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Abstract. Long memory processes driven by Lévy noise with finite second-order moments have
been well studied in the literature. They form a very rich class of processes presenting an autoco-
variance function that decays like a power function. Here, we study a class of Lévy processes whose
second-order moments are infinite, the so-called a-stable processes. Based on Samorodnitsky and
Taqqu (1994), we construct an isometry that allows us to define stochastic integrals concerning the
linear fractional stable motion using Riemann-Liouville fractional integrals. With this construction,
an integration by parts formula follows naturally. We then present a family of stationary Sa.S
processes with the property of long-range dependence, using a generalized measure to investigate
its dependence structure. At the end, the law of large number’s result for a time’s sample of the
process is shown as an application of the isometry and integration by parts formula.

1. Introduction

In this work, we are interested in continuous-time fractionally integrated stable processes and its
property of long-range dependence (LRD) or long memory. There are many interesting applications
of such processes throughout the literature (see Samorodnitsky, 2006 for an intuitive and historical
introduction). This property presents a phenomenon in which some proper measure of the process’
dependence structure - usually the autocovariance function when well defined - behaves like a power
function, having a slow decay. Slow in the sense that the corresponding sum will diverge (power
function with exponent in (—1,0)). Linear fractional stable motion (LFSM) is a generalization of the
well-known fractional Brownian motion (fBm) to the a-stable case. Accordingly to Samorodnitsky
and Taqqu (1994), it has the following moving average representation. For 0 < a« <2, 0 < H < 1,
H # L and a,b € R such that |a| + [b] > 0,
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oo -1 H—1 H—1 H—1
My q(t) = / a [(t —x), *—(-x2)} ‘*] +b [(t —z)_ * —(—z)_ *|dLy(x), (1.1)
for t € R, where uy = max{u,0} and u_ = max{—u,0} are the positive and negative part of

u, respectively, and {L,(t)}icr is a SaS process with Lebesgue control measure. The process
{Me 1 (t)}rer is self-similar with Hurst parameter H and it has stationary increments. Defining
the increment process Yy g (t) := Mo m(t +1) — My g(t) , t € R which is also stationary, consider
as a measure of its dependence structure the difference between the joint characteristic function of
the pair (Y, #(t), Ya,#(0)) and the product of the marginal characteristic functions of Y, g (t) and
Yo,m1(0), given by

r(t) == Eexp{i(61Y4(t) 4 62Y4(0))} — Eexp{ifYy(t) }E exp{if2Yq(0)} .
Astrauskas et al. (1991) show that, for a positive constant K, as t — oo,
()] ~ Kt[* e

and when 1 < a < 2 and é < H <1 we have —1 < aH — a < 0. Therefore, one can say that
the increment process of the LFSM has the property of long-range dependence. This fact suggests
that we may be able to define a continuous-time a-stable process with long memory if we succeed
in building stochastic integrals with respect to the LESM.

This paper is organized as follows. Section 2 starts with some basic facts and introductory
notation. Using Riemann-Liouville fractional integrals we build in Section 3 an isometry which
allows us to define the stochastic integral with respect to an LFSM and prove an interesting formula
for representing the fractionally integrated a-stable processes. In Section 4 we define a long memory
fractionally integrated moving average a-stable process and relate it to the LFSM using previous
results. As an application of the isometry and integration by parts formula, we show a law of large
number’s results at the end of this section. Section 5 concludes this work.

2. Definitions and Preliminary Results

Let {La(t) }ter be a SaS process with index of stability 0 < o < 2 and Lebesgue control measure
dm(z) = dz. Accordingly to Samorodnitsky and Tagqu (1994), for a measurable function f : R — R
such that f € L%(R) the stable stochastic integral

1(f) = /R f(2)dLa(z) (2.1)

is well defined and has the following properties.

Proposition 2.1. The distribution of I(f) is given by
I(f) ~ Sa(af,(),()) ,

where ~ denotes equality in distribution and

o= ([ f(a:)radx)‘l’ — 1/l 22)

Efexp (01(7))] = exp {101 [ I dz}.

which means that

Proof. See proposition 3.4.1 in Samorodnitsky and Taqqu (1994). O
In order to define the fractionally integrated stable processes, we need to introduce the fractional
integrals and derivatives of Riemann-Liouville (see Samko et al., 1993).
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Definition 2.2. Let d € (0,1). For f € LP(R), where 1 <p < é, we define

(I 1) () / FO — o) dt and (I2f)(« / FO@ -0t (2.3)

respectively, the mght and left-sided Riemann-Liouville fmctzonal integrals of order d, where I'(x) =
Jo~ t* e tdt is the Gamma function.

On the other hand, fractional differentiation was introduced as the inverse of fractional integra-
tion. Consider d € (0,1), 1 <p < é and denote by I$(LP) the class of functions ¢ € LP that can

be represented as a fractional integral I¢ f of some function f € LP.

