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Abstract. In this paper we study the two-sided level set of the two-dimensional discrete Gaussian
free field (GFF), where a site is open if the absolute value of the GFF at this site is at most A for
a fixed parameter A > 0. For the GFF on a box of size N with Dirichlet boundary conditions, we
show that there exists € > 0 such that with probability tending to 1 as N — o0, all the open paths
whose Euclidean diameters are of order N have lengths larger than N!*¢,

1. Introduction

The discrete Gaussian free field (GFF) on Z? is a Gaussian random field with mean zero and
covariance given by the Green function of the simple random walk. For d > 3, the (one-sided) level
set (consisting of open sites, i.e., sites with GFF values exceeding h) percolation of the GFF has been
extensively studied, and it has been shown that a non-trivial phase transition exists. More precisely,
there exists a critical level h,(d) € (0,00) such that the level set has a unique infinite open cluster
for h < h.(d) and has only finite open clusters for h > hy(d) (see Bricmont et al., 1987; Rodriguez
and Sznitman, 2013; Drewitz and Rodriguez, 2015; Drewitz et al., 2018 for a non-exhaustive list of
references).

Since the Green function blows up in two dimensions, we instead consider the GFF on a box
Vn C Z? of side length 2N. As an analogue of the existence of an infinite open cluster in higher
dimensions, one can investigate the macroscopic connectivity property for the level set on V.
It was shown in Ding and Li (2018) that for any level h, there are open paths connecting the
boundaries of a macroscopic annulus (i.e., the two boundaries are at distance of order N) with
non-vanishing probability as N — co. Another interesting yet challenging question for percolation
models is on the chemical distance, the intrinsic distance on the graph defined by open clusters.
For many percolation models, physicists predicted that there exists an exponent dp,, (called the
chemical distance exponent) such that the chemical distance is comparable to the Euclidean distance
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FIGURE 1.1. ¢(\, N) is the probability of existence of A-open paths in V2 w.r.t.
the GFF on Vi connecting the left and the right boundaries of Vy/,.

to the power of dpin (see Havlin and Nossal, 1984; Herrmann and Stanley, 1988; Schrenk et al.,
2013). Such chemical distance exponents have been studied in many percolation models, including
the Bernoulli percolation models (see Aizenman and Burchard, 1999; Damron et al., 2017, 2021;
Antal and Pisztora, 1996; Garet and Marchand, 2007) and the supercritical percolation models
with long-range correlations on Z? for d > 3 (see Drewitz et al., 2014). As for the level set of
the two-dimensional GFF, it was shown in Ding and Li (2018); Ding and Wirth (2020) that the
geodesics under the chemical distance have lengths O(N(log N)'/*), implying that the chemical
distance exponent is equal to 1.

In this paper, we investigate the two-sided level set of the two-dimensional GFF, where a site is
open if its GFF value is in [—A, A\]. While it remains a challenge to show that for some fixed large
A with non-vanishing probability as N — oo there exists a macroscopic path (i.e, a path with two
ends at Euclidean distance of order N) in the two-sided level set, we believe that this is true by
the simulation results' (see Figure 1.1). With this belief, the question on the chemical distance is
meaningful and interesting, and we will show (see Theorem 1.1 below) that with probability tending
to 1 as N — oo, open macroscopic paths, shall they exist, have lengths larger than N1 for some
€ > 0. Therefore, the chemical distance exponent is strictly larger than 1, which is drastically
different from that of the (one-sided) level set.

Next, we will define our model more precisely, and then state our main result. For each positive
integer N, let Viy be the box of side length 2N centered at the origin, i.e., Viy := [N, N]?> N Z2.
Denote by {n"¥(x) : 2 € Vy} the GFF on Vy with Dirichlet boundary conditions. Concretely, it is
a mean-zero Gaussian process with covariance given by

En'™ (2)n'~ (y) = Gn(z,y) for z,y € Vy,

where G (x,y) == Ex Y024 l¢s,=y) is the Green function of the 2D simple random walk {5, :
n = 0,1,2,---}, and 7 is the hitting time to the boundary 0Vy := {z € Vi : there exists y €
72 \ Vy such that y is a neighbor of z}. Let A be positive and fixed. A site x € Vi is called
A-open if ‘nVN (m)‘ < A. Define the two-sided level set Ay x as the collection of A-open sites in

1 The GFF on Vy is numerically generated by wusing the codes in https://github.com/sswatson/
GaussianFreeFields.jl. Then, we use the built-in function measurements.label in python to compute ¢(A, N).
For each A = 0.2, 0.21, - -+, 1.2 and each N = 100, 500, 1000, the experiments are conducted 50 times to find ¢(X, N),
respectively.
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V2 i=[=N/2,N/2]> N Z?, that is

A)\,N = {:L’ S VN/Q : ’nVN(Z‘)‘ < /\} (1.1)

Suppose that P is a path in Z2, i.e., a sequence of sites zg, 21, - - , 2, with ||z; — z;_1|| = 1 for

i=1,---,n, where || - || denotes the Euclidean distance. We say that P is A-open if so are all z;’s.

Denote by |P| := n the length of P, by ||P|| := ||zn — 20| the distance between the endpoints of P.
For k,e > 0, let Py be the family of macroscopic paths in Vi /2 with lengths at most Nt ie.,

PN = {P: Pisapath in Vi satisfying |[P|| > kN and |P| < N'*}. (1.2)

Our main result is the following theorem.
Theorem 1.1. For each X\ > 0, there exists € = €(\) > 0 such that for every x € (0,1),
lim IP’(P is A-open for some P € 73;,’6) =0.

N—oo
Remark 1.2. Actually, we have obtained the following more quantitative result (see Proposi-
tion 4.4), which in particular implies that all open macroscopic paths have super-linear lengths even
when A = Ay grows in N as long as Ay < cy/loglog N for some constant ¢ > 0. It remains an
interesting question to determine the tight bound for Ax at which all macroscopic An-open paths
have super-linear lengths.

Remark 1.3. Theorem 1.1 also holds with Vi, being replaced with Vsy = [-6N, SN2 N Z? for
de(0,1).

1.1. Notation conventions. For x = (x1,22),y = (y1,%2) € R?, denote

Iz = yll := V]z1 = 912 + |22 — g2 and |z = yloo := |21 — y1| V 22 — w2,
where a V b := max{a,b}. Denote d(z,B) = inf,cpl|lz — y||, d(B1,B2) := infzep, d(z, By),
doo(z, B) :=infycp |z — Y|oo and doo(Bi, B2) = inf,cp, doo(x, B2).

A site is a point in Z2. In this paper, only boxes with sides parallel to the axes are involved. If
B is a box in R? and BN Z? # (), we denote by zp the lower left corner of BN Z2. For z € R? and
¢ > 0, denote by B(z,¢) the ball of radius £ centered at z, and by Bs (7, £) the box in R? of side
length 2¢ centered at z, i.e.,

B(x,0) :={y €R*: |z —y|| <€}, Boo(@,0) :={y €R*: |z — yloo < {}.
Denote by Vy(x) the set of sites in Boo(z,¢/2), i.e.,
Vi(z) := Boo(z,£/2) N Z2,
which is a box in Z? of side length at most /.

Suppose that P is a path (in Z?), i.e., a sequence of sites zq, 21, - , 2, with ||z; — z;_1] = 1,
i=1,---,nsuch that for 1 <i <n—1, z; # z; for all j # i. Denote the endpoints, the end-to-end
distance and the length of P respectively by

xp:=z0, yp:=2zn; |P|:=Izn— 2], |P|:=n.

By sub-path of P, we mean a path with sites on P.
Let A be positive and fixed. We will use a dyadic number K = 2* (for some positive integer k)
as the scale parameter, which will be eventually chosen to depend on A. Let k be a fixed number

in (0,1). For a > 1, let |a] be the greatest integer less equal to a, and denote [a] := {1, -, |a]}.
Let m = |4 logy(kN)| — 1, which is the unique positive integer such that

K™ < kN < K™F2, (1.3)
We will let N — oo, equivalently, m — oco. Let ¢,c,c¢”, C1,Cs, -+ be positive universal constants.

