

is comparable to the minimum of the harmonic measures of the positive and negative real
lines.



568

Gregory F. Lawler and Fredrik Viklund

e We write 74(z) = rp,(z) for the conformal radius of D4 with respect to z. This is usually

defined for any simply connected domain D as rp(z) = ¢'(2)~! where ¢ : D — D is the
Riemann map with p(2) =0, ¢'(2) > 0. We can also compute it from F by
Im F(z)
ra(z) =2 TZO
which is independent of the choice of F.
Let (A,a,b) € A. If a conformal transformation F': D4 — H, F'(a) = 0, F/(b) = oo as above
has been fixed we can consider half-plane capacity with respect to F' as follows. Let K C D4
be a half-plane hull, that is, a relatively closed set such that D4 ~ K is simply connected.
The half-plane capacity of K (with respect to F') is defined by the usual half-plane capacity
of F(K) in H, see Section 2. It is also convenient to define R = R qpr = 4|(F~1)(2i)]
which is the conformal radius of D seen from F~1(2i).
We will state our main convergence result in a fixed domain. For simplicity we will make
a rather strong assumption about its boundary regularity. The coupling results about
Loewner chains do not use this assumption. Suppose D is an analytic simply connected
domain containing 0 as an interior point. Let N > 1. We sometimes want to consider
a lattice approximation of D with mesh N~!, and we define it as follows. We take A =
A(N,D) € A to be the largest discrete simply connected set such that Dy C N -D. We
write
D=N"'Dy4
for the scaled domain. Then D is a simply connected Jordan domain which approximates
D from the inside and converges to D in the Carathéodory sense (with respect to 0) as
N — . If a,b € 0. A are given, we write Zz,lv) € D for N~la, N~1b, respectively. If
a’,b' € OD are given, we typically choose a,b € 9. A among the edges closest to N -a, N - b,
respectively.
A walk w = [wo, . ..,w,)] is a sequence of nearest neighbors in Z2. The length |w| = n is by
definition the number of traversed edges.
If Ae Aand z,w € A, we write K4(z,w) for the set of walks w starting at z, ending at w,
and otherwise staying in A.
The simple random walk measure p assigns to each walk measure p(w) = 4~1%l. The two-
variable function
Ga(z,w) :=p(Ka(z,w))
is the simple random walk Green’s function.
If a,b € 9. A, there is an obvious bijection between K4 (a+, by ) and K (a,b), the set of walks
starting with edge e,, ending with ebR and otherwise staying in A. Here we write w’® for
the reversal of the path w, that is, if w = [wo, w1, ..., ws], then W = [wr,wr_1,...,wo]. We
sometimes write w : @ — b for walks in K4(a,b) with the condition to stay in A implicit.
We write Hya(a,b) for the total random walk measure of K 4(a,b). It is easy to see that
Hypa(a,b) = Ga(ay,by)/16 (this is sometimes called a last-exit decomposition). The factor
of 1/16 = (1/4)? comes from the p-measure of the edges eq,e,. Hpa(a,b) is called the
boundary Poisson kernel.
A self-avoiding walk (SAW) is a walk visiting each point at most once. We write Wy (z, w) C
Ka(z,w) for the set of SAWs from z to w staying in A. We will write w for general walks
and reserve 1 for SAWs. We write Wy(a, b) similarly when a, b are boundary edges.
The loop-erasing procedure takes a walk w as input and outputs a SAW 7 = LE[w], the
loop-erasure of w. Given a walk w = [wp,...,wy], we define LE[w] = [LE[w]o, ..., LE[w]k]
as follows.
— If w is self-avoiding, set LE[w] = w.
— Otherwise, define sp = max{j <n:w; = wp} and let LE[w]o = wy,.
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— For i > 0, if s; < n, define ;41 = max{j < n : wj = wy4+1} and set LE[w];41 =
Wsi4+1 = Wsiyq-
Note that if e, ® w ® eff € Ka(a,b), then LE[e, ® w @ eff] = e, ® LE[w] @ el
e Given a measure on walks, the loop-erasing procedure induces a natural measure on SAWs.
We define pA,a,b, the “loop-erased” p-measure, on Wy(a,b) by

Paap(n) = > p(w).

w€eK 4(a,b): LE(w)=n
This can also be written R
Paap(n) = pn)Aa(n), (1.1)
where m(n; A) = log A o(n) is the loop-measure (using p) of loops intersecting 1 and staying
in A, see, e.g., Benes et al. (2016, Section 2). This does not define a probability measure;
indeed the total mass Py q[Wa(z,w)] = Hpa(a,b). Let

pA,a,b
Hax (a7 b)
denote the probability measure obtained by normalization. This is the probability law of
(chordal) loop-erased random walk (LERW) in A from a to b.
With these definitions in place, we can state the main result from Benes et al. (2016), which we
will make significant use of in this paper. We emphasize that no assumptions about the discrete
domain A are made.

PA,a,b =

Theorem 1.1. There exists ¢ > 0 and u > 0 such that the following holds. Suppose (A,a,b) € A
and that ¢ € A is such that S444(¢) > ra(¢)™", then

P aap{C € n} = era(Q) ™48 04(Q) [1+0 (ra(@Q™834,(0)]. (12)

We have not estimated u except u > 0. For the rest of the paper we fix a value of u such that
(1.2) holds and we may assume that u < 1. We can also write (1.2) using the SLEs Green’s function
for (D4, a,b) which is further discussed in Section 1.3. Let

Gp,(Cia,b) = era(¢)™* 53 ..4(0),

for a specific (but unknown) constant ¢ > 0 that will be defined later. We may rewrite (1.2) as

Paap{CEn} =G, (Gab) [1+0(ra(O)™) S35, (1.3)

where ¢, = ¢/¢ is a positive constant whose exact value is presently unknown.

1.3. Schramm-Loewner evolution. Recall that chordal SLE, in H is a random continuous curve
v(t),t = 0, constructed by first solving the Loewner differential equation

2/k
8tgt(z) gt(Z) — Bt7
Here By is standard Brownian motion. (Note that we are parametrizing time so that the SLE,; hull
at time ¢ has half-plane capacity 2t/x, which is slightly different but equivalent to the usual way
to parametrize the equation.) We shall only consider 0 < k < 8 in this paper, and primarily x = 2.
The conformal maps g;(z) can be expanded at infinity as

go(z) =z € H.

gt(2) =2+ (2/;)15 +0(|z|72).

Then for each t > 0 we define the SLE,; curve and trace by
S H -1 ; -
y(®) = lim g~ (Ur+iy),  »:=100,1].
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This limit is known to almost surely exist for each ¢ and to define a continuous curve ¢t — ~(¢) in H
growing from 0 to co. This defines SLE,, in the reference domain H with marked boundary points
0,00 and we extend the definition to any simply connected domain D with two marked boundary
points (more precisely prime ends) a,b (we write (D, a,b) for such a triple) by transferring the
curve by a Riemann map taking H to D, 0 to a, and oo to b. Using Brownian scaling, one can see
that this is well defined if one allows for a linear time reparametrization.

The (Euclidean) Green’s function for SLE, in a domain (D, a,b) is defined by

Gm@%m:n%akﬁqma@ﬁwynga@ﬁ@wgwgy
E— sy
where v is chordal SLE, in D from a to b,

=145 5=3_4
8 K

is the dimension of the SLE, trace, and the SLE, boundary exponent, respectively, and ¢ € (0, c0)

is a constant whose exact value is not known. Here rp and Sp ,p are defined in the same manner as

for the union of squares domains D 4 discussed in the previous subsection. In one replaces distance

by conformal radius in the probability, the limit also exists and is the same but with a (different)

constant that is computable.

1.4. Overview and main results. In Section 2 we introduce the Loewner difference equation in
both forward and reverse settings, with related quantities, and derive the needed estimates on the
derivative of the conformal maps. In Section 2.3 we compute how the SLE Green’s function changes
when growing a hull of small capacity. Section 3 contains the main results which gives the coupling
of the LERW and SLE Loewner chains, see in particular Theorem 3.6 and Proposition 3.8. The
appendix discusses a Markovian version of Skorokhod embedding that we use in Section 3.
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2. Discrete and continuous time Loewner chains

2.1. Forward-time Loewner chain. The Loewner differential equation is a continuous limit of
Loewner difference estimates. The difference estimates hold for sets more general than curves,
and since we are dealing with “union of squares” domains, we will use the difference formulation.
Here we will review the basics from Lawler (2005, Section 3.4) and then we will give some extensions.
It is important for us to be careful with the error terms.

We recall that a set K C H is a (compact H-) hull, or half-plane hull, if K is relatively closed
and Hg := H ~\ K is a simply connected domain. Let hx = hcap(K) be the (half-plane) capacity
which can be defined in two equivalent ways:

e If B; is a complex Brownian motion and 7 = inf{t: B, € RU K}, then
hg = yli_)rgloyEiy [Im [B]] .

o If gx : Hx — H is the unique conformal transformation (the Loewner map) with gx(z) =
z+ok(1) as z — oo, then

h
gr(z) =z + 71( + OK(\z\*Q), Z — 0.
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We write the error terms here as ox, O to emphasize that they depend on K; the error terms
without subscript that we write below will be uniform over all K. Note that hx < r% where
rg = diam(K).