Definition 2.3. Let ¢ € I{(LP) be of the form ¢ = I f, for a function f € LP. Then f is precisely
the right or left-sided Riemann-Liouville fractional derivative of order d, respectively, given by

(D49)() = —ml_d)ji, JECIER (2.4
and

L&) = 5 ar / o(t) (& — )~ dt, (2.5)
d

where 7= is the usual operation of differentiation with respect to x and the convergence of the
integrals at the singularity ¢ = x holds pointwise with probability 1, if p = 1 and in the L? sense, if
p> 1.

Remark 2.4. In fractional processes as the LFSM defined in (1.1), for 0 < a < 2, one has an
interesting relationship between the fractional parameter d and the Hurst parameter H of self-
similarity which is given by

Hed+ L. (2.6)
(6

As we are more interested in the fractional integration point of view, we will often mention the
parameter d = H —

3. Main Results I

This section is based on Pipiras and Taqqu (2000) and Marquardt (2006) in which we define
stochastic integrals with respect to the linear fractional stable motion (LFSM) and prove a formula
that can be seen as integration by parts’ formula, analogous to proposition 5.5 on Marquardt (2006)
for the fractional Brownian motion. We restrict ourselves to the case 1 < a < 2 since we are
interested in processes with the property of long-range dependence. While the cited authors deal
with Lévy processes with a finite second moment, we handle the infinite second-order moments of
SasS processes by using their finite lower-order moments in a suitable space.

3.1. Fractionally Integrated Processes and the B, ), Space. Let {X(t)}ier be a SaS process, with
index of stability 1 < o < 2, given in its integral representation, accordingly to the family { f;}ter
of functions such that, for every t € ]R fi :R =R, fr € LYR) and {Ln(t)}+er is a SaS process
with Lebesgue control measure dm(z) = dzx. Then, according to Proposition 2.1, we know that

/ Fi(2)dLa (@) ~ Sa(01,0,0) (3.1)

defined and its distribution is totally determined by

= ([ \ft(x)\adw); —1lfilla (32)
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It would be important to have an isometry property for the SaS processes as the [t0’s isometry
for processes with finite second-order moment. Since the a-stable distributions only have finite
moments of order p < «, we shall consider the following known result.

Proposition 3.1. Let {X(t) }1er be the process defined in (3.1) and let 1 < p < .. Then
E[|X(@)P] = E[[La(W)[] [|f:]12- (3.3)

Proof. From expression (3.1) and since for any positive a, S,(ao,0,0) ~ aS,(0,0,0), where ~
denotes equality in distribution, we have

X(t) ~ Sa(O't,0,0) ~ O'tS (1 0 0) ~ O't (1)

Therefore
E[|X ()] = EllorLa(1)[7] = E[|[La(1) "] || f2l[5-
O

Now, for measurable functions g : R — R, g € L'(R) and d € (O 1— 1), consider the right-sided
Riemann-Liouville fractional integral of order d, I¢g = ﬁ L g(t)(t — 2)41dt and denote by B,
the set

B, = {g € L\(R) - /_Z (I g)(2)|°dx < oo} . (3.4)

The set B, can be seen as the set of kernel functions g € L'(R) for which the stable stochastic inte-
gral of its respective fractional integral [;(I%g)(z)dLq () is well defined. For the next proposition,
we will need the following lemma (Leach, 1956).

Lemma 3.2. Let 1 < p < 00 and 1 < g < oo such that % —|—% = 1. For a measurable function
f:R—=R, feLP(R) if and only if there exists a constant C > 0 such that

/ |F@)h()|dz < C|[R]], (3.5)

for every function h € L4(R).

Note that since « lies in the interval (1,2), L*(R) is a Banach space. Using the previous lemma,
we have the following.

Proposition 3.3. If g € L'(R) N L%(R), then g € B,.
Proof. For every h € L°(R), such that 1 + % = 1, we have

/R‘h(x)(ld da:</ / ‘ t_ré”d))d 1

/ / g(s 4 x)s% l‘dsdm (3.6)
Rewriting the last expression, we get

/ / g(s + x)s?™ 1) ds de =11 + Iy, (3.7)

L = / / g(s +x)s¥ Ydsdr and I = / / \h(x)g(s + x)s? | ds d.

By using Fubini’s theorem and Holder’s inequality we get

1
_ 1
b= [ [ n@ats e ds < [ nllllglods = Snlslsle: 35)

dt dx

where



FIMA Stable Processes with LRD 603

For I; in (3.1), set t = s + = and apply Holder’s inequality to get

1
11:/ ‘/ t—s d— 1’d3dt</ ‘g(t)th,B </ Sa(d_l)ds>adt
o 1

1 1
= [ ol = el (39
Combine (3.6), (3.7), (3.8) and (3.9) to finally get
aot o[ (lglla . llglh
/’h )(I2g) ()| da < [F(d) ( T (a(1—d)—1)i>] [1h]5, (3.10)

where

_ 1 (llglla lglls
CP(C“( d +<a<1—d>—1>i>>0

Remark 3.4. As well as for the right-sided Riemann-Liouville fractional integral I g, the same is true
for the left-sided Riemann-Liouville fractional integral I¢ g, which means that if g € L'(R) N L%(R),
then [p |(I%g)(x)|*dx < oo and its stable stochastic integral [; (I g)(z)dLq(z) is well defined. The
proof is completely analogous and will be omitted.

