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Abstract. The main purpose of this article is to establish moderate deviation principles for additive
functionals of bifurcating Markov chains. Bifurcating Markov chains are a class of processes which
are indexed by a regular binary tree. They can be seen as the models which represent the evolution
of a trait along a population where each individual has two offsprings. Unlike the previous results
of Bitseki, Djellout & Guillin (2014), we consider here the case of functions which depend only on
one variable. So, mainly inspired by the recent works of Bitseki & Delmas (2020) about the central
limit theorem for general additive functionals of bifurcating Markov chains, we give here a moderate
deviation principle for additive functionals of bifurcating Markov chains when the functions depend
on one variable. This work is done under the uniform geometric ergodicity and the uniform ergodic
property based on the second spectral gap assumptions. The proofs of our results are based on
martingale decomposition recently developed by Bitseki & Delmas (2020) and on results of Dembo
(1996), Djellout (2001) and Puhalski (1997).

1. Introduction

First, we give a general definition of a moderate deviation principles. Let (Z,),>0 be a sequence
of random variables with values in S endowed with its Borel o-field B(S) and let (s,)n>0 be a
positive sequence that converges to +o00. We assume that Z, /s, converges in probability to 0 and
that Z,/\/s, converges in distribution to a centered Gaussian law. Let I : S — R be a lower
semicontinuous function, that is for all ¢ > 0 the sub-level set {z € S,I(x) < ¢} is a closed set.
Such a function [ is called rate function and it is called good rate function if all its sub-level sets are
compact sets. Let (by)n>0 be a positive sequence such that b, — 400 and b,/ V/$n — 0 as n goes
to +o0.
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Definition 1.1 (Moderate deviation principle, MDP).
We say that Z,/(bn+/3n) satisfies a moderate deviation principle in S with speed b2 and the rate
function I if, for any A € B(S),

1 Z
= A) <l — log P = A) < —inf ]
b &SP g e G e ) = )

where A° and A denote respectively the interior and the closure of A.

. o1
— xlenf{" I(z) < hnrggf 2 log P(

Bifurcating Markov chains (BMC, for short) are a class of stochastic processes indexed by regular
binary tree. They are appropriate for example in the modeling of cell lineage data when each cell
in one generation gives birth to two offspring in the next one. Recently, they have received a great
deal of attention because of the experiments of biologists on aging of Escherichia Coli (E. Coli , for
short). E. Coli is a rod-shaped bacterium which reproduces by dividing in two, thus producing two
daughters: one of type 0 which has the old pole of the mother and the other of type 1 which has the
new pole of the mother. The genealogy of the cells may be entirely described by a binary tree. To
the best of our knowledge, the term bifurcating Markov chains appears for the first time in the works
of Basawa and Zhou (2004). Thereafter, it was Guyon (2007) who had introduced and properly
studied the theory of BMC. The first example of BMC, named bifurcating autoregressive process
(BAR, for short), were introduced by Cowan and Staudte (1986) in order to study the mechanisms
of cell division in Escherichia Coli. Since this work of Cowan and Staudte, the BAR process has
been widely studied in the literature and several extensions have been made. In particular, Guyon
(2007) have used an extension of BAR process to get statistical evidence of aging in E.Coli.

In this paper, we are interested in moderate deviation principles( MDP, for short ) for additive
functionals of bifurcating Markov chains. The MDP can be seen as an intermediate behavior between
the central limit theorem and large deviation. Usually, the MDP exhibits a simpler rate function
inherited from the approximated Gaussian process, and holds for a larger class of dependent random
variables than the large deviation principle. Unlike the results given by Bitseki Penda et al. (2014),
we treat here the case of functions which depends on one variable only. For this type of additive
functionals, the martingale decomposition done by Bitseki Penda et al. (2014) is no longer valid.
Indeed, as explained for e.g. in Delmas and Marsalle (2010) Remark 1.7, the error term on the last
generation is not negligible. Note that recently, Bitseki Penda and Delmas (20224 ) have studied
central limit theorem for additive functionals of bifurcating Markov chain. They have studied the
case where the functions depend only on the trait of a single individual for BMC. Bitseki Penda and
Delmas (20224) observes three regimes (sub-critical, critical, super-critical), which correspond to
a competition between the reproducing rate (a mother has two daughters) and the ergodicity rate
for the evolution of the trait along a lineage taken uniformly at random. This phenomenon already
appears in the works of Athreya (1969). Here we investigate the moderate deviation principles
for MBC depending only on one variable for the two cases: sub-critical and critical regimes. The
super-critical regime, which require another way of centering will be done in a future work.

The rest of the paper is organized as follows. In Section 2, we present the model of bifurcating
Markov chains. In Section 3, we give some notations and the main assumptions for our results.
In Section 4, we set our main results: the sub-critical case in Section 4.1 and the critical case in
Section 4.2. Section 5 is dedicated to the proof of the main result in sub-critical case and Section 6
is dedicated to the proof of the main result in Critical case. In Section 7, we illustrate numerically
our results. Finally, in Section 8, we give some useful results.

2. The model of bifurcating Markov chain

2.1. The regular binary tree associated to BMC models. We denote by N (resp. N*) the space of
(resp. positive) natural integers. We set To = Gog = {0}, G, = {0,1}* = {0,1} x {0,1} x ....... X



Moderate deviations principles for BMC 619

{0,1}, the k-times cartesian product of {0,1}, and Ty, = Jy<,<; Gr for k € N*, and T = (U, G-
The set G corresponds to the k-th generation, Ty to the tree up to the k-th generation, and T the
complete binary tree. One can see that the genealogy of the cells is entirely described by T (each
vertex of the tree designates an individual). For i € T, we denote by [i| the generation of i (|i| = k
if and only if i € Gy) and 1A = {ij;j € A} for A C T, where ij is the concatenation of the two
sequences 7, 7 € T, with the convention that 0i = () = 4.

2.2. The probability kernels associated to BMC models.

Let (S,.) be a measurable space. For any g € N*, we denote by B(S?) (resp. By(S?), resp. Cp(5?))
the space of (resp. bounded, resp. bounded continuous ) R-valued measurable functions defined on
84, For all ¢ € N*, we set .7%1 = . ®...®.7. Let P be a probability kernel on (5,.%?), that
is: P(-, A) is measurable for all A € %2 and P(z,-) is a probability measure on (52, 7%?) for all
x € 8. For any g € B,(S?) and h € By(S?), we set for z € S:

(Pg)(z) = /52 g(z,y,2z) P(x,dy,dz) and (Ph)(x)= /52 h(y,z) P(x,dy,dz). (2.1)

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S?)(resp. Ph for h € B(S?)), as soon as the
corresponding integral (2.1) is well defined, and we have that Pg and Ph belong to B(S). we denote
by Po, P1 and Q respectively the first and the second marginal of P, and the mean of Py and P,
that is, for all x € S and B € S

(Po + P1)

Po(z,B) =P(x,B xS), Pi(z,B)=P(x,SxB) and Q= —

Now let us give a precise definition of bifurcating Markov chain.