Furthermore, let C be a specific positive universal constant such that all the results in Section 2.2

hold for K > C.
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1.2. Outline of the proof. Our proof strategy is based on a multi-scale analysis, which is a classic
and powerful method in percolation theory; see for instance Chayes (1996); Orzechowski (1998);
Sznitman (2015); Ding and Zhang (2019). As a typical instance when applying multi-scale analysis,
the actual implementation is quite non-trivial and the main challenge is to design a proper induction
procedure. We will next present a brief outline of our induction procedure by describing the content
in each of the subsequent sections.

In Section 2, after reviewing some basic and standard facts about the GFF (see Section 2.1),
we will review the following tree structure associated to a path as constructed in Ding and Zhang
(2019) (see Section 2.2). For j > 1 and a path P in scale K7 (i.e., ||P| is comparable to K7), a tree
Tp of depth j is constructed in association with P, where the root corresponds to the path P and
nodes at level » (for 7 > 1) in 7p correspond to disjoint sub-paths of P in scale K/~". In addition,
the parent/child relation of nodes in 7p corresponds to path/child-path relation (see Figure 2.2).
In each scale, we will consider the notion of tame/untamed paths, where roughly tame paths are
like straight lines and untamed paths are like curves (see Definition 2.9). Then, a crucial property
is that for all P € Py (recall (1.2) for its definition), the untamed nodes, i.e., nodes correspond to
untamed sub-paths, are rare in Tp (see Lemma 2.10).

In Section 3, we will deal with the initial step of the induction. We first bound the probability of
the existence of an open crossing through a parallelogram (with aspect ratio 16) in the long direction,
by relating such a crossing to a contour separating boundaries of an annulus (see Figure 3.4) via
a standard path gluing argument. Since a tame path crosses through a parallelogram with aspect
ratio of order K (from which we can extract order /K well-separated parallelograms with aspect

ratio 16), the probability of the existence of a tame and open path in any scale is at most e~ 0-0IVE

(see Proposition 3.2).

In Section 4, we will implement the induction analysis (analogous to Lemma 4.4 in Ding and
Zhang, 2019). For r > 0, let Yp, be the fraction of tame and open nodes (i.e., nodes corresponding
to tame and open sub-paths) at level r in Tp. For r = 0, Yp, can be controlled by the aforemen-

tioned e~0-01VE decay in Proposition 3.2. For r > 1, let P(9’s be the child-paths of P, and we have
the recursive relation that Yp, is the average of Ypu ,_;’s (see (4.15)). Assuming good control
for Yp@i) 1, we can then apply a large deviation analysis and recursively obtain good control for
Yp,. One subtlety is that, our ultimate goal is to obtain a uniform control for all P € Py, and
as a result in the preceding recursive analysis we need to apply a union bound in every step, which
can be absorbed into our probability decay obtained from large deviation analysis (see Proposi-
tion 4.2 and Proposition 4.3, noting that &’s therein bound Y”’s by (4.2) and (4.3)). Combined with
Lemma 2.10, it yields that with high probability, for all P € Py, there exists a non-open sub-path
of P (correspondingly, a non-open node in 7p). This implies Theorem 1.1. In the actual proof,
there are additional technical complications such as the fluctuations of the harmonic functions (de-
fined in Lemma 2.2) that emerge in every step of the induction, which are assumed to be flat in
the preceding discussion. In order to address this, we will employ standard regularity estimates for
GFF with some carefully chosen parameters (see (4.4) and (4.5)).

2. Preliminaries

In Section 2.1, we will give some basic facts about the GFF. In Section 2.2, we will introduce some
notations and results in Ding and Zhang (2019), which are needed in this paper. In Section 2.3, we
will define some families of paths.

2.1. Properties of the GFF. Let B C Z? be finite and non-empty. Denote by {n”(z) : € B} the
GFF on B with Dirichlet boundary conditions, i.e., a mean-zero Gaussian process with covariance
given by

En®(z)n”(y) = Gp(z,y) for z,y € B,
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where Gp(z,y) = Ey Z;;é 145, =y} 18 the Green function of the 2D simple random walk {S, : n =
0,1,2,---}, and 7 is the hitting time to the boundary 0B = {x € B : ||z — y|| = 1 for some y €
72\ B}. Without loss of generality, n”(x) := 0 for all z € Z?\ B.

Fix x = %0. If B C Z? is a box of side length L, define the box

BX:={z € B:dx(z,0B) > xL}.
Lemma 2.1 (Equation (4) in Ding and Zhang, 2019). Suppose that B C 72 is a box of side length

L. There is a universal constant C7 > 0 such that

‘E(nB(«r)nB(y)) ~ 21og |

7‘ <Ci foradllxz,y € BX.
T T —Yloo V1

Lemma 2.2 (Markov Property). Let D be a finite subset of Z2, and B C D. Let n” be the GFF
on D. Denote

HE(z) :=E(n"(2) | o{nP(z): 2 € B°UIB}).
Then HP is harmonic on B, with H®|s5 = nP|op. Moreover, the field
B =P — 0P

is a version of the GFF on B, which is independent of HB. In other words, n®? = n® @ HP is an
orthogonal decomposition.

A proof of the above lemma can be found in the proof of Lemma 3.1 in Biskup (2020), and the
following lemma is a direct consequence of Lemma 3.10 in Bramson et al. (2016).

Lemma 2.3. In addition to the assumptions in Lemma 2.2, assume furthermore that B is a bozx of

side length L. Then,

E(H"(z) - HB(y))2 < ng_Ly’OO for all x,y € BX,

where Cy > 0 is a universal constant.

The next two results are about general Gaussian fields (i.e., not necessarily GFFs), which will be
used to prove Lemma 2.6.

Lemma 2.4 (Dudley’s inequality, Lemma 4.1 in Adler, 1990). Let U C Z? be a box of side length
¢ and {Gy :w € U} be a mean zero Gaussian field satisfying

E(Gy — Gy)? < |z —yleo/t for all z,y € U.
Then Emax,cy Gy < C3, where C3 > 0 is a universal constant.

Lemma 2.5 (Borell-Tsirelson inequality, Lemma 7.1 in Talagrand, 2014). Let {G, : x € A} be a
centered Gaussian field on a finite index set A. Then,

P

= max,e4 Var(Gy,).

a2
> a) <2e 202 foralla>0,

max G, — Emax G,
T€EA €A

where o2

Lemma 2.6. In addition to the assumptions in Lemma 2.5, assume furthermore that U is a box of
side length ¢ in BX. Then, there exists a universal constant Cy > 0 such that the following holds.

Suppose € > 04\/%. Then, for all z € U,

2
]P)(‘HB(.Z) —HB(Z)‘ > ¢ for some x € U) < 4exp{ - 86056}'
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Proof: Note that U C BX C B C D. Fix z € U. For z € U, denote G, := HB(x) — HB(z). By
Lemma 2.3,
- Col |y —
E(G. — G2 < 1y = loo P A A )
(Go =G s =< 7 ¢
Combined with Lemma 2.4, it yields that Emax,cy G, < % %, where Cy := 2C3+/C5. Conse-
quently, by the symmetry of the Gaussian distribution,

IP’(|G$\ > ¢ for some z € U) < 2]P’(G$ > ¢ for some = € U)
2

93 e
< ZIP’(gleang —EmaxG, 2 5) < 4exp{ - @},

for all z,y € U.

2 = max,cy Var(G,), and in the second inequality we have used the assumption ¢ > Cy \/% .

Furthermore, by Lemma 2.3, 02 < % Combining it with the above formula, we complete the proof

of Lemma 2.6. OJ

where o

The proof of the following lemma is similar to that of Lemma 1 in Ding and Li (2018), thus is
omitted.