(We are slightly abusing notation here; we are also writing 74, 7p for conformal radius. Which is
meant will be clear from context and that we use K only to denote half-plane hulls.) Let

Im z
Tr(z) = EQK( )]
197 (2)]
and recall that 2Y x(z) is the conformal radius of Hg seen from z. The following estimate is at

the foundation of the Loewner theory, see Lawler (2005, Proposition 3.46) and also Section 2.2: If
0 € K and |z| > 2rg then

9

e 'K hK) (2.1)

gK(Z>:Z+Z+O( ’2‘2

Note that the error term depends only on rg, h, |z| and not on the exact shape of K. Note that if
U € R then gxyu(z) =g (2 —U) + U, where K +U :={z:z—U € K}. By applying the Cauchy
integral formula to fx(z) = grx(2) — 2z — hi/z, we see that
hi T hi
/ _

g (2) _1—22+0(|z|3>, 2] > 27 (2.2)
This is the starting point for the next lemma.
Lemma 2.1. There exists ¢ < oo such that the following holds. Suppose U € R; K is a hull with
0€ K andrig < 1/2; z=x +1iy; and let g,r,h, Y denote

9Kk+U, TKs hk = hitu, and Tiiy,
respectively. Then Im [g(z)] <y and Y(z) <y. Moreover, if
s=rt h<or, §<y,

then
h

z —

‘g(z) —z—

U’ < ch(52,

gd(z)—1+ < ché, (2.3)

h
(- U

i lg(2)] —y [1 = ]| < cwna

2hsin? arg(z — U)

‘T(Z) ) [1 - |Z — U|2 < Cyh(sa
In particular, if sinarg(z — U) > v, then
22
1) o (Im (g(z))> 1+ 0(ho)]. (2.4)
Yy Yy

Proof: Since gx+u(2) = gx(z — U) + U, it suffices to prove the result when U = 0 which we will
assume from now on. The first two inequalities follow immediately from (2.1) and (2.2), respectively.
Write § = arg z € [—m, 7). Taking imaginary parts in the first inequality and using |z| > Im (y) > 9,
we get,

Tm [g(2)] = y [1 - !z}H 0 (ho?)

h (cos? 0 + sin? 0) 9
y [1— B +0 (ho?)
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and since y > & we get the third inequality. Since

h h h? h (sin? @ — cos? 0) h?
1- 2 =1-Re |2 LN o
- -1m LQ}W(M T o)

and h/|z| < r, we get

~1 h (cos? 0 — sin? §) hr
|g/K(Z)| =1+ ‘2’2 O<‘z‘3> )

Combining, we get

) 1a2 2
TK(Z):y |}_h$ﬂ 0+O<}§>] .

0

Suppose now we have a sequence of hulls K7, Ko, ... each of small diameter and such that 0 € K
and locations Uy, Us, ... € R determining a “Loewner process”, so that, roughly speaking K; 4 U;
is near U;. Let

ry = TKjv hj = thv gj = ng+Uj

and let

gi=¢ o---og.

If z € H, we define
Zj =5+ iyj = gj(z).

This is defined up to the first j such that z; — U; € Kj. (Recall that K; is located near 0.) If
we have two sequences for which the capacity increments and Loewner processes, h; and Uj, are
close, then from the basic Loewner estimate (2.1) we would expect the corresponding functions
gn to be close for points which are away from the real line. We give a precise formulation of
this in the next proposition. To illustrate the idea of the proof, let us sketch a continuous-time
argument first. Suppose Uy, U; are continuous, real-valued function, defined on [0,T], with T' < oo
fixed, and write € := supycpo ) |Ur — Ui|. Write g4, §¢ for the corresponding Loewner chains (run
at speed 1) and z; = gi(2) — Uy and 2z, = g4(z) — U;. Suppose we know that § > 0 is such that
0 < min{Im zp,Im Zp}. If Gy = g(2) — gi(2), then

. ~ 1
Gt = "L/Jt[—Gt + (Ut - Ut)], Go = O, Where wt = —.

By solving the ODE and using the definition of € we have
t t

< 5/ eJs 1l s,
0

From here we integrate and then proceed by applying Cauchy-Schwarz’ inequality: if y = Im z,

then
t 2t t 1 I I 2
(/ Wr!dT) </ —dr/ N—drzlogﬁlog mf < <logy> :
0 o |z 2 Jo |Z|? Imz ~Im % 5

The identity comes from taking the imaginary part of the Loewner equation and the last estimate
uses the definition of §. Hence we get the estimate

196(2) = 9:(2)| = |Gi < ¢ (e/0) (y A 1),

where ¢ depends only on T'. It is possible to estimate in terms of other norms relating U; and U,
and, as we will see, continuity is not necessary to assume.

t t -
Gl = | [ e vy, — s
0
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Proposition 2.1. There exists 1 < ¢ < oo such that the following holds. Suppose (Ki,Uy),
(K, Ug) .. and (K1, U1), (Ko, Us), ... are two sequences as above with corresponding rivhi g7, g;
and r],h],g ,g;. Let

0<h<r2<s2<58<1/c,
and n < 1/h and suppose that for all j =1,...,n,

Ih; — h| < hr/é Ry — h| < hr /s,

T, T KT,
Uj - Ujl<e
Suppose z = x + i1y € H and let z,, = xp + iyn = gn(2), Zn = Tn + in = Gn(2). Then, if yn, Jn = 0,
lgn(2) — gn(2)| < c(e/6) (y A D). (2.5)

Moreover, if we assume that y, > 20 and make no a priori assumptions on ¥, then g, = & holds,
and hence (2.5) follows in this case, too.

Proof: Without loss of generality, we will assume that y < 3; for y > 3, we can use the fact that
gn — Gn is @ bounded holomorphic function on {Im (w) > 3} that goes to zero as w — oo, and hence

|9n(2) — Gn(2)| < max{|gn(s + 37) — Gn(s + 3i)| : s € R}.
Using Lemma 2.1, and that r < 6%, we see that for j =0,...,n— 1,

+0 (he?), (2.6)

Zi+l = 2§ + —

Zj J
h
s = |V e HO M)

and similarly for z;, ;.

Hence
Yn =Y l-———=+0 h51:y1+05 exp § — —_— ).
0 [ |25 — UsI? (19) | ©) jz% |25 — Uj|?
Since y, > 0 and y < 3, it follows that
<1 2.
z T < o) +00), (27)

and similarly for (Z;, Uj). Using the Cauchy-Schwarz inequality,

1/2
oo 1z Uil =0 1z = Usl?
< log(y/d) + O(9). (2.8)

Let Aj = z; — Z;. Let us first assume that |A;| < §/2. By subtracting the expressions in (2.6) for
Zj and Zj, we see that

1/2
h

n—1
JZ;B 25 — Ujl |2 —

h(U; —U; — A))

(zj = U;) (5 — UJ)
This implies that there exists ¢ such that

|Aj1] <A [T+ pj] + cepj,

Ajr1 = A4j +

+0 (h?).

where

h
zj — Ujl 12 — Uy
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It follows that if Y; := |A;| 4 ce (with the same c), then
Vi1 < Y5(1 4 pj).

Hence, from (2.8),
n—1

Yy
Al < e jr[ou +pj) < e

provided that the right-hand side is less than §/2. Since y < 3 and e < §%, this will be true if ¢ is
sufficiently small.

For the final assertion, suppose that j is such that §; > §. Then since ¢ < §%, we can use (2.5)
to see that |y; — 7| < c(e/8)y < O(6%). Since y; > 24, it follows that §; > 26(1 — O(6%)). But
[Jj+1 — G| < dhj/y; < O(87). Consequently, as long as § is sufficiently small, taking c larger if
necessary, we can continue until j = n.

0

Corollary 2.2. Suppose we make the assumptions of the previous proposition, but replace the
condition y, = 20 with

To(z), Tn(z) > 2(20)2
where

v = min {sin farg (9;(2) — U;)}}

Then the results still hold for § sufficiently small.

Proof: Using (2.4), there is a constant ¢ such that for § sufficiently small

To(2), Tulz) < ey
]

The next proposition, which is important for Lawler and Viklund (2021), gives a familiar
representation of the derivative of the uniformizing map and a related geometric estimate.