O

As we have seen, L' (R) N L*(R) C By, so we would like to define a norm which could allow us to
work with isometries for processes of the form [;(I%g)(z)dLq(z). The following norm is based on
theorem 3.2 of Pipiras and Taqqu (2000), which in that case it comes from an inner product. Now,
inspired by Proposition 3.1 and using the previous remark, we give the following definition.

Definition 3.5. For a fixed 1 < p < a and g € LY(R) N L%(R), let the norm || - ||a,p be defined as

1
o 1
lolles = ENLaP) ([ 1 g)@)d0) " = BILaPI 1]

Proposition 3.6. The expression given in Definition 5.5 defines a norm. Moreover, for g € L'(R)N
LY(R), there exist M,N > 0 such that

gl

ap < M|lglli + Nllglla - (3.11)

Proof. First, note that ||g||op = DHIﬁgHa, where D = (EHLa(l)‘p])% does not depend on g and
| - ||a is the usual L%(R) norm.

(i) since D >0, ||gllap =0 <= [|[I%g]la =0 <= [lg=0 <= g=DL(I¢g) =0;
(i) for a € R, [lagllap = D|[I%aglla = Dllalgllo = |all|g]la.p;
(iii) for f,g € L"(R) N L*(R), [|f + gllap = DIIL(f + g)lla = DIILf + 12g)|la < DI|I2 fl[a +
D|[I%glla = 1| fllap + [19llap -

Finally, (3.11) can be seen from the proof of Proposition 3.3: by (3.10) we get that G(h) =
Jg h(z)(I%g)(z)dx is a bounded linear functional in L?(R), where 1 + % = 1. Moreover,

Lol — 1 (lgll lgll
”(I—g)"a‘thﬁpl'G(h)’g[Hd)( : +(a(1_d)_1)i)]-

And (3.11) follows by setting

_ ELP)r 1 v EILP)F
S C) @l—d) -1 0 and ¥ (d)

> 0.

ISHR
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We are now able to define the space which will allow us to build the desired stochastic integrals.

Definition 3.7. Let B, be the space L'(R) N L%(R) under the equivalence relation ~g, in which
for f,g € L'(R) N LY(R),
frapg = If —gllap=0. (3.12)

3.2. Stochastic Integral and Integration by Parts Formula. We proceed with the construction of the
stochastic integral concerning the linear fractional stable motion. Details on the stochastic integra-
tion concerning the fractional Brownian motion can be found in Pipiras and Taqqu (2000), Nualart
(2006), and Carmona et al. (2003) and concerning fractional Lévy processes as a generalization of
the fBm using Malliavin Calculus in He (2014).

Firstly, let us recall the LFSM defined in (1.1): let {L4(t)}ter be a SaS process with index of
stability 1 < a < 2 and Lebesgue control measure dm(z) = dx and let 0 < d < 1 — é be the
fractional integration parameter. Then, taking a = (I'(d+ 1))™" and b = 0 and using the notation

of Remark 2.4, we define

1 o0
My(t) = [ [(t=2)% = (~2)1] dLa(@), teR. 3.13
0= g |-t = (01 ar@). e (313)
Equipped with the B, , space given in Definition 3.7 and the norm || - ||4,p given in Definition 3.5,
we want to define, for functions g € B, p, the stochastic integral
(o) = [ sl@)aMafa). (3.14)
As usual, we start by defining the integral for simple functions. Let ¢ : R — R be of the form
n—1
¢($) = Z aiﬂ(ti,ti_;,_ﬂ (.17)7
i=1

where a; € R and —oo < t; <ty <--- <t, <oo. It is easy to see that ¢ € B, p. So we define the
integral

e / o(2)dMy(z Zaz My(tis1) — Ma(t)].

Note that the integral Ips,(-) is linear for simple functlons. Moreover, we have the proposition
below.

Proposition 3.8. Let ¢ : R — R be a simple function. Then
[ #@idtite) = [ (110)(w) dLo(a) (315)

and ¢ — In, (@) is an isometry between Ba, and LP(Q),P), in the sense that HIMd(qb)Hip(Q P)
= ||¢| |5 p, where (R, F,P) is the underlying probability space.