Definition 2.1 (Bifurcating Markov Chains, see Guyon (2007); Bitseki Penda and Delmas (2022+)).

We say a stochastic process indexed by T, X = (X;,i € T), is a bifurcating Markov chain (BMC)
on a measurable space (S,.%) with initial probability distribution v on (S,.7) and probability kernel
P on S x S92 if:
- (Initial distribution.) The random variable Xy is distributed as v.
- (Branching Markov property.) For any sequence (g;,i € T) of functions belonging to By(S3)
and for all k > 0, we have

E[ T 9:(Xi, Xio, Xia)lo (X5 € Tk:)] = [ Pa:(x0).
1€Gy, 1€Gy

Following Guyon (2007), we introduce an auxiliary Markov chain Y = (Y,,,n € N) on (S5,.¥)
with Yy = X and transition probability Q. The chain (Y,,,n € N) corresponds to a random lineage
taken in the population. We shall write E; when Xy = z (i.e. the initial distribution v is the Dirac
mass at x € 9).

3. Notations and assumptions

For f € By(S), we set || f|loo = sup{|f(z)|,z € S}. For a finite measure A on (5,.%) and f € B(S),
we set (\, f) = [ f(z)\(dz). We will work with the following ergodic property.

Assumption 3.1. There exists a probability measure u on (S,.7), a positive real number M and
a € (0,1) such that for all f € By(S):

1Q"f = {, Nl < M a"||fllo for alln € N. (3.1)

We consider the stronger ergodic property based on a second spectral gap.
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Assumption 3.2. There ezists a probability measure p on (S,.), a positive real number M,
a € (0,1), a finite non-empty set J of indices, distinct complex eigenvalues {aj, j € J} of the
operator Q with |oj| = o, non-zero complex projectors {R;, j € J} defined on CBy(S), the C-vector
space spanned by By(S), such that RjoRj = RjroR; =0 for all j # j' (so that > jes Rj is also a
projector defined on CBy(S)) and a positive sequence (B,,n € N) converging to 0, such that for all
f e By(S), with 0; = aj/a:

Q"(f) = (1, f) = ™ D0 Ry (/)| < M Bua™ | flloc for allm € N. (3:2)
JjeJ

Without loss of generality, we shall assume that the sequence (3,,n € N) in Assumption 3.2 is
non-increasing and bounded from above by 1. This assumption will be used when o = 1/+/2. For
f € By(S), f and f will denote the functions defined by:

f=f—{fom) and f=F=3 Ri(f) (33)
jeJ
For a finite set A C T and a function f € B,(S), we set:
Ma(f) = f(X0).
icA
Let f = (f¢, £ € N) be a sequence of elements of By(.S). We will assume in the sequel that

sup{|| felloo} = coo < 400, (3.4)
leN

in such a way that (3.1) and (3.2) are uniformly satisfied by the sequence §. We set for n € N and
1€ Ty

n—|i| n—|il
N i(f) = Z Nﬁ,z(fé) = ‘Gn’_lﬂ Z Mianmfg(ff)a (3.5)
=0 =0

where iG,,_|;—¢ = {ij;j € Gp_jij—¢} C Gp—g. We deduce that

n—k
Z Nn,z(f) = |Gn|_1/2 Z M(anz(fﬂ)a
=0

1€Gy

which gives for k = 0 that

Noo(P) = Gal 72 Y~ Mg, (fo)-
=0

To study the asymptotics of NV, ¢(f), it is convenient to write for n > k > 1:

k—1
Noo() = 1Gnl 2> " Mg, (far) + Y Nai(f)- (3.6)

r=0 1€Gy

Asymptotic normality for IV, y(f) have been studied by Bitscki Penda and Delmas (2022 ). Our
aim in this paper is to complete this result by studying moderate deviation principles for N, 4(f).
More precisely, given a sequence (b, n € N) such that:

bn

lim b, =00 and lim =0,
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our aim is to prove that b, 1Nn7@(f) satisfies a moderate deviation principle with speed b2 and rate
function I defined by

32()~ta? i B(F) #0
— su ~ LA29(f)) = :
I(z) = sup{Az = 350} = {+OO it %(f) = 0, (3.7)
where
sy = [E00) = B0 2050 i 202 <1
O ETE) = D6 22 () if 207 =1,
with
S =Y > 2 P (@4 )e?)),
>0 £>0,k>0
S = > 27w Q)+ > 2 P (QTJFI@ Rsym Qk_é+rﬁ>>,
0<t<k o;ﬁgk
E(irit(f) = 22_k<;u'7pfkk Zz_kz Ma fk ®Sym j(fk>)>a (38)
k>0 k>0 jeJ
£5tH = Y 27O P ),
0<t<k
and where for £,/ € N:
Tt =D 05 Ry(fi) @sym R; (o). (3.9)

jeJ
More precisely, our aim is to prove that

- inf{ I(z) < hmlnf 2 logP(bgan@(f) €A)
TEA° " ’

1
< limsup — log P(b, ' N, ¢(f) € A) < — inf I(z),
n—+00 b% ’ €A

where A° and A denote respectively the interior and the closure of A. In particular, the latter
asymptotic result implies that

.1 _
Jim B2 log P (|by, ' Npuo(F)| > 6) = —1(5) V5 > 0.

We note that 2a? < 1 corresponds to the sub-critical regime and 2a? = 1 to the critical regime.
The super-critical regime, that is the case where 2a? > 1, is not treated in this paper. Indeed, for
this case, another way to centered the functions is necessary to get moderate deviation principles.
This will be done in a future work.

Remark 3.3. Let f € By(S). If the sequence § = (f¢, ¢ € N) is defined by: fo = f and f; = 0 for all
¢ > 1, then we have N, ¢(f) = |G,|"/2Mg, (f) and Z(f) = S¢(f), where

EG(f) _ {ZSUb(f) </,L, f2> + Zkz[) 2k <,LL77D (Qkf®2>> lf 20{2 < 1

SES) = 2 5e 1 P(R(f) @sym Ri(f))) if 20% =1,
If the sequence f = (fy,¢ € N) is defined by: fy = f for all £ € N, then we have N, n@(f) =
G| "2 M, (f) = V2= 277 T |~ Y/2 My, () and () =

S (f
Sr(f) = E%Ub(f) = ZE;Ub( f)+ 2ESU]O(f) if 202 < 1
TE me () =z () 4 2mgi() 202 =1,

), where
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with

SRR = D0 FQE) + 302 P (QF @y 7)),
k>1 k>1
r>0

_ 1
Ecl:lt(f) — —— (i, P(R(f) ®sym R (f)))-
Rl =2 g

4. The main results

4.1. The sub-critical cases: 2a® < 1.
In the sub-critical case, we consider a sequence (b,,n € N) such that:

b
lim b, =00 and lim -

Then, we have the following result.