Lemma 2.7. Let {1 > 0, lo > {1 +2 and z € Z>. Suppose Vy,(z) € D C Vi, (2). Then, for all
x € 0V, (2),

yEVy, (2) yeIVy, (2)

2.2. The tree structure associated with a path. In this section, we will introduce the concepts of
child-paths and associated trees constructed in Section 3 of Ding and Zhang (2019). All is about
the geometric structure of a deterministic path, where probability is not involved.

Suppose that P is a path from x to y. Recall |P|| := ||z — y|| and zp := z. Recall that B(z,¥)
is a ball centered at x and of radius £. For j > 1, let S£; be a family of paths, defined as follows:

SC;j:={P:1<|P|/K’ <1+1/K and P C B(zp,||P||)}. (2.1)

Denote SLg := Z?, where a site is regarded as a path with length 0. A path P is said to be in scale
Kiif P € Sﬁj

Recall that & is positive and fixed, and that m is the unique positive integer such that K™+ <
kN < K™*2 In this construction, we will only need to consider SLj for j < m — 1. For each
path P in SL; (for j € [m —1]) or P with ||P|| > &N, in Section 3 of Ding and Zhang (2019)
the authors extracted a collection of disjoint sub-paths {P(i) : 1 <i<dp} for some dp > 1, and
these sub-paths are referred to as child-paths of P. Note that the child-paths of P are in S£,,_1 if
|P|| > £N; and are in SL;_; if P € SL;.

With definitions above at hand, we are now ready to associate each path P in scale K7 with a tree
Tp of depth j in a recursive manner for j = 1,...,m — 1 (see Figure 2.2). As the base construction
for P € SL1, we identify P as the root and identify each child-path of P as a leaf, yielding a tree
of depth 1 which is the desired 7p. For 2 < j < m — 1, we suppose that each Q € S£;_1 has been
associated with a tree 7o of depth j — 1, and we consider P € SL;. Let P be identified as the
root, denoted by p, and the child-paths P@’s be respectively identified as children of p, which are
denoted by w;’s. By attaching the root of Tpu) to the node u;, one obtains the tree Tp of depth j.
Note that each node w in 7p is identified as a sub-path of P, which is denoted by P“. Furthermore,
if u is at level r in Tp, P% is in scale K/~". Similarly, a path P with ||P|| > xN is associated with
a tree Tp of depth m, noting that the child-paths P®)’s are in scale K1 and thus are associated
with trees Tp()’s of depth m — 1.
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p@_pu,
p®
p®
p@
(a) Path P. (b) Child-paths of P: P®M ... P@W,

@ o : theroot

— pu

(¢) Child-paths of P(")’s. (d) The tree Tp associated with P.

FiGURE 2.2. K = 4. The root p is iden‘piﬁed as the path P, say in scale K7. The
nodes w;’s correspond to child-paths P®’s of P, shown in (b). u and v are two
specific nodes at level 2, with P* and PV (in scale K7~2) being pointed out in (c).

For integer r > 0, define a collection of boxes of side length K" as follows:
BD, := {[aK —1/2,(a+ )K" — 1/2} X [bK" —1/2,(b+ )K" — 1/2} Labe Z}.

Note that the boundaries of boxes in BD, do not intersect with Z2. Thus, {(BNZ?) : B € BD,.}
forms a partition of Z2.

Proposition 2.8 (Proposition 3.1 in Ding and Zhang, 2019). There is a universal constant C such
that the following holds for all K > C, and j = 2,--- ,m — 1. For P € SL;, one has dp > K, and
that each box in BD;_1 is visited by at most 12 child-paths of P.

Suppose j > 1, and P is a path from 2p to yp in scale K7. Let E(P) be an ellipse, whose focuses

are zp and yp, and whose ratio of width to height is K to 1. Let E(P) be a modification of E(P),
which we need for technical reasons (that will become clearer later). Concretely,

E(P):={z€R?: |lzp — 2| + |yp — 2|l < (1 +2K?)| P| ]},
and  E(P):={z € R?:d(z, BE(P)) < 4K7~'}.
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Definition 2.9. A path P is said to be tame if P C E(P), and untamed otherwise.

In each scale, a tame path is roughly a straight line, and, on the contrary an untamed path is
in spirit a curve (for example, in (b) of Figure 2.2, PV PG and PW are tame, while P is
untamed). Note that untamed nodes, i.e., nodes corresponding to untamed sub-paths, have more
children (see ug in (d) of Figure 2.2). Therefore, untamed nodes will bring in more leaves, which
correspond to different sites in P. Thus, the fraction of untamed nodes can be bounded by the
length of P. To this end, let §p be the unit uniform flow on Tp from the root p to the leaves, i.e.,
Op(p) =1 and Op(v) = i@p(u) if v is one of the d, many children of u. For § € (0,1) and K = 2,
define a family of paths as follows:

PR = { P Pis apath in Vi, | P| > 5N and [P| < NV} 22)

Lemma 2.10 (Proposition 3.6 in Ding and Zhang, 2019). For k,6 € (0,1) and K > C. There
exists C' = C'(k,8) > 0 such that for N > e K* and P € ’P]’f["S’K’

Z QP(U)l{u is untamed} < 25777/7
w:l<L(u)<m-—1

where L(u) is the level of u in the associated tree Tp.

2.3. Families of paths. Recall that BD, consists of disjoint boxes of side length K". For j > 1, let
END; be a family of boxes, defined as

END; := {{z} : 2 € Viyn},

END] = {B . B & BDj_Q and B N VN/Q 75 @} fOI‘ allj Z 2. (23)

Boxes in END; have side length K772 thus are regarded as “points”’ in scale K7. They play the
role of endpoints of paths in scale K7, and are called end-boxes.
For j > 1 and B € ENDj, denote by P;(B) paths in scale K7 started from the end-box B, and
by Tj(B) the tame ones, i.e.,
Pij(B) ={PeSLj:xzpec B}, T;(B):={P¢cP;(B):P is tame}. (2.4)
For a pair of end-boxes B, B’ € ENDj, let T;(B, B’) be the family of tame paths from B to B’, i.e.,
T;(B,B):={P € S8L;:zp € B,yp € B, and P is tame}.

3. Tame paths are unlikely to be open

In this section, we will estimate the probability of existence of tame and open paths started from a
fixed end-box (see Proposition 3.2). Recall that a site z € Viy/5 is said to be A-open if |77VN (3:)’ <A\

Definition 3.1. For V C Viy and a € R, we say a site z € V is (V, A, a)-open if [n" (z) + af < A.
A path P C V is said to be (V, A, @)-open if so is every site in P.

Recall that END; is the family of end-boxes of side length K 372 defined in (2.3). For an end-box
B € ENDj, T;(B) is the family of tame paths in scale K started from B. Denote by zp the lower
left corner of B N Z2 Recall that Vy(x) := Bu(x,£/2) N Z? is a box of side length ¢, defined in
Section 1.1.

Proposition 3.2. There exists a universal constant ¢ > 0 such that the following holds for all A > 1
and K > Ky()\) := e, Suppose that j € [m — 1], B € END;, and o € R. Then, for any box V
satisfying Vyi(zp) CV C Vy,

P(P is (V,\,«)-open for some P € T;(B)) < ¢ 0O0VEK
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(a+Lb+h+w)

(a+Lb+h)

(a,b +w)

(a,b)! : /

F1GURE 3.3. D and its crossing.

In Section 3.1, we will show that with positive probability, a good parallelogram (defined above
Lemma 3.3) with aspect ratio O(1) has no open crossings (see Lemma 3.3). In Section 3.2, we will
first investigate tame paths from B to another end-box B, i.e., paths in T}(B, B"). We will adjust

the modified ellipse E(P) (defined above Definition 2.9) for all P € Tj(B, B’) to a parallelogram
D with aspect ratio of order K, and then extract v K /8 disjoint good parallelograms D;’s from D

(see Figure 3.6). Then, we will show that with probability not exceeding e~0015VE there exists a
(V, A\, a)-open path in T;(B, B’) (see Lemma 3.4). Finally, we obtain Proposition 3.2 by the union
bound, where B’ is taken over all possible end-boxes.