Proof. It suffices to show (3.15) for indicator functions ¢(x) = g4 (), t > 0, because every other
simple function is a linear combination of such functions. In fact,

[ #@)idtite) = [ Ton(@)dMa(e) = (o)
and for the right-hand side of (3.15), we have

/R(I%)( ) dLo(z // s — 2)" (g4 (s)dsdLa ()
M4[<t—m>i (—2)2)dLa(x) = My(t). (3.16)
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Furthermore, for all simple functions ¢ it follows from Proposition 3.1 that

1)y = B || [ (2o@azato)] | = B0ar) ([ 1220 m)
= [|9%p- (3.17)

O
Having the integral Ips,(-) well defined for simple functions, we are ready to prove the next theorem
and to define the integral for any g € B, .

Theorem 3.9. Let My = {My(t)}ier be the linear fractional stable motion defined in (3.13) and
let the function g : R — R be in B, . Then there exists a sequence of simple functions ¢, : R — R,
ne€”Zy, satisfymg || n — g[ ap — 0 as n — oo such that Iy, (¢n) converges in LP(Q,P) to a limit
denoted by Ing,(9) = [g9(x)dMy(x) and Iy, (g) is independent of the approzimating sequence ¢y,.
Moreover, the zsometry property holds

[z () L p) = lgllap - (3.18)

Proof. As we know, simple functions are dense in L'(R) N L%(R) and L'(R) N L*(R) is dense in
B,p by construction of the space By p. Also (3.11) holds, so whenever a sequence converges in
LY(R) N LY(R) it will converge in B, as well. Therefore, the simple functions are dense in B, .
Hence, there exists a sequence ¢,, of simple functions such that ||¢, — g|lap — 0, as n — oo. It
follows from the 1bometry property (3.17) that [p ¢n(z)dMg(z) converges in LP(Q,P) towards a
limit denoted by fR x)dMy(z) and the 1sometry property is preserved in this procedure, so (3.18)
holds. Finally, (3.18) implies that the limit denoted by the integral [, g(x)dMg(x) is the same for
all approximating sequences ¢, converging to g. ([l

Note that convergence in the L? sense implies convergence in probability, which is enough to define
the integrals. Usually, they are defined with equality in probability or even in the LP sense, most
commonly in L? (see K10, 2006). The next theorem states that we can interchange the fractional
integration between the integrand function and the process concerning which we are integrating.
This formula reminds the well-known integration by parts formula from traditional calculus.

Theorem 3.10. Let g € B, p. Then

/ g(2)dM(z) = / (1%g)(z) dLa(z) (3.19)
R R

Proof. It follows from Proposition 3.8 and Theorem 3.9. ]
Now, as a direct application of the previous results, we state a convergence theorem that focuses
on using the isometry property (3.18) and the norm || - ||, to make sense the analysis of the

convergence in LP(Q, P) of Inr,(gn) — In,(g), as n — oo, for a suitable choice of g, and g. We will
study convergence on LP(£),P) by dealing with convergence in L!(R) N L*(R).

Consider g, g, real measurable functions in B, such that the stochastic integrals I, (g,) and
In,(g) are all well defined according to Theorem 3.9. We say that the sequence of processes Iz, (gn)
converges to the limit process Ipz,(g) if

nty(9n) = Inty (9]l o p) = O (3.20)

and we denote

fim [ gu(@)aMata) = [ la)iMae). (3:21)

n—oo R

with equality in the LP(£2,P) sense. Of course, it also implies convergence in probability for P.
Equality has the same meaning as in Theorem 3.9.
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Theorem 3.11. If g, — g in both L'(R) and L*(R), then In;,(gn) — Inr,(g) in LP(SL,P) and

lim [ gp(x)dMy(z) = / g(x)dMy(z). (3.22)

Proof. By (3.18) and (3.11) we have
[Haz4(9n) = Tnty (9o (@,p) = ll9n = 9llap < Mllgn = gll1 + Nllgn — 9lla (3.23)
and it follows that |[Irr,(9n) — In,(9)||Lrp) — 0, as n — oo, O

4. Main Results 11

In this section, we are interested in defining a class of continuous-time moving average stable
processes that present the property of long-range dependence. Let {L,(t)}ier be a SaS process
with index of stability 1 < a < 2 and Lebesgue control measure. Accordingly to Samorodnitsky
and Taqqu (1994), if g is a real measurable function defined on R satisfying [ |g(x)|*dz < oo, and
define

o

X(1) :/ ot — 2)dLo(z), tER, (4.1)
—0oQ

then {X (¢)}1er is well defined and stationary. A process of this form is called Sa.S moving average

process. The function g is often called the kernel function.

It’s known in the literature that one can obtain a long-memory process by considering moving
average processes whose kernel function is the fractional integral of a short-memory function (see
Samorodnitsky, 2006 and Marquardt, 2006). Henceforth, we are considering functions with short
memory and with positive support, which means that we will assume the following conditions:

(C1) g(t) =0, for all t < 0;
(C2) |g(t)| < Ce=, for some constants C' > 0 and ¢ > 0.
Note that every such function g satisfying (C1) and (C2) belongs to Bq .