Theorem 4.1. Let X be a BMC with kernel P and initial distribution v such that Assumption 5.1
is in force with a € (0,1/v/2). Let f = (fs,£ € N) be a sequence of elements of By(S) satisfying
(3.4) and Assumption 3.1 uniformly. Then b;anvg(f) satisfies a moderate deviation principle with
speed b2 and rate function I defined in (3.7).

As a direct consequence of Remark 3.3 and Theorem 4.1, we have the following result.

Corollary 4.2. Let X be a BMC with kernel P and initial distribution v such that Assumption 5.1
is in force with o € (0,1/v/2). Let f € By(S). Then b; |G|~ V2 Mg, (f) and b;'|T,|~*/2Mr, (f)
satisfy a moderate deviation principle with speed b2 and rate function I defined in (3.7), with %(f)
replaced respectively by Y (f) and Xr(f).

4.2. The critical cases: 2a® = 1.
In this critical case, we consider a sequence (by,,n € N) such that:

by, —no
lim b, =00 and lim =0 and for some a € (0,1), lim b2n?27"" =0. (4.1)

n—00 n—00 /7”L|Gn’ n—00

Then, we have the following result.

Theorem 4.3. Let X be a BMC with kernel P and initial distribution v such that Assumption 3.2
is in force with o = 1/+/2. Let § = (fs,£ € N) be a sequence of elements of By(S) satisfying (3.4)
and Assumption 5.2 uniformly. Then bgln_%Nn’@(f) satisfies a moderate deviation principle with
speed b2 and rate function I defined in (3.7).

As a direct consequence of Remark 3.3 and Theorem 4.3, we have the following result.

Corollary 4.4. Let X be a BMC with kernel P and initial distribution v such that Assumption 5.2
is in force with a = 1/v/2. Let f € By(S). Then b (n|G,|)~Y2Mg, (f) and b;*(n|T,|) "2 Mz, (f)
satisfy a moderate deviation principle with speed b2 and rate function I defined in (3.7), with X(f)
replaced respectively by Y (f) and Xr(f).



Moderate deviations principles for BMC

623

5. Proof of Theorem 4.1

5.1. A quick overview of our strategy.
Let (pn,n € N) be a non-decreasing sequence of elements of N* such that:

n
pn<§.

When there is no ambiguity, we write p for p,.

Let 7,7 € T. We write 7 < j if j € iT. We denote by 7 A j the most recent common ancestor of
i and j, which is defined as the only u € T such that if v € T and v < 4, v < j then v < u. We
also define the lexicographic order ¢ < j if either ¢ < j or v0 < ¢ and vl X j for v = i A j. Let
X = (X;,i € T) be a BMC with kernel P and initial measure v. For ¢ € T, we define the o-field:

Fi = {Xy;u € T such that u < i}.
By construction, the o-fields (F;; i € T) are nested as F; C F; for i < j.

We define for n € N, i € G,,_,, and f € FY the martingale increments:

Npi() = Ni() —ENas(DIF] and A= Y Anild)

ieGn*Pn

Thanks to (3.5), we have:

Pn n
Y Nailf) = 1Gul 7Y Ma, (fo) =1Gal T2 Y Me(fa-i)-

1€Gn—pp =0 k=n—pn
Using the branching Markov property, and (3.5), we get for i € G,,—p,,:
Pn
E [Noa(F)| il = E [Naa(f)| Xi] = [Ga 72 )" Ex, | Mg, (f0)] .
=0
We deduce from (3.6) with kK = n — p, that:
Npo(F) = An(f) + Ro(n) + Rai(n),

with
n—pn—1

Ro(n) =|Gn|™* Y Mg, (fa—k) and Ri(n)= > E[Nni(f)|F].
k=0

= i€Grn—pn
Our goals will be achieved if we prove the following:
.1 1 ‘
V§ > 0, JLHQOEIOgP(‘b” Ro(n)| > §) = —oc;

1 )

b, 'An(f) satisfies a MDP on S with speed b2 and rate function I.

(5.1)

(5.3)

(5.4)

(5.5)

Note that (5.3) and (5.4) mean that Ro(n) and Rj(n) are negligible in the sense of moderate
deviations in such a way that from (5.2), N, ¢(f) and A,(f) satisfy the same moderate deviation

principle (see Dembo and Zeitouni (1998), chap. 4).
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5.2. Proof of (5.3).
Using the Chernoff inequality, we have, for all A > 0,

n—p—1
P(b; ' Ro(n) > 8) < exp(—Adb,|Gn|Y?) E [exp </\ i MGk(fnk))] . (5.6)

k=0

For all ¢ € {0,...,n —p— 1}, we set

n—p—~L—2 ¢
exp( S Mo ) exp (xMGW (zgm
k=0 r=0

where g, ¢ = 2" Q’"prrgH,T, with the convention that an empty sum is zero. For all £ € {0,...,n—
p — 2}, we have the following decomposition:

I,=E

n—p—~_—2 Y4
I, =E |exp <>\ > Mg, (fak ) exp (AMGnPEQ <22 Q(gp,r,e)>> Je] ; (5.7)
k=0 r=0
where
JEZ]E exp A Z Z gprﬂ 10)+gpr€( 11)*2Q(gp7’€) )/Hn —p—~0—2

iean€2T0

Using branching Markov property, we get

V4
J= ]I [eXP <AZ Iprt(Xi0) + gpre(Xi1) — 2Q(gp,r,€)(Xi))>]'
r=0

ieGn—p—e 2
Using (3.1) and (3.4), we get

14

<2McooZ2a
r=0

4
Z Ip,r,0(Xi0) + Gpre(Xi1) — 2Q(gp,r,e) (Xi))
=0

Using Lemma 8.2 and the latter inequality, we get, for all i € G,,_,_s_2,

X

V4
eXp( Z gprl Xio +gp,r€(X ) 2Q(gp,r,€)(Xi))>
r=0

<exp (2N M22 (1 + @)’aj)
with ap = Zf:0(2a)’”. The latter inequality implies that
Jo < exp (A2 M22 (1 + a)?a}|Gppr—2]) - (5.8)
From (5.7) and (5.8), it follows that