Proposition 2.3. There exists 1 < ¢ < oo such that the following holds. Suppose (Ky,Uy),
(K2,Us) ... is a sequence as above with corresponding r;,h;,¢’,g;. Let

0<h<r?<d®<1/e,
and n < 1/h and suppose that for all j =1,...,n,
|hj —h| < hr/5 rj <7
Suppose z = x + iy € H and let z, = xp + iyn = gn(z). Then if y, =0,

|9 (2 !—exp{ ZRG Z U]) }(1+0(5)) (2.9)

In particular, there is a constant ¢ such that if

= g {sin arg (9;(2) — U]} (2.10)
then,
) Un 1-2u2
)z (2) (.11)
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Proof: By the chain rule and Lemma 2.1 we have

log|gn(2)] = > _log|(¢”) (zj-1)]
=1
—ill 1— h —i—Ohd‘
IR R ATR

h
= _ jz:(:) <Re 7(% —T, + O(h5)> .

This proves the first claim. For the second assertion, note that (2.10) implies

h 9 h 9 h
~Re -5 = —(1-253) e (1-20%) [
where
Sj = sin [arg(g;(z) — Uj] .
But in the proof of Proposition 2.1 we saw that

“ h
exp {— > leZ} = (yn/y) (L+ O(9)) .
J J
Combining these estimates finishes the proof. O

2.2. Reverse-time Loewner chain. In this section we consider a reverse-time version of the discrete
Loewner chain. The estimates are analogous to the forward-time case discussed above and indeed
could be concluded almost directly from them.

Let K be a half-plane hull with rx < 1/2. We associate with K a conformal map,

fic B = i, fie() = 2= " 4 of|2| ),

and of course, fx = gK Consider the symmetrized hull K = KU{z:Re z—iIm z € K}. There
is a minimal interval

Ix = [$—7 iL‘J,_]
such that fx extends by Schwarz reflection to a conformal bijection fﬁ :C~\Ix - H [1?, where

HE =C~ KE If 0 € K then I C [~2rk,2rk]. The basic reverse-time Loewner estimate can be
given as follows.

Lemma 2.2. Suppose K is a half-plane hull with 0 € K. If |Im z| > 4rg, then
h h
z Ed

Proof: Let v(z) = Im (fx(2) — z). Then v(z) is a positive and bounded harmonic function on H
such that v(z) — 0 as z — co. We can use the Poisson kernel to write

v(z) = i/{ v(€) Im Z__lgdg, z € H,

and since hx = limy_ 1 yv(iy), by dominated convergence,

1
. /IK w(€)dE = hig.
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Note that if { € Ik and |z| > 3rg, then
Im _ :Im_1-<1+O(TK>).
z—¢ z |z

-1 rghiIm z
—hglm — | <e—rp—,
lv(z) x Im . | <c EE

with a universal constant. Consequently, if |z| > 47k, then using the Poisson integral,

Hence if |z| > 3rg,

rxhi
|22
Since v(z) tends to 0 at co and is the imaginary part of a holomorphic function whose derivative is

controlled by the partial derivatives of v, we can integrate along z + iR to conclude that there is
a universal constant ¢ such that if |Im z| > 4rg, then

N

C

0u(v(z) + hac Tm )|+ 10,(v(2) + b Tm )

rrhi
|22

which is what we wanted to prove. U

h
fr(x) =2+ | <e

The next lemma follows from this estimate as in the previous section after noting that fx iy (z) =
fK(Z -U ) + U.

Lemma 2.3. There exists ¢ < oo such that the following holds. Suppose U € R, K is a hull such
that 0 € K and rg < 1/2, z = x + iy, and write f,r,h for fxiv,rx,hx = hxiu respectively.
Then if 6 = rY/* and y > 6,

’f(z)—z+z_ ’<Ch52,
, h
f(z)—l—m < chd,
‘Im [F(2)] - {1+h] < cyhs (2.12)
Yy |Z—U‘2 X ¢yho, .

We will consider sequences (K, U;), where we center the hulls by requiring 0 € Fj as above and
U; € R are the locations of the hulls. Let

ri=rk; hj=hg;, = fr v,
We assume r; < 1/2. Also let
fi=1lo o f.
If z € H, we define
zj = xj +iy; = fi(2).
This is defined for all positive j.

Proposition 2.4. There exists 1 < ¢ < oo such that the following holds. Suppose (K1,Uy),
(Ka,Us) ... and (K1,Uy), (K2,Uz), ... are two sequences as above with corresponding r;, hj, f7, f;

and 7, hj, f1, f;. Let
0<h<r?<e?<d®<1/c
and n < 1/h and suppose that for all j =1,...,n,
\hj —h| < hr/d, |hj —h| < hr/s,
T, Tj < T,
Uj — Ujl <e.
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Suppose z = x + iy € H. Then if 1 > y > d, it holds that
[£(2) = Fa(2)] < ele/9) (2.13)

and

W Fn @) =yl F(2)]| < el=/9)
Proof: Write y; = Im f;(z) and similarly for §;. Since n < 1/h there is a constant ¢ such that

Y;,¥; < cfor j =0,...,n. As in the proof of Proposition 2.1 but using the previous lemma, we
have
yn =y [1+ O(6)] exp
{Z |z — Uj |2}
So as in (2.8),
n—1 h
5 < log(c/y) +0(9)
jz:%) |2 = Ujl?
and
1/2 1/2
=0 ’zj - Uj‘ "gj - =0 ‘ZJ' - Uj|2 =0 ‘gj - UJP
< log(c/y) + O(9). (2.14)
Set Aj = z; — Z;. Then we have
h (U Uj + Aj) 9
Ajy1=A+ + O (hd
! ! (z = Uj) (35 — UJ) ( )
and so there exists ¢ such that
Bger] +ce < (4] +ce) [L+ 93],
where
Pj = "
Tl Ul 15 - Ul
We can then integrate using Ay = 0 to find
ALl < c(g/d).

The last estimate follows from (2.13) using the Cauchy integral formula. O

Proposition 2.5. There exists 1 < ¢ < oo such that the following holds. Suppose (Ky,Uy),
(K2,Us) ... is a sequence as above with corresponding rj, hj, f7, f;. Let

0<h<r2<58<1/c,
and n < 1/h and suppose that for all j =1,.

|hj — h| < hr/5, rj <7
Suppose z = x + iy € H and let z, = fn(z). Then if y > 46

n—1
h
|f.(2)| = exp ZRe ————5 ¢ (L +0(9)). (2.15)
= (=-U)
In particular, there is a constant ¢ such that if

v = min {sin|arg (z; — U;)]}, (2.16)

o<yisn
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then,

[fr(2)] < e (yy”)l_w : (2.17)

2.3. Expansion of the SLE Green’s function. We consider now the SLE, Green’s function which in
the case kK = 2 equals

Gp(z,a,b) = &rp" (2)SD 0 (2).

Note that in the half-plane case we have simply Gp(z,0,00) = &(2Im z)~3/4sin3(arg z). We shall
later use the LERW analog as an observable to help prove convergence to SLE,. For this, we need
to understand how the scaling limit, that is, the SLE Green’s function, changes if the domain is
perturbed by growing a small hull. The computation is no more difficult for general s so we will
not assume k = 2 here.

Let z- =i+ 1. Then

3/4

sinfarg(z4 )] = \éﬁ

Lemma 2.4. Suppose K is a half-plane hull such that 0 € K and r = rg < 1/2,h = hg =
hecap(K) < 1/2. Write g = gi for the Loewner map. Then if z4 =i +1,

tm [g(e2)] = 1 - & +O(h),

|9 (24)| = 1+ O(hr).
Suppose & € I, where I is as in Section 2.2. Then,

sinfarg(g(z2) — 0] = 2 145+ & 2 oge) + o)

Remark. Note that the assumption that £ € I implies that || < ¢r for a universal constant ¢, so
we could have written O(r3) instead of O(|¢[?).

Proof: We will prove the result for z; the argument for z_ is identical. Let us write

’ eiargw,

w=g(z) =z +iy=|w
where argw € [0, 7]. Using (2.1),

h h
x:1+§+0(h1“), y:1—§—|—0(hr), lw| = V2 + O(hr).

Moreover,

1 h h
sinargw = ]w% = NN + O(hr), argw = g -3 + O(hr).

Using (2.3) and the fact that 23 is purely imaginary, we have
g (24)| = 1+ O(hr).

We now want to expand arg(g(z4) — &) = arg(w — ). Proceeding directly by Taylor expansion
becomes a bit involved, so we will first exploit the harmonicity. For the moment, let us assume that
£ > 0. Let 9¢(¢) = arg(¢ — &) — arg(¢) and note that 1¢(¢) equals 7 times the harmonic measure
of [0,&] in H. Since £ € Ix we know that [1¢(24)| < cr. Moreover, since )¢ is a positive harmonic
function, |z4 —w| = O(h), and the distance to the boundary from 2, is larger than a constant,

[Ve(24) = ve(w)| < chipe(z1) = O(h[E]) = O(hr),
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that is, ¢¢(w) = ¢ (24) + O(hr). Hence, using the Poisson kernel for H,
arg (w — &) = Y¢(w) + arg(w)

= Ye(z4) + m_h + O(hr)

4 2

3 dt T h
p— —_—— _— — — h
A(L4P+1+4 5 T O

o ¢ & 3
=1 2+2—|—4+O(]§|)—|—O(hr).
If £ < 0, we need to consider the probability of hitting the boundary in [£,0], but the same basic

argument shows that in this case

(&) = argfun) — [
arg (w = arg(w e A 02+1
_m_h ¢ €
=1 2+2+ +O(I€) + O(hr).
Doing the analogous computation with z = z_ we get
2
ara(g(z) — ) = (2F 1) — &+ 5+ 51 0(P) + O(hn).