3.1. Good parallelograms. In this section, we consider a closed parallelogram D with corners (a,b),
(a+1,b+h), (a+1,b+ h+w) and (a,b+ w), where

a,leZ; bwheR? 1>h>0; andl>w>10

(Here 10 is a somewhat arbitrary choice). We call [ and w respectively the length and width of D.
By crossing of such a parallelogram D, we mean a path in D connecting its two short sides (see
Figure 3.3). Define the crossing event as follows:

A(D,V, A\, a) := {there exists a (V, A\, a)-open crossing of D}. (3.1)

Denote 0 = arctan % Define the anchor of D as follows:

o (La—l—h+l—7wsin20J [b+h—l+7wsin00059D
Vo = B s 9 .
Note that 6 € [0, %] and vy € Z*. We say that D is good if

[ = 16w.
The proof of the following lemma is similar to that of Proposition 4 in Ding and Li (2018).

Lemma 3.3. There exists a universal constant ¢ > 0 such that the following hold. Suppose X\ > 1
and L/w > N Then, for each good parallelogram D with width w and anchor vy, and a € R, we
have

]P(A(D, Vi (v0), A, a)) < g. (3.2)

Proof: For j = 0,1,2,3, denote by D; the rotation (counterclockwise) of D around the anchor
v, with the angle of rotation being equal to j x 7 radians, respectively. Since D is good, by the
definition of v, U?:o D; forms an annulus centered at vg, lying in Vy;(vg), and surrounding Va,,(vo).
We denote this annulus by R (see Figure 3.4). Abbreviate V := Vj(vg) and A; := A(D;,V, \, a).

Then,

on the event ﬂ?:o Aj;, there is a (V, A, a)-open contour in R,
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Var(vo)

FIGURE 3.4. R is the (green) annulus. (Red) curves are open crossings of D;’s.

where by contour, we mean a path with two endpoints coinciding. We use C to stand for a contour.
Denote by € the collection of all contours in R, equipped with the partial order: C; =< Cy if
C7 C C3, where C* consists of sites surrounded by C. Let % consist of all open contours in R,
which can be regarded as a random subset of €. Then, there exists a unique maximal open contour
in ¥, which is denoted by C. Then, it suffices to show

e "

Indeed, assuming (3.3), we have

P(% #0) > P(Nl_gAj) =1 —P(U_ A9
3
>1- P(AS) =1-4(1 - P(A)),
§=0

where we have used the fact P(A;) = P(Ap) by rotation invariance. Consequently, we have P(Ag) <
i.e., Lemma 3.3 holds.
Next, we will show (3.3). Denote

1
X=— E v .
‘8V2w(?10)‘ i (77 (33) + Oé)
x Qw(UO)

7
8

Let ¢ > nCy 4 log2, where C is defined in Lemma 2.1. By the assumption L/w > e“* and
Lemma 2.1,

2 L 1 L
1% Vi s 2 Ly > 4 L ‘
En¥ (z)n" (y) > - log (2w> Ci > - log <2w) for all z,y € OVay,(v0)
It follows that . r
X) > = ). :
Var(X) > - log <2w> (3.4)

For a deterministic contour C lying in the annulus R, let C= (V'\ C*) U C consist of sites outside
C (including the boundary C). Denote Fg :=o{n" (z): z € 6} and Y := X —E(X } F&)- Recall
£ = 16w since D is a good parallelogram. By taking D, ¢; and {3 in Lemma 2.7 respectively as C*,
2w and 41, one has }° oy, () Gor (2,y) < 2(4] — 2w). Consequently,

1
Y) = — — g * < 16. .
Var( ) ’8V2w('l)0)‘2 Gc (-T,y) <16 (3 5)
z,y€0Vay (Vo)
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Note that for each z € OVay,(vp),
E(n"(z) | Fa) =Y Pe(Sr =v) - 0" (1), (3.6)
yeC
where {S,} is the simple random walk started from z, and 7 is the hitting time to C. Recalling
that C is the maximal, i.e., the outermost, open contour in %, one has {C = C} € F&- On the
event {C = C}, we have |n" (y) + a| < X for all y € C. Combined with (3.6), it yields that for all
T € 8V2w(vo),
[E(n" (2) +a | F)| < Y Pal(Sr =) [0V (v) +a| < A
yeC
This implies [E(X | Fg)| < A. Consequently, |X| = |E(X | Fg) + Y| < 2X provided [Y] < A.
Noting that ¥ and Fg are independent, we have
P(X|<2X[C=C)>P([Y|<A|C=C)=P(]Y| < \).
It follows that

P(|X] <2),C=C) _ P(IX|<2))
%7&@ CZG:Q]P)C C Z:IP)(|)(|§2)\|C:C)S P(Y]<\) (3.7)

Let ¢,2 be the probability density function of N(0,02). By (3.4) and (3.5), for A > 1,
P(IX] <2X) <4X¢,2(0), P(Y] <) 2 P([Y] <1) = 216(1),
where 0% := 1 —log ( ) These, combined with (3.7), imply that for all A > 1,
AAp42(0) 2 A
P(e #0) < 00 < V2
2¢16( )~ d16(1) /A2 —log2
C/)\Z

where we have used the assumption L/w > e Finally, pick a large constant ¢ such that
¢ > 7C1 +log 2 and the right hand side above is less than . Then, we obtain (3.3). This completes
the proof of Lemma 3.3. O

3.2. Proof of Proposition 3.2. Recall that END; consists of boxes of side length K772, defined
in (2.3), and Tj(B, B’) consists of tame paths in scale K’ from B to B, for B, B’ € END;. The
essential ingredient of Proposition 3.2 is the following lemma.

Lemma 3.4. Under the same assumptions of Proposition 3.2, for all B’ € END; such that
T;(B,B') # 0,

]P’(P is (V, X\, «)-open for some P € Tj(B,B’)) < ¢ 0015VE
Assuming Lemma 3.4, we can obtain Proposition 3.2 via the union bound.

Proof of Proposition 3.2, assuming Lemma 5.4: Note that for B € ENDj, one can find at most K>®
boxes B’’s in END; such that Tj(B, B’) # (. By the union bound, for K > Ky(\),

IP’(P is (V, A\, @)-open for some P € T](B)> < KPe 001VE < o~00VK
This completes the proof of Proposition 3.2. 0

Next, we will concentrate on proving Lemma 3.4. In the rest of this section, we will assume
that j € [m — 1], B and B’ are two fixed end-boxes such that T;(B, B") # (), V is an arbitrary set
satisfying V, i (2g) C V C Vi, where zp is the lower left corner of B NZ2, and « is an arbitrary
real number. Note that

U C Vigi(zp) C V.
PET;(B,B')
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FIGURE 3.5. The parallelogram D covers the modified ellipse E (P) (except the area
around the ends) for all P € T}(B, B').

Let (x,9), (2',1") € R? be the lower left corners of B and B’, respectively. Without loss of generality,
suppose that 2’ — x > 9y’ —y > 0. Then, it is not hard to check that the following geometric facts
hold for all K > 232,

(G1) We can find a parallelogram D with width w = 20K7~! and length K7/4 such that the
following holds. Each path P in T;(B, B’), i.e., a tame path in scale K7 from B to B/,
contains a crossing of D (see Figure 3.5);

(G2) We can extract good parallelograms D;’s, i € [v/K /8] from D, with width w := 20K7~! and
length | = 16w such that the following holds. Denote by v; the anchor of D;, L := Ki=1/2,
Ui := Vi (v;). Then, U;’s are disjoint, and D; C Vy(v;) C U; for each i (see Figure 3.6).

(G3) Let U := Ul.e[\/[?/g] Ui. Then, U C Vygi(zp) C V.

