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Abstract. In this note we show that in any dimension d, the strong disorder prop-
erty implies the strong localization property. This is established for a continuous
time model of directed polymers in a random environment : the parabolic Anderson
Model.

1. Introduction

Let w = (w(t))i>0 be the simple continuous time random walk on the d-dimensional
lattice Z4¢, with jump rate x > 0, defined on a probability space (2, F,P). We
consider an environment B = (B,(t),t > 0,z € Z%) made of independent standard
Brownian motions B, defined on another probability space (H, G, P).

For any t > 0 the (random) polymer measure p is the probability defined on the
path space (2, F) by

1 2
pue(dw) = - 2R (dw),
t

where 3 > 0 is the inverse temperature, the Hamiltonian is

t
Ht(w) = /O dBw(S)(S)
and the partition function is
Zi=7Z(8) =E [eﬁHt(w)—t32/2

where E [] denotes expectation with respect to P.
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Bolthausen (1989) was the first to establish that (Z;);>0 was a positive martingale,
converging almost surely to a finite random variable 7, satisfying a zero-one law:
P(Zy > 0) € {0,1}. We shall say that there is strong disorder if Z,, = 0 almost
surely, and weak disorder if Z,, > 0 almost surely.

Another martingale argument, based on a supermartingale decomposition of log Z,
enabled Carmona and Hu (2004), then Comets et al. (2003, 2004), and Rovira
and Tindel (2005), to show the equivalence between strong disorder and weak-
localization :

Zs =0as. <= / pP% (Wi (t) = wa(t))dt = +oo  a.s.,
0

where w1, ws are two independent copies of the random walk w, considered under
the product polymer measure u;m:

1 2
u?%dwh dws) = ?eﬁ(Ht(Wl)‘i’Ht(u&))*tﬁ ]P)®2(dw1, dws) .
t

Let us define strong localization as the existence of a constant ¢ > 0 such that

limsup sup i (w(t) =) > ¢ a.s.

t——+o0 xT

This property implies the existence of highly favored sites, in contrast to the simple
random walk (8 = 0) for which sup, P(X; = z) ~ Ct~%? — 0. Carmona and Hu
(2004), and then Comets et al. (2004), showed that in dimension d = 1,2, for any
B > 0, there was not only strong disorder but also strong localization.

We shall prove in this note the
Theorem 1.1. In any dimension d, strong disorder implies strong localization.

This completes the picture since we know now from Comets and Yoshida (2004)
that weak disorder implies diffusivity under the polymer measure.

For sake of completeness, let us state yet another localization property. The free
energy is the limit
1
= lim -logZ
p(B) = lim - logZ,

where the limit can be shown to hold almost surely and in every LP, p > 1 (see
e.g. Comets et al. (2004)). The function p(83) is continuous, non increasing on
[0, +o0[, p(B) < 0, p(0) = 0, so there exists a critical inverse temperature 8. €
[0, +00] such that:

p(B) =0 if0< 8 <0,.;
p(B) <0 if 3> p,.

When p(3) < 0 we say that the system has the very strong disorder property. We
shall prove that (see equation (2.1)):

p(B) =—= lim 1/0 p&%(wi(s) = wa(s))ds a.s.

Therefore there is very strong disorder if and only if there exists a constant ¢ > 0
such that almost surely:

irnl t®2w15:w25 s=c¢
! /Ousu) (s)) ds = c.

t—+4oo t
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The recent beautiful result of Comets and Vargas (2006), that is 8. = 0 in dimension
d = 1, strengthen our belief in the

Conjecture: very strong disorder <= strong disorder
Proving this conjecture would unify all these notions of disorder and localization.

Eventually, let us end this rather lengthy introduction by making clearer the con-
nection with the parabolic Anderson model (see Carmona and Molchanov (1994)
or Cranston et al. (2002)). The point to point partition functions

Zi(a,y) = Ep [P0 )
satisfy the stochastic partial differential equation (see Section 2)
dZ:(0,2) = LZ(0,.)(z) dt + BZ:(0, ) dB(¢),

where L = kA is the generator of the simple random walk w with jump rate x, that
is A is the discrete Laplacian.

Let us explain now the structure of this paper. Section 2 is devoted to the study
of the partition function as a martingale, and we prove that its asymptotics are
governed by the asymptotics of the overlap I; = u&?(wy (t) = wa(t)).

An important fact is that I; itself is a semimartingale. In Section 3 we establish a
decomposition of I; which is not its canonical semimartingale decomposition (this
decomposition can be obtained via the parabolic Anderson equation(1)). In fact
this decomposition looks a lot like a renewal equation involving the overlap for the
simple random walk : it is the basic ingredient of our proof of the main result, since
it is in this decomposition that we inject our knowledge of the behaviour of the
overlap for simple random walk.