Finally we use the elementary formulas

sin (Z + 5) = sin(r/4)

62
1+e—5+0(e3) ,

and
. 3T . g2 3
sin Z+€ = sin(37/4) 1—5—5%—0(6 )| -
We conclude

sin (arg(g(z+) — &)) =

Ve[, €. €
2 2 8

+ = - ﬁ+O(|§] )+O(hr)1 .

O

The expansion of the observable is an immediate consequence. We will use this result only with
k = 2, but we state it so that it can be applied to other discrete models converging to SLE, for
0 < k < 8 if the analog of (1.2) is known.

Proposition 2.6. Suppose we are in the setting of Lemma 2.4. If 0 < k < 8 and
8
a 8 ) B K )
then

8
Y (22)* sin” (arg(g(zs) — €)) = (f) (liAn£+Bn [& }m} + 0L(J€P) + (hr)),

2
(2.18)
where
4 1 8 2 Im [g(z+)]
Ag=2-t =S 241 ¢
> 2wy T =)
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3. Coupling the Loewner processes and Loewner chains

In this section we derive the basic coupling results relating the Loewner processes and the
corresponding Loewner chains. The method we follow is the same as in Lawler et al. (2004)
but we work with a different observable, namely the LERW Green’s function, and with the discrete
Loewner equation. In order to be able to use the results in Lawler and Viklund (2021) we also
need to be more careful with measurability properties and the resulting coupling is a bit different
from the one of Lawler et al. (2004). We will give some quantitative estimates (in terms however
of the unknown exponent u chosen so that (1.2) holds), but when we do we have not bothered to
optimize exponents.

3.1. Loewner process. We start with (A4,a,b) € A, so that A is a lattice domain with marked
boundary edges a,b. At this point we do not assume A is taken to approximate a particular
domain D. In particular, in this sense we make no assumptions about “boundary regularity” on
A. Recall that we write F': Dy — H for a conformal transformation with F'(a) = 0, F(b) = co. As
we have noted before, there is a one-parameter family of such transformations F', so we will now
fix one of them. Define

R=Raapr =4(F 1) (20)]

and note that R equals the conformal radius of D4 seen from F~1(2i). We will prove facts for
(A,a,b, F) with R sufficiently large and we will not always be explicit about this.
Fix a mesoscopic scale h, defined by

h = R™2u/3, (3.1)

where 0 < u < 1 is fixed and chosen so that (1.2) holds. This is somewhat arbitrary, but we will
use that R~* = O(h%/%).

Before going into detailed estimates, let us pause here and give an overview of the argument.
Given (A, a,b, F') we grow a piece of a LERW in A from a to b of capacity h; more precisely, we will
stop the path the first time the image of its discrete hull (the squares touched by the LERW together
with the ones disconnected from b) in H has reached capacity h or diameter h?/%. (In Lawler et al.
(2004) the analogous stopping time is defined slightly differently, in terms of the capacity increment
and the driving term displacement.) But we shall prove that with very large probability the latter
event does not occur. Indeed, since LERW is unlikely to “creep” along the boundary we expect the
diameter of the increment in H to be of order h'/2. So, we have a mesoscopic piece np, of LERW
whose discrete hull is of half-plane capacity (very near) h. The domain Markov property of LERW
implies that for ¢ sufficiently far away from 7y,

p(¢Q) =E[E[p(C) | nu]]l = E [pr(Q)],

where p(¢) = Pagp{C €n} and pp({) = Pawp{¢ €n} is computed in the smaller domain
(A’;d’,b) € A with the LERW hull removed and with marked edges the “tip” a’ of 7, and b.
Using (1.2) we can express both sides of the equation in terms of the SLE; Green’s function for
D4 and Dy (both Jordan domains), and using Proposition 2.6 we can can expand p,(¢) in terms
of the discrete Loewner process displacement . By doing this for two different choices of ¢ we get
two independent equations which allow us to show that E[¢] = 0 and E[¢? — heap[n,]] = 0 up to a
very small error of O(h%°). These are the two critical estimates.

This argument can be iterated thanks to the domain Markov property. We do so enough times to
build a macroscopic piece of LERW with very large probability. The outputs are uniform estimates
on the conditional expectations and conditional variances of the Loewner process displacements in
the sense of a sequence of hull increments and “positions”, exactly as in Section 2. The position
displacements nearly form a discrete martingale (with a controlled error), and can, with some work,
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be coupled with Brownian motion using Skorokhod embedding. From the estimate on the variance
of the displacement, we conclude that it is a standard Brownian motion, meaning xk = 2.

3.1.1. One step. We begin by discussing the estimates for one mesoscopic increment of the LERW.
Suppose 1 = {no, M1, .., 77\77\} is a SAW chosen from the LERW probability measure P4 ,;. Let
Ag = A, ap = a, which coincides with the first edge [no,n1]. For integer j > 1, let a; = [1;,1;+1]
(or viewed as a point, the midpoint of that edge) and set

Aj:A\nja 77] = {77077717"'a77j}7

where if needed we take the connected component having b as a boundary edge. Then a;,b € 0.A;
and Dy, is a simply connected domain which is a subset of D4 and we also have a;,b € 0Dg;.
Note that (Aj,a;,b) is measurable with respect to observing the first j+1 vertices (in order) on the
LERW. We will consider sequences of configurations of the form (A;, a;,b) coming from the LERW.
We write F; for the filtration generated by {(Ax,ax,b) : k=0,...,j}. Let K; := F(Da~ Da,) be
the half-plane hull generated by A;. Note that 0 € K; and that (viewed as a point) F(a;) € K.
Let gr; : H\ K; — H be the uniformizing Loewner map as in Section 2.1. With this set up we
introduce a stopping time m as follows:

mzmin{j}O: heap [K;] > h or diam [Kj] 2h2/5}. (3.2)

This stopping time is finite almost surely for R sufficiently large. Note that m depends implicitly
on the choice of F'. We will write

tj := heap[K;],
for j =0,1,.... Using the Beurling estimate, we have the easy upper bounds

tm <h+O(R™"), diam[K,,] < h?® + O(R™Y?).

We expect however that t,, is very close to h and that diam[K,] is in fact very close to hl/2.
Indeed, we have the following lemma.

Lemma 3.1. There exist 0 < a,c < 0o and Ry < oo such that for any choice of (A,a,b, F) as
above with Ra 4 F = Ro, for L > 1,

Paap {diam[Km] > Lh1/2} <ce oL,

Proof: We sketch the proof here; for details see Section 4. We let m’ be the first j such that
hcap[K;] > h or diam[K;] > 4v/h. The key step is to show that there exists p > 0 such for uniformly
for all (4,a,b, F) with R sufficiently large, with probability at least p, we have diam[K,,/] < 4vh.
This uses results from Kozdron and Lawler (2005). If this happens we have reached capacity h
and we stop; otherwise, we keep going, stopping again the first time the capacity reaches h or
the diameter of the hull increment reaches 4v/h. The probability of doing this J times without
suiccess is at most (1 — p)’. If we have succeeded, i.e., reached capacity h, within J steps then
diam[K,,] < O(JVh). O

Let m be as in (3.2). Define
£ =9k, (am) ER.
Note that because of the bound on diam|[K,,], a harmonic measure estimate shows that there is a
constant ¢ < oo such that [£| < ch?/5 for R large enough.

Lemma 3.2. There exist 0 < f,c < oo and Ry < oo such that for any choice of (A,a,b, F) as
above with Ra qp r = Ry, it holds that

Baasle]l < b5, By 62— n]| < cn®?,
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and
Eaap [exp {BEn12}] < (3.3)

Proof: Write z4+ = 2(i £1) and H = F~!. Then H is a conformal map of H onto D4. Let
w, (4, € Z? be lattice points in A closest to H(2i), H(zy), H(z_), respectively. In case of ties,
we choose arbitrarily. The domain Markov property for LERW implies that

Paap{Ct €1} =Enap[Pa,, an,b{Cs €n}]. (3.4)

We will estimate the two sides of this equation. To keep the notation simpler we will write z = z4
and ¢ = (4. We begin with the left-hand side for which we can use (1.2) directly. Recall that
R = Rjqpr = 4|H'(2i)|. By distortion estimates we know that

|F(w) = 2i[ +|F(¢) — 2| <O(R™)

and
F(OI = 1H ()| (1+0(R ™).
Hence,
ra(Q) = 41 (2)] (1+ O(R™),
and
sin(arg F(¢)) = sin(arg z) + O(R™!) = \f +O(R™Y).