Let us recall the left-sided Riemann-Liouville fractional integral of order d € (0, 1) of a function
g € LY(R), as defined in (2.3):

(1)) = i [ otoa— 0t = o [ ata = s a.

Sofor 1 < a<2andl < p< «the idea is to define the moving average stable process using the
left-sided Riemann-Liouville fractional integral of a kernel function g satisfying conditions (C1) and

(C2).
Definition 4.1 (FIMA Stable process). Let {L,(t)}tcr be a SaS process with index of stability
1 < a < 2 and Lebesgue control measure. For d € (0,1 — é), define

t
Ya(t) = / (I49)(t — 2)dLa(z) t R . (4.2)
—00
Theorem 4.2. The FIMA Stable process {Yq(t) hier in (4.2) is well defined and stationary.

Proof. We know that g € B, implies g € L*(R) N L®(R), so by Remark 3.4 it follows that
Jz |(I4g)(x)|*dx < oo and the process is well defined. Now, for t1,- -+ ,t4, h,01, - ,04 € R, setting
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y = x — h, we have

07

00 d
- / S0 oo () (I 9) (t: + h — )

67

d
> 0:Yq(ti+ 1) dx

=1

0 |i=1

| d
:/ Zeiﬂ(—oo,ti](y)(lig)(ti -

—00 |,—

«

(4.3)

d (e
> 0:Ya(t:)
i=1

O
Now, using Theorem 3.10, we can represent the FIMA Stable process with the linear fractional
stable motion.

Theorem 4.3. Let {Yy(t)}ier be the FIMA Stable process defined in (4.2) and {Mgy(t)}tcr be the
linear fractional stable motion defined in (3.13). Then, Yy can be represented as

Ya(t) = / t g(t — 2)dMy(z) , tER. (4.4)

—00
Proof. For each ¢t € R, consider g,(z) := g(t — ), so from Theorem 3.10, we have
t t t
/ g(t — x)dMy(z) :/ gi(x)dMa(z) =/ (12g¢)(x)dLa(z).
—0o0 —0oQ —0o0

By using the definition of the right-sided fractional integral (I¢g;)(x) and setting w = u — = we get

/_;(Iﬁgt)( )AL (x / / w — )% gy (u)du dLo()
— / / (u— )4 gt — u)du dLq(z)
/ / ot — 2 — w)dw dLo(z). (4.5)

Finally, using the definition of the left-sided fractional integral (Ig)(t — z) we get the result

t

/ / gt — 2 — w)dw dLy(z) = / (I9)(t — 2)dLa(z) = Ya(t) . (46)

— 00

0

Remark 4.4. Note that this representation allows us to work with a rapid decay kernel function
g instead of a slow decay kernel function (Iffg), which can be useful for more efficient simulation
algorithms. It also can be used to show a convergence of sequences of such processes by dealing
with the associated moving average kernel function. See Theorems 3.11 and 4.11.

Now we turn our attention to the long-range dependence, or long-memory property of the pro-
cess {Yy(t)}+ter. As we know, for stationary Gaussian processes one can describe the long-range
dependence property as the slow decaying of its autocovariance function. Since we cannot use such
a function in our setting, as Maejima and Yamamoto (2003) we are going to use the following and
proceed with similar calculations as the cited authors. For 81,02 € R, let

r(t) = (01, 00:t) = E[exp{i(ﬁle(t) + 92Yd(0))}}
K [exp{wlyd(t)}} E[exp{mQYd(O)}} (4.7)
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and

I(t) == 1(61,02;t) = —log (E[exp{i(91Yd(t) + 92Yd(0))}}>

+log (E[exp{wlyd(t)}D +log <E[exp{wgyd(0)}D . (4.8)

Setting
K(Ql, 92; t) =E [ exp{i@le(t)}] E [eXp{iQQYd(O)}]

= E[exp{i61 Yq(0)} E[ exp{ifYq(0)}] =: K

which does not depend on ¢ since {Yy(t) }+cr is stationary. There is a relationship among r, I and
K given by

r(61,02;t) = K (601, 00;t) (e~ 100020 1), (4.9)

Furthermore, if I(t) — 0 as ¢t — oo, then r(t) ~ —KI(t) as t — oo, which means that the quan-
tities are asymptotically equal. Note that the quantity r(61,02;t) is the difference between the
joint characteristic function of the pair (Yy(t), Y4(0)) and the product of the marginal characteristic
functions of Yy(¢) and Y4(0). So if the process is independent, (61, 602;t) = 0, and if the process
is Gaussian or has finite second-order moments, the quantity —I(1,—1;¢) coincides with the au-
tocovariance function. The quantity r(¢) has been proved to be a proper tool for describing the
dependence structure of stable processes and has been used by several authors such as Astrauskas
et al. (1991); Levy and Taqqu (1991); Magdziarz and Weron (2007); Magdziarz (2007). Besides,
it is used in Maruyama (1970) relating it to the mixing property for stationary infinitely divisible
processes. Also, Samorodnitsky and Taqqu (1994) point out that the quantity I(-) can be used to
show that two processes are different by showing that their respective quantities are asymptotically
different. Let us then define what we mean by the long-range dependence or long-memory property
in our setting.