I, < exp (2N M2 (1 + @)?a}|Gp_p_r—2|) Ley1. (5.9)
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Using the recurrence (5.9) for all £ € {0,...,n —p — 2} for the first inequality, (3.2) and (3.4) for
the second inequality, we are led to

n—p—1
E |exp ()\ > M@,k(fnk)>] = To
k=0
n—p—2
<exp (2/\2MZCZO(1 +a)? Z a%’ang2‘> In—p—1
£=0
n—p—2 n—p—1
< exp <2)\2M2020(1 + a)? Z a2|Gpp v + Acow M Z (204)”1) .
=0 r=0
We have
6 |Gr—p—1] if 20 < 1
—p—2 202 :
n—pt—3| < .
—o P ﬁ(n —p— 1)’Gn—p—1’ if 2@2 =1

G TPEer Ty (20707 if 207 > 1

Moreover, we have that there is a positive constant C,, such that

1

Y. )< (n—p)lpgamyy +

n—p—
r=0

20| (2a)" P — 1]
|20 — 1]

Lizaz1y < Ca(n —p+ (20)"77).
It follows from (5.6) that for all A > 0, there exists a positive constant ¢, such that
P(b," Ro(n) > 6) < exp (=A0baGul'? + caX|Gny| + cad ((20)" P +n—p)) . (5.10)

Taking A = 271 ¢; 1 6 b, |G| |G| ~Y/2 in (5.10), we get

b 272 ((2a)" P 4 n —
P(b, ' Ro(n) > &) < exp (_5 BAIGy| | 00,2757 ((20)" 4 p)>

4cq 2

2p2 2 _ 92 (20,2)/2
< exp _6 bn|GP| 1— Ca(” 1}?2) B Ca( a ) '
dca 5bn‘Gn’ / (5bn<2a)p

Using p < n/2 and distinguishing the cases 2o < 1 and 1 < 2a < v/2, we get

L 2a(n—p) | 2ea(202)"
=00 §bp|Gp|1/2 T Sbp(2a)P

It follows that for n large, there is a positive constant c, s such that

Ca,5 Uy, |Gyl 52)

P (b;lRo(n) >6) <exp <— "

Doing the same thing for the sequence —f instead of f, we conclude that

Cas U2 |Gy 52>

4eg

P (|6, Ro(n)| > 6) < 2 exp (— (5.11)

In (5.11), taking the log, dividing by b2 and letting n goes to infinity, we get the result.
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Remark 5.1. Let f € By(S). Since we will use frequently this type of inequality, we give here
a general procedure to upper-bound the probability P(||G,—p| ' Mg, _,(f)| > §). From Chernoff
inequality, we have, for all A > 0,

P <‘]Gn_p\_1MGn_p( f)‘ > 5) < exp (—A0|Gr_p) E [exp (/\MGn_p( f))} . (5.12)
For all m € {0,...,n — p}, we set
I, = E [exp <2meGn_p_m(Qm f))} .
Using the branching Markov property, we have
I,=E [exp <2m+1)\MGn_p_m_1(Qm+1f)) Jmi| ;

where
In= I Ex [exp (270 (@7F(Xi0) + Q" f(Xn) - 2@ (X)) )]
iEGn—p—m—l
Using (3.1) and Lemma 8.2, we have the following upper-bound:
I < exp (P fI2M?(1+ )?(20%)" [Gnpl) -
This implies that
I < exp (A f2M*(1 + )*(20%)"|Gppl) L1 (5.13)

Using the recurrence relation (5.13) and (3.1) (to upper-bound I,,_,), we are led to

E [exp (Mg, _, ()] = I < exp (2 £ M3 + @)%t

Grnpl + Al fllooM (20)" ), (5.14)

where aq, = Z"m_:%_l(2a2)m. We set aq = limy, 00 @ pn, Which is finite since 202 < 1. Taking
A=36/2|fI2PM?(1 4+ a)?ay) in (5.12) and from (5.14), we are led to
~ 82|Gppl 5(2a)"P
P(G_*M >5)<ex (— nop )
(Crnpl ™ Meny (1) > 0) < &0\ G 321+ a0 T 21T M (1 + a0

oo (o PGl () 2fllMan
AR+ ) 5 |

Finally, since we can do the same thing for — f instead of f, we conclude that

~ 5%|G,,— 21 fllco M a™ P
Pﬂmwﬂ%mwﬂﬂ>®§%m<uwwﬁmﬂw%a0—”méof))-®ﬁ>

5.3. Proof of (5.4). )

We set g, = > 7_,2P~£QP~'f, in such a way that using the definition of R;(n), we have
P (5" [Ra(n)] > 6) = P (IGn—p| ™" [Ma,_, (95)] > 0bn[Gul /%[ )

Using (3.1) and (3.4), we have

lgnlloo < cccM(p+1) if2a<1
PO =Y cocoM if 1 <20 < V2.

Applying (5.15) to g, and 6b,|G,|~'/?|G,|, we get, for n going to infinity and for some positive
constant Cy s,

2exp (—Cas 0202 |Gylp~?) if 20 <1

P (b, " |Ri(n)| > 0) <
(b [Ba(n)] > 0) < {2exp (—Cas 0262 (20%)7P) if 1 < 2a < V2.
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Finally, (5.4) follows by taking the log, dividing by b2 and letting n goes to infinity in the latter
inequality.

5.4. Proof of (5.5): Moderate deviations principle for by, LA, (f).
First we study the bracket of A, (f):

Vin)= Y E[A(IF].
i€Gn_pn,

Using (3.5) and (5.1), we write:

Pn 2
V(n)=|Gn™" Y  Ex, (ZMGPM(]Q)> — Ry(n) = Vi(n) 4+ 2Va(n) — Ra(n),  (5.16)
(=0

i€Gr—pn,

with:

N =[G S SoEx [Me, (]

1€Gn_p, £=0

Vo) =[Gt Y S Ex [Me,, L (f)Ms,, ()]

i€Gp—py, 0<E<k<pn

Ry(n)= Y ENui(HIX)*.

i€Crpn

Lemma 5.2. Under the Assumptions of Theorem J.1, we have
1
limsup -5 log P (R2(n) > ) = —c0. (5.17)
n—o00 bn

Proof: Using the branching Markov property, we have

P 2
Ro(n) =[Gl ™" Y gp(Xi), with gy = (Z?”“Qp—ffe> . (5.18)

i€Gn—p =0
Using (3.1) and (3.4), we get
p 2 2 2 2
M 1 f2a <1
||ngoo < Cgo M2 (Z(2a)p—€> < {Zoo (p+1) 1 a <

£=0 2 M?c, (20) if 1 <20 < V2.