It follows from (1.2) that

3
Paop{C €t =ed ¥ (2)] 7% <<?> + O(h6/5)>

= e273 |H'(2)| " (1+ O(h%%)),

where we used that R~* = O(h5/5) (and u < 1). We now estimate the right-hand side of (3.4). By
the chain rule and distortion estimates, with ¢ = g,
_,Img(z)

4O =25

sin (arg [g o F(¢) — £]) = sin [arg (9(z) — €)] + O(R™").
So, using (1.2) for (A, am,b),

[H'(2)|(1 + O(R™1)),

Im g(z)
l9'(2)]
Im g(z) -3/
SO) T (s farg(g(2) - 9+ 0). (39
Note that r = diam(K,,) < h*® + O(R™') so there is a constant ¢ such that |¢| < ch?/® for h
sufficiently small. Hence O(hr + |¢]3) = O (h6/5). We can now apply Proposition 2.6 (with k = 2)

after rescaling: write gx,, (z) = 295 (2/2) where K = K,,/2 and apply the result to gz (1 i) with
re =1/2, hz = t,/4. This gives

—3/4
P o o{CEn) = 2 ¥ I (2)| ¥ ( ) (sin® [arg(g(=) — O] + O(k*/%))

= 29/4PA,a,b{C €n} (

Im g(2) —3/4 B 3 9
29/4 ( "ol ) sin® [arg(g(z) — )] =1+ 53¢t s (52 - tm) + O(hS/?).

Using this, by combining (3.4) with (3.5), we see that

i%f—l— 8% G tm)} = O(h/3).

Egap
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These equations imply
[Baaslg]l = OR%), [Bagy [62  tw]| = OR).

Recall that |¢| < 2r. Using Lemma 3.1 with L = h~/1% we conclude that E4 4 p[tm] = h + o(h%/?)
and we also get the final assertion of the lemma. O

Proposition 3.1. There exist 0 < a,c¢ < oo such that one can define on the same probability
space a random variable § with the distribution P s .5 and a standard Brownian motion Wy, and a
stopping time T for Wy such that & — = W, where p = E4 4[£]. Moreover,

E[r] = By (€ — p)?] = h+ O(9),

and if

W* = max{|W;| : t < 7},
then

E {exp {aW*hil/QH <e.

Proof: This can be seen using Lemma 3.2 from the construction via Skorokhod embedding. The
last inequality uses (3.3). See Lemma A.3 in Appendix A for details.
O

3.1.2. Sequence of steps. We start with (A, a,b) and F as before, and having chosen a mesoscopic
scale h. We have defined a step (A, a,b) — (A, am, b) which corresponds to a mesoscopic capacity
increment of the LERW. Using the domain Markov property, this process can be continued to define
a sequence of steps. The estimates of Lemma 3.2 will hold as long as the conformal radii (seen from
the preimage of 2i) of the decreasing domains are comparable to that of A, allowing if necessary
for changing constants.

Let us be more precise. Let n = {no,n1, ... 777\77|} be LERW in A from a to b as in the previous
subsection. Recall the definitions of the configurations (A;,a;,b) for j = 0,1,... generated by
n. Associated with each A; we also have a conformal transformation F; : D4, — H defined by
Fj := gk, oF, where g, is the Loewner map of the half-plane hull K;. Note that the normalizations
of the F} are determined by the global choice of normalization of F.

We inductively define a sequence of stopping times m,,n = 0,1,2,... for Fj, the filtration
generated by {(Ag,ax,b) : k=0,...,j}. First set mg = 0, m; = m, where m = m(A4,a,b) is as in
(3.2). Given (Am, ,,@m, ,,b) and F,, ,, my is then defined in the same way as m in (3.2) but
replacing (A4, a,b, F) by (Am,_,am,_,,b, Fr,,_,) and taking the smallest j > m,_; such that the
capacity increases by h or the diameter of the hull increment (after uniformizing) increases by h%/°.
(Note that the normalizations of the maps are determined from the initial choice of F'.) That is,
writing ¢, , for the Loewner map of K, , we let

my, = min {j = my—_1 : heap [gm, (K;j ~ Km, )] = h
or diam [gm, ,(Kj~ Km, ,)] = h?/°}.

Informally, the LERW makes a capacity increment of h between m,_; and m, and we expect the
total capacity of K,,, to be about nh.
We can now define the “Loewner process”

Un = Fm, (amn)a (36)

with increments

gn = Un - Unfl-



584 Gregory F. Lawler and Fredrik Viklund

Note that Uy = 0. We choose the term Loewner process over the more standard “driving
process/term” since while the SAW determines the U,, process, the converse is not true. Write
also
H, = F(D,,) CH
for the complement of K,,,. Let ng be the integer part of 3/(2h). Then ng = R?“/3 and hcap K,,, <
heap Kp,,,, < 3/2+ O(R*/3=1) for all n < ng. Hence for such n we have (with implied universal
constants)
() 20)] = [(F7)(20)| = R/4

for R large enough.

The next lemma shows that with very large probability, after ng iterations, we have built a hull
of capacity at least 1 (actually very near 3/2). Let F, = JF,, denote the o-algebra of the LERW
configurations.

Lemma 3.3. There exist 0 < ¢, < 0o and Ry < 0o such that for all (A, a,b, F) with R > Ry,

P {tmno < 1} < ch~lemeh™"
Proof: By Lemma 3.1 there are constants «, ¢ such that forn =1,... ng,
P [t =ty < | Fooa] <cem@
Since ng = O(1/h), summing over n up to ng gives the lemma. O

Lemma 3.4. There exist 0 < ¢, Ry < oo such that the following holds. For any (A,a,b, F) with
Raap,r = Ro there is a coupling of a LERW n with law P 4,5 and a standard Brownian motion
(Wi, Ft) with a sequence of stopping times {1} for (Wi, F) for which the following estimates hold:

(i)
P{ max |7, — nh| > ch1/5} < ch!/?, (3.7)

1<n<ng

P{ max |Wy, — Uy,| > chl/lo} < ch/10,
1<n<ng

P { max max |[Wy—-W,. ,|> ch2/5} < ch10,

1<n<ng Th— 1<ty

P { max max  |W; — W] > chl/lz} < ch/10,

O0<t<Tng  t—hl/5<s<t

Moreover, if G, denotes the o-algebra generated by Fn = Fp, and Fr, (i.e., Gn = Fm, V Fr, ),
then t = Wiy, — W, is independent of Gy, and the distribution of the LERW given G,, is the same
as the distribution given F,.

Proof: Using Lemma 3.2 and the domain Markov property we see that there is a constant ¢ < oo
such if R is large enough, for n < ng,

o 7| <o

‘E [g,% — (tmy, — tm, ) | ?n_lﬂ < ch8/,

eh < B,
Let g =0 and forn =1,2,...,ng,

op = &n — E[gn | ?nfl]'
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This is clearly a martingale difference sequence. We use the Skorokhod embedding theorem (see
Proposition 3.1 and Appendix A, in particular Theorem A.2) to define a standard Brownian motion
Wy, generating the filtration Fi, and a sequence of stopping times 0 = 79 < 7 < ... for W such
that the Brownian increments satisfy

W, — Wy, = 6n.

It is important that this coupling has the property that it does not look “into the future of the
LERW”. That is to say, if G,, denotes the o-algebra generated by .7:"Tn and F,, then the Brownian
motion ¢t — Wi, — W, is independent of G, and the distribution of the LERW in the future
given G, is the same as the distribution given F,,.

From Uy, = 3771 &§ = 3271 (6n + E[§; | Fj-1]) we have

n

’Un_ Tn‘ Z 53‘-7:]1

So since ng = O(h™1),

SN Bl | 7yl = o(n/9),

J=1

Hence by the Markov inequality,

P {nz & [ Fjll > hl/m} = O(h'/19),

j=1
Therefore, except for an event of probability O(h!'/10),
|U, — W, | < ch*10  for all n < ny. (3.8)

This gives (7). We will now compare the capacity increments. Using 6, = &, — E[&, | Fn_1], we
have
E[(S'?l — (tm, — tmn—l) | Gn—1] = O(h6/5)
and by construction, since §, = W, — W, |,
E[(SZ — (T = Tn-1) | Gn—1] = 0.

