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Abstract. The Brownian excursion measure is a conformally invariant infinite
measure on curves. It figured prominently in one of first major applications of SLE,
namely the explicit calculations of the planar Brownian intersection exponents by
Lawler, Schramm, and Werner (2001) from which the Hausdorff dimension of the
frontier of the Brownian path could be computed. In this paper we define the simple
random walk excursion measure and show that for any bounded, simply connected
Jordan domain D, the simple random walk excursion measure on D converges in
the scaling limit to the Brownian excursion measure on D.

1. Introduction

A number of mathematically simplistic lattice models, including the self-avoiding
random walk, have been introduced in an attempt to better understand critical phe-
nomena in two-dimensional statistical physics. (For example, Flory (1949) describes
the “random flight” approximation to the spatial configuration of randomly coiled
chain polymers.) While these models have been studied for several decades, little
progress had been made until recently. The introduction of the Schramm-Loewner
evolution, a new family of conformally invariant distributions on random curves,
has led to a plethora of exciting results about the scaling limits of these models
at criticality. The scaling limits of loop-erased random walk (Lawler et al. (2004);
Zhan (2004)), uniform spanning trees (Lawler et al. (2004)), and site percolation
on the triangular lattice (Smirnov (2001); Camia and Newman (2006)) can now be
described using SLE.
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One of the first successes, however, of the SLE program was the determination of
the intersection exponents for random walk and Brownian motion, and the estab-
lishment of Mandelbrot’s conjecture that the Hausdorff dimension of the frontier
of the planar Brownian path is 4/3. (See Lawler et al. (2001) for a survey of this
work.) The Brownian excursion measure, a conformally invariant infinite measure
on curves which had been introduced in previous work by Lawler and Werner (2000),
figured prominently in the explicit calculations of the intersection exponents.

The goal of this present paper is to construct a discrete object, the simple random
walk excursion measure, which has the Brownian excursion measure as its scaling
limit. Of course, the convergence of simple random walk on Z? to Brownian motion
in C has been known since Donsker’s theorem of 1951. However, what had not been
established was a strong version of this result which holds for random walk and
Brownian motion on any simply connected domain where the errors do not depend
on the smoothness of the boundary. By proving in the present paper that for any
bounded, simply connected Jordan domain, the scaling limit of discrete excursion
measure is Brownian excursion measure, we establish such a result.

1.1. Main results. We begin with a discussion of the main results, leaving some
of the precise statements to later sections. Our concern will be exclusively two
dimensional, so we will identify C = R? in the usual way, and write any of w, z,
y, or z for points in C. A domain D C C is an open and connected set; write
D :={z € C: |z| < 1} for the open unit disk, and H := {z € C : m(z) > 0} for
the upper half plane. A standard complex Brownian motion will be denoted By,
t>0,and S,,n=0,1,..., will denote two-dimensional simple random walk, both
started at the origin unless otherwise noted. We will generally use T for stopping
times for Brownian motion and 7 for stopping times for random walk, and write E*
and P* for expectations and probabilities, respectively, assuming By = x or Sy = .

A subset A C Z? is said to be simply connected if both A and Z?\ A are non-empty
and connected. Write the (outer) boundary of A as A := {z € Z*\ A : dist(z, 4) =
1}. An excursion in A is a path w = [wo,w1, . ..,wk] With |w; —w,;_1| = 1 for all
7, wo, wi € 0A; and wy,...,wg—1 € A. It is implicit that 2 < k < oo; the length of
w is |w| := k. We can view excursions of length k as curves w : [0, k] — C by linear
interpolation. Write IC4 for the set of excursions in A, and define the simple random
walk excursion measure as the measure on X4 which assigns measure 4% to each
length k excursion in A. That is, the excursion measure of w = [wg, w1, . . ., wg] is the
probability that the first k steps of a simple random walk starting at wg are the same
as w. Let D C C be a bounded simply connected domain containing the origin, and
for each N < oo, let Dy denote the connected domain containing the origin of the
set of z = u+iv € Z? such that {u/ +iv' : ju—u/| < (2N)71, jv—0'| < (2N)~1}
is contained in D. For each N, we get a measure on paths denoted pgp =~ by
considering the random walk excursion measure on Dy, and scaling the excursions
by Brownian scaling: w®)(t) := N~'/2w(2Nt). As N — oo, these measures
converge to pugp, excursion measure on D, which is an infinite measure on paths.
Since Brownian motion in C is conformally invariant (up to a time-change), usp is
also conformally invariant. (See Proposition 3.31.) If ', T are disjoint arcs in 9D,
then conditioning the excursion measure to have endpoints z € I', w € T, gives a
probability measure on excursions from I" to Y in D.
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The primary result of this paper is that for any bounded, simply connected
Jordan domain D, simple random walk excursion measure converges to Brownian
excursion measure on D.

Theorem 1.1. If D is a bounded, simply connected domain containing the origin
with inrad(D) = 1, 9D is Jordan, and Dy is the 1/N-scale discrete approzimation
to D, then

p(4p5py, pop) — 0
where p denotes the Prohorov metric.

As we are discussing the convergence of infinite measures, we need to be a little
careful about how we define convergence in the Prohorov metric (which is usually
defined only for finite measures). As the restriction of excursion measure to disjoint
boundary arcs gives a finite measure, Theorem 1.1 is to be interpreted as meaning
that for any pair of disjoint boundary arcs I', T C D,

p(4upp, (TN, TN), pop (T, T)) — 0

where T',,, T are the “associated (discrete) boundary arcs in Dy.” In Section 4.5
we prove the precise formulation of Theorem 1.1.

Since a Brownian (resp., random walk) excursion can be viewed as consisting of
a Brownian motion (resp., random walk) plus tails, the proof of convergence has
two distinct parts—a “global part” plus a “local part.” The strong approximation
of Komlés, Major, and Tusnddy (1975, 1976) is used to couple random walk and
Brownian motion in the interior of the domain away from the boundary. This
global part does not depend on the smoothness of the boundary. The local part
concerns the tails whose behaviour can be controlled using the Beurling estimates;
here the structure of the boundary does come into play. The proof of convergence
also employs an estimation of the discrete excursion Poisson kernel in terms of the
excursion Poisson kernel derived in Kozdron and Lawler (2005) which was used in
that paper to prove a conjecture of Fomin (2001). (See Kozdron and Lawler (2006)
for a direct derivation of the scaling limit of Fomin’s identity in the case of two
paths.) Hence, by proving the weak convergence of excursion measures, we are
extending the “central limit theorem” for the endpoints of the excursions proved
in Kozdron and Lawler (2005).

Technically, since ugp,  is supported on continuous curves, we must associate to
Dy adomain Dy C C by identifying each point in Dy with the square of side length
1/N centred at that point. It is important that these so-called “union of squares”
domains Dy converge to the original domain D. However, the convergence is not in
the usual topological sense, but rather in the Carathéodory sense. This is captured
by the following theorem which is carefully stated and proved in Section 4.3.

Theorem 1.2. If fn, f are conformal transformations of the unit disk D onto
Dy, D, respectively, with fx(0) = f(0) = 0 and fx(0), f/(0) > 0, then fn — f

uniformly on compact subsets of D. In other words, Dy < D.

1.2. Outline of the paper. In Section 2, we establish some notation, and recall some
facts from complex analysis about conformal transformations. We also review the
definitions and basic facts about Green’s functions on both C and Z2. Section 3 is
devoted to a discussion of excursions and excursion measures. Included are some
fundamental ideas about spaces of curves and measures on metric spaces. We also
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review the Prohorov topology, and prove several easy lemmas about the Prohorov
metric which are needed in the sequel. The Poisson kernel and excursion Poisson
kernel are then reviewed, with an emphasis on their conformal covariance proper-
ties, and a construction of excursion measure on D, differing from that in Lawler
(2005), is carried out. The final section, Section 4, is devoted to the proofs of
Theorem 1.1 and Theorem 1.2. The material in Section 4.4 relies on the results
obtained in Kozdron and Lawler (2005). Instead of simply recopying those results
as originally proved, we have translated them to statements in terms of Dy, the
1/N-scale discrete approximation to D. A review of some recent strong approxi-
mation results is included in Section 4.5.1 because of their necessity in the proof of
Theorem 1.1.

2. Background and notation

2.1. Simply connected subsets of C and Z?. A function f: D — D’ is a conformal
transformation if f is an analytic, univalent (i.e., one-to-one) function that is onto
D'. Tt follows that f/(z) # 0 for z € D, and f~! : D’ — D is also a conformal
transformation. If D is a domain in C, then a connected I' C 9D is an (open)
analytic arc of 0D if there is a domain £ C C that is symmetric about the real
axis and a conformal transformation f : E — f(E) such that f(ENR) =T and
f(ENH) = f(E)ND. We say that 9D is locally analytic at © € 9D if there exists
an analytic arc of 9D containing z. For D C C with 0 € D, define the radius (with
respect to the origin) of D to be rad(D) := sup{|z| : 2 € 9D}, and the inradius
(with respect to the origin) of D to be inrad(D) := dist(0, 9D) := inf{|z| : z € OD}.
The diameter of D is diam (D) := sup{|z—y| : z,y € D}. Call a bounded domain D
a Jordan domain if D is a Jordan curve (i.e., homeomorphic to a circle). A Jordan
domain is nice if the Jordan curve 9D can be expressed as a finite union of analytic
curves. Note that Jordan domains are necessarily simply connected. For each r > 0,
let D" be the set of nice Jordan domains containing the origin of inradius r, and
write D := J,.,D". We also define D* to be the set of Jordan domains containing
the origin, and note that D C D*. If D, D’ € D*, let T(D, D’) be the set of all
conformal transformations of D onto D’. The Riemann mapping theorem implies
that 7(D,D’) # 0, and since 9D, 0D’ are Jordan, the Carathéodory extension
theorem tells us that f € 7(D,D’) can be extended to a homeomorphism of D
onto D’. The statements and details of these two theorems may be found in § 1.5
of Duren (1983).

Three standard ways to define the boundary of a proper subset A of Z? are as
follows:

e (outer) boundary: OA:={y€Z*\ A:|y— x| =1 for some x € A};
e inner boundary: 0;A:={x € A:|y— x| =1 for some y € Z* \ A};
e cdge boundary: 0.A = {(z,y):x € A,y Z*\ A, |z —y|=1}.

To each finite, connected A C Z2 we associate a domain A C C in the following
way. For each edge (z,y) € 0. A, considered as a line segment of length one, let ¢ ,,
be the perpendicular line segment of length one intersecting (z,y) in the midpoint.
Let DA denote the union of the line segments £, ,, and let A denote the domain
with boundary dA containing A. Observe that

AU0A= ]S, where S, ==+ ([-1/2,1/2] x [-1/2,1/2]).
z€A



The scaling limit of 2-D SRW excursion measure 129

That is, S, is the closed square of side length one centred at xz whose sides are
parallel to the coordinate axes. Also, note that A is a simply connected domain
if and only if A is a simply connected subset of Z2. We say A is the “union of
squares” domain associated to A.