This implies that Ry(n) is upper-bounded by a deterministic sequence which converge to 0. As a
consequence, we conclude that (5.17) holds. O

Lemma 5.3. Under the Assumptz'ons of Theorem /.1, we have

3 TogP ([Vin) — 23(7)| > 5) = —oc,

lim sup — 02
n—oo

where

S = > (w f)+ Y 2 (P ((Q4f08?)) == Ha(h) + Ha(f)

>0 £>0,k>0

Proof: Using (8.2), we get:
Vi(n) = Va(n) + Vi(n), (5.19)
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with

p
Va(n) =[G, ™" Y D 22 0P (f(Xa),
i€Gp_p =0
p—1 p—£—1

Vat) = [Ga ™ DT DT YD R e (P (QFfis?) ) (X)),

i€Gn_p =0 k=0

The proof is divided into two parts.

Part I. First we prove that
1
limsup = log P (|V3(n) — H3(f)| > ) = —oc. (5.20)
n—00 bn

Since

P
Hy(f) = Y27 (i, f2) +> 27 (uf7) and  Tim > 27 (u f7) =0,
£=0 £>p " OO€>p
then to get (5.20), it suffices to prove that

. 1 n n - — 3
hmsupb—Qlog]P’ <|V3(n) = Hz[)’ }(f)| > 5) = —o0, where H?E ](f) = ZZ ¢ <,u, f£2>.

n—oo 0Op =0

We set
P
gp = ZZJQ}"% (ng — <,u, f52>> and then Vi(n) — H:En](f) = |Gn_p]*1MGn_p(gp).
£=0

Using (3.1) and (3.4), we have, for some positive constant c,,

4c2 co M27P if 2a < 1
loplleo < § 43 .
s M(p+1)aP  if 2a > 1.

Using (5.15), we get, for n going to infinity and for some positive constant C, s:
g g going y ;

2exp (—6%Ca,5|Gnpl) if 2a <1

_ glnl
P ([van) -} (”’>5>S{2e><p(—52ca,ap—2\<@n|<2a2>—p) if 1< 20 < V2,

Finally, (5.20) follows from the latter inequality by taking the log and dividing by b2.

Part II. Next, we prove that

1
lim sup ﬁlogP(|V4(n) — Hy(f)] > 20) = —oc. (5.21)
n—00 n
Note that Vi(n) — Hy(f) = |Gn—p| " Mg,,_, (Hsn(F) — Ha(f)), where
Hin() = 3 i leikep and Hif)= > heg, (5.22)
£>0,k>0 £>0,k>0

with
hét;;) _ 2]67@ QP*I*(Z%*IC) (7) (Qkf[®2)> and hf,k _ <,u, P ((Qkf[)®2>> ]
Using (3.1) and (3.4), we have
el + by < 202 M?(2a%)k27. (5.23)



Moderate deviations principles for BMC 629

Let rg large enough such that
22, M > (2072t <6, (5.24)
N Ek>rq

For n going to infinity, we have

Mg, _,(Han(P) — Hi)| < Mg, ,( D (b = heg))| + Mg, (> (hesl + b))

INVE<rg INE>To
< Moy (X () — k)| + 26 MG, Y (20002, (525
IV Ek<rg N k>Tro

where we used (5.23) for the second inequality. From (5.25), we get

Va(n) = Hy()| < 1Gup| ' | Ma,_, (gp)| + 265 M? Y (20%)F27°, (5.26)

INE>T0

where gp = >y n<r, (hﬁ) — hy ). From (5.24) and (5.26), to get (5.21), it suffices to prove that

1
liﬂsgp 0 log P (| |anp’_1M(Gn,p (gp)| > 9) - (5.27)

n

Using (3.1) and (3.4) twice, we have, for some positive constant c,,

_ ro(2a)™ if 20 <1
< S M3eay(ro)oP~t where ro) =
[9plloc < €M7 cary(ro) 7(ro) {(ga)m 1< 2 < V3.
Using (5.15) with g, instead of f, we get, for some positive constant Cy s,
P (||Gn-p| "M, _,(gp)| > 0) < exp (—6%Ca|Gnpla™??).

Taking the log, dividing by b2 and letting n goes to infinity in the latter inequality, we get (5.27)
and then (5.21). O

Lemma 5.4. Under the Assumptions of Theorem /.1, we have

limsupb%logﬂl> (‘Vg(n) — E;ub(f)‘ > 6) = —00,

n—oo O

where
D) = Y 27 (@) + Y 2 (0P (Q i om Q) )
0<t<k O%Ek

= Hs(f) + He(f)
Proof: Using (8.3), we get:
Va(n) = Vs(n) + Vs(n), (5.28)
with
Vi) = [Gal ™ >0 Y 2t (7t (X,
i€Gn—p 0<L<k<p
p—k—1

VE;(TL) _ ’Gn|_1 Z Z _z:_ 2p—€+r Qp—l—(r+k) <'p <Q7’fk ®Sym Qk—é-i-rﬁ)) (Xz)

i€Gp_p 0<l<k<p T=0
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Part I. First, we prove that

lim sup — log P (|Vi(n) — He(f)] > 26) = —oo. (5.29)

We have Vg(n) — Hg(f) = |Gn—p| ' Mg,_, (Hen(f) — He(f)), where

Hsn(f) = Y h") lginey and Ho(f) = > hier,

0<t<k 0<tl<k
r>0 r>0
with
hl(:E),r =27t Qrrim k) (77 (Qrfk ®sym Qk_e”fe)) and

hk,@,r = 2T_€ <M7 P (Qrfk Qsym Qk_e+rf~£>> .
Using (3.1) and (3.1), we have
(o] + W), | < 262 M2 27=F ab=te2r (5.30)
Let r¢ large enough such that

22, M* Y 2 tah < (5.31)

0<t<k
r>0
kVr>rg

We set gp = D o<ick. r>0, kvr<ro (h,gngr — hy ). Using (5.30), we have, for n going to infinity in such
a way that p > rg,

Vo(n) = Ho(D| < [Gupl [ M, (9p)| + 2% M? Y~ 27 Fab=0H2n, (5.32)

0<t<k
r>0
kVr>rg

From (5.31) and (5.32), to get (5.29), it suffices to prove that
. 1 _
hrnsupb—2 og P (| |Gp—p| ' Mg,,_, (gp)| > 6) = —c0. (5.33)
n—oo Op

Using (3.1) and (3.4) twice, we have, for some positive constant ¢,
gplloc < 2 cacde MP~(ro) a?,

where

() = {20070 (20 <1
T =
TO=A 42 if 20 > 1.

Using (5.15) with g, instead of f, we get, for some positive constant Cy s,

P (||Gnp| "Mz, _,(gp)| > 6) < exp (—6°Cu 5|Gp—pla ).