So we expect that the 7 increments are close to the capacity increments which in turn are deter-
ministic with very large probability. We will show the first part of this by looking at a suitable
martingale. For this, note that if

Hn = tmn - tmn_la Un =Tn — Tpn—1,
then the last two estimates show that
Elpn —vn | Gn] = O(h6/5)-

Consider the martingale

where
Yj=p; —vj — Elu; —vj | Gjl.
We know that u? < ch? and moreover,
E[sz ‘ gn—l] = E[(WTn - W, 1)4 | gn—l] = E[54 ’ gn—l] = (h8/5)
where the last estimate uses that 6, = &, — E[¢, | Fpn_1] and |€,|* < ch8/5. Hence,
E[:un + V72L | gnfl] = O(h8/5)a
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and we can sum these estimates (using Jensen’s inequality) to see that
10
E[M;] = E[Y/] = O(h*").
j=1
Using Doob’s maximal inequality,
P{ max M| > h1/5} < ch?PEM2 ] = O(h'/9),
1<n<ng

Since

_ 1/5
131%\%1 Tn|<1gg§manl+ch ,

we see that except on an event of probability O(h!/?) we have

</
lg}fgzoﬁmn To| < ch'/”. (3.9)

By Lemma 3.1 we know that except on an event of probability o(h'/%),

1/5
max |t —nh| <ch
1<n<no | Lz | ~N )

and so we conclude that except on an event of probability O(h!/?),

max |7, —nh| < ch'/°. (3.10)

1<n<ng

This gives (). For (iii) we can use the last estimate of Proposition 3.1 together with Chebyshev’s
inequality and (iv) follows from (7) and a modulus of continuity estimate for Brownian motion (see
Lemma A.1). O

We rephrase the coupling result as follows.

Theorem 3.2. There exist 0 < ¢, Ry < oo such that the following holds. For any (A,a,b) with
R apr = Ro we can define a LERW domain configuration sequence

{(Ajaajab)7 jzoala"'aJ}7

stopping times my,n = 0, ..., ng, for the LERW, a standard Brownian motion W;,0 < ¢t < 1, and
a sequence of increasing stopping times 7,,,n = 0,...,ng, for the Brownian motion, on the same
probability space such that the following holds.

e The distribution of {(A,,,am.,,b)} is that of the LERW domains corresponding to P4 4
sampled at mesoscopic capacity increments, as described above.
e Let G, denote the o-algebra generated by {(A4;,a;,b) :n =0,...,m,} and {W; : t < 7, }.
Then,
{(4j,a;,b) = j > ma},
{WH-Tn - WTn it > 0}
are conditionally independent of G,, given (4,,, ,am,,,b).
e There exists a stopping time n, < ng with respect to {G, } such that

P{n, < ng} < ch'/1,
and such that for n < ny,
(W, — Up| < ch'/™;
|70 — nh| < ch'/?;
max |W, — W, .| <ch??,

Tn—1<t<Tn "

max  max |W; — W, < chl/12,
ISTn t—h1/5<s<t
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e For n < n, heap [gm, ; (Km, ~ Km, )] <h+h2
Moreover, for n < n., heap [gm, , (Km, ~ Km, )] = h.

Proof of Theorem 3.2: Let ¢ be as in Lemma 3.4. We define n, to be the minimum of ng and the
first n such that either of

W, = Un| > ch!/1%;
|7 — nh| > ch!/?;

max  |W, — W, | > ch?>;

Tn—1SUISTn

max  max  |W, — W,| > ch'/'2,
ISTn t—h1/5<s<t

tm, —tm,_, <h

occurs. Note that if t,,, — t;m, , < h, then the diameter of g, | (Km, ~ Km,_,) = ch?/5. Hence
using Lemma 3.4 and Lemma 3.1 we see that P {n, < ng} = O(h!/19). O

3.2. Loewner chains and coarsening. Given the Brownian motion W; of Theorem 3.2, there is a
corresponding SLEy Loewner chain (¢7"F) obtained by solving the Loewner differential equation
with W; as driving term. The Loewner chain is generated by an SLEs path in H that we denote
by v(t). Let 4(t) = F~! o ~(t) which is an SLEy path from a to b in D4 parametrized by capacity

in H. (This parametrization depends on F' but we have fixed F'.) We write
FRiE(z) = (65,7 0 F)(2) = W,

and
Fr™ (2) = (9m,, © F)(2) = Un.

We would now like to apply Proposition 2.1, but we can not directly do so with “microscopic”
capacity scale h since the error in our estimate on the capacity increment is too large. (Recall that
that proposition requires uniformly |h; — h| = O(hr/§), where r/§ = o(1), which we do not have
in this case.) However, the estimate we do have is uniform on the integrated capacities, so we can
instead consider a coarser scale in the same coupling.

Lemma 3.5. There exist 0 < ¢, Ry < oo such that the following holds. Consider the setting and
coupling of Theorem 3.2. Set

Up = [nh~9107, flg = max{n : u, < no},
and forn=0,1,..., 7,
My = My, , Tn = Tu,-

Then except on an event of probability at most ch'/1°, if ¢ € A and n < fgy are such that
Im FEYE(C) > /190 then

|Fin™(C) = FEF(O)| < ch!/.
Moreover, if z = x + iy € H, h'/1%0 <y < 1 and JEERW — g 1 fSLE = (gSLE)=L then for all
n < Mg,

FHEE) = F)] <

and
Yl (FEERWY (2)] — y|(fFE2E) (2)]] < ch'/.

mn Tn
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Proof: Let my,, Ty, ng, ns, ¢, Rg be as in Theorem 3.2. Set
jy .= p1/10

where h is as in (3.1) and assume R > Ry. Then in the coupling of Theorem 3.2 there is an event
E such that P(E°) < ch, and on E we have n, > no,

max |U,, — Wy, | < ch,

n<ng
and
max 7 — nh| < ch?, max |tm, — nh| < ch?.
Now set
= [nh™/107, fig = min{n : u, = no},
and forn =0,1,...,79 — 1, define
My, = My,,, Tn = Tu,-

Then nh < uph < nh + k10 and

max — nﬂ‘ < cBQ, max |tp, — nh < ch?.
n<ng n<ng
We now want to apply Proposition 2.1 with

h=h, 6=h"10 e=46')2, r=¢/2
on an event of large probability. For this we first need to know that

max diam (g, (K, ~ K, )] <7 (3.11)

n<ng

Since r =< h%/® we can use Lemma 3.1 (and the Markovian property of LERW) to see that (3.11)
holds on an event £’ C E of probability at least 1 — ch. Since 7,11 — 7 = h+ O(h?) and r =< h?/®
on E’, we can use a modulus of continuity estimate for Brownian motion (see Lemma A.1) to see
that

max diam {gfjfl (Y1, %n])} Sy
n<no

on an event B C E' of probability at least 1 — ch. Indeed, for each n,

gE:El (7[%7171’ 7/;71]) - Wf'n71

is a hull attached at 0 generated by W;,t € [f'n 1,7n]. Its maximal distance from 0 is therefore

bounded by ¢(v/7n — a1 + SUDsefz, 2] IWe — Wi, ])-
Finally, on the event E” we apply Proposition 2.1 with the above parameters to get the estimate

|G (2) — GEVE(2)] < e2/8 < 6% = O(R*/')

for all z,n such that Im g2""(2) > 4.
For the statement concerning the reverse flow, we may apply Proposition 2.4 with the same
parameters. O

Proposition 3.3. There exist 0 < ¢, Ry < oo such that the following holds. Consider the setting
and coupling of Theorem 3.2. Then except on an event of probability at most ch*/19, if ¢ € A and
n < ng are such that Im FSE(C) > A1/, then

’FLERW(C FSLE | < chl/25

Moreover, if z = x + iy € H, h'/1%0 <y < 1 and JEERW — ool fSLE = (gSLE)=L then for all

Tn
n < ng,
| 7I;L§RW(Z) SLE | < Ch1/25
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and

LERW) ( )| SLE || < Ch1/25

y|( yl(f7,

Proof: By Lemma 3.5 the conclusions hold with the coarsened sequence of stopping times, m,, and
7 for n < ng. We further know that except for an event of probability O(hl/ 10) for n < fyg, the
half-plane capacity increments of the LERW process satisfy t;,, — ts. , = O(h'/19) and the SLE
half-plane capacity increments satisfy 7,, — Tn_1 = O(hl/lo). For n < ng let k = k(n) < ng be the
largest integer such that ug < n. Then it follows that t,,, —t;z, = O(hY1%) and 7, — 7, = O(h!/19).
If Im FSYB(() > h1/19) then the Loewner equation therefore implies

|FSVE(C) — FEYE(C) + Wi, — Wi | = o(RY/).

Moreover, a modulus of continuity estimate for Brownian motion shows that |[W,, —W5, | = O(h'/??)

with probability at least 1 — o(h/1%). From the coupling it follows that Uy, — Uy, | = O(hY/?°)

with probability at least 1 — O(hl/ 10y Moreover, the Loewner difference equation implies
[EEE(C) = FEERV(C) + U, — Uy | = ohV).

The statements about fE"fW_ fSEE follow similarly. O

4. Proof of Lemma 3.1

Lemma 4.1. There exists ¢ > 0 such that the following holds. Let o, be the first index j such that
Im [F(n;)] > 2r. Then for R YVALr<e,

Paop{—r <Ren] <r forallj<o}>c.
We note that hcap (9]0, 0,,]) > r2.
Proof: Let @ denote the excursion in A so that n = LE[®@], and for ease of notation let use write
wi = Flog].
We first consider the following event for the random walk excursion. Let p be the first j with
Im [w;] > 4r and consider the event that
—r <Refw;] <, 0<7<p,
Im [w;] =2 3r, p<j<oo.
Note that on this event, if n is the loop-erasure of w, then
—r<Re[n]<r, 0<j<o,.