Let A denote the set of all finite simply connected subsets of Z? containing the
origin. If A € A, let inrad(A) := min{|z|: z € Z?\ A} and rad(A) := max{|z|: z €
A} denote the inradius and radius (with respect to the origin), respectively, of A,
and define A" to be the set of A € A with n <inrad(A) < 2n; thus A :=J,, A"
IfAc A 0# 1 € 0;A, and [z1, 22, ...,2;] is a nearest neighbour path in A\ {0},
then the connected component of A\ {x1,...,z;} containing the origin is simply
connected.

Finally, if A € A with associated domain A C C, then we write f4 := f; for the
conformal transformation of A onto the unit disk I with f4(0) = 0, f/,(0) > 0.

2.2. Green’s functions on C and Z*. Let D be a domain whose boundary contains
a curve, and write gp(x,y) for the Green’s function for Brownian motion on D. If
x € D, we can define gp(z, -) as the unique harmonic function on D\ {z}, vanishing
on 9D, with gp(x,y) = —log|z —y|+O(1) as |x —y| — 0. Equivalently, if D € D*,
then for distinct points z, y € D, gp(x,y) = E*[log|Br, — y|] — log |z — y| where
Tp :=inf{t: B, ¢ D}. In particular, if 0 € D, then gp(z) = E*[log |Br,|] — log|z|
for x € D where gp(x) := gp(0,x). For further details, consult Chapter 2 of Lawler
(2005). Since the Green’s function is a well-known example of a conformal invariant
(see, e.g., § 1.8 of Duren (1983)), in order to determine gp for arbitrary D € D*,
it is enough to find fp € 7(D,D). Conversely, suppose that D C C is a simply
connected domain containing the origin with Green’s function gp. The unique
conformal transformation of D onto D with fp(0) =0, f5(0) > 0 can be written as

fp(z) = exp{—gp(z) +ip(z)}. (2.1)
Note that —gp + ifp is analytic in D \ {0}. Suppose that A € A, and that

ga(z,y) == gz(x,y). As explained in Kozdron and Lawler (2005), the exact form
of the Green’s function gives

fa)fa(z) —1
faly) — fa(x)
If we write 84 := 63, then (2.1) implies fa(z) = exp{—ga(x) +i0a(z)}.

Let S,, be a simple random walk on Z2, and let A C Z2. If 74 := min{j > 0 :
S; ¢ A}, then we let

ga(z,y) = log

Galw,y) =Y P{S; =y, 7a > j}
3=0
denote the Green’s function for random walk on A, and set G 4(z) := Ga(z,0) =
G 4(0,2). Write a for the potential kernel for simple random walk defined by

o0

a(z) =Y [P{S; =0} - P*{S; =0}].

=0
It is known from Theorem 1.6.2 of Lawler (1991) that as || — oo,

2 _
a(z) = - log |z| + ko + o(|z] 3/2) (2.2)



130 Michael J. Kozdron

where ko := (2¢+31n2)/7 and < is Euler’s constant, and that G 4(z) = E*[a(S;,)]—
a(x) for x € A. The error in (2.2) will suffice for our purposes even though stronger
results are known; see Fukai and Uchiyama (1996). We also recall a uniform esti-
mate for G4(x), and a relationship between the Green’s functions G 4 and g4 which
is proved in Theorem 1.2 of Kozdron and Lawler (2005).

Theorem 2.1. If A € A", then Ga(0) = —2 log f,(0) + ko + O(n™Y/3 logn).
Furthermore, if x # 0, then

2
Ga(r) = = ga(@) + ks + O(n=/? logn).
where )
ky = ko + — log |z| — a(z). (2.3)
T
We conclude by defining what it means for two boundary arcs to be separated.
Note that separation is always defined in terms of distance in the unit circle.

Definition 2.2. Suppose that A E_A and D € D*. Let I'1, T1 C 0;A with
TiNY,=0,letTy, To COD withTyN Yy =0, and write 81 = 04, 02 = Op. The
separation of I'; and Y, j = 1,2, written sep(I';, T;), is defined to be

sep(Ly, 1) := inf{|0;(x) = 0;(y)] : = € T,y € Tj}, (2:4)
and the spread of T'j and Y;, written spr(I';, Y;), is defined to be
spr(ly, Tj) == sup{|0;(z) — 0;(y)| : = € T,y € T} (2.5)

If Ty, T1 C OA instead, then (2.4) and (2.5) hold with 04 extended to A in the

natural way.

3. Excursions and excursion measure

Much of this material may be found in Kozdron and Lawler (2005) and in the
recent book Lawler (2005). We repeat the relevant material here without proof in
order to standardize our notation, and to remind the reader of the most important
facts. We do, however, prove a number of useful lemmas about the Prohorov metric
in Section 3.2.

3.1. Metric spaces of curves. A curve vy : I — C shall always mean a continuous
mapping of an interval I C [0, co) into C. Let K denote the set of curves v : [0,¢,] —
C where 0 < t, < oo, and write v[0,¢,] :== {z € C: y(t) = z for some 0 <t <t,}
and similarly for v(0,¢,). There are three natural metrics that we will consider on
K. Following Lawler and Werner (2000), define the metric

dic(v,7') =1nf | sup [~(s) —7'(¢(s)) |
P 0<s<t,
where the infimum is over all increasing homeomorphisms ¢ : [0,¢,] — [0, t/]. Call
4 a reparameterization of v € K with parameterization ¢ if ¢ : [0,¢,] — [0,t5] is
an increasing homeomorphism such that y(t) = 4(¢(t)) for each 0 < ¢ < t,. If
7 is a reparameterization of v under ¢, then v is a reparameterization of ¥ under
¢!, and we write o~ 7. Finally, let £* be the set of equivalence classes of curves
~v € K under the relation ™, so that the metric dy- identifies curves which are equal
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modulo time reparameterization. In fact, Lemma 2.1 of Aizenman and Burchard
(1999) shows that (KC*,d}.) is a complete metric space.
In order to account for the time parameterization, however, we let

dic(v,7) ==inf | sup {[7(s) =" (0(s)) [ +[s — @(s)[ }
P 0<s<t,
where again the infimum is over all increasing homeomorphisms ¢ : [0,¢,] — [0,t/].
The metric dx does not identify curves which are equal modulo time reparameter-
ization. A convenient choice of parameterization is ¢(s) = t,+s/t,. Define

d(%'Y/) ‘= sup |'7(t75) - 'Vl(tv’s) | + |t7 - t7’|
0<s<1

and note that it is straightforward to verify d is also a metric on K. Neither (I, dx)
nor (K,d) is complete as Example 3.2 combined with the next lemma will show.
For the proof of this lemma, consult Lemma 5.1 of Lawler (2005).

Lemma 3.1. Ifv1, v2 € K, and osc(7,d) := sup{|y(t) —v(s)| : [t —s| < I} denotes
the modulus of continuity of 7y, then

dic(71,72) < d(71,72) < dic(71,72) + osc(ve, 2dic (71, 72))-

To account for the incompleteness of (I, d), we consider a larger complete space
X, and identify subspaces of (K,d) with closed subspaces of X. Let C[0,1] de-
note the space of continuous complex-valued functions on [0,1] under the met-
ric doo(75,73) = SuPg<,<1 |75 (1) — 3 ()], and denote the usual metric on R by
abs. Consider the separable Banach space X := C[0,1] x R with metric dy :=
doo + abs. Thus, elements of X are pairs (y*,t) where v* € C[0,1], t € R, and
A (71, 9), (15:8)) = SUPgeyes [15(r) — 73(r)| + |5 — t. We can embed K into X
via v : K — X, v — (v*ty), where v*(r) := ~(¢tyr), 0 < r < 1. However,
K) = {(v*,t) € X : t > 0} =: X" is not a closed subspace of X. The metric
spaces (X1, dx) and (K, dx k) are isomorphic, where dy x is the induced metric in
K associated to the metric dy in X. That is, if 11, y2 € K, then o(v;) = (v}, t,),
i =1, 2, so that dx x(71,72) = dx (7], t4,), (75, t4,)). It follows that dy x = d
and (K,d) = (X, dx) since

dX((Vika t%)a (’Y;,t'yz)) = Oiugl |71 (t%?‘) - 72(t72T)| + |tV1 - t’Yzl = d(’Yl,’YQ)
7,’,7

Example 3.2. Suppose v € K is given by v(r) = r+ir, 0 < r < 1, and for
n=12,..., let y,(r) = nr +inr, 0 < r < 1/n. Notice that v = v* = 7.
Thus, t(yn) = (5, ty,) = (v, 1/n) so clearly {(v},t,)} is a Cauchy sequence in
X, and {y.} is a Cauchy sequence in (IC,d). Since X is complete, it has a limit,
namely (v*,0) € X. However, (v*,0) € X = +(K) so that (v*,0) does not have a
counterpart in IC. This shows that (K,d) is not complete, and illustrates the reason
for considering X.

However, if the limit does have a counterpart in K (i.e., if (v*,#) € XT so that
t71(y*,t) € K), then we have the following result. See Lemma 5.2 of Lawler (2005)
for the proof.

Lemma 3.3. Let (7} t,) € X forn =1,2,..., so that v, := 17 (7}, tn) € K.

Suppose that for some (v*,t) € X, dx((vi,tn),(v*,t)) — 0. Ift > 0 so that
(v*,t) € XT, then v := .71 (v*,t) € K, and dx((7},tn), (Y*,t)) — O if and only if
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dic(Yn,v) — 0 as n — oo, or equivalently, d(yn,~) — 0 if and only if dic(yn,y) — 0
as n — oo.

Consequently, di and d generate the same topology on K. Thus, when we need
to discuss convergence or continuity in K, it can be with respect to whichever metric
is more convenient for the given problem.

Ifa>0,let K :={y€K:ty >a}, and set o(Ky) = {(v*,t) € X : t > a} =: A,.
Note that X, is a closed subspace of X so that (X,,dx) = (K,,d) is complete.
However, K, is not complete under di. As an example, consider v,(r) = ",
0 <r <1, which is a Cauchy sequence in (K1, dx) that has no limit. By Lemma 3.1,
if {v,} is a Cauchy sequence in (K., di) that is equicontinuous, then it is a Cauchy
sequence in (K4, d) and therefore has a limit. In what follows, we will refer to spaces
of curves which are primarily subspaces of K. Since such spaces are isomorphic to
subspaces of X, we prefer to work with (K,d) rather than (X,dx) unless it is
necessary to explicitly mention this isomorphism.

If D is a simply connected proper subset of C, and v € I, then we say that
is in D if v(0,t,) C D. This does not require that either v(0) € D or v(¢y) € D.
We define the space (D) as K(D) := {y € K : yisin D}. For z, w € D, let
K.(D) be the set of v € K(D) with v(0) = z, let X¥(D) be the set of v € K(D)
with v(¢,) = w, and define K¥ (D) := K£,(D) N K*¥(D). Finally, if I', T C 9D with
LNY =0, write KX (D) := U, er wer L2 (D).