By (G1),
{P is (V,\,@)-open for some P € T;(B,B')} C A(D,V,\,«), (3.8)

where A(D,V, ), a) is the crossing event defined in (3.1).

We now decompose the GFF 7V into independent GFFs on boxes U;’s and an independent
harmonic function. Precisely, define

Fo=c{nV(2): 2 (V\U)UIU},
Hy(z) :=E(n"(2) | Fo), n"i(2) :=n"(2) — Ho(z) for all z € U;.
By the Markov property (Lemma 2.2),
N’ = {n"(2) : 2 € Ui}

is a version of the GFF on U; for each i € [V/K /8]. Moreover, ni’s are mutually independent since
U;’s are disjoint by (G2), and they are also independent of Hjp.

Denote
g := 1004/ Cs,

where (5 is defined in Lemma 2.3. Let & be the event that fluctuations of the harmonic function
Hy are not small, defined as

& = U Eoi, where & ; = {|H5(z) — Hy(vi)| > eo for some z € Di}. (3.9)
ic[VK/8]
Lemma 3.5. Let K > Cs := (2V C3)*? (recalling that Cs is defined in Lemma 2./). Then,
P(Ey) < e 03V

Proof: Recall w = 20K7~', | = 16w, and L = K7~'/2 by (G2). Recall that Cy := 2C3+/C3, which
is defined in the proof of Lemma 2.6. By the assumption K > C5, we have (74\/%7 < gg. Setting
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'/ Uip1

wi=

FIGURE 3.6. D (defined in (G1)) is the parallelogram in red, with aspect ratio of
order K. U;’s are the boxes in blue. The hard parallelograms are D;’s, with aspect
ratio of order 1.

f =4l and € = g¢ in Lemma 2.6, we have

]P’(S(M) < P(‘Ha(z) - Ha(vi)| > ¢ for some z € VM(W)>

2

L
< dew{ oy

where we have used the fact that D; C Vy(v;) C U; by (G2) in the first inequality, and K > Cs > 232
in the last inequality. By the union bound, IF’(SO) < %\/[i(efo'gﬁ < 6*0'5‘/? completing the
proof. O

Proof of Lemma 5./: Suppose that A\ > 1, j € [m — 1], B,B’ € END; such that T;(B,B’) #
0, Vigi(z) €V C Vy, and o € R. Let D be the parallelogram defined in (G1). Let A =
A(D,V,\, «), which is the crossing event defined in (3.1). By (3.8), to prove Lemma 3.4, it suffices
to show that

P(A) < ¢ 0015VE, (3.10)
Recall w = 20K7~" and L = K7=/2 by (G2). Let ¢ be a constant such that for all A > 1,
Ko(A) i= €™ > 40027 M <0)* v 5 v C, (3.11)

where ¢, C, Cs, g9 are respectively defined in Lemma 3.3, Proposition 2.8, Lemma 3.5, and
above (3.9). For K > Ko(\), we have L/w > e”(+€0)” Then, by (G2) and Lemma 3.3, for
each a,

]P(A(D’La Ui7 A+ €0, a)) <

(ORI

for all 1. (3.12)
Note that for z € D;,
0" (2) =" (2) + Ho(2) = (" (2) + Ho(vi)) + (Hp(2) — Ho(us)).

By the triangle inequality, on the event {|Hy(z) — Hy(v;)| < g for all z € D;},
implies [n%i(2) + a + Hy(v;)| < A+ &g for each z € D;. Denote

Ai = A(Dla Uia A + €0, + Ha(vz))

nV(2) + oz‘ <A
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Then, on the event &f,
AC m A(DZ‘,V,)\,O&) - ﬂ A;.
i€[VK /8] i€[VK /8]
Therefore,
P(A) < 1@( N A,-> +P(&),
i€[VK/8]

where IP’(SO) < e~ 0VE by Lemma 3.5. Recall that Fy is the sigma-algebra outside U, defined
below (3.8). Since A;’s are conditionally independent given Fjy,

IP( N Ai>:EIP’< M A ]-"3>:IE< 11 IP’(Ai\]-"a))

ic[VK/8] ic[VK/8] i€[VK/8]

By (3.12), P(A4; | Fy) < % for all ¢, where Hp(v;)’s are regarded as constants for being measurable
with respect to Fy. Collecting the above arguments, we conclude that for all K > 1?0(>\) > Cy > 232

VK/8
]P’(A) < (;)L /8] +670.5\/? < o—0.015VE

Thus, (3.10) holds, which completes the proof of Lemma 3.4. O

4. Multi-scale analysis on the hierarchical structure of the path

Recall that SL; consists of paths P with || P|| being of order K7 (see (2.1)), where || P|| is the
Euclidean distance of the two ends of P. Recall that for P in scale K7, i.e., P € SL;, a tree Tp of
depth j is associated with P (see Section 2.2). The root p of Tp corresponds to P, and a node u at
level r = L(u) of Tp corresponds to a sub-path P% in scale K7~". Moreover, the node u is said to
be tame/open if so is P".

Next, we will estimate the quantity of nodes in 7p which are both tame and open. The results
are stated in Propositions 4.2 and 4.3, which will be respectively proved in Sections 4.1 and 4.2. On
the one hand, for paths in 73]@’6’1(, untamed nodes are rare in the associated trees (see Lemma 2.10).
On the other hand, Propositions 4.2 and 4.3 give upper bounds on the quantity of tame and open
nodes. Combining them, we obtain Proposition 4.4. We will prove Theorem 1.1 by assuming
Proposition 4.4, and defer the proof of Proposition 4.4 to Section 4.3.

Let j € [m—1], and B € ENDj, which is a box of side length K72 (see (2.3)). Recall that P;(B)
consists of paths in scale K7 started from B (defined in (2.4)). Suppose 0 < r < j — 1. Let Tp, be
the collection of nodes at level r. For each u € Tp,., there is a unique end-box in END;_,, denoted
by B,, containing the starting site of P*. Let .« be the collection of all real functions & defined on
end-boxes, i.e.,

a: U END,; — R.
1€[m—1]

Suppose @ € «/. For all P € Pj(B), & induces a function on 7p:
U Oy = o?(Bu), for all u € Tp. (4.1)

Let Op be the unit uniform flow on 7p from the root p to the leaves (the definition is just before
(2.2)). Recall that a path P is (V, A, a)-open if [ (z) + a| < A for all z € P (see Definition 3.1).
A node u is said to be (V, A\, )-open if so is P*. Suppose A >0, a € &, j€[m—1],0<r<j—1,
and B € END;. Let V be a box such that Vyx;(zp) C V C Vi, where zp is the lower left corner
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of BNZ?. For P € P;(B), the fraction of tame and open nodes, i.e., the total flow through such
nodes, at level r is defined as

YP,T,)\,& = Z Hp(u)l{u is tame and (V,\,a.,)-open}» (42)
uGprT
which is bounded by
fr,)\,o‘z,j,B = max {YP,T,)\,d :Pe P](B)} (43)

Note that @, = a(B), which is a constant for all trees associated with paths in P;(B). Thus, in the
specific case r = 0,

50,)\,07,]',3 = 1{P is (V,A,&,)-open for some P€T;(B)}-

Then, Proposition 3.2 can be repeated in terms of the unit uniform flow as follows.

Corollary 4.1. Suppose A >1, K > I?O()\) =N je [m — 1], B € END;, Vygi(2p) CV C Vy,
and & € /. Then,

P(prajp > 0) < e OOVE,
Next, we will investigate the case r > 1. Recall that (5 is defined in Lemma 2.3. Define

g0 = 1001/Cs, €1 =8/ Cy, and B =277, e,11 = 4/Co™/? forall r>1, (4.4)

which will be used to bound the fluctuations of the harmonic functions. Define recursively
R R R T
R\ =K, i(A+e) = Ry ()\ + Zg) for all 7 > 1.
i=1

Furthermore, we denote
¢ = (BK)" for all r > 1,

which will be used in the exponents in the upper bounds of probabilities. Denote

9log K log(1 4+ 2¢,) + 98 tlog K
Al == W’ T+1 == CT for all T Z 1
Define recursively
00=0, n=1/2; d31=06+A, forallr>1, (4.5)

which will be used to bound the fraction of tame and open nodes. We will prove the following
Propositions 4.2, 4.3 and 4.4 in Sections 4.1, 4.2, and 4.3, respectively.