Hence, we need to show that this event on excursions has positive probability. The hard work was
done in Kozdron and Lawler (2005, Proposition 3.14) where it is shown that there exists ¢’ such
that with positive probability, if p is the first time j that the excursion reaches {Im (z) > ¢/r}, then
max{|Re (w;)| : 0 < j < p} < r/2. (That paper considers the map to the unit disk rather than
the upper half plane, but the result can easily be adapted by mapping the disk to the half plane.)
Given this event, the remainder of the path can be extended using the invariance principle. Indeed,
this follows from the following facts about the Poisson kernel. Let us consider

V=V(Ah) ={(eA:F() €{|]z| <br}.

Vo=V_(Ar)={CeV :Im[F()] <r},

Vi=Vi(A,r)={CeV :Im[F(¢)] > 2r}.
Then by combining (1 ) and (41) of Kozdron and Lawler (2005) , we can see that for R sufficiently
large and R~1/* < r < R™¢, we have for all {, € Vi, (_ € V_,

HM@@>§m«ﬂw (4.1)
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In fact, one can show that there is v > 0 such that

Ha(,b)  Im F(Cy)
Ha(C-,0)  Im F((-)
so, allowing for the small error, the quotient is at least 3/2. This estimate implies that the

probability that an excursion starting at ¢ € Vi with probability at least 1/3 does not visit V_.
O

(1+O(R™))

We now complete the proof of Lemma 3.1. Let & be the first j such that |F'(n;)| > 4r. Using the
Beurling estimate, we have |F(n;)| < 4r+O(R™'/2) < 5r. Let Fy = g, 0 F where g; : F(Da, ) —H
with g(a1) = 0 and g1(z) ~ z as z — oo. Inductively, we define & to be the first j = ji such that
|Fr—1(nj)| = 4r, and define F}, in the same way. Let J be the first k such that

Im [Fi—1(n5,)] = 2r.
Using the previous lemma, we see that
P{J >k} <e ok,
for some a > 0. In particular, for R sufficiently large,
P{J > r Y1} Cexp{—alr /%)) < exp{r~1/?°}.

Note that hcap[F(ng,)] = hcap [Fy_1(ns)] = r%. We also claim that there exists a universal
c1 < oo such that

diam [F'(n[0,&s])] < c1Jr.

This is a fact about the Loewner equation. More generally, suppose that K1 C Ko C --- is an
increasing sequence of connected hulls in H with corresponding maps g; : H \ K; — H. Suppose
also that for each j, g;—1(K; \ K;_1) is connected. For any connected hull K (see Lawler (2005,
(3.14))) we compare the diameter with the (potential theoretic) capacity:

diam(K) < capy(K) = ylg%oyPiy{BT € K},

where B is a complex Brownian motion and
T =Tk =inf{t: B, € K UR}.
If Tj = TK]. with Tp = Tp, then
k
PY(Ky) =PY{T, <To} < > PY{T; < Tj_1}.
j=1
Using conformal invariance of Brownian motion and the fact that g;_1(iy) = iy + O(1), we can see
that

Jim yPUT; < Ty} = lim y PO BT,k k,) & R}
= capglgj—1(K; ~ Kj-1)],
and hence,
k
diam(K}) < ccapy(Ky) < ¢ anpH[gj_l(Kj N KGoq)]
Jkl
<ec Zdiam [gj—1(K; ~ Kj—1)].
j=1

This concludes the proof.
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Appendix A. Skorokhod embedding

This appendix discusses a version of Skorokhod embedding used above. Much of this may be
known, but we will give the argument as we are not making the standard assumptions. Since we
only need to couple martingales with discrete distributions, we will restrict our consideration to
such here.

A.1. Preliminary results. For the convenience of the reader we will first state a standard modulus
of continuity estimate that we have used repeatedly in the paper, see Lemma 1.2.1 of Csorg6 and
Révész (1981) for the proof.

Lemma A.1. Let B; be standard Brownian motion. For each € > 0 there exists C = C(g) > 0
such that for every v, T >0, and 0 < h < T,

CT _ .2
P sup  sup |Biys— By > wWhy < ——e 2%,
+€[0,T—h] s€(0,h] h
Lemma A.2. There exists ¢ < oo such that if By is a standard Brownian motion starting at the
origin, 0 < y < x and
T =Ty = inf{t: By € {z,~y}},

then
)

P{BT:$}2$+y,

E[r] = zy,
and for all positive integers n > 2,

E[r"] <cr nly(z+y)* L. (A1)
If M = max{|B|,0 <t <7}, and a > 0, then

E[e*M] < 4+ %e“y + xz—i—yy e,

Proof: The first two are standard results obtained by stopping the martingales B; and B? — t at
time 7.

By scaling it suffices to prove the third when = +y = 7. If x = y = 7/2, then, e.g., by solving
the appropriate PDE by separation of variables, we have

P{r >t} ~ce™,
and hence
o0
E[m" <c¢ / t"etdt = cnl.
0

For y < 7/2, we use the following version of gambler’s ruin,

cy
P{r >t} < —,
(r>t< Y
to see that .
E[(r A1)"] <E[r A 1] :/ Plr>t}dt < cy.
0
Also,

E[(r— 1) 7> 1) = P{r > 1}E[(r - 1)" | r > 1] < cynl.
The estimate now follows from the Minowski inequality using
T=(TAL)+(t—1)1{r > 1}.
For the last assertion, we start by noting that the gambler’s ruin estimate implies that
1 x

P(M=y)=y, P(M=s}=_T
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and for y < s < x, the density of M is given by y/(s + y)2. Therefore,
1 T
E[eaM] = —e%W 4 Y eax+/ Yy - €% ds.
2 x+y y (s+y)

The function f(s) = (s + y) 2% has a single minimum for s > 0 at sg = % —y. It is increasing
after this time. Therefore,

yVso %) 2
/ % e*ds < ezfay/ % ds < < 4.
y (s+y) y (s+y) 2

N

Finally, note that
X
/ _Y 2ea$ds<7xy 2eax<7y e,
yso (S +Y) (z+y) r+y
O

Lemma A.3 (Skorokhod embedding). There exists ¢ < oo such that the following holds. Suppose Z
is a mean zero discrete random variable with B[Z?] = 02. Then we can find a Brownian motion By
and a stopping time T defined on a probability space (2, F) such that B; has the same distribution
as Z. Moreover, E[t] = o2; for all positive integers n,

E[r"] < c(2/7)*" n| E[Z*"], (A.2)
and for all o > 0, if M = max{|B| : 0 < t < 7}, then
E[eM] <11B [e7].
Proof: This is standard; we review the proof with “extra randomness”. For ease we will assume
that Z takes values in a countable set V' that does not include the origin; it is easy to adapt to

the case where the origin gets positive probability, We enumerate V, = V' N [0,00) = {z;},V_ =
V N (—00,0] = {yxr} (not necessarily in increasing order), and let

pi =P{Z =1}, q=P{Z=—y}.

YopitY =1,
i k

The assumptions imply

and
ij:E?—Fquyi =2
j k
Next, set
b= pjxj=> Qi
j k
and define 7w on U :=V, x V_ by

P ar (xj + yr)
7rjk = W(xjﬁyk) = %

domik=Y ar+y pj=1
ik k j

Therefore 7 is a probability measure on U. Add to our probability space an independent U-valued
random variable @ = (X,Y") with distribution function {7, }. Let 7 = 79 where, as above,

Note that

T(zvy) = lnf{t : Bt = T Or Bt — —y}
Note that

Yk 1
P{B: =z} =) 7w =b Dj Gk Yk = Py,
(Br =i} = S 2 =07 S =
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and similarly, P{B; = —yi} = qx. Therefore, B; has the same distribution as Z. Also,

E[r] = > mnElr|Q = (zj,u)]
j7k
_ ijQk(fl;j+yk)$jyk

7.k
= ijx§+2qky,€:c72.
j k

The estimate (A.1) and z +y < 2(z V y) show that

(/20 oo

—92 2n—1
nl S c2 n.z];”jk[:rj A k][5 + yl™
]7
< b7y pian g Ayl [z Vo]
7.k
< eb Y piar [ yk + vt wl
I

= c

Yol i+ Y v a
J k
= cE[Z%.
Given Q = (z,y), we know that

9

E[eaM] <2 ea(m/\y) + Q(xAy)

r+y

colava)

\)

Hence

E[eaM] < ijk gea(a:j/\yk) + 2(1'] /\yk) ea(a:j\/yk)
ik 2 i+ Y

We split the sum into

Jik J
]% 22 e =23 g™ = 2E[e"?; Z < 0].
Gk K

Combining this with the y;, < z; terms we get

E[e*M] < 11 E[e¥?]].
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We remark that now that we know the distribution, we could do the construction backwards.
To be precise, we could start with a realization of the random variable Z; then choose @) from the
conditional distribution given Z, which then would define a stopping time 7¢g; and then choose a
stopped Brownian motion from the distribution of Brownian motion conditioned so that B, takes
the value Z.