Definition 3.4. Suppose v € K(D). We say v is an excursion in D if v(0) € 0D
and y(ty) € 0D, and we say 7y is an excursion from z to w in D if v(0) = z € 0D
and y(ty) = w € 9D, i.e., if vy € K¥Y(D) with z, w € dD. IfT', T C 9D with
T'NTY =0, then we say v is a (I, Y)-excursion in D if v(0) € T and v(t,) € T,
i.e., if v € KL (D).

Suppose that both D and D’ are simply connected domains in C, and f : D — D’
is a conformal transformation. For v € (D), let

A=A 5~ = / If'(y(r)[?dr and oy = oy . = inf{s: A, > t}.
0

If v € K(D) with A;, < oo, and if f extends to the endpoints of v, then we
define the image of v under f, denoted f o~y € K(D’), by setting tso, := Az and
Jor(t) == f(y(oy)) for 0 <t < Ay . Since s — A, s, is non-negative, continuous,
and strictly increasing, it follows that ¢ — oy 7~ is well-defined. The following is a
special case.

Example 3.5. Let D be a simply connected proper subset of C, and for a € C\ {0},
let fo(2) = az. Ify € K(D), then we define the Brownian scaling map ¥, : K(D) —
K(fa(D)) by setting tw,~ = |a|*ty and Voy(t) := avy (Ja|72t) for 0 <t <ty,,.

In particular, if D, D’ € D, ~ is an excursion in D, and f € 7(D, D’) so that f
does extend to the endpoints of 7, then f o~y =:+" € K(D') is an excursion in D’.
Note that ¢,/ = A¢, (L., or , =t,) and 7/(t) = f(y(or)) for 0 <t <t

Example 3.6. As an application of Brownian scaling, suppose that f(z) = (1+¢)z
forzeD, 0<e<1, and let v be an excursion from x toy in D. Then ' := for
is an excursion from (1 4+ €)x to (14 €)y in (1 4+ €)D given explicitly by ~'(t) =
(L+e)y((1+e)72t) for 0 <t <ty = (1+¢€)%t,. PFurthermore, it is not very
difficult to verify that there exists a constant C = C(v) such that d(,v’) < Ce.
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If F is a domain containing D and f is a conformal mapping of E, then it follows
from the Koebe growth and distortion theorems (see Duren (1983) for statements
of these theorems) that |f’|, | f”|, and 1/|f’| are uniformly bounded on D, and the
function v — f o~ from K(D) to K(f(D)) is continuous. If D € D, then since
9D is piecewise analytic, D = [J;_; T; for some finite union of analytic curves I';.
Hence, any conformal mapping f of D can be analytically continued across each IT';
so vy foy: K(D)— K(f(D)) is continuous; we denote this induced map by f.

Definition 3.7. If 1, y2 € K with v1(ty,) = 72(0), then we define the concatena-
tion of y1 and vz, denoted i © v2, by setting ty, gy, 1= ty, +ty,, and

Vl(t)a Zfoétgt'ylv
72(t - t’Yl)a ift'n SES by,

71 ®2(t) = {

Note that (y1,72) — 71 @ 72 is a continuous map from K* x K,, to K for every
w € C.

Definition 3.8. If 0 < r < s < t,, then we define the truncation operator ©; :
K — K by setting tesy := s —1 and ©;(t) :=y(r +1t) for 0 <t <tos,.

Observe that ©77[0,tes,] = 7[r,s], and that by definition, truncation undoes
. . t
concatenation. If ;yl, v2 € K with v1(ty,) = 72(0), then 0" v1 & Y2(t) = 11 (t),
0<t<t,,and @tﬁ@” Y1 @ y2(t) = 72(t), 0 <t < t,,. It is easily seen that

0(8379,7) < 7+ (ty — 5) + diam (1[0, 1]) + diam(x[s, ;).
Therefore, if r,, — 0+ and s, — t,—, then by Lemma 3.3, d(©;",v) — 0.

3.2. General facts about measures on metric spaces. Throughout this section, sup-
pose that (Z,p) is a metric space. Let B, := B,(E) denote the Borel o-algebra
associated to the topology induced by p, so that (Z,B,) is a measurable space. A
measure m on (Z, p) will always be a o-finite measure on (=, B,). Denote the total
mass of m by |m| := m(Z2). If [m| < oo, then m is a finite measure; otherwise it is an
infinite measure. Denote the space of finite (resp., probability) measures on (=, B,)
by M(Z) (resp., PM(E)). If m € M(Z) with |m| > 0, we write m# := m/|m| so
that m# € PM(Z). Recall (see Billingsley (1968)) that every finite measure m on
(2, B,) is regular; i.e., if V € B, and € > 0, then there exist a closed set F' and an
open set G such that F CV C G and m(G\ F) <e. If V € B,, then we say that
m is concentrated on V if m(Z\ V) = 0. Observe that V need not be closed.

Definition 3.9. If mi, ma € M = M(E), let p : M x M — [0,00) be the Prohorov
metric given by p(myi,mo) := inf{e > 0 : my(F) < mo(F©)) 4 ¢, mo(F) <
mi(F©) +e VY F € B,} where F©) :={z € Z: p(z,y) < e, somey € F}.

It is easily checked that (M(Z), ) is itself a metric space. Observe that F(¢)
is Borel, and that symmetry follows since ((F()¢)©) C F¢. If my, my € PM(E),
then an equivalent definition of p is given by gp(mi,ms2) = inf{e > 0 : my(F) <
ma(F©)) + ¢ for every closed F' € B,}. Tt is known (see Theorem 2.4.2 of Borkar
(1995)) that both metrics on PM(E) are equivalent and consistent with the Pro-
horov topology. Also note that | [m1| — |m2|| < p(m1, me) < max{|mi|, |m2|}. The
following two theorems are standard.
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Theorem 3.10. Suppose that f is a continuous mapping of the metric space (2, p)
into the metric space (', p’). Then a measure m on (2, B,) determines a measure
m’ on (2',B,) such that fom(V') = m/(V') = m(f~*(V')) for any V' € B,.
That is, fom € M(Z') is given explicitly by fom(V'):=m({x € Z: f(z) e V'})
for any V' € B,y. Furthermore,

[ nwyman = [ sy mia

for any bounded, continuous function h : ' — R.

Theorem 3.11. If (E,p) is a complete, separable metric space, then the metric
space (PM(Z), p) is also complete and separable, where @ is the Prohorov metric as
in Definition 3.9. Furthermore, if my, m € PM(EZ), then as n — oo, p(my,, m) —
0 if and only if m, = m weakly.

Important Remark 3.12. Whenever we say a sequence of measures converges,
it will be with respect to the Prohorov metric.

As noted by Borkar (1995), Strassen proved another equivalent definition of
consistent with the Prohorov topology is given by

p(mi,mq) = igtf [inf{e > 0: P{p(X1, X2) > e} <e}],

where 91 is the set of all = x Z-valued random variables (X1, X2) with £(X;) = my
and £(X2) = mo where £ denotes law. In fact, an easy calculation shows that if X;
are (E, p)-valued random variables with £(X;) = m,, i = 1,2, and if P{p(X1, X2) >
e} < g, then p(my,mq) < e. If (,p) is a complete and separable metric space,
then to show a sequence of non-zero finite measures m,, € M(Z) converges to
m € M(E), it suffices to show that both |m,| — |m| and p(m#, m#) — 0 as
n — oo. In particular, we record the following version of these remarks.

Proposition 3.13. Let v, v’ be K-valued random variables with L(v) = p and
L(y') = p', respectively. If P{d(y,7") > e} < e, then p(u, ') < e.

Lemma 3.14. Suppose that (2, p) is a complete, separable metric space, and that
my, me € M(E). If C > 0, then p(Cmq,Cmsz) < (C V1) p(my, ma).

Proof. Suppose that p(mi,m2) = e. To begin, let C > 1. Then since my(F) <
ma(F(©)) +¢ for every F Borel, we have Cm (F) < Cmg(F®))+Ce. Since Ce > ¢,
we have F(&) ¢ F(€) Hence, Cmy(F) < Cmg(F(CE))—l—CE. Interchanging m and
ma gives p(Cmq,Cms) < Ce. Suppose instead that C' < 1. Then since m1(F) <
ma(F®))+e, and Ce < ¢, we have my (F) < ma(F©))+e/C. Multiplying by C gives
Cmyi(F) < Cmg(F®)) + . Interchanging m; and mo yields p(Cmy,Cmy) < e.
Thus, the conclusion follows. O

/

Lemma 3.15. If f : (E,p) — (Z/,p') is continuous, m € M(Z), and C is a
constant, then

fo(Cm)=C(fom). (3.1)
Proof. Since f o (Cm)(V') = (Cm)(f~1 (V")) = C [m(f~*(V'))] = C[f om(V")]
for any V' € B,/ (Z') the result follows. O

Lemma 3.16. Suppose that (Z,p) is a complete, separable metric space, and let
m e M@E). If fu, f: (B, p) — (E,p) are continuous, and f, — [ uniformly, then
p(fnom, fom) —0.
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Proof. Assume first that m € PM(E). If p, := f, om and p := f om, then by
Theorem 3.11, it suffices to show that wp, = p weakly. Suppose that A : = — R is
a bounded, continuous function. Hence, by Theorem 3.10, we conclude that

/Eh(z)un(dx):/hofn m(dz) H/ho ):/Eh(z)u(dx)

since f, — f uniformly. We next consider m € M(Z). If m is the zero measure,
the result is trivial. If [m| > 0, then by (3.1) and Lemma 3.14, p(f, om, f om) =
p(Im| (fu om™), Im| (f om™)) = (Im| V1) p(fn o m¥, f om¥) — 0. O

Lemma 3.17. Under the same assumptions as Lemma 3.16, if ma € M(Z), and
p(fnomy, fomy) — 0 as n — oo, then p(frn omy,ma) — p(f omy,ma).

Proof. Since p(-,-) is a metric, we have by the triangle inequality p(f,omi, ma) <
©(fn oma, fomi) + p(f omi, ma), so that
limsup p(fr, 0 m1,mz2) < p(f omi, ma). (32)

However, the reverse inequality tells us that o(f omi,ma) < p(f oma, fromy) +
©(frn 0 my,mz), so that

liminf o(fn 0 m1,m2) = p(f 0 m1, ma). (3.3)
By combining (3.2) and (3.3), the result follows. O

We conclude this section by reviewing how to define a measure by Riemann
integration. Let A C C be an analytic arc that is parameterized by ¢ : [0,t¢] — C
with t¢ < oo. Consider the measures {pu(z,-) : z € A} C M(E), and let A, =
{&(0) = 20, 21,...,2n = &(te)} partition A. Let 2] € [zi—1,2i], |Az| = |zi — zi—1],
i=1,...,n, and set

fin (") = ZM(Zfa') |Az].

Let [|A,]| = max{|z; — zi—1], ¢ = 1,...,n} denote the mesh of the partition, and
note that p,(-) € M(Z) for each n. If lim|a, ||—o pin(-) exists in M(E), then we
define the Riemann integral of the measure-valued function z € A — u(z,-) € M(E)
to be this limiting value; that is,

pC) o= [ ple)ldsl = Tim ) (3.4)

Several conditions guarantee the existence of the Riemann integral. For instance, if
z — pu(z,-) is continuous at zg for all zg € A, or if (£, p) is a complete and separable
metric space and {u,(-)} is a Cauchy sequence, then (3.4) exists in M(E).