Definition 4.5. Let {X(¢)};er be a stationary SaS process and r(t) as in (4.7). We say the
process { X (t) }+er has long-range dependence or long-memory property if there exists 6 € (0,1) and
a constant ¢, > 0 such that r(t) satisfies

. tf
Jo fr()l - =1, (4.10)
or, equivalently,

Ir(t)] ~ et .

Note that since the process {Yy(t)}1er is stationary,

(Ya(t), Ya(0)) £ (Ya(0), Ya(—1)) ,

thus r(01,02;t) = r(02,01;—t). Therefore, the asymptotic behavior of r(01,60s;t) as t — oo is
essentially the same as r(01,602;t) as t — —oo. Since the computations for t < 0 as t — —oo are
a bit easier in our setting, as in Macjima and Yamamoto (2003), we will analyze the asymptotic
behavior of r(01,09;t) for t <0, as t — —oo.

Before we give the proof of the asymptotic behavior of (61, 69;t), for t < 0, as t — —oo, for a
FIMA process (see Theorem 4.3 below), we shall give three auxiliary lemmas.

Lemma 4.6. For 1 < a < 2 and for r,s € R, it is true that
[l s = [r[* = |s|*] < alr|ls[*7 + (a + 1)Jr| (4.11)
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Proof. See lemma 5.2 in Maejima and Yamamoto (2003).
We define the following functions ¢(-, z) and ¥ (-, z), for x > 1,

b(t, x) = F(ld)/l Org(t(1—w)) (@ —u)™du and (t,z) = F(ld)/o Org(—tu) (2 — )" L du. (4.12)

Lemma 4.7. Let the functions ¢(-,x) and ¥(-,x) be defined in (1.12). Then, there exist constants
Ky, K9 > 0 such that, for anyt <0 and x > 1 we have

ltp(t, )| < Ky(z — 1)1 and  |t(t,z)| < Kozt (4.13)

Proof. First, note that setting w = u + 1, we have

z—1
051¢(t7x —-1)= F(ld)/o g(—tu)(z — 1 — u)d—ldu
1 - B
= F(d)/l g(t(1 — w))(z — w) Ldw = 07 (¢, 2). (4.14)

Thus it suffices to show (4.13) for ¢(-,z). In fact, we have

1 €T
t(t,7)| = Fd)/1 t0rg(+(1 — ) (z — )" Ldu
I 1
L _ _ a1 o _ _ a1
S /1 th1g(t(1 —u))(z —uw)* "du| + (d) /z_gl t01g(t(1 —w))(z —u)* “du
=1L+ Is. (4.15)
Recall that ¢t < 0. For I, it follows that
1 ekl d—1
t,C| [z — 1\ 1/ T ue) 0,C| [z —1
I < = Hdu < 4.1
L=T@) 2 . YET(@e 2 (4.16)
and
[t01C] cta—v) /x de1 0,C| [z —1\? | et
I, < — du = —— t
0,C| [z —1\""
< 4.17
~ I'(d)ce 2 ’ (4.17)
since z(t) = \t\ed(z;l) takes its maximum value C(Tzl)e at t = 457721) Combining (4.16) and (4.17),
we have
60,C| (z—1\""  6.C| [x—1\"" il
<h+1I< < Ki(z—-1 4.1
ool <n+rps CL (20 BEL (T skt
which is (4.13). O

Lemma 4.8. Let the functions ¢(-,x) and (-, x) be defined in (1.12). There exists a constant
L € R such that

lim tp(t,z) = Loy (z — )Tt and lim t(t,x) = Loz . (4.19)

t——o00
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Proof. For (4.19) it suffices to show for the function ¢(-,x). It follows that

x+1

. L 1 2 d—1
tEI_I}DO to(t,x) = t_l}r_noo F(d)/l thhg(t(1 —w))(z —u)* ‘du
. 1 ’ =17 _
+ tilgloo e [cy t01g(t(1 —u))(z —uw)* "du = Jy + Ja. (4.20)

So, set w = t(u — 1) to get

t(xz—1)

1 d—1
Ji = lim / ’ O19(—w) (x v 1) dw
0 t

= — lim —* /to ]I[t(ac—l)’o] (w)g(—w) (m — % - 1>d_1 dw (4.21)

2

but by condition (C2),
w d—1
oy a-0) (= 1)
d—1
< Ceev <J3 ) 1) , (4.22)

which is w integrable in (—o0,0). Thus, by the Dominated Convergence theorem and setting
u = —w, we get

0 00
I = _r?iz)/ g(=w) (z — )V dw = [1“(1d)/0 g(u)du] bi(x— 1)1, (4.23)

d—1
<C ’]I[MZ_D@] (w)e <:): — % - 1)

And for Js,
.16 /I d—1
< A7 _ _
1< i [ e = )l =

. [th] ct(u—1) d-1 o tb] ea—ny [ -1, _
< til@m (d) /1251 e (r—w)* du < tl}{rloo me 2 /z+1 (x —uw)" "du=0. (4.24)

2

Therefore, from equations (4.17)-(4.20), it follows that

tl}r_nootgb(t,x) = [F(ld) /000 g(u)du] 01 (x —1)41 (4.25)

and we get (4.19) by setting

1 oo
L= F(d)/o g(u)du .