Taking the log, dividing by b2 and letting n goes to infinity in the latter inequality, we get (5.33)
and then (5.29).
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Part II. Next, with the finite constant Hy(f) defined by:
Hs(f) = Y 27w, frQ"fo),

0<t<k

we prove that

. 1

h?rzn_>501<1>p b—QlogP(|V5(n) — H5(f)| > 20) = —o0. (5.34)
We set

Hsn(f)= h](:gl{kgp}v and  HI'(f) = > el gpepy,
0<t<k 0<t<k

with

h,(f}) =2fgrk (kak_sz Likspy and hep = <M, kak_Zfz> -
We have the following decomposition:
V(n) = Hs(P) = [Gup| " Ma,_, (Hsn(P) = HI) + (HE () — Hs(h)) -
Using (3.1) and (3.4), we have
)|+ el < 262, MaF 2",

which implies that lim, o |H5(f) — H, 5[n] (f)] = 0. As a result, to get (5.34), it suffices to prove that

lim sup biQ log P (‘|Gn_p]*1MGn_p <H57n(f) — Hg[)n] (f))‘ > 5) = —o0. (5.35)

n—oo Op

Setting g, = Hs n(f) — HE[)"] (f), we have, using (3.1) and (3.4):

lgolleo < c27P f2a<1
Iplleo = Capa? if1§2a<ﬂ,

for some positive constant c,. Finally, (5.35), and then (5.34), follows by applying (5.15) to gy
instead of f and by taking the log, dividing by b2 and by letting n goes to infinity. O

As a direct consequence of (5.16) and Lemmas 5.2, 5.3 and 5.4, we have the following result.

Lemma 5.5. Under the Assumptions of Theorem 4.1, we have

1
lim sup ® logP (|V(n) — 2P(§)| > 6) = —00

n—oo Op

We can now state the following result.

Lemma 5.6. Under Assumptions of Theorem /.1, we have that b, A, (f) satisfies a moderate
deviation principle with speed b2 and rate function I defined in (3.7).

Proof: Since p < n/2, we have for all i € Gp,—p,
|Ani(F)| < 200027%“’ <C,

where C' is a positive constant. This implies that A, (f) is a martingale with bounded differences.
Using the result of Dembo (1996) (see also Djellout (2002) and Puhalskii (1997)), we get the result
from Lemma 5.5. U

5.5. Completion of the proof of Theorem J.1. Finally, using the decomposition (5.2) and the results
of sections 5.2, 5.3 and 5.4, we deduce Theorem 4.1.
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6. Proof of Theorem 4.3

6.1. A quick overview of our strategy.
Let (pn,n € N) be a non-decreasing sequence of elements of N* such that, for all A > 0:

pn<mn, limp,/n=1 lim n?b227""" =0 and lim n —p, — Alog(n) = +oco0.  (6.1)
n—oo n—oo n—o0

When there is no ambiguity, we write p for p,. From (4.1), we can choose p, = n —n®, a € (0,1).
Let us consider the sequence f = (fy, £ € N) of elements of By(S) which satisfies the Assumption
(3.2) (and then Assumption 3.1) uniformly, namely:

Q"(fo)l < Ma"coe and  |Q"(fo)| < MpBra”cs (6.2)

It follows from (6.2) that there exists a finite constant ¢; depending only on {¢;, j € J} such that
forall /e N, neN, joeJ

ol € Moo, |fol € Mo, [, fo) | < Moo, | 07R;(fo)| < 2Mese  and
JjeJ
Rjo (fo)] < ciMes.
We recall that:
Ny (F) = An(f) + Ro(n) + Ri(n),

with .
nN—pn—
Ro(n) =|Gn|™* Y Mg, (fak) and Ri(n)= > E[Nui(f)|F].
k=0 1€Gn_p,

Let (bn)nen be a sequence elements of N such that :
bn

0
/0G| e

b, — o0 and

Our goals will be achieved if we prove the following:

1
Vo > 0, nh~>nc}o 02 log P(|b; 'n~Y2Ry(n)| > 8) = —oc; (6.3)
1
¥ >0, lim o log P(b;'n 2R (n)| > 8) = —o0; (6.4)
b 'n"V2A,(f) satisfies a MDP on S with speed b2 and rate function I. (6.5)

6.2. Proof of (6.3).
We follow the same lines of the proof of (5.3) with 2a? = 1. First, using Chernoff inequality, we
have

P (bgln—lﬂRo(n) > 5) < exp (—Abna\GnﬁnU?) E

n—p—1
exp (A > MGk<fn_k)>] :
k=0
and doing the same thing for —f instead of f, we get
b%52n|Gp’ )

4004 (n - p)
Finally, taking the log, dividing by b2 and letting n goes to infinity, we get the result.

bnd(n|Gn|)'/?

Next, taking A = pToN com e

P (\b;lnfl/QRg(nﬂ > (5> | <2exp <—

Remark 6.1. We have the following version of Remark 5.1 when 2a? = 1:

_ = 5n|Gpp)|
1 1/2 <p [ —
P (HGn_p\ Mg, _,(f)] > én ) < 2exp < TERYES +ap)2(n_p)> : (6.6)
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6.3. Proof of (6.4). With g, =>7}_, 20—t Q=L f, and using the definition of R;(n), we have for all
60>0

P (|bT_LlR1(n)| > (5n1/2) =P (|Gn—p‘_1|MG ‘ > bn6n1/2|Gp||Gn|_1/2) )

n—p(9p)

So according to (6.2) , we have:

ngHoo < CooCaM|Gp’1/2'

By applying (6.6) to g, and b,0n'/?|G,||G,,|~'/? and using the fact that 2 = 1, we have:

b26%n
P(|b,! ont/?) <2 — n :
(’ n Fa(n)| > on ) = 2exp 4c2 2 MA(1 + a)?(n — p)

So taking the log and dividing by b2, and letting n goes to infinity, we get the result.

6.4. Proof of (6.5): Moderate deviations principle for b 'n=12A,(f).
First we study the bracket of n_%An(f) given by n=1V(n), where V(n) is defined in (5.16). We
have the following result:

Lemma 6.2. Under the assumptions of Theorem 4.5, we have

1

lim sup - log P (jn"'Ra(n)| > 6) = —o0.
n—00 bn

Proof: Recall the definition of Re(n) and g, given in (5.18). So according to (6.2) and using 202 = 1,

we have || gp|loo < 22 M?|G,|. This implies that

Therefore, Ra(n) is upper-bounded by a deterministic sequence which goes to 0. According to
Remark 8.1, we get the result. O

Lemma 6.3. Under the assumptions of Theorem 4.5, we have

1 .
lim sup =l log P (\n_lVl(n) — 25| > 5) = —0o.

n—oo Up

Proof: Recall the decomposition of V;(n) given in (5.19) and the definition of X"(f) given in 3.8.
The proof is divided into two parts.