3.3. Ezcursion Poisson kernel. We now briefly review several results about the
Poisson kernel and the excursion Poisson kernel. Further details including proofs
can be found in Kozdron and Lawler (2005). Let D be a domain, and write n, :=
n, p for the unit normal at  pointing into D. If z € D and 9D is locally analytic
at y € 9D, then both harmonic measure and its density with respect to arc length,
the Poisson kernel Hp(z,y), are well-defined. The behaviour of the Poisson kernel
under a conformal transformation can be easily deduced from the Riemann mapping
theorem and Lévy’s theorem on the conformal invariance of Brownian motion as
in Bass (1995). See also Proposition 2.10 of Kozdron and Lawler (2005).
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Proposition 3.18. If f : D — D’ is a conformal transformation, x € D, 0D 1is
locally analytic at y € 0D, and dD’ is locally analytic at f(y), then

Hp(z,y) = |f' W) Hp (f (), f(y))- (3.5)
Furthermore, if ' C 0D and f oI’ C 0D’ are analytic, then

Hp(e,T) := / Hp(z,y) |dy = Hpo(f(z), f o ). (3.6)

Definition 3.19. For x, y € 0D, x # y, the excursion Poisson kernel Hyop(x,y)
s given by

1 1
Hyp(z,y) :== lim —HD(x—l—Enm,y)zslirg+gHD(y+5ny,x).

e—0+ ¢

For a proof of the next proposition, see Proposition 2.11 of Kozdron and Lawler
(2005).

Proposition 3.20. Suppose f : D — D’ is a conformal transformation and x, y
are distinct points on 0D. Suppose that 0D is locally analytic at x, y, and dD' is

locally analytic at f(z), f(y). Then Hop(x,y) = |f'(@)||f' ()| Hop (f(2), f(y))-

Corollary 3.21. Ifz, y € ID, « # y, and f € T(D,D) with f(x) = x and
fy) =y, then [f'(@)||f' (y)] = 1.

Proof. If f(z) = z and f(y) = y, then we obtain from Proposition 3.20 that
Hop(x,y) = '@ 1" (y)| Hon (f (), f(y)) = [f" @) [f' ()] Hon(x, y)- O

3.4. Brownian excursion measures on (KC,d). We now remind the reader of several
Brownian measures on (0, d), and outline the construction of the Brownian excur-
sion measure on D. The exposition follows Lawler (2005), although there are some
noticeable differences. We begin with a general definition.

Definition 3.22. A measure u on K is defined to be a o-finite measure on the
measurable space (X,Bq,) concentrated on XT.

Suppose By is a Brownian motion with By = z, and let Tp := inf{t : B; & D}
be its exit time from D. The process X := Biar,, t > 0, is Brownian motion
killed on exiting D. Let D € D and suppose w € dD so that the Poisson kernel
Hp(z,w) is well-defined. Define the continuous, positive martingale M by M} :=
Hp(XP,w)/Hp(z,w), and the probability ,u%(z, w) by u% (z,w)(A) := E*[MP; A
for A € F;. As noted in Bass (1995), the law of the process X}’ under ,uﬁ(z, w) is
that of Brownian motion conditioned to exit D at w.

Definition 3.23. Suppose that D € D. The interior-to-boundary excursion mea-
sure from z to w in D, written pp(z,w), is defined to be

po(z,w) = HD(Z,’LU)-IU%(Z,’LU), (3.7)

and the interior-to-boundary excursion measure from z in D, written pup(z), is

defined by
i) = [ up(ew) ldul. (3.8)
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Translation invariance and Brownian scaling imply w +— pp(z,w) is continuous
so that (3.8) is well-defined as in (3.4). The measure on paths up(z) is what is
generally called Wiener measure. Observe that up(z) is a measure on K concen-
trated on K.(D), and that by definition, up(z,w) is a finite measure with mass
|:uD(Za ’LU)| = HD(Za w).

It is well-known that two-dimensional Brownian motion is conformally invariant,
and consequently so too is Wiener measure. We express this as follows. If D,
D' €D, ze D,and f € T(D,D'), then foup(z) = pp(f(z)). This definition
is independent of the choice of f € T(D,D’); indeed, if f1, fo € 7(D,D’) with
f1(z) = fa(z) = 2/, then f1opup(z) = pp(f1(2)) = po(2") = pp(f2(2)) =
faoup(z). The first part of the next proposition follows from a quick change-of-
variables, while the second follows immediately from the first as a result of (3.5).
See also Proposition 5.5 of Lawler (2005).

Proposition 3.24. Suppose that D, D' € D, and z € D, w € 9D with 0D
locally analytic at w. If f € T(D,D’), and 0D’ is locally analytic at f(w), then

foup(z,w) = |f(w)l upr (f(2), f(w)) and f o pf(z,w) = ufh (f(2), f(w))-

Using the interior-to-boundary excursion measure, we now define boundary-to-
boundary excursion measure in D, and show that it exists by an explicit calculation.
It is then a simple matter to define excursion measure for other simply connected
D, and to derive the important conformal invariance formula.

Definition 3.25. If z, y € ID, x # y, then normalized excursion measure on
excursions from x to y in D is the measure on IC, concentrated on KY(D), defined

by

dim uf (1= e)z,y) = ufp(e,y). (3.9)
where ug(z,y) forzeD, y€dD is as in (3.7).

Lemma 3.26. The limit in (3.9) exists.

Proof. Let v € K(ID) with v(0) =0, v(t,) = 1. Let fo(2) = === for a € (—1,1)
so that f, € T(D,D), fo(0) = —«, and both 1 and —1 are fixed points of f,. Using
the exact form of the Mobius transformation f,, a straightforward computation
shows that lim,—,1 f, oy exists in the metric space (I, d) where f, o+ is defined as
on page 8. In particular, this shows lim. oy gt (—(1 —€),1) = ugm(—l, 1) exists.
For other x and y, simply use a composition of Mobius transformations. (I

Definition 3.27. We define excursion measure on excursions from x to y in D to
be the measure on K, concentrated on KY(D), defined by pop(z,y) := Hap(x,y) -
ugm(x, y) where Hop denotes the excursion Poisson kernel.

Observe that by definition, pgp(z,y) is a finite measure with mass Hgp(z,y).

Definition 3.28. Suppose that D € D, and z, w € 0D with 0D locally analytic at
both z and w. Let h € T(D, D). Excursion measure from z to w in D is defined by
(2 w) 1
nop(z,w) := — —

|1 (h=1(2))] [P/ (R~ (w))]
A straightforward exercise in the chain rule shows that the definition of usp(z, w)
given by (3.10) does not depend on the choice of h € 7 (D, D).

ho pan(h™1(2), At (w)). (3.10)
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Proposition 3.29. Let D, D' € D, and let z, w € 0D with 9D locally analytic at
both z, w. If f € T(D,D"), and 8D’ is locally analytic at both f(z), f(w), then

fonap(z,w) = |f' ) (W)l pop: (f(2), f(w)) (3.11)

and
fouhp(zw) = puhp(f(2), f(w)). (3.12)
If f1, fo € T(D,D’), then f10pusp(z,w) = foougp(z,w) so (3.11) and (3.12) are

independent of the choice of map. In particular,
. 1
top(z,w) = 81—1>%1+ EMD(Z +en,,w).

Definition 3.30. Suppose that D € D. Ezcursion measure in D is defined by

poni= [ [ on(ew) fdu] |dz].
oD JOD

The conformal invariance of excursion measure is immediate; see also Proposi-
tion 5.8 of Lawler (2005).

Proposition 3.31 (Conformal Invariance). If D, D' € D and f € T(D,D’), then
fopep = pop-

Recall that D is the set of Jordan domains whose boundaries are piecewise ana-
lytic, and that D* is the set of all Jordan domains. By restricting to D € D, we are
able to define the excursion measure ppp in Definition 3.30 as a Riemann integral of
the boundary-to-boundary excursion measure pusp(z, w); the key to the construc-
tion was the explicit calculation in Lemma 3.26, and Proposition 3.31 represents
the culmination of these efforts.

However, for simply connected domains whose boundaries are not piecewise an-
alytic, it is not possible to represent ugp as a Riemann integral. In Definition 3.32
below, we therefore define pgp directly by conformal invariance. Although we could
define excursion measure ugp for any simply connected subset D of C, we restrict
our consideration to those Jordan domains D € D* since excursions v € (D) will
necessarily have t, < co. (We will not be concerned with excursions with ¢, = oo
in this paper.)

Definition 3.32. Suppose that D € D* and f € T(D, D). FEzcursion measure in
D is defined by pop = f o pop. Furthermore, if T, ¥ C 0D with T N'Y # 0, define
pop(L,T) to be the measure ppp restricted to those excursions v € K (D), and
define the excursion Poisson kernel Hyp (T, T) to be its mass; that is, Hop(T', T) :=

lwap (L', T)|.

An immediate consequence of Definition 3.32 is the following.

Proposition 3.33 (Conformal Invariance). If D, D’ € D*; f € T(D,D"); T,
YT COD withT NY #0; and I', X' are the images under f of T', Y, respectively,
then fousp(T,T) = pop (I',Y) and Hop (L', Y) = Hop (I, Y7).

3.5. Discrete excursions and discrete excursion measure. Throughout this section,
suppose that A € A; w, z € A; x, y € 0A; and I, T C 0A with 'NY = (. Our goal
is to define a discrete excursion and formulate the discrete analogues of the previous
sections. If S; is a simple random walk with Sy = w, denote the one-step transition
probability p(w, z) := P*{S; = z}, and define the discrete Poisson kernel to be
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ha(w,y) :=P*{S,, =y} where 74 :=min{j > 0:5; € A}. Asin § 3.1 of Durrett
(1984),

hA (Z7 y)
ha(w,y)
defines the one-step transition probabilities of simple random walk conditioned to
exit A at y. Note that h, is discrete harmonic, and that (3.13) an example of a
discrete h-transform.

q(w, z;y) == P{S1 = 2|57, =y} = p(w, 2) (3.13)

Definition 3.34. A discrete excursion in A is a path w := [wg, w1, ...,wy]| where
wo € 0A, wy, € 0A, |wi—wi—1|=1fori=1,... .k, andw; € A fori=1,...,k—1,
where 2 < k < oo. If w = |wo,w1,...,ws], define the length of w, written |w|, to

be k. If w is a discrete excursion in A with wg € I' and wy, € T, then w is called
a (T, T)-discrete excursion in A. In particular, if wg = x and wy, = y, then w is
called a discrete excursion from x to y in A.