Proposition 4.2. Suppose 2 < j <m — 1. Then, for A > 1, K > I?l()\), B € END;, Vki(z) C
V CVn, and & € o, we have

1/8

1
P(&10,a,5,B > 0) < e K foralld > 6, .= 7

Proposition 4.3. Suppose 2 < r < j < m —1. Then, for A > 1, K > I?r()\), B € END;,
Viki(z) CV C Vy, and & € o, we have
P& na,4,8 > 6) < 2 Cr—1(6=0r) for all § > 6,.

Proposition 4.4. For all k € (0,1), there exists a = a(k) > 0 such that for all A > 1,
log N
B(P is Aeapen for some P e PP < (258 -a)
for all N > exp{ea)‘Q},

Assuming Proposition 4.4, we will show Theorem 1.1.
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Proof of Theorem 1.1, assuming Proposition /./: For A > 0,¢e > 0, define
Eyen = {P is A-open for some P € 77;,’6}.

For A > 1, letting € = €y := e_‘”‘Z, by Proposition 4.4, P(E)ny) — 0 as N — co. For X € (0, 1],
letting € = e~?, noting that E) . n C Eq ¢, n, we also have P(Ey . y) — 0 as N — oo. Thus, we
have completed the proof of Theorem 1.1. ]

4.1. Proof of Proposition /4.2. We will apply a large deviation analysis on Yp; ) 4 (see Lemma 4.5),
noting that Yp ) 4 is the fraction of tame and open child-paths of P. This section is organized as
follows. We will first introduce notations and show preliminary results. Next, we will show lemmas
for preparation. Finally, we will prove Proposition 4.2.

Assume 2 < j < m — 1, B € ENDj, V is a box such that Vx;(2g) €V C Vy, and & € &.
Recall that P;(B) consists of paths in scale K started from B. Suppose P has d child-paths
PO ... P which are in SL;_1. Suppose P is started from an end-box B; in END;_;. Recall
that each end-box in END;_1 is of side length K773 for j > 3, and consists of a single site for j = 2
(see (2.3)). By Proposition 2.8, cach B in BD;_1 contains at most 12 end-boxes in the sequence
S := {Bi}ic[q- Denote by ENDE-dJ1 (B) such sequences, and for each S, denote by P; s(B) paths
whose d child-paths respectively started from B;’s, i.e.,

Pis(B) := {P € SL;j: P is started from B, and has d child-paths

A (4.6)
such that P%) € P;_1(B;) for all i € [d]},

END!?, (B) := {s . B; € END;_; for cach i € [d]; Pjs(B) # 0

and #{i : B; C B} <12 for each B € BD; 1 |,
where # stands for the cardinality of a set. Then,

Pi(B) < | U  PisB). (4.7)
42K scEND\?, (B)

Consequently, it boils down to analyzing properties of paths in P; s(B).

Next, we will assume that d > K and S := {Bi}ic|q € ENDSC?l(B) for the rest of this section.

Abbreviate

zi = zp, and U; := Vi, 7/s(2;) for all i € [d] (4.8)
Note that U; C Vygi(zg) € V for all i € [d] (see Figure 4.7). Suppose P € P;s(B). By (4.6),
PO € P; 1(B;) € SL; 1 for all i € [d]. By the definition of SL;_1 (see (2.1)), P C Vyg,1(2).
Therefore, we conclude

P9 C Vypeioi(2) CU CVigi(zp) CV forall i € [d].

Let H; be the conditional expectation of nV given o{nV(2) : z € Uf U dU;}. By the Markov
property (Lemma 2.2), n% := " — H; is a version of GFF on U; for each i € [d]. For all z € P®),
we write

0" (z) = (0" (z) + Hi(z0)) + (Hi(x) — Hi(21)).
Recall that €1 = 8\/C3 is defined in (4.4). Denote by Es the event that fluctuations of some H; is
not small, i.e.,
Es = U {‘Hz(x) — Hi(z;)| > &1 for some z € V4Kj_1(z,;)}. (4.9)
1€[d]



Chemical distance exponent 745

&
g;; 2 — | P?ﬁ

U;

(a) (b) (c)

FIGURE 4.7. The solid boxes are end-boxes. P € SL;, which is the curve in (a).
The child-paths P)’s are in scale K71, and are distinguished from each other with
different colors in (b). In (c), we zoom in the local of a specific U;, which is a box of
side length K7~7/8.

Assume fg occurs. Denote «; := @(B;), recalling (4.1) for the definition of a. By the triangle
inequality, if P®) is (V, A, oy)-open, it is (U;, A + €1, a; + H;(2;))-open. Hence, the following event
E; occurs.
E; := {there exists a tame and (U;, A + €1, a; + H;(2;))-open path in P;_1(B;)}.
Recall that Yp )4 is the fraction of tame and (V) A, &, )-open nodes at level 1, defined in (4.2).
Consequently, on the event £§, for all P € P; s(B), we have
d d

YP,LA a = d Z l{P(Z> is tame and (V,\,a;)- open} =4 Z Gis
=1 =1

where (; := 1p, is the indicator function of F;. Denote

(1,5 := max {YP,L)\@ :Pe 'Pj,g(B)},

and we have

d
1 ~
C,s < p E Gi, on the event £5.
i=1

Consequently, for all 6 > 0 and S € ENDE )1 (B),

P({Crs > 61N ES) < P( ch > a) (4.10)

The proof of the following lemma is based on a large deviation analysis, similar to that of Lemma
4.4 in Ding and Zhang (2019).

Lemma 4.5. Suppose A > 1, K > K1(\) and d > K. Then, for each S := {B; Viela) € END( : 1(B),
we have

d
1 —107*K1/45d _
]P)(d;:lg>(5>§e foralld > 6 ==
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Proof: Let fx = (48K 1/ =1, We will divide B;’s into ,81}1 groups in the following procedure, such
that U;’s in each group are disjoint (see (4.8) for definition of U;’s). Recall that B; is a box of side
length K7=3 for j > 3, and consists a single site for j = 2. Recall that U; is the box of side length
KI=7/% centered at z; = zp,. Thus, if de(B;, By) > 1. 5K] /8 then du, (Ui, Uy) = KI=1. First,
we will divide BDy;-1 into 4K = (2K7~ 7/8/KJ b famlhes QS s, where Ql consists of boxes
respectively containing (2aK7~ /8 pKI~T/3), a,b e Z and other G,’s are its shifts. Let

Gs 1= {Bi ;1 € [d], and B; C B for some B € QS}.

Then, by Proposition 2.8, we can divide each G into 12 groups G, ¢, ¢ € [12], such that for each s, ¢,

a box in G contains at most one B; in G, ;. Thus, U;’s in each group Gs; are disjoint.
Let Ust = U;.p,eg. , Ui- Define the sigma-algebra

Fot = U{nv(x) 2 € (V\Usy) UdUsy}.
Then, conditioned on Fj¢, ¢;’s in each group Gs; are mutually independent. Denote

Wy = H eaﬂK(Ci_‘s)’
Bi€Gs,¢

where § > §; = % and a is a positive number to be set. Then, we have
EW,)’<=E ] ¢ 9=k [] E<e“(¢?‘5) ‘ fs,t).
B;€Gs,¢ B;€Gs ¢

Next, we will estimate E(e“(@_‘s) } Fsp). Let g(K) =e —00VK Since K > K, N\ = I?o()\ +¢e1), by
Corollary 4.1, ¢; is a Bernoulli random variable with P(¢; =1 | Fg) < g( ). Consequently,

E<ea(<i—5) ’ J_"S,t) S ea(l—(s)g(K) _|_€—a5 S QQ(K)(S,

where in the last inequality we set a = log (%6 g(K )*1>. By the Cauchy-Schwarz inequality,

. 4K/4 12 4KY/4 12
EeaﬁKzizl(Ci = F H HWst < H H(EwsléﬂK>
s=1 t=1 s=1 t=1

Collecting the above results, we conclude that

4KY4 12

P(3 ZQ>6><E66‘5KZM@ "< T IT

s=1 t=1B8B; Egs +
< (2g(K) )ﬁxd < 107 LK146d.
This completes the proof of Lemma 4.5. ]

Recall that C5 = (2 V C3)3? is defined in Lemma 3.5. The following lemma is a deterministic
geometric fact.