Lemma A.4. For every positive integer k, there exists ¢, < oo such that the following is true.
Suppose

My=2Z1+--+2,, My=0
is a martingale with respect to {F,} and suppose that there exists C < oo such that for all positive
integers n, k,
E[Z2" | F_1] < C%.
Then for all n,
E[M*] < ¥ C*F nf,

In particular for every § > 0,
p {jlrllz.ii(n‘Mj‘ > n(1+5)/2} < 2k 2 ko

Proof: The last assertion follows from the previous by the maximal inequality applied to the
submartingale |M;|?*, so we will focus on the bound for E[M2*]. Without loss of generality, we
will assume that C' =1 for otherwise we can consider M,,/C. We will prove the result by induction
on k. For k = 1, orthogonality of martingale increments gives

E[M;] = E[Z{] +--- + E[Z7] < n.

We now suppose the result is true for j < k and assume that E[Z2*+2 | F,,_;] < 1. By Hélder’s
inequality, E[|Z,|" | Fn—1] < 1 for 0 < r < 2k + 2. Also, for r < 2k,

2k
B[] < B 02" < .

The martingale property gives
E[M24 Z, 00| = B [MZVE(Zy | F)| =0.

For 2 <5 <2k+2.

B M2z ]| = B [ME B, | R
< B[|IMREITE(|Zal | F)
< E[’Mn|2k+2—j}
< C§Z+2—jn(2k+2fj)/2

If we write
EMAT) = E [B(M, + Zo)* 2 | Fo)
expand the product, and use the relations above, we will see that there exists S (which can be
found explicitly but we do not need to do so) such that
B{MZ1?) < BMZ] 4 e,

from which we conclude the result. O
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A.2. Coupling a martingale with Brownian motion. We will now couple a discrete martingale with
a Brownian motion using Skorokhod embedding.

e Suppose
Mn:Z1+ZZ++Zn

is a square integrable martingale with respect to the filtration {F,}.

e Let Q1,Qo, ... be U-valued random variables where @, = (X,,Y},) is obtained as follows.
The distribution of @),, given F,,_1 is that of the ) in the proof of Lemma A.3 where we
choose Z to have the conditional distribution of Z,, given F,,_1. Since the random variables
Z, have discrete distributions there are no technical issues in defining this conditional
expectation. We use independent randomness to find a realization of @, given F,_; and
L.

e Given (), we take an independent Brownian motion Bt(n) stopped at time 7¢, conditioned
so that B%l = Zn.

e Define
Tn = Tn—1 1+ TQ,
and
Bi=B,, ,+B" | 1 <t<m.

e Let G, be the smallest o-algebra containing J,, and such that Q1,...,Q, and B;,0 <t < 7,
are measurable.
e Recall from Lemma A.3 that

Erq, | Far] = B[Z2| Fuu].

Let
Ay =1q, —Elrg, | Faa]l =179, — E [Zg | J-"n_1} :

Jp = Zn:Aj, v, = zn:E 22| Fara].-
i=1 i=1

Note that 7, =V, + J,, and J, is a martingale with respect to {G,}.
This has the same distribution as the following.

e Given G,_1 choose @, using the appropriate conditional distribution and independent

randomness. This gives 7g,,. Let 7, = 7,1 + 7¢,,.
e Take an independent Brownian motion and observe Bt(n), 0<t< 19,
e Set 7, = BTQ”
e Set By=DB;, ,+ B™ Th—1 S S Th.

t—Tn—1’

A.3. Application. We will make the following moment assumption, keeping notation from the
previous subsection.

e Moment Assumption There exist 8 < oo such that for all positive integers k, n,
E |22 | Fooi] < (70/2)% (2k). (A.3)

This is implied by a stronger assumption about exponential moments, given here:

e Exponential Moment Assumption. There exists t > 0 and C’ < oo such that for all
positive integers n,

E [exp{t|Z,|} | Fu_1] < C".
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Under the moment assumption (A.3) and (A.2), we can see that
E [AZ] < co™ (2k)! (4k)!.
Using Lemma A .4, we see that
E {Jgk} < parn®, pop = cF 0% (2k)! (4k)!,
and hence for every § > 0,
S o 1+8)/2] < ks
P{fgﬁg‘n"]”' >n < parm .
Theorem A.1. Suppose
is a square integrable martingale with respect to the filtration {F,,} satisfying the moment assump-
tion (A.3). Suppose also that there exists ¢; such that for all n, with probability one,
|E[Z2 | Fro1] — 1] < ein™ V2 (A.4)

Then we can define the martingale and a Brownian motion B; on the same probability space such
that the following holds. For every ¢ > 0, K < oo, there exists ¢ depending only on ¢, ¢; and the

constants in (A.3) such that except for an event of probability cn ™,

l.c
max |Bj — M;| < ni™e.
0<ysn

Proof: Under the construction M; = B;,. The modulus of continuity estimate for Brownian motion
implies that, except for an event whose probability decays faster than every power of n, if s,t < 2n
1
with |s —t| < 2n2 "¢,
B, — By| < nite.
Hence, it suffices to show that
P { max |17; — j| > 2n%+5} <en K,

0<j<n

and given (A.4), it suffices to show that
P J max |J;| > nate b <en K,
0<j<n

This follows from (A.3) and Lemma A 4.
O

The last proof only used the fact that for each k, the conditional (2k)th moment was uniformly
bounded. It did not need the stronger form in (A.4).

We will consider one more assumption. Let us assume that we have a martingale M, as above
with respect to {F,} satisfying (A.4). Let

M = Mg yymis = Migoayms 1= 0,...,m.

(2

Using the last lemma we can see that for each j, we can find a Brownian motion Bt(j ) such that,

except for an event of probability at most cm =X,

) ) L
max |Mi(]) . B§J)| <mite
o<i<m

The Brownian motion can be combined into a single Brownian motion,
B,=BY, o0<t<m,

By = B(j_iym+ By (= Dm <1< jim.
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Let G,, denote the o-algebra generated by F,, and {B; : 0 < t < n}. The construction has the
following property:

e The conditional distribution of M}, 1 jm+o2,.. given Gjy,, is the same as the conditional
distribution of given Fj,,. Indeed the extra information added to Fj,, to get Gj,, is all
randomness independent of the martingale.

e The Brownian motion B; = Byt jm — Bj is independent of Gjp,.

e Except for an event of probability at most ¢jm ™%, we have

R
max |M; — B;| < jmaTe.
0<i<jm

e In particular if n = jm ~ m!'*® with § < 1/2, then, except for an event of probability at

i
most cn K,

1 1
max |M; — Bj| <mitetd = patu gy = :
0<i<n 1+0

Theorem A.2. Suppose
Mn:ZI+Z2++Zn

is a square integrable discrete martingale with respect to the filtration {F,} satisfying (A.3) and
(A.4). For every 0 < § < 1/2 and K < oo, there exists ¢ depending only on §, K and the constants
in (A.3) and (A.4) such that the following holds. We can define the martingale and a Brownian

motion B; on the same probability space such that except for an event of probability en™ %,

max |B; — M;| < nito.

0<jsn
Moreover, if m = |n'/(+9) | then for each j < n®/ 0+ {B, . — Bjpm : t > 0} is independent of
the o-algebra generated by {My : k < jm} and {B; : t < jm}.

Proof: We will actually show a little more than we state.
Let

M(j) :M(j—l)m-l-i_M(j—l)mv 1=0,...,m.

(2

Using the last lemma we can see that for each j, we can find a Brownian motion Bt(j ) such that,

except for an event of probability at most cm =X,

A A L
max ‘Mi(]) — BZ-(])] <miate,
o<i<m

The Brownian motion can be combined into a single Brownian motion,

B.=BY, o0<t<m,
Bi = B(j—iym + Bt(jf)(jfl)rm (J—Dm<t<jm.
Let G, denote the o-algebra generated by F, and {B; : 0 < t < n}. The construction has the
following property:

e The conditional distribution of M}, 1 jm+o2,.. given G, is the same as the conditional
distribution of given Fj,,. Indeed the extra information added to Fj,, to get Gj,, is all
randomness independent of the martingale.

e The Brownian motion B; = By jm — Bjnm is independent of Gj,.

e Except for an event of probability at most ¢jm ™%, we have

I
max |M; — B;| < jmaTe.
0<i<jm
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e In particular if n = jm ~ m!*® with § < 1 /2, then, except for an event of probability at

_ !’
most en ™K ,

1 1
max |M; — B;| <mitetd =pitu g = .
0<i<n 1+4
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