Discrete excursions can be generated by starting a simple random walk at = €
0A, conditioning it to take its first step into A, and stopping it at 74. Let the
discrete excursion Poisson kernel hga(x,y) be given by hoa(z,y) := P*{S;, =
y,S1 € A}, and define discrete excursion measure to be the measure that assigns
weight 471“ to each discrete excursion w. Denote this measure by 15" (+) so that
py (W) = 471l Write p%"(z,y) to denote the measure on discrete excursions
from x to y in A, and pF (I, ) := >3-, cr >, e Hpa(2,y) to denote the measure
on (T, T)-discrete excursions in A. (Note that Lawler and Werner (2000) defined
py (w) := (2m 41)~1; this difference only affects things up to a constant.)

We want both discrete excursion measure and Brownian excursion measure to
be measures on the metric space (K, d). Consequently, we need to associate to each
discrete excursion w a curve @ € K. Suppose that /_ag/is a discrete excursion in A,

and let cl(4) := AU JA with associated domain cl(A) C C. We associate to w a
curve w € K (cl(A)) by setting tg = 2|w|, and

. 1
w(t) == wit/2) +§(t— LtJ)(WLt/2j+1 —th/gJ), 0<t<ts. (3.14)

In other words, we join the lattice points in order with line segments parallel to
the coordinate axes in Z2, with each segment taking time 2 to traverse. Note that
©(0) = wo and @(t;) = wj,|. Using this identification, if w is an excursion from
x to y in A, then ufY(z,y) € M(K) and p§% (z,y)(@) = 47'. In order to prove
discrete excursion measure converges to Brownian excursion measure in the scaling
limit, we will consider scaling excursions as the mesh of the lattice becomes finer.
See (4.4) in Section 4.4.

As a consequence of the so-called KMT approximation (see Section 4.5.1), it
follows that |B; — Sot| = O(logt). Complete details may be found in Kozdron and
Lawler (2005) and Lawler and Trujillo Ferreras (2004). Thus, it is simply a matter
of sesthetics that a random walk path of |w| steps take time 2|w| to traverse: if + is
Brownian curve and @ is as above with (0) = @(0), then |y(¢) — @(t)| = O(logt).

Definition 3.35. Suppose that A € A and x, y € OA. Discrete excursion measure
s (x,y) is defined to be the measure on (KC,d), concentrated on V=V (x,y; A) :=
{y € K :d(v,&) = 0 for some discrete excursion w from x to y in A} given by

ui (z,y)(y) == 47" for v € V. Note that p3% (z,y)(V) = hoa(z,y).
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4. The main convergence arguments
4.1. Carathéodory convergence.

Definition 4.1. Fixr > 0. Suppose that D,, is a sequence of domains with D, € D"
for eachm. The kernel of D,,, written ker({D,}), is the largest domain D containing
the origin and having the property that each compact subset of D lies in all but a
finite number of the domains D,,. Suppose that ker({D,}) = D. The sequence D,
converges in the Carathéodory sense to D, written D,, =5 D, if every subsequence

Dy, of Dy, has ker({Dy,}) = D.

Recall that a sequence of functions f,, on a domain D converges to a function
f uniformly on compacta of D if for each compact K C D, f, — f uniformly on
K. The following theorem, roughly stated, is that convergence of domains in the
Carathéodory sense is equivalent to the uniform convergence on compacta of the
appropriate Riemann maps. A proof may be found in Theorem 3.1 of Duren (1983).

Theorem 4.2 (Carathéodory Convergence). Suppose that D, is a sequence of
domains with D,, € D* for eachn, and let f, € T(D, D,) with f,(0) =0, f/(0) > 0.
Suppose further that D € D and f € T(D,D) with f(0) = 0, f/(0) > 0. Then

cara

fn — f uniformly on compacta of D if and only if D, = D.

cara

Corollary 4.3. Suppose that D,, = D with D,, D € D*. Suppose further that
there exists an E € D* with D,, C E for alln, and D C E. If F: E — D is the
conformal transformation with F(0) = 0, F'(0) > 0, then F(D,) 25 F(D).

Proof. Let f, : D — D,, and let f : D — D be conformal transformations mapping
0 to 0 with positive derivative at the origin. By Theorem 4.2, the convergence of
D,, to D is equivalent to the uniform convergence of f,, to f on compacta of D. Set
h, :=Fo f,and h:= Fo f, and let K be a compact subset of D. If z € K, then
hn(2) = K2 = [F(fa(2)) = F(f())] — 0 uniformly as n — oc. O

Proposition 4.4. Suppose that F,,, F' are conformal mappings of D. Let D :=
F(D). If F, — F uniformly on compacta of D, then F, o F~1 — I uniformly on
compacta of D, where I : D — D s the identity map I(z) = z.

Proof. Let K’ C D be compact. Let € > 0 be given. Let K := F~}(K’) Cc D
which is clearly compact. By uniform convergence, there exists N := N(g, K) such
that |F,(z) — F(z)| <eforallmn > N,z € K. If y € K, then y = F(z) for some
x € K. Hence, if n > N, then |F,, o F~Y(y) — I(y)| = |Fn.(x) — F(z)| < &, and the
proof is complete. O

Lemma 4.5. Suppose that F,, F are conformal mappings of the unit disk D, and
that F, — F uniformly on compacta of D. If v € K(D) with |v(0)] < 1 and
|v(ty)| <1, then d(F,, 0y,Fovy) — 0 as n — oo.

Proof. Suppose that v € K(D) with |y(0)] < 1 and |y(¢y)| < 1. Note that ~ is
not an excursion in ). Therefore, there necessarily exists a compact set K C D
such that v € K(K). Consider tp, o, = AP = [[7 [F(y(r))[?dr and tro, = Ay, =

fgv |F'(7(r))|? dr. Since F,, — F uniformly on compacta of I, we necessarily have
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that F,, — F' uniformly on K. Hence, it follows that tf, .y — tFoy. Furthermore,

sup |F o Y(tFoys) — Fpno 'Y(tFn,ovsﬂ

0<s<1
< sup |Foy(troys) — Foy(tr,oys)| +[F 0Y(tr,0v8) = Fn 07(tr,0y8)| — 0.
0<s<1
Taken together, these imply the result. O

4.2. Construction of approzimate domains Dy . If D € D* with inrad(D) = 1, then
let

1 1
Dl = —7Z*ND:=8,cD
N {zGN N NS C },

where S, := x + ([-1/2,1/2] x [-1/2,1/2]) is the unit square about z. Let D',
be the connected component of DY; containing the origin, and set Dy to be the
connected component of DY \ 8;D) containing the origin. Take Dy C C to be
the interior of the union of the scaled squares centred at those x € Dy. We call
Dy the 1/N-scale discrete approzimation to D (with respect to the origin), and we
informally refer to Dy as the associated “union of squares” domain; that is,

DNiIlt< U %8z> and CI(DN) ::DNU[?DN: U %Sx (41)

r€DN r€DN

Let f € T(D, D) with f(0) =0, f'(0) > 0. Let I'p, Tp C dD be (open) boundary
arcs with T'p N Yp = (); that is, I'p := {e? : 6; < 0 < 0y} and Tp := {e? : 03 < 0 <
04} for some 0 < 07 < 03 < 03 < 04 < 01427, Define I' C D to be the image of I'p
under f, and similarly, let T C 9D be the image of Tp under f. Let s :=sep(T’, T)
as in Definition 2.2, and let N be sufficiently large so that s > ¢,, := n~1/48 logQ/3 n
if n > N. If fx € T(D,Dy) with fx(0) = 0, f3(0) > 0, then define Ty to be
the image of I'p under fy, with Y n defined similarly. In Theorem 4.9, we prove
fn — f uniformly on compacta of D showing Dy =5 D.

We now define our approximating discrete boundary arcs. If 'y C dDy, then
associate to f‘N the set I'y C Dy as follows. Let I'y := {x € 9;Dn : % Szﬂf‘N =+

('}, and then take
1 -

Iy := {y € 0Dy : (x,y) € 0. Dy with z € Iy and N£Z7y C I"N} .
Similarly, let T be the discrete boundary arc associated to Y. Our notation is
summarized in the following table.

DcC DCC,DeD* | DyCC,DyeD|DyC+Z% 2NDy € AN
I'p,YpCcdD| T,TcCaD I'n,Tn C 0Dy Iy, Yn CODy

Note that by conformal invariance, it is equivalent to specify either I', T C 9D,
or I'p, Tp C ID. We have (arbitrarily) chosen the latter.

4.3. Convergence of domains Dy to D. Suppose that D € D* with inrad(D) =1,
and let Dy be the 1/N-scale discrete approximation to D with associated “union
of squares” domain Dy as in Section 4.2. The following lemmas are an immediate
consequence of those definitions.
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Lemma 4.6. For each N, Dy € D with CI(DN) C D. That is, Dy is a simply
connected proper subset of D with piecewise analytic boundary. Furthermore, the
lattice cl(Dy) := Dy UODN C D.

Lemma 4.7. Suppose thatx € 3; Dy, y € Dy, and z € Dy . Then dist(x, D) <
c1 N71, dist(y, 0D) < co N=1, and dist(z,0D) < c3 N~' where ¢; = 2v/2 4+ 1//2,
=V2+1/V2, and c3 = 2/2.

The next proposition follows from the Beurling estimate; see Proposition 3.79
of Lawler (2005).

Proposition 4.8. If z € 9;Dy and f € T(D,D) with f(0) =0, f'(0) > 0, then
there exists a constant C' such that dist(f(z),0D) < CN~Y2 and f(Dn) 2 {|2] <
1—-CN—1/2},

We will now establish Theorem 1.2 with the proof of the following result. In
Appendix A, an alternative proof is presented in which the uniform convergence on
compacta of the appropriate Riemann maps is proved directly.

Theorem 4.9. The sets Dy as defined by (4.1) converge to D in the Carathéodory
sense.

Proof. Suppose that z € D, and let v be a curve from 0 to z in D; that is,

v :[0,1] — C has v(0) = 0, v(1) = z, and satisfies 4(0,1) C D. It then follows that
since D € D*, the distance § between ~ and 9D is strictly positive. By Lemma 4.7,
it N>e1/9, then ~ contains no point of 8DN From Lemma 4.6, we know that DN
is a simply connected proper subset of D with cl(D ~) C D, and so since 0 € Dy,
it must be the case that z € Dy as well. In other words, any point of D is in
ker({f)N}) and so D = ker({Dy}). This obviously holds for any subsequence
{DN } as well, so by Definition 4.1, we conclude Dy <5 D. O

Corollary 4.10. If F € 7(D,D) with F(0) = 0, F'(0) > 0, then F(Dy) =% D.

Proof. By Lemma 4.6, Dy C D, so Corollary 4.3 yields the result. O

4.4. Applying results for A € AN to Dy. Suppose that D € D* with inrad(D) = 1
In this section, we combine our construction of Dy with Theorem 1.1 of Kozdron
and Lawler (2005) and Theorem 2.1 to restate those results for random walk on
Dy. The most difficult part of this section is keeping track of the notation.