O

Now we are ready for Theorem 4.9 below. Recall that for a Sa.S process { X (t) }+er given by (3.1),
the Proposition 2.1 states that

E [exp {z’@/th(x)dLa(:c)H :exp{—|9a/R|ft(x)|adx} . (4.26)

Theorem 4.9. Let {Y;(t)}ier be the FIMA Stable process defined in (1.2). If 1 < a < 2 and
0<d<1—21 then, ast — —o0,

67

r(t) = (01, 02;t) ~ —KCJt|* D+ (4.27)
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B 0% + 05 [°
e { tae /.
and

C= <F(1d) /Ooo Q(U)dU>a /loo ( ‘«91(:70 )iy ezxd—l‘a—‘el (z — 1)d—1‘a—‘92xd—1)a )dx. (4.29)

Proof. We start by calculating K = E[exp{ithYy(0)}|E[exp{if2Y4(0)}]. By (4.26), (1.5) and

(4.6)
K:‘”‘p{ ~riae )dx}
d:c} . (4.30)

o o 0 0 a
= exp { - 0;(;)32 /_ / g(—u)(u— z) du

Now, let us compute I(-). Again by (4.26), (4.5) and (4.6), we have

I(t) = —log <E[exp{i(01Yd(t) + ogyd(o»}]) +log (E[exp{wlyd(t)}D

where

0 «
[ at-uu=o)au

dx} , (4.28)

«

0 0
/ 019(—u)(u — z)4 Ldu / O29(—u)(u — x)4 Ldu

+log (E [exp{wgyd(())}D
( / O19(t — u)( d 1du—|—/ Oog9(—u)(u x)d_ldu

0
/Glg(t—u)(u—x)d 1du /929(—u)(u—x)d_1du

T

[0}

a)d:p. (4.31)

Set x = xt and v = ut and recall that ¢ < 0 to get
1 o0 x . .
0= | ( /1 19(t(1 — ) (@ — )Lt tldu
/ 0o (—tu)( — u)t=1 |t )| ‘/ Org(t(1 — u))(z — w) |t ¢ du
1

/92g —tu) (@ — ) L |t du )\tda:. (4.32)
)" |

t| = |t|*4*1, it follows that

Since (|¢|4~1¢)"

I(t) = |t|0‘;;1/1 <

t(1—w)) dldu

«

/1919( (1—u))(a:—u)d ldu—i-/ngg( tu)(x —u)? du
1

)daz

- rtrad“ /1 16(t,2) + (6, 2)|* — |6(t,2)|° — [t 2)| d . (4.33)

where ¢(-,z) and ¥(-, x), for x > 1, are given in (4.12).
Therefore,

—tu)( d Ldu

[e.e]

lim [¢[*~°4~11(¢) = lim (Itb(t, x) + to(t, 2)|* — [to(t, )" — [tp(t, 2)|*) de.  (4.34)

t——o0 t~>ool



612 G. L. Feltes and S. R. C. Lopes

We want to use the Dominated Convergence theorem to deal with the above limit. From Lemmas
4.6, with r = ty(t,x) and s = t¢(t,x), and Lemma 4.7, it follows that

|5+ 7% = s = [r[* < alrl[s|*™" + (@ + 1)|r|®

< aKox® (K (z — DN 4 (a4 1) (Koad™ 1)

= aK DI g pd=1 (g — )01 | (g 4 1) K§adD), (4.35)
Notethat1<a<2implies()<a—1<1and0<d<1—éimplies —1<d—1<—$, so —1 <
(a—1)(d—1) and a(d —1) < —1. Thus, 2@~ clearly is in L'(1, 00). As for 241 (z— 1)@= Dd=1),
the integral may diverge when z — 1 and # — co. But when z — 1, 24 1(z — 1)(@=D(=1)
behaves like (z — 1)(*~D@=1) which is integrable since —1 < (a — 1)(d — 1). And when z — oo,
281 (2 — 1)@= D=1 hehaves like @1, Hence,

/ ‘aK{a_l)(d_l)Kgxd_l(x — 1)@ D6 4 (o + 1) K§2 | da < 0. (4.36)
1

Now by applying the Dominated Convergence theorem in (4.34) altogether with Lemma 4.8 we
obtain

Jim [t () = [t Je6(t,0) + tw(e,)" — (e, 0" ~ (e, )] da
——00 1 t=—o0

= L“/ ’91(x — l)d_l + Gyt 0oz da. (4.37)
1

’ [0}

- ‘91(1' - 1)d_1‘

o ’ ‘ «

The last above integral in expression (4.37) is the constant C' in (4.29) (see the proof of Lemma 4.8
for the value of L). Thus, I(t) — 0, as t — oo. Therefore,

r(t) ~ —KI(t) ~ —KC[t]*@ D+ as ¢ — 0.