Part I. First we prove that

li 1
im sup =
n— 00 n

logP (jn~'V3(n)| > §) = —cc.
Indeed we have

P
n~'Va(n) = |G| 'n Mg, (9p), where g, = 27°QP(f7).
£=0
Since the sequence f = (fr,¢ € N) satisfies (3.4), we have ||gpllcc < 4c%. This implies that
In~'V3(n)| < 4c2.n~L. So n~'V3(n) is upper-bounded by a deterministic sequence which goes to 0.
Then applying the remark 8.1 to n~='V3(n), we get the result.
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Part II. Next, we prove that

) 1
lim sup 0
n—oo 0Opn

Recall Hy,,(f) and fi, defined respectively in (5.22) and (3.9). For k,¢,r € N, we consider the
following C-valued functions defined on S2:

frer = (30 R (1) @aym (30 Ry(10)).

jeJ jeJ

log P (|n~"Vi(n) — 557 ()] > 8) = —oo.

Recall that 2a% = 1. We set Hy,, = Zezo,kzo ﬁgﬁ Lipyr<p) with
Bgz) _ Qkff a2k prlf(erk) (,Pfé,@,k) _ 273 prlf(eJrk) (,Pfé,é,k) .
For f € By(S), recall f defined in (3.3). Then we have A} — h{") = h’} + B3 + hyC, where
hyy = 270 QPT D (QF fi @ i),
hyit = 2570 Qr P QR fi @ Q4 Ry (i),
jeJ

hyp =28 Qr R P QR (S TR (fr) Bym QOO R (fi))-
jeJ JjeJ
This implies that

3
n G p| T M, (Hun(F) = Hin(F) =n ' Gupl™ D D Y hii(Xu)lirsnep)-

WGy —p i=1 £>0;k>0

Using Assumption 3.2, (3.4) and the fact that the sequence (8, k € N) is decreasing, we can upper
i € {1,2,3}, by C27¢B. This implies that

bound each function |hy7],

p—1
‘nil‘Gn—prlMGn—p(Hﬁl,n(f) - I_{4,n(f))‘ < Cn~! Z Bk (6.7)
k=0
We set

HA[jL]: Z heklipio<py Wwith h@7k:2*e(u,77(fe,e,k)>~
£>0;k>0

Using Assumption 3.2 and (3.4), we get

~(n) 1 p—1—(b+k) 1\~ /1 \F
" _ <ot — <o —= ) .
2~ hea| <27 () Pl <c(55)  (5)

This implies that

0G| M, (Han(H) — HI ()| < 071, (6.8)
Finally, from Bitseki Penda and Delmas (2022), we have
Tim () - 27| = 0. (6.9)

From (6.7), (6.8) and (6.9), we conclude that [n=1Vy(n) — S§(f)] is upper-bounded by a determin-
istic sequence which goes to 0. Therefore applying the remark 8.1 to n=1Vy(n) — X§1(f), we get the
result. O

Lemma 6.4. Under the assumptions of Theorem 4.5, we have

i 1 - cri
117rzn_>sol<1)p bﬁlogIP’ (In Wa(n) — 255(§)| > §) = —o0.
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Proof: Recall the decomposition given in (5.28). Then following the lines of the proof of Lemma
6.3, we prove that

1
lim sup - log P (|n_1V5(n)| >6) =—oco and
n—00 bn
. 1 _ -
hlrnsupb—2 log P (|n~'Vs(n) — S57(f)| > 6) = —oo,
n—oo Op
and the result follows. O

As a direct consequence of (5.16) and Lemmas 6.2, 6.3 and 6.4, we have the following result.

Lemma 6.5. Under the assumptions of Theorem /.3, we have
. 1 .
lim sup b—zlogIF’ (|[V(n) = Z(f)| > §) = —oc.
n—oo Op

Next, contrary to the sub-critical case, we need to check the exponential Lindeberg condition and
Chen-Ledoux type condition, that is conditions (C2) and (C3) given in Proposition 8.4. Indeed,

in the critical case, the martingale n_%An(f) does not have bounded differences in such a way that

Lemma 6.5 is not longer sufficient to get the moderate deviations principle of n_%An(f). In order
to check exponential Lindeberg condition, we have the following exponential Lyapunov condition
which implies the exponential Lindeberg condition.

Lemma 6.6. Under the assumptions of Theorem /.3, we have

1 )
limsup — logP Z n"2E [An (1) F] > M= V5>o.
mENP g | ’ B2
1€Gn_p
Proof: For all i € G,,—,, we have
P
E [An()!1F] < 1600+ 1)%272 Y Ex, [Ms, ()] (6.10)

=0
where we have used the definition of A,, ;(§), the inequality (>-j_qax)* < (r+1)3>1_,a; and the
branching Markov property. Using (3.1) and (3.4), we can apply Theorem 2.1 given in Bitseki Penda
et al. (2011) with 20% = 1 to get Ex,[Mg, ,(fr)*] < Cp?2*P=9. The latter inequality and (6.10)
imply that

2
%" > TR [Ani(H)YF] < CnP2m P (n 7). (6.11)
i€Gmp
From (6.1), we have
lim n?27"*P(n~162) = 0. (6.12)
n—o0
Finally, the result of the Lemma follows using (6.11), (6.12) and Remark 8.1. O

For Chen-Ledoux type condition, we have the following result.

Lemma 6.7. Under the assumptions of Theorem 4.5, we have

n—oo  Yn 1€Gn—p

1
limsupb—zlog <|Gn| sup Pr, (|Ani(f)] > bn\/ﬁ)> = —00.

Proof: For all i € Gy, using (5.1) we have
Pr, (18ni(D] > bov/n) < Pr, (INni(f)| > buv/n/2) + Pr, ([Ex, [Nni(D]| > buvn/2),  (6.13)
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with N, ;(f) defined in (3.5). Following the proof of (5.11), we get

bn;/ﬁ) Py (|ZMGp ()l > bn \/n\T> < Cox (_ C’b%|Gn_p\n>‘

b

P, (|Na.(f)

Next, for all A = Cb,\/n|G,| (p|Gp|) ™", we have

P (Ex, V(] > V) = pX<22p cort(fy x> \/m)

< exp (= Vg feg (Agw—@p—f(ﬁ)a@-))}

Cb?L|an|n>
p b

where we used (8.1) and the branching Markov property for the first equality, Chernoff bound for
the first inequality and (3.1) for the last inequality. Doing the same thing for —f instead of f, we

SCexp(—

get
boy/T0 OB |Gpp|n
: . ; < _ ZonlPmoplTh
From the foregoing, we get, using (6.13),
Ch2 |Gy p|n
G| sup Pz, (JAni(f)] > bav/n) < C |Gyl exp ( - M)
1€Gp—p p

Finally, taking the log and dividing by b2 in the latter inequality, we get the result of Lemma
6.7. O

We can now state the following result.