We begin by mentioning several scaling relationships that will be needed through-
out. If S, is a random walk on Z2, then for any r > 0 there is an associated random
walk (which we will also denote by S,,) on the lattice rZ2. In other words, there is a
one-to-one correspondence between paths from x to 4 in A on Z2, and paths from rz
toryin rA on rZ2. Henceif A C Z? and r > 0, then G, 4(rx,7y) = Ga(z,y), where
the Green’s function on the left side is for random walk on the lattice 7Z?2, and the
Green’s function on the right side is for random walk on Z2. Similarly, we have
hea(rz,ry) = ha(x,y) for the discrete Poisson kernel, and hopa(ra, ry) = hoa(x,y)
for the discrete excursion Poisson kernel.

The conformal invariance of the Green’s function for Brownian motion implies
that if D € D* and r > 0, then g.p(rz,ry) = gp(x,y). However, from the
conformal covariance of the Poisson kernel (Proposition 3.18) and the excursion
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Poisson kernel (Proposition 3.20), it follows that rH,p(rz,ry) = Hp(z,y) and
r2Harp(rx,my) = Hap(x,y).

Note that a random walk on Dy is taking steps of size 1/N. Therefore, let
Ay := 2NDy so that Ay € AV, and Ay = (2NDy) = 2NDy € D. Hence,
2’ € Ay if and only if z := 2//2N € Dy. Suppose #' := 2Nz € AN with z € Dy
and y' := 2Ny € AN with y € Dy. Thus, when the above scaling is applied to Ay,
we conclude that

9AN (IE/, y/) = 0J2NDx (QNI, 2Ny) = 9Dy (ZL', y)? (42)

where gp, denotes the Green’s function for Brownian motion in DN. In partic-
ular, if fpy € T(Dy,D) with fp,(0) = 0, f,(0) > 0 and fa, € 7(An,D)
with fAN(O) = Oa fAN(O) > 07 then since fAN(xl) = fDN(z) and gAN('T/) =
gpy (7), and since we can write fa, (2') = exp{—gay (2')+i04, (z')} and fp, (z) =
exp{—gpy(x) +i0p, (z)}, it follows that 04, (z') = Oanpy (2Nz) = 0p, (z). Fur-
ther, in the random walk case, G4, (¢',y") = Ganpy (2N2x,2Ny) = Gp, (z,y), and
for 2/ :=2Nx € 0AN with & € DN, we have hoa (2',y') = hoenpy 2Nz, 2Ny) =
hopy (z,y); similarly, ha, (0,2") = hp, (0,2), and ha, (0,y") = hp, (0,y).

For Ay € AV, let A% = {2’ € Ax : gay (') > N_1/16} which is consistent with
the usage in Kozdron and Lawler (2005). If 2’ € A%, v’ € Ay, then Theorem 2.1
(in particular, its Corollary 3.5 of Kozdron and Lawler (2005)) implies that

2
Gan (@' y) = —gax (@ y) + by o + O(N~"/**1og N). (4.3)

With the above notation in hand, we are finally able to state the following corollary
to (4.3).

Corollary 4.11. Let x € Dy be such that ' := 2Nx € (2NDy)* = Ay, and let
y € Dy withy' :=2Ny € Ay. Then,
2
Gy (#,9) = = gy (#,9) + by + O(N 7/ log N)
where k, is as in (2.3).

Note that k. < cN73/2|z —y|~3/2. Thus, if |z —y| > N 72936 then k,/_, =
O(N~"/2%), and we have a refined version of the previous corollary.

Corollary 4.12. If x € Dy with o' := 2Nz € Ay, y € Dy withy' :=2Ny € An,
and |z —y| > N=29/36 then

2
Gy (@) = = gpy (2,9) + O(N~"/**1og N).

We also have the following corollary to Theorem 1.1 of Kozdron and Lawler
(2005).

Corollary 4.13. If D € D* with inrad(D) = 1, Dy is the 1/N-scale discrete
approzimation to D, and x, y € dDy with |0py (z) — Opy (y)| > N~Y/161og® N,
then

(1/2) hoy (0,2) By (0.9) log N
hons (@9) = T o ) = o () [1 "o <N1/16|9DN () — oy <y>|>} |
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We now make several observations regarding excursion measure. Suppose ,
y € 0Dy so that o’ := 2Nz, y' := 2Ny € AN as above. If f(z) = 2Nz, then
f € T(Dn,An) with f(0) = 0 and f'(z) = 2N for all z. Since excursion mea-
sure is conformally covariant/invariant, we are able to conclude that p,p (z,y) =
4N2M6AN (z',y") and pyp = py4, - We know from Donsker’s theorem that simple
random walk converges in the scaling limit to Brownian motion provided that space
and time are scaled appropriately. In order to prove Theorem 1.1, we will need to
apply a similar scaling. Recall from (3.14) that if w is a discrete excursion then
we can associate to it a curve @ € K, and that the Brownian scaling map ¥, was
defined in Example 3.5. For N € N, write &y := ¥y ,on) so that

- 1 - 2 t@ |a4

Lemma 4.14. If v, 7' € K, then

1 ! ! 1 !
_ < < — .
e d(v,7") <d(®nv, on7) < 5N d(v,7")

Proof. From the definitions of d and ® we conclude that

d(®n7y, PNY) = sup [PnY(stayy) — PNy (Stayy)| + [toyy — Loy
0<s<1

L (sty) = o ()| + s [ty — ]
= sup |=="(sty) — == (sty — |ty —ty
oeary [2N TV TN T T e T T

so the result follows. O

Definition 4.15. Suppose that D € D* with inrad(D) = 1, Dy is the 1/N-scale
discrete approximation to D, and x, y € ODy. The 1/N-scale discrete excursion
measure j13p, (x,y) is defined to be the measure on (IC,d), concentrated on Vy =
Vn(z,y; D) :=={y € K:d(v,Pyw) = 0 for some discrete excursion w from 2Nx to
2Ny in 2NDn} given by pyp (z,y)(7) == 4ANty — gl for v € Vy. Finally, if
I'n, Tw CODy withTn N TN =0, then

WD TnYn) = D D i, ().

ze€l'ny yeTN

4.5. Proof of Theorem 1.1. In the present section, we establish the following theo-
rem which, as noted in the introduction, may be regarded as the precise formulation
of Theorem 1.1.

Theorem 4.16. Suppose D € D* with inrad(D) = 1, and let T', Y C 9D be open
boundary arcs with T N'Y = (. For every ¢ > 0, there exists an No such that for all
N > Ny,

1
(a) ‘ hopy (U'n, Tw) = 7 Hop(I', T) ‘ <e,
(b) o (1, (Fns ), 1wp(DT)) <&, and
(c) P ( ot (Cn, T, “Z&DN (Cn, TN)) <e,

where Dy is the 1/N-scale discrete approximation to D, Dy € D is the “union
of squares” domain associated to Dy, and 'y, T n C Dy are the corresponding
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discrete boundary arcs with associated boundary arcs Tn, Tn C dDy, respectively.
In particular, (a), (b), and (c) imply that

Jim p(4u5p, Ty, Tw), wop(,T)) = 0.

Each of the three parts of Theorem 4.16 will be proved in a separate section:
in Section 4.5.2 we prove Theorem 4.23 establishing (a), in Section 4.5.3 we prove
Theorem 4.24 establishing (b), and finally in Section 4.5.4 we prove Theorem 4.27
establishing (c).

4.5.1. Review of strong approximation of Brownian motion and random walk. In
order to establish Theorem 4.16, it will be necessary to use a strong approximation
result which follows from the theorem of Komlds et al. (1975, 1976). Because of its
central role in the proof, we include the statement here for the convenience of the
reader. In what follows, S; is defined for non-integer ¢ by linear interpolation.

Theorem 4.17 (Komlés-Major-Tusnddy). There exists ¢ < oo and a probability
space (Q, F,P) on which are defined a two-dimensional Brownian motion B and a
two-dimensional simple random walk S with By = So, such that for all A > 0 and
eachn € N,

1
Pl

The proofs of the following two results may be found in Corollary 3.2 and Propo-
sition 3.3, respectively, of Kozdron and Lawler (2005).

>c(A+1) logn} <en

Corollary 4.18. There exist C < oo and a probability space (Q, F,P) on which
are defined a two-dimensional Brownian motion B and a two-dimensional simple
random walk S with Bg = Sy such that

1
—B;— S
\/it t

where o} := inf{t : |S;—So| > n®}, 62 := inf{t : |By—Bo| > n®}, and 0,, := gL Vo2.

0<t<o,

]P’{ max

> Clogn} = 0(n™ 1Y),

Proposition 4.19 (Strong Approximation). There exists a constant ¢ such that
for every n, a Brownian motion B and a simple random walk S can be defined on
the same probability space so that if A€ A", 1 <r <n?0, and x € A with |x| < n?,
then P*{|Br, — S;,| > crlogn} < cr—1/2.

By combining the strong approximation with Theorem 4.17, the following esti-
mate is easily deduced.

Proposition 4.20. If A € A" with associated “union of squares” domain A € D,
and T, T C 0A with T N'Y = 0 and associated boundary arcs [, T C A, then
ha(0,T) = H;(0,T) + O(n~"/®logn), and h(0,Y) = Hz(0,T) + O(n~"/%logn).
Consequently, ha(0,T)ha(0,T) = H;(0,T) H;(0,T) + O(n~"/*logn) where the

error term depends on both ", 1.

Proof. If ¢ is the constant in Proposition 4.19, and V is the set V := {z €
OA : dist(z,T') < en'/®logn}, then ha(0,T) = H;(0,V) + O(n~1/16). However,
a simple gambler’s ruin estimate for Brownian motion shows that H ;(0,V) =
H;(0,T) +O(n~"/#logn), so the result follows. O
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4.5.2. Convergence of 4hop, (I'n, Tn) to Hop(I',Y). The goal of the present sec-
tion is to prove that if D € D* with inrad(D) = 1, and T, T C 9D are disjoint
open boundary arcs, then 4hsp, (T'n, Tn) — Hop(T, T) using the notation from
Section 4.2, therefore establishing Theorem 4.16 (a).

It follows from the exact form of the excursion Poisson kernel in D that if D € D
and z, y € 0D with 0D locally analytic at x and y, then

21 Hp(0,2) Hp(0,y)
1 —cos(fp(z) —0p(y))’

For further details, see Example 2.14 of Kozdron and Lawler (2005) or Example 5.6
of Lawler (2005).

Hop(z,y) = (4.5)

Lemma 4.21. If D € D* and T', Y C 9D with T N'Y # 0, then
27Hp(0,T) Hp(0,T) 27Hp(0,T) Hp(0,T)
1 — cos(spr(T, 1)) 1 — cos(sep(T", 1))
where Hyp (T, T) is as in Definition 3.32, and Hp(0,T), Hp(0,Y) are as in (3.6).