Lemma 4.6. Suppose K > C5, j € 2,m —1]NZ and B € END;. Let {B;:1 <t <T} consist of
boxes in BD;_3 that intersect with some path in P;(B). Then, T < K".

Proof: Suppose P € P;j(B), and it is started at zp. By the definition of SL; (see (2.1)),
KI<|P| <K'+ K’7', PCB(zp,||P||), and |zp— 25| < K72
If B’ € BD,_3 intersects with a path in P;(B), one has B’ C By (z2p, K7 + K771 + KI72 4 Ki73).

Note that boxes in BD;_3 are non-overlapping. For K > Cj5 > 232 we have T' < (;f(_]B)Z <K' O
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Recall that &g is the event that fluctuations of some H; is not small, defined in (4.9). Define the
event ~
&= U & (4.11)
42K sepnpl®, (B)
Next, we will estimate P(£;). Recall that C5 = (2 V C3)32 is defined in Lemma, 3.5.
Lemma 4.7. Suppose j € [2,m —1]NZ, B € END;, and K > C5. Then, IP’(El) < e~ 15K,

Proof: The proof is analogous to that of Lemma 3.5. Let {Bj} : t € [T} be those boxes given in
Lemma 4.6. For each Bj, abbreviate z; = 2, and W; = Vj;j_7s(2;). Let H; be the conditional

expectation of ¥ given ”V‘Wtuawy By Lemma 2.6, for K > Cs and t € [T], we have P(&;;) <
46’2K1/8, where
&1 = {|H{(x) — H{(2{)| > &1 for some = € Vygj-1(z;) }.
Note that
&<l &
te(T]

and T < K. We conclude
P(&) < AT e 2K  ,~15K'/8
which completes the proof. ([l

Finally, we will prove Proposition 4.2, by combining the above results .

Proof of Proposition /.2: Suppose A > 1, K > I?l()\), j€2,m—1NZ, B € ENDj, Vygi(zp) C
V C Vn, and & € «/. By the decomposition of paths (see (4.7)),

)
Péipags>0) <> > P({Cs>0nE&) +P(&), (4.12)
=K sepnp\? (B)
where &1 5 45,8 and (1 s are defined in (4.3) and above (4.10), respectively. By Lemma 4.6, there
are at most K¢ sequences in END§691(B). Combining (4.12), (4.10), Lemma 4.5 and Lemma 4.7,
and using the union bound, we conclude that for § > %,

oo
P(Eipagp > 0) < O KT 10T K0 4 o= LSKYE o —IOS,
d=K
This completes the proof of Proposition 4.2. O

4.2. Proof of Proposition 4.5. The framework of this section is similar to that of the previous section,
which deals with the specific case » = 1. In this section, we will apply an induction analysis on r, by
using the recursive relation of Yp,. » 5’s (see (4.15)). The proof is similar to that of Proposition 4.2,
but suitable adjustments need to be made.

Assume 2 <r < j<m—1, B € END;,Vygi(2p) CV C Vy, and @ € &/ in this section. Let
S := {Bi}e[q, which is a sequence of end-boxes of side length K773, Compared with (4.8), we
adjust the side length of U; here, and define

zi:=zp, and U; = Vjgj-1(z;) for all i € [d]. (4.13)
Note that U; C V for all i. Let H; be the conditional expectation of " given nV Recall

that 8 =279 and e,41 = 4v/C13"/? are defined in (4.4). Define the events

gng = U Eri, and & = U U 6/';73 for all r > 2, (4.14)
i€[d] 42K sepNpl?, (B)

UguaU;”
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where ~ ~
Eri = {there exists a box B € END;_, such that B C V3p;-1(2;)
and |H,(x) — Hi(z§)| > ¢, for some z € Vg (25)}-
Note that if B C Vigs—1(2) then Viki-r(25) € U; for all r > 2 (recall (4.13)). Here, 5}75 and &,
play the roles of Es defined in (1.9) and & defined in (4.11), respectively.

Suppose P € Pjs(B). Then, the i-th child-path P of P is started from B;. Suppose u €
Tpe) y—1, 1.6, uis anode at level r —1 in Tp(), and thus at level r in 7p. Then, P" is in scale Ki—r,
Recall that B, is the unique box in END;_, containing the starting site of P*, and z, := zp,. Since
P is a sub-path of P and P is started from B;, we have

By € Vagi-1(z) CU;,  and PY C Vygi—r(2) C Us.
For all x € P%, we write
¥ () = (0" (x) + Hi(z)) + (Hi(z) — Hi(za)).
By the triangle inequality, on the event £, uis (Ui, A+, @y + Hi(zy))-open if it is (V, A, &, )-open.
Recall that Yp, ) o is the fraction of tame and (V, A, &,)-open nodes in Tp, defined in (4.2). Then,

d
1
Yoraa =2 ; Ypo) r—1na- (4.15)
Furthermore, define
Crs = max{YpJA@ P e Pjﬁ(B)},

Ci,r—l,)\—I—ar,j—l = max Z HQ (u)l{u is tame and (U;,A\¢er,&u+H;(2u))-open}- (4'16)
QEP;-1(Bi) uETQ,r—1

Here, (s and (;y—1te,,j—1 play the roles of (1 s and ¢; (defined above (4.10)) in the previous
proof, respectively. Then, we have

d
~ 1
P({Cng >0}N 57(i$> < P<d Zzl Gir—1 A erj—1 > 5), (4.17)

which is analogous to (4.10).
The proof of the following Lemma 4.8 is quite analogous to that of Lemma 4.7, thus is omitted.

Lemma 4.8. Let r € 2,m —2|NZ, j € [r+1m—1NZ, B € END; and K > Cs. Then,
P(&) < e -1

Next, we will show Proposition 4.3. The idea of the proof is essentially similar to that of
Lemma 4.5, while the whole proof is much more complicated here.

Proof of Proposition /.5: We will prove that the following statements (i) and (ii) hold for all 2 <
r<ji<m-—1. R
(i) Suppose A > 1, K > K, (\), B € ENDj, Vii(25) CV C Vy, and & € «/. Then,

P(&aa,5,B > 0) < 2e~Cr=100=0r)  for all § > 6,

(ii) Suppose A > 1, K > K,11(\), B € ENDj.1, d > K, {Bi}icjq € END\”(B), and a € o/.
Recall (4.16) for the definition of {;; xye,,, ;. Then,

d
1 9 et (5= d
P(d ;:1: Cirbering > 5) < (K 9¢=Per—1(0 5r+1>) for all § > 0,1. (4.18)
0

In Step 1, we will show that (i) implies (ii) for the same 7. In Step 2, we will show (i) for r being
replaced with 7+ 1 and all j € [r+2,m—1]NZ, provided that (ii) holds for all j € [r+1,m—1]NZ.
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In Step 3, we will show (i) holds for » = 2 and j € [3,m — 1] N Z, which serves as the induction’s
basis.