Lemma 6.8. Under the assumptions of Theorem /.5, we have that n_l/nglAn(f) satisfies a mod-
erate deviation principle with speed b2 and rate function I defined in (3.7).

Proof: Applying Theorem 1 in Djellout (2002) (a simplified version is given in Proposition 8.4) to
the martingale differences n=/2A,, (), the proof follows from Lemmas 6.5, 6.6 and 6.7. O

6.5. Completion of the proof of Theorem /.5. Finally, using (5.2), (6.3), (6.4) and Lemma 6.8, we
deduce Theorem 4.3.

7. Numerical studies

For our numerical illustrations, we consider a BMC (X,,u € T) living in [0, 1], with transition
P =0 ® Q given by
_ y(1-y)? y(1-y)
Q) = (1~ ) Yt o Vet
with B(a, 5) the normalizing constant of a standard Beta distribution with shape parameters o and
B. For simplicity, we choose X such that £(Xy) = Beta(2,2), where Beta(2,2) is the standard
Beta distribution with shape parameters (2,2). Now, one can prove that this process is stationary,
it has an explicit invariant density: the standard Beta distribution with shape parameters (2,2).
One can also prove that E [X,0|X,] = E [Xu1|Xu] = Xu/5 + 2/5, (for more details, we refer e.g. to
Pitt et al. (2002)). Now, it is not hard to verify that this process satisfies our required assumptions.
In particular, using for example Theorem 2.1 in Hairer and Mattingly (2011), one can prove that
Assumption 3.1 is satisfied with a = 1/5. We are thus in the sub-critical case. First, we will illustrate

z,y € [0,1],
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Theorem 4.1 (and more precisely Corollary 4.2) with the sequence § = (f,0,0,...) and the function
f(z) = x. In this case, we have the following exact results:

1 N 115
(wfy=5, Q@) =5 -3 VE>0, Se(f)=6/115 and I(5)=—
Next, we will illustrate that the range of speed considered in the critical case does not work in this
example. For that purpose, we simulate B = 50000 samples (X (®) = (qus), u € Gra),s € {1,...,B})
of the bifurcating Markov chain at the n-th generation, with n = 12. For each sample X,

we compute b,_LlN(sg)(f) = b 1G,|1/? ZueGn(Xq(f) — 1/2). Finally, for different values of 6 > 0,

n,

62,

we compute b, 2 log(B~* Zle 1{\b;1ij%(f)\>6})' This allows us to get empirical values of the rate

function. Next in the same graph, we plot the true rate function and the empirical rate function.
As we can see in Figure 7.1, the empirical rate function fit well exact rate function, except in the
last figure where the empirical rate function is near to 0 since the speed considered is not valid for
the subcritical case, but only for the critical. We also stress that the differences observed between
empirical and exact rate functions can be explained from the fact that the sample size is not large
enough.

8. Appendix

The following Remark is used in the proofs of Lemmas 6.3, 6.4 and 6.2.

Remark 8.1.

We assume that (S, d) is a metric space. Let (Z,), cy be a sequence of random variables valued in 5,
Z a random variable valued in S and v,, a rate. So if d(Z,, Z) is upper-bounded by a deterministic
sequence which converges to 0, then, for all sequence (v,,,n € N) converging to oo, Z,, converges v,,-
superexponentially fast in probability to Z, that is for all § > 0,

1
limsup — log P (d(Z,,, Z) > §) = —oc.

n—o0 UTL

The following result is known as Azuma-Bennett-Hoeffding inequality Azuma (1967); Bennett
(1962); Hoeffding (1963).

Lemma 8.2. Let X be a real-valued and centered random variable such that a < X < b a.s., with
a <b. Then for all X > 0, we have

E [exp (AX)] < exp <W) .

We have the following many-to-one formulas. Ideas of the proofs can be found in Guyon (2007)
and Bitseki Penda et al. (2014).

Lemma 8.3. Let f,g € B(S), x € S and n > m > 0. Assuming that all the quantities below are
well defined, we have:

E; [Mg, (f)] = |Gn| Q" f(x) = 2" Q" f(x), (8.1)
n—1
E, [MGn(f)2] —9n Qn(f2)(l‘) + Z 2n+k Qn—k:—l (73 (Qkf ® Qkf)) ($)’ (8.2)
k=0
E, [Mg, (f)Mg,,(9)] = 2"Q™ (9Q""f) (x) (8.3)
m—1

+ Z onthk gm—k=1 (73 (ng Qsym anerkf)) ().

k=0
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FiGure 7.1. Exact and empirical rate functions for the moderate deviation princi-
ples of |G, |~1/2b- 1 Mg, (z—1/2). In the first three figures, one can see that empirical
rate function fit well the exact rate function. The differences can be explained from
the fact that the sample size is not large enough to generate enough large deviation
events. In the last figure, one can see that the empirical rate function is reduced to
0. This is due to the fact that the speed considered here is valid only in the critical
case, not in the subcritical case.

We recall here a simplified version of Theorem 1 in Djellout (2002). We consider the real mar-
tingale (M,,n € N) with respect to the filtration (H,,n € N) and we denote ((M),,n € N) its
bracket.

Proposition 8.4. Let (b,) a sequence satisfying

b, is increasing, b, — 400, 0,

b
Vi



Moderate deviations principles for BMC 639

such that c(n) := \/n/b, is non-decreasing, and define the reciprocal function ¢~ *(t) by
¢ Ht) :=inf{n € N: ¢(n) > t}.

Under the following conditions:
(C1) there exists @ € RY such that for all § >0,

limsupilog P %—Q >0 = —00,
n—00 b% n

1
(C2) limsup - log | n esssup P(|My — Mg_1| > bn\/ﬁ‘”;’-[kl)> = —00,
n—s+oo bj 1<k<c=1(bns1)

(C3) for all a > 0 and for all 6 > 0,

_ 1 1 ¢
lim sup b—zlog <IP’ <n ZE (|Mk - Mk_1|21{|Mk—Mk_1|2aﬁ}‘Hk—l) > 5)) = —00,

562

=5

Remark 8.5. For all n > 1, we set m,, = M,, — M,,_1. Note that, in Proposition 8.4, if the sequence
(mp)n>1 is uniformly bounded, we recover a simplified version of the result of Dembo (1996) and
if the sequence (my,),>1 is bounded by a deterministic sequence, we recover a simplified version of
the result of Puhalskii (1997).

(My,/(bpy/1)) pen Satisfies the MDP in R with the speed b2 /n and the rate function I(z)
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