< Hpp([T,T) <

Proof. Suppose first that D € D, and that I', T are analytic open boundary arcs.
Then from (4.5), we conclude that for all x € T and for all y € T,
2rHp(0,2)Hp(0,y) 2rHp(0,2)Hp(0,y)
1 — cos(spr(T, 1)) 1 —cos(sep(T’, 1))
Since D € D, Proposition 3.20 implies that
QWHD(O,F)HD(O,T) QWHD(O,F)HD(O,T)
1 — cos(spr(l, 1)) 1 — cos(sep(T", 1))
Now, suppose D' € D*, and let f € T(D,D’). Write IV, T’ for the images under
f of T', T, respectively. Conformal invariance yields Hp(0,I') = Hp/(0,I") and
Hp(0,T) = Hp/(0,Y’). (Indeed this holds for all domains D € D* since 9D is

regular.) From Proposition 3.20, it follows that Hop(I', T) = Hyp/ (I, T'); whence
the proof is complete. O

S HBD(:rvy) S

< Hpp([I,T) <

Let f € T(D, D) with £(0) = 0, f/(0) > 0. Analogous to Section 4.2, by rotating’
if necessary, it is possible to find 0 < 6; < 03 < 03 < 04 < 27 such that I', T are
the images under f of I'p, Tp, respectively, where T'p := {e? : ; < 0 < 05} and
Tp := {ew/ : 03 < 0 < 04}. Define the length of T', written ¢r, to be length of I'p
so that ¢ := 03 — ;. Similarly define ¢y := 64 — 63. Note that our notion of length
is simply harmonic measure so that while I' may not even be rectifiable, /1 always
exists. An easy estimate shows that if (03 — 65), (64 — 01) are fixed, then

1 — cos(fs5 — 02)
1 —cos(f4 — 61)
as (04— 03) — 0, (62 — 01) — 0, and hence, as ¢+ — 0, {pr — 0,

1 — cos(sep(T', 1))
1 — cos(spr(T, 1))

Thus, we have proved the following lemma.

=1 + 0(04 - 93) + 0(92 - 91)

=14+ 0(ly)+ O(r). (4.6)

1Both the excursion Poisson kernel for D and excursion measure in D are rotationally invariant.
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Lemma 4.22. If D € D*, then for any n > 0 there exists a § > 0 such that for
any open boundary arcs T, T C 0D with TN =0 and v V by < 6,

1< 1 — cos(spr(I', 1))

~ 1 —cos(sep(T', 1))

<l+n

Note that the lower bound holds automatically by the definitions of separation
and spread.

Theorem 4.23. For every D € D* with intad(D) = 1, and for every pair of open
boundary arcs T', ¥ C OD with T N'Y # 0, if Dy is the 1/N-scale discrete approz-
imation to D, and I'y, Ty are the discrete approximations to I', T, respectively,
as in Section 4.2, then 4hspy (T'n, Yn) — Hap(L, T).

Proof. Consider D € D*, and let I', Y C 9D be (open) boundary arcs with TNY #
§. Find M so that sep(I, T) > e := N~/4810g*? N for N > M. Throughout this
section, let N > M. Let Dy be the 1/N-scale discrete approximation to D with
associated “union of squares” domain DN, and let T N, T N C 8DN with associated
discrete boundary arcs I'y, Ty C dDpy. From the definitions of separation and
spread, and from Corollary 4.13, since I' and Y are fixed so that sep(T', T) = O(1),
it follows that
(W/Q)hDN (va)hDN (Ovy) 3
1— COS(SpI‘(F, T)) [1 + O(eN)] S haDN ($, y)
< (7T/2)h’DN (Oa m)hDN (Oa y)
- 1 — cos(sep(T', T))

[14+ O(e%))].

Summing over all x € I'y and all y € T yields

hpy (0,TN)hpy (0, TN) ; 9
< Z
1 — cos(spr(T, 1)) [1+0(ey)] < - hopy (Tn, Tw)

< h’DN (07 FN)hDN (07 TN)
~— 1 —cos(sep(T', 1))

[14 O3]
where we write hopy (Tn, Tw) = ZzGFN ZyeTN hopy (z,y) and similarly for
hpy(0,TxN) and hp, (0, T N). However, from Proposition 4.20,
hpy (0,Tn) hpy (0, Tn) = Hp (0,Tn) Hp (0, Tn) +O(N~"5log N),
so that we conclude
Hp (0,Tn)Hp (0,TN)
1 — cos(spr(T, 1))
Hp (0,Tn)Hp (0, Tn)
- 1 — cos(sep(T", 1))

+O(N~"®log N)

2
1+ 0(ER)] < — hopy(Tn, Tw)

+O(N""Blog N)|-[14 O(e%)].

Now, as we let N — oo, it follows that

Hp(0,T) Hp(0,Y) o
<=1 fh Iy, Y
1— cos(spr(D, X)) — 7 Newoo ooy (TN, TN)

2 Hp(0,T) Hp(0, )
< -1 h I'n,Tn) <
o %njgop opy (I, Tw) < 1 — cos(sep(T, 1))
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However, Lemma 4.21 implies that
1 — cos(sep(T', T))
1 — cos(spr(T, 1))

HBD(F; T) S 4 1}\Ifl’llnf hBDN (FN, TN)

' 1 — cos(spr(T", 1))
<41 h I'n,Tn) <
<4 limsup ooy (I'n, T) < 1 — cos(sep(I', 1))

For any n > 0, let {I';}, {Y;} be finite partitions of I, T, respectively, with
< 1 — cos(spr(L;, 1))
~ 1 —cos(sep(I';, 1))
Note that such a partitioning is possible by Lemma 4.22. Hence, the equation above
becomes
1 — cos(sep(I';, ;)
1 — cos(spr(I';, T5))

Hyp(T', 7).

1 <1l+n.

Hyp(I';,Y;) <4 lg\rfninf hopy T, TNj)

' 1 — cos(spr(Ly, T5))
<41 h i, Tvj) <
< B{fnjtlop oD ( N, NJ) — 1 — cos(sep(T, Tj))

Summing over ¢ and j and noting that

> > Hop(Ti,Y;) = Hop(T,T) and Y Y hopy (Tn.i T j) = hopy Ty, T)

T J ? J

Hsp (T, Y5).

since {T'n;}, {Tw,;} partition {I'n}, {Tn}, respectively, gives
(14n)""Hop(I',T) <4 liminf hop (Cn, Trv)
<4 thuphaDN (FN, TN) < (1 + U)HBD(F; T)
N—o00

Since n > 0 was arbitrary, we conclude that 4hsp, (I'n,Tn) — Hop(I',T) as
N — 0. O

4.5.3. Convergence of MZED (Tn,Ty) to ugD(F, T). We now prove Theorem 4.16
N

(b) via a result which basically says that an excursion in D can be thought of as

an excursion in Dy with Brownian tails.

Theorem 4.24. For every D € D* with inrad(D) = 1, and for every pair of open
boundary arcs T, Y C 0D withT NY # 0,

Jim o (u?, (En,Tn), wfp (1)) =0 (4.7)

where Dy is the 1/N-scale discrete approzimation to D with associated domain
Dy € D, and corresponding boundary arcs I'y, T C 0Dy as in Section 4.2.

By conformal invariance, we can define excursion measure ugD (T, T) to be either
the measure f OM?@(FD, Yp) for f € T(D, D), or psp restricted to those excursions
v € K (D) (and normalized by Hsp(T,Y)). Also using conformal invariance, we
have ,u?DN (f‘N, TN) =fno MZ;D)(F]D), Yp) for fy € T(D, bN), so that we conclude

s O Tw) = (fx o f71) 0 udp (T, 7). (4.8)
In order to show the convergence of the masses hopy (I'n, Tn) to Hop (T, T), the

intermediate step of showing
lim Hyp (Tn,Yn) = Hop(T,Y) (4.9)

N—oo
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is unnecessary as a consequence of the conformal invariance of the excursion Pois-
son kernel: Hyp (Tn,Tn) = Hap(D,T). However, in contrast to the excursion
Poisson kernel, it is not simply a matter of applying the conformal invariance of
excursion measure to conclude that (cf. Lemma 4.5)

o (o f ™o udp (T 0), whp(0, 1)) 0. (4.10)

Suppose that D € D* with inrad(D) = 1, and associated “union of squares”
domain Dy. As mentioned in Lemma 4.7, if z € Dy, then dist(z,0D) < 2v/2 N1
It follows from the Beurling estimates (see Proposition 3.79 of Lawler (2005) and
Lemma 5.3 of Lawler and Trujillo Ferreras (2004)) that Brownian motion started
at z is likely to exit D quickly and nearby; that is,

P*{diam B[0,Tp] > N~1/2} < CN~Y*and P*{Tp > N~¥/2} <ON—3/% (4.11)

Unfortunately, if z € T'y, it may be extremely unlikely that {Br, € I'}. This
will be the case, for example, if z and I' are on opposite sides of a “channel”
(or “fjord”). However, since Dy % D by Theorem 4.9, for fizted D € D*, fixed
disjoint open boundary arcs I', T, and for every € > 0, there exists an Ny such
that max{dist(Ty,T),dist(Tn, )} < € for all N > Ny. The following is then a
consequence of (4.11) and easy bounds on the Poisson kernel.

Lemma 4.25. For every ¢ > 0, there exists an No such that for all N > No and
forall z € T'y,

P*{Tp > ¢ or diamB[0,Tp| >¢e or Br, ¢T.} <e (4.12)
where T'. := {z € 9D : dist(z,T") < e}.

Proof of Theorem 4.24. Suppose that v : [0,t,] — C is a (I'y, T y)-excursion
in Dy. Let by : [0,t,] — C be a Brownian motion started at (¢,) and stopped
at tp, := Inf{t : bo(¢t) € D}, its hitting time of dD. Let b’ : [0,¢y] — C be an
independent Brownian motion started at v(0), stopped at tp := inf{¢t : ¥/'(¢) € D},
and set by (t) := b'(ty —t). If { := b1 ® v @ be, then by construction ¢ : [0,t;] — C
has ¢((0) € 0D, ((t¢;) € 9D, 0 < t¢ < o0, and ¢((0,t¢) C D. In other words, ¢
is an excursion in D. Unfortunately, ¢ is not necessarily a (I', T')-excursion in D,
but with high probability is very close to one. Indeed, if we denote by v,5 (I',T)
the probability measure on paths obtained by this (I'y, T n)-ezcursion in Dy plus
Brownian tails procedure, then it follows from (4.12) and Proposition 3.13 that for
every € > 0 there exists an Ny such that for all N > Ny,

P{d({,y) > e} <e and therefore ¢ (I/BDN (T, T),MZEDN (Tw, TN)) <e.

The proof is completed by noting that p(vyp (T, T),ugD(F, T)) — 0 as a con-
sequence of Proposition 3.29: (T, T)-Brownian excursions in D are generated by
starting € from I' inside D and conditioning the Brownian motion to exit Dat Y. O

As in the discussion preceding Theorem 1.1, we can use (4.7) and (4.9) to define
the convergence of the infinite measures p, Dy 1O paD-

Theorem 4.26. If D € D* with inrad(D) = 1, then p(pyp ., Hop) — 0 where Dy
is the 1/N-scale discrete approzimation to D with associated domain Dy.
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It must be noted, however, that by Proposition 3.31 and Definition 3.32, we define
excursion measure pyp for D € D* by conformal invariance. Let fy € T(D, D N)
as above, and also suppose that f € 7(D,D). Hence, Popy = fn o pop and
pop = fopap so that pyp = (fn of~Yopugp asin (4.8). Thus, we can rephrase
the conclusion of Theorem 4.26 as p( (fx o f=1) o pap, pop) — 0; compare this
with (4.10).