O
The following theorem proves the long-range dependence property for the FIMA Stable process.

Theorem 4.10. Let {Yy(t)}+cr be the FIMA Stable process defined in (4.2). If 1 < a < 2 and
0<d<1- é, then it has the property of long-range dependence or long-memory, in the sense of
Definition /..

Proof Since l < a < 2and -1 <d—-1< —é imply that —2 < a(d — 1) < —1, we have by the
Theorem 4.9 that r(t) satisfies
[r(t)] = [r (61, 02; 1) ~ KOt @D+ (4.38)
with —1 < a(d—1)+1 < 0.
O

Now, as an application of the representation Theorem 4.3 and the convergence Theorem 3.11, we
will prove a result which is basically a LLN result for our setting. Suppose {t;} ez, is a sequence
of times such that ¢; € R and for every j € Z, we consider Y,(t;) with representation

Ya(t;) = / " g(t; — w)dM(x) = /R Iioee,y9(t; — 2)dMa() = /R g@)dMa(x) . (439)

—00

Define the sequence of partial sums {S, }nez, by

Sy ::Zlyd(tj)zz_:l[Md(gj):IMd z_:lgj =/R Z_:lgj(x) dM(x) (4.40)
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from the linearity of the integral Ips,. So we state the following theorem.

Theorem 4.11. If the sequence of times {t;}jez, is a sequence of natural times, t; = j, then

S — 0, as n — oo in the LP(Q,P) sense. (4.41)
n

Proof. We start with some definitions. Let
Gn(x) = Zgj(x).
j=1

So the sequence in (4.40) becomes

&Z/R[G”(x)}de(x).

n n

Thus by Theorem 3.11 it suffices to show that ||G,(x)/n||1 — 0 and ||Gyn(z)/n|la — 0, as n — oo,
to conclude that

Jim | [G”;x)} dMy(z) = /R 0 dMy(z) =0.

We first note that as g satisfies |g(x)| < Ce™*, for z > 0 and some constants C,c¢ > 0,

' Gn(2)

1 « , C < i
<- D Taeplo( —2)l < — > Lpejye Vo (4.42)
j=1 i=1

For every fixed = € R, the series on the right-hand side of the last equality in equation (4.42)
converges to some positive constant limit D,

> Tu<je V™ = Ds.
j=1

We get that for all x € R,

CD
< L 50asn— oo
n

Furthermore, since s <t = H{xgt}efc(t*x) < ]I{xgs}efc(sf’”) = sup; I[{xgj}efc(j*m) = H{xgl}e*c(lfw)

then, for every fixed n € Z,, by (4.42) we get that
Gn(x)
n

C iz —e(l-z
S g Zﬂ{mgl}e C(l ) = CH{$S1}€ C(l ) 5 (443)
7j=1

which clearly belongs to L'(R)NL*(R). We obtain the desired result by the Dominated Convergence
theorem. 0
The following corollary is a simple extension of the last result.

Corollary 4.12. If the sequence of times {t;}jcz, is bounded below (t; € [a,00)) such that
im j—8 t;j > K for some constants 3, K > 0 then
—00

J

S,
50, asn — o0, inthe LP(Q,P) sense. (4.44)
n

Proof. It suffices to note that since sup, ]I{xgtj}e_c(tj_”) = ]I{xga}e_c(“_“), for every = € R,

‘ Gn(2)

n

—c(a—x)

< ]I{xga}e )
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which also clearly belongs to L!'(R) N L%(R). Since lim j77 ¢; > K, we get that for all z € R,
J]—00

Gn(x C & : Ce™ & s Ce™™D
‘ "TE : = n;H{zSKﬁ}e—C(K]Lx) =, ];e_d(jﬁ s —, 7lasn—oo,
for
D= i e ki’
7j=1

5. Conclusions

We have successfully defined a continuous-time fractionally integrated moving average a-stable
process with the long-range dependence property. The results presented here can be applied in
models that capture both high variability behavior and long-range dependence structure. We have
shown an isometry allowing us to define stochastic integrals concerning the linear fractional stable
motion by using the Riemann-Liouville fractional integrals. From this, a by-product was obtained
as integration by parts formula. Theorem 4.3 reveals a core relationship between a FIMA Stable
process and the LFSM, while Theorem 4.10 showed the long-range dependence property for the
FIMA Stable processes. As an application of the isometry and integration by parts formula, law of
large number’s results follow immediately.
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