Step 1. Suppose (i) holds. We will prove (ii). The proof is analogous to that of Lemma 4.5.
Concretely, we can divide {B;};c[q into 432(< 27 = 1) groups G’s such that U;’s in each group

are disjoint, where U; = V,gj-1(2;) (see (1.13)). Denote U; = Ui.5,eg, Ui- Then, define the sigma-
algebra N N
Fe=o{n"(z) 12 € (V\U)UOU},
which plays the role of F5; in the proof of Lemma 4.5. Abbreviate ¢; = G rate, 1,5
For each i € [d], applying (i) to A + &,41, we have for all K > K,11(\) := K (A +&741),

P(¢ > 6| Fp) < 2e 1079 for all § > 4. (4.19)
It follows that

E(e @0 | F) < (1+ 26,q)e7 070,

By replacing 2g(K) in the proof of Lemma 4.5 with the right hand side in the above inequality, in
an analogous way, we conclude that

d
1 Bd
P(d ;1 G > 6) < ((1 + 20,,,1)6_6“1(5_5”)) for all § > 9,.

For § > 4,41, we split § — §, into (§ — d,4+1) + A, on the right hand side of the above inequality,
where A, is defined above (4.5). Then, we obtain (4.18), finishing the first step.

Step 2. Assuming that (ii) holds for all j € [r+1,m—1]NZ, we will show (i) for r being replaced
with 7+ 1 and all j € [r+2,m—1]NZ. Note that r+2 < j <m—11impliesr+1<j—1<m—2.
For K > K,,1()\), we apply (i) to j — 1, and have

d
1 o ge B d
P<d ;Ci,r)d-erﬂ,j—l > 5) < (K 9¢Ber-1(6 5r+1>) for all § > 6,41

Combining it with (4.17) and Lemma 4.8, we obtain that for all § > §,41,

P(&r410a,,8 > 0) < Z Z P({¢ry1,5 >0} N Af+1,3) + P (1)
=K seEND\Y, (B)

o0
< Z K™ (K‘ge_ﬁc“l(‘s_é”l)>d + e o < 2 Cr(0=0ri)
d=K

via an argument similar to (4.12). This finishes Step 2.
Step 3. Applying Proposition 4.2 to A + &2 and K > K3(\) = K1(\ + £2), we obtain that
P(Ciaaterjo1 >0 | Fi) < exp{—KY®} forall § > 4.

By a reasoning similar to Step 1, where (4.19) is replaced with the above formula, we obtain (i) for
r=2and j € [3,m — 1] NZ. This finishes Step 3.
As observed above, this completes the proof of Proposition 4.3. O

4.3. Proof of Proposition /./. In this section, we will suppose that A > 1, § € (0,1), K :=2F > C,
N > ¢“K” where ¢! = C'(k, §) is defined in Lemma 2.10. Recall
PK,(S,K_ PP‘ . 1+L2
N = : Pis a path in Vs, |[|P|| > kN and |P| < N "% 4,
K,0,K

defined in (2.2). Suppose P € Py"". By the tree construction in Section 2.2, one can extract dp
child-paths P()’s from P, which are in S£L,_1.
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Furthermore, P is identified as the root of the associated tree Tp (refer to the beginning of
Section 2.2 for the construction of associated trees). For u € Tp, one has L;(u) = L(u) — 1, where
L(u) and L;(u) are respectively the levels of u with respect to Tp and Tp@). Let 0p and 6 p) be the
unit uniform flows on 7p and Tp(), respectively(see the paragraph just above (2.2) for the definition
of such ﬂows). By Lemma 2.10,

1
Z Z dieP(i) (U)l{u is untamed} = Z Qp(u)l{u is untamed} < 20m.

1=1 u:0<L; (u)<m—2 w:l<L(u)<m—1
This implies that there exists ig € [dp] such that
Z ep(io) (u)l{u is untamed} < 20m.
w0< Ly (u)<m—2
Next, we will assume that P is A-open for the rest of the proof. Then, it requires to investigate
the fraction of tame and open nodes in the tree 75 associated with a path P in scale K m=1 where

P actually stands for P(). Suppose B € END,,_; and P e Pm—1(B), which is a path in scale
K™~ ! Recall that v € Vy is A-open if ‘nVN ‘ < A\ ie, vis (Vn, A, 0)-open. Set V =Vy, a =0,

j=m-—1land P = Pin (1.2) and (4.3) specifically. Then, the variables Yp,. y g and &) a,j,B therein
have the following specific expressionsx

p 7 N E 0 1{u is tame and A-open}>
u€Tp

EM,B = max{f/ﬁm/\ :Pe Pm_l(B)}.
By Proposition 4.3, forall A > 1,2<r<m-2, K > I/(\'T(/\)’
]P’(gr,)\,B > 5) < 2e~ =100 for all § > Ort1, (4.20)

where d, and ¢, are respectively defined in and above (4.5).
Denote by B;, be the unique box in END,,,_; from which Plio) ig started. Then, we have

m—1= Z ep(io) (u)l{u is A\-open}
w:0<Ljg (u)<m—2

m—2 m—2
= YP(iO),r,)\ + Z ep(io) (u)l{u is untamed} < Z gr,)\,BiO +20m.
r=0 w0 Ly (u) <m—2 r=0

By the above inequality,
]P’(P is A-open for some P € 77]'3“{)

m—2
_IP’( Z 57)\73 >m —1— 26m for some B € ENDm_l). (4.21)
r=0
Recall Ko(A) = e*” (see (3.11)), and that &,’s and K, (\) = Ko(A + > i, €i) are respectively
defined in and below (4.4). Then, noting that y ;2 &; < oo and Ko()) is increasing in A, one has

Koo(N) := Ko <)\ + is) < 0.

i=1
Recall (4.5) and see the paragraph just above it for the definitions of d,’s, ¢,’s and A,’s. Furthermore,
for all 6 > 0, there exists b = b(d) > ¢ such that for all A > 1,

K\, 8) = e > Ko(N),
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and
9logK log(1 + 2¢,) + 98 tlog K
Z A= BK1/3 Z c <.
r=1
Next, we will assume K > (/\, ) for the rest of the proof. It follows that §, < % + ¢ for all

r > 0. Next, we will set ¢ € (i 2) and assume m > 32. Then,
m—2 1
((5 + 27ﬂ+2(1 —85)m) <m—1-2dm.
r=0

Note that at most (K% /x)? different boxes lie in END,,,_1, since kN < K™*+2 by (1.3). Consequently,
by the union bound,

m-2 K12mz2
IP( Z & > m—1—25m for some B € ENDm1> < 7 Z P (4.22)

r=0 r=0

where
1
For r =0, 1, we have ﬁ(l — 80)m > 1, which implies py, , = 0. By (4.20), for 2 <r <m —2, we
have
1 K\r—1
Py < 2€xp —7(1—85)<6 ) mo.
’ 8 2

Furthermore, 3K /2 > 22?2, and thus 7(5—K)r ! > r for all r > 2. Therefore,

m—2 m—2 9
—(1-89)

S <23 e " S T (4.23)

r=0 r=2

Take constants &' := = and ¥’ = V/(x) such that for all A > 1,
Ko =" > K(\, &)V C'(k, &)V (8:72).
Denote a := 100 x b. For N > exp{e®*’}, one has log N > C'(k,8")K§. Consequently, the
above assumption m > 32 is satisfied. Combining (4.21), (4.22) and (4.23), we obtain that for
N > exp{e®*’},

P(P is A-open for some P € Py 2 KO)

12
4e m < 4/er2 —(4b'A2) 71 12/ N2 pp—(4b'A%) 7!

log N log N
<gr-2e (i 12vn) (55 —ax)
1 _9 _ 2 )2 1
Flnally, set € 1= WF’ Notlng € = (16 log 6) 1)\ 26 20’ \ > e a\ , we have 73]/:»[,6 C P]}:pf,(; , Ko

(see (1.2) for the definition of Py°). It follows that

P(P is Ad-open for some P € Py) <e (155 —ax?)

completing the proof of Proposition 4.4.
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