4.5.4. Estimating p (ugvbﬁ (Twn, Tn), H?ﬁ (T, YN)) . In this section we establish
N
Theorem 4.16 (c) by proving the following result.

Theorem 4.27. For every D € D* with intrad(D) = 1, for every pair of open
boundary arcs T, ¥ C 0D with T N'Y # 0, and for every € > 0, there exists an Ny
such that for all N > Ny,

© (N%f (TN, YN,y (D, TN)) <e (4.13)

where Dy is the 1/N-scale discrete approzimation to D with associated domain
Dy € D and corresponding boundary arcs 'y, Yy C ODn; 'y, Ty C ODpN as in
Section 4.2.

In order to prove (4.13), it will be necessary to use the strong approximation of
Proposition 4.19. Hence, let Ay := 2N Dy so that Ay € AV, and write ['y 4 1=
2NT'n, Tna = 2NY N C OAp for the corresponding boundary arcs. Suppose
further that N is chosen large enough so that dist(I'n 4, Tn,4) > N15/16 Since
D € D*, it follows that Ay is necessarily bounded so that rad(Ay) < inrad(Ay) =
N, and furthermore, | Ty 4| < |T'n,.a| < N where all of the constants may depend
on D.

Proof of Theorem 4.27. Suppose that 2 € A% := {x € Ay : ga,(x) > N~V/16}
and let S be a simple random walk with Sy = 2. As in the proof of Corol-
lary 3.5 of Kozdron and Lawler (2005), it follows from the Beurling estimate that
dist(z,0A) > CN7/3. Hence, a straightforward gambler’s ruin estimate shows that
P*{S, € Yna} =< N7V/16 where 7 = 74, := min{j : S; € 0A}. The cou-
pling of Brownian motion and random walk provided by Corollary 4.18 is so strong
that even conditioning on the rare event {S; € Ty 4} does not uncouple the pro-
cesses. Hence, there exists a Brownian motion B, a simple random walk S with
By = Sp =z, and a constant C' such that

1
P*< sup |—
{ogtgr V2

The strong approximation (Proposition 4.19) allows us to conclude that conditioned
on the event {S; € T 4}, Brownian motion and simple random walk starting N /8
away from the boundary still exit near each other; that is,

P® {|BT —8.|>CONY410g N | S, € TN,A} < ON~Y/16 (4.15)

Bt_St

> Clog N ‘ S, € TN,A} <CN~8. (4.14)

where T := Ty, := inf{t : B, € dAx}. The time version of the Beurling esti-
mate, Lemma 5.3 of Lawler and Trujillo Ferreras (2004), says that P*{|T — 7| >
r2 dist(z, 0A)%} < Cr=1/2. Hence,

P= {|T — 7| > CNY2108? N | S, € TMA} < ON"Y18, (4.16)
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We can now use Proposition 3.13 to deduce statements about convergence in p
from statements about convergence in d. In particular, let v : [0,¢,] — C be given
by t, :=T, v(t) :== By, 0 <t <t,, and associate to the random walk S the curve
@ : [0,t5] — C as in (3.14), so that from (4.14), (4.15), and (4.16), we conclude
that P{d(y,&) > CN'/?1log? N} < CN~Y/'_ and using Lemma 4.14, we can scale
our results to Dy:

P {d((I)N% By@) > CN~21og? N} <P {d(%&;) > ON'/210g? N} < ON~1/16

(4.17)
where @y := Wy /pn) is the Brownian scaling map as in (4.4). Let Vi a be the
set Viv,a := {z € 0AN : dist(z, Ty, 4) < CNY41og N}, let f/NﬁA be the associated
subset of A, and let V]Y = ﬁVNyA. It then follows that £L(® yw) = u%"]’v# (z,Tn)
and L(®Pn7y) = ,u%N (z,Vn) where £ denotes law. Since N~1/2log N <« N~1/16,
Proposition 3.13 and (4.17) yield

o (W @0, (2, V) < ONTUIS, (4.18)
Furthermore, Hp, (x,Vy) = Hp (,Tn)+O(N~3/*log N) from Proposition 4.20,
so it follows that

o (i (@, Tn), i (@, Vn)) < ON~*/4log N. (4.19)

Combining (4.18) and (4.19) then yields p(ug&#(x, TN),ugN (z,Ty)) < CN-1/16,
and, in particular, if y € A} with |z —y| < Clog N, then

P (MZM;V#(% T i, (v, TN)) <CNTHIS, (4.20)

To complete the proof, suppose that S’ is a simple random walk on the scaled
lattice & Z2, and let D, := 5% A% so that Dy = {z € Dy : gp, (2) > N~1/16}
by (4.2) where gp, is the Green’s function for Brownian motion in Dy . Also recall
from Theorem 4.9 that Dy ©% D. Hence, if ny := (D, N) := min{j > 0 : S e
Dy UD$} and ¢ € Dy \ Dy, then it follows from Lemma 3.11 of Kozdron and

Lawler (2005) that for every € > 0, there exists an N such that
P*{nny >€|S,, € Dy} <e. (4.21)

Furthermore, using Lemma 3.11 of Kozdron and Lawler (2005) again, we can find
constants C, a such that

P® { max |fpy(S)) — fpy(x)] > N~H/16 1ogN} <CN™°, (4.22)
0<j<n-1
and
pe { fon (S}) = fon (@) = N~V 10 log N | S € D}‘V} <CON-“ (4.23)

Suppose further that B is a Brownian motion started at z € Dy \ D%. Asin
Lemma 4.25, if iy := 7(D, N) := inf{t > 0: B; € D} U DS}, then for every ¢ > 0,
there exists an Ny such that for all N > Ng,

pe {ﬁN >e or diam B[0,7v] > ¢ | By € D;V} <e. (4.24)

If we let 7 : [0,t5] — C be given by t5 := 7, (t) := B, 0<t< t5, and associate
to the (scaled) random walk S’ the (scaled) curve @’ : [0,tz/] — C as in (4.4)
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(i.e., Brownian scaled in both time and space), then letting v := 4 @& ® vy and

w =o' ® Py we see that L(7) = MZEDN (Tn, Tn) and L(w) = Nramjf)ﬁ (P, o).

Hence, by combining (4.21), (4.22), (4.23), and (4.24) with (4.20), we conclude that
for every € > 0, there exists an Ny such that for all N > Np,

Appendix A. Alternative proof of Theorem 4.9

In this appendix we give an alternative proof of Theorem 4.9 (which was used
to establish Theorem 1.2). Although this proof is significantly longer than the one
provided in Section 4.3, it has the advantage of establishing directly the uniform
convergence on compacta of the appropriate Riemann maps. We begin by recalling
the statement of the theorem.

Theorem 4.9. The sets Dy as defined by (4.1) converge to D in the Carathéodory

SeENnse.

The alternative proof of this theorem requires two lemmas. The first is a simple
power series estimate, while the second gives good bounds on the difference of the
image of a point under two different maps: the identity map from D to D, and a
map which is “almost the identity.”

Lemma A.1. If0 <|z| < 1/2, then |log(1 + 2z) — z| < |z|/2.

Proof. Since

> 1
log(1+2) = Y (=1)" 7" ==,

n=1

we have

IN
| =

%) 1 . 1 ) .
log(1+2) =2l < 3" o < S 1al 3 e < 5 |+
n=1

n=2

provided that 0 < |z| < 1/2. O

Lemma A.2. For N > 4C?, where C is the constant in Proposition 4.8, suppose
that Ex is a domain with {|z| <1 —-CN~Y2} C Ex C{|z| <1+ CN~Y2}. Let
hy : D — En be the conformal transformation with hy(0) = 0 and h/y(0) > 0.
Then, there exists a constant C' such that |hn(2) — z| < C'N~Y2log N for |z| <
1-CN-1/2,

Proof. Without loss of generality, assume that hy may be extended to an an-
alytic function in a neighbourhood of D. For if this is not the case, we may
approximate hy by hy(2) == r~'hx(rz) and take the limit as r — 1—. From
the Schwarz lemma (see page 135 of Ahlfors (1979)), we can immediately see
that 1 — CN~Y2 < b/ (0) < 1+ ON~Y2. Let kn(z) := loglhn(z)/2] so that
kN = uy + vy is analytic on D with |uy(2)| < (3/2)CN~Y2 for |z| = 1 using
the estimate from Lemma A.1. Thus, the maximum principle for harmonic func-
tions tells us that |uy(2)| < (3/2)CN~/2 for all |z| < 1. We therefore conclude
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that the partial derivatives of uy at z are bounded by an absolute constant times
N=1/2dist(z,0D)~!; whence |k (2)| < C1N~Y2(1 — |2])~". Writing

log [1 + %H — |kn(2)| =

IiN(O)Jr/ n?v(w)dw}
0
Cs 1
— |1+ log ——
m[ g1|z|}
with Cy = max{C, C4}, we see that if £ > 0 is such that

’hN(z)—z

z

<

1
< 3 for |z| <e, (A1)

then
’ hn(z) — 2z

e
z

o[-+ 20=2]

Since (A.1) holds for some € > 0, we can iterate (A.2) to see that (A.2) must hold
for all |z| such that the right side of (A.2) is less than 1/2. For N sufficiently large,
this includes all [2| <1 - CN~1/2, O

1
— |z

Proof of Theorem 4.9. Suppose that f : D — D is the conformal transformation
with £(0) = 0, f/(0) > 0, and let fx : f(Dx) — D be the conformal transformation
with fnx(0) =0, fo(0) > 0. Let Fy : D — Dy and F : D — D be the conformal
transformations with Fix(0) = 0, Fi5 (0) > 0, and F'(0) = 0, F'(0) > 0, respectively,
which are defined by setting Fiy := (fxy o )" and F := f~!' = (I o f)~! where
I(z) = z is the identity map from D to D. Finally, let z € D, and let w := f;,l(z)
so that Fn(z) = F(w).

We prove that Dy % D by applying Theorem 4.2 which states that it is suffi-
cient to show Fy — F uniformly on each compact subset of . Equivalently, we
will show that for each § > 0 sufficiently small, Fiy — F uniformly for all |z] < 1-4.
Fix 0 < § < 1/2 and choose M so that M > (3C"§71)3 where C” is the constant in
Lemma A.2. Let N > M. Then by Lemma A.2, we have that for |z| <1 -9,

C'log N 2] < (C”logN 15)

< o - o
N JN o

Our choice of M guarantees that C’6~*(1 — §)N~*/2log N < 1 for N > M. By
Corollary 3.25 of Lawler (2005), if for some 0 < r < 1, |w — z| < r dist(z, D), then

_ Adist(F().0D) |

|F(w) — F(2)] < .2 | |
Hence, we conclude
4RC'(1 — log N
()~ F@)| = Plw) - F(2)| < | —mC 028 ) Lo
1— (C’ log N | ﬂ) \/N
VN 5

where R := rad(D) so that Fy — F uniformly; whence Dy % D. O
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