2. The partition function

Without loss in generality we can work on the canonical path space (2 made of
w:RT — Z4, cadlag, with a finite number of jumps in each finite interval [0,t]. We
endow  with the canonical sigma-field 7 and the family of laws (P, z € Z%) such
that under Py, (w(t)):>0 is the simple random walk starting from z, with generator
L = kA. With these notations, we consider, attached to each path w € 2, the
exponential martingale

t
My = exp(3H: () ~t2) = 1+8 | M2 dBLo(s).

with respect to the filtration G, = o(B.(s),s < t,z € Z%). We have Z;, = E[M]
and thus the

Proposition 2.1. The process (Z)i>o is a continuous positive G, martingale with
quadratic variation

dZ,2), = ZEF Ldt, with I = p$*(wi(t) = wa(t)).
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Proof: We know that linear combinations of martingales are martingales. This
extends easily to probability mixtures of martingales. Indeed, let 0 < s <t and let
U be positive bounded and Gs-measurable. Then, by Fubini-Tonelli’s theorem :

E[Z,U] = E[E [M{’|U] = E [E[M;U]]
=E[E[MZU]] (M* is a martingale)
= E[E [MZ)U] = E[Z,U].
Observe that if wi,wy are paths, then we can compute the quadratic covariation
d<Mw1 , Mu.)2>t — Mfl Mzd262 l(wl (t)=wa (1)) dt.

Therefore, we have formally:
(2.7, - d< / Pduwn ) M, / P(dwg)M“2>

= /]P’®2(dw1, dWQ)d<Mw1 5 Mw2>t

t

1
2 r72
=g ZtZ_tQ

= Z2p% I, dt.

/]P’®2(dwhdw2)Mfle2 L) (1) =wa (1)) dt

This again can be made rigorous by writing Ny = Z? — BQIJZSIS ds as a probability
mixture of martingales:
t
Ne= [ B o, daa) MM~ 8 [ MM Ly 09).
0
O

The positive martingale Z; converges almost surely to a positive finite random
variable Zo,. We refer to any of Bolthausen (1989); Comets et al. (2004); Carmona
and Hu (2002) for a proof of the following zero-one law.

Proposition 2.2.
P(Zx =0) € {0,1}.

We can now show the equivalence between strong disorder and weak localization.

Proposition 2.3. The supermartingale log Z; has the decomposition
1
lOg Zt = Mt - §At

with (Mt)t>0 a continuous martingale of quadratic variation

t
Wmmzmzﬁ/gw
0

Consequently:
o cither Zoo =0 and fOOOIS ds = 400 almost surely;
e or Zoo >0 and fOOOIS ds < 400 almost surely.
In both cases the free energy is given by
2 1 t 2 1 t
p(B) = & lim —/ Isds = & lim —/ E[l]ds. (2.1)
0 0

2 t—+oo t
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Proof: One can even prove (see Carmona and Hu, 2002) that weak disorder is
equivalent to the uniform integrability of the martingale (Z;)¢>o.

1t6’s formula yields :

Ydz, 1 ['d(Z,Z) 1 ! 1
log Z; = S o2 222 sz, — 232 I.ds = M; — = A,
0g 4t /on 2/0 ZSQ t 25/0 S t 5 t

Therefore,

e On {A, = (M, M)_ < 4oo} the martingale M; converges almost surely,
My — My so logZy — My — %AOO and Z, > 0 almost surely, and
p(B) = lims— 4o %log Zy = 0.

e On {A =(M,M)_ = +oco}, we have almost surely % — 0 so

? t

log Z 1
A, 7 T3

. 1 171; 1
hthJroo 1 IOg Zt = -3 hmtﬁﬁ)o ?At

and logZ; — —o00, s0 Zs = 0. Furthermore, p(8) =

We conclude this proof by taking expectations:
(3) = lim “EflogZ] = —+ lim “E[A,] I 1/tE[I]d
= lim -Ello =—— lim - =—— lim - s]ds.
p t—+4oo ¢ &2t 2t—+oo t K 2 t—=+oo t Jg
The connection with the parabolic Anderson model is contained in the

Proposition 2.4. The point to point partition functions (Z;(0,x),t > 0,z € Z%)
satisfy the stochastic partial differential equation

dZ,(0,z) = LZ,(0,.)(x) dt + B Z:(0, ) dBy(t),

where L = KA is the generator of the simple random walk with jump rate k, that is
A is the discrete Laplacian.

Proof: Let pi(z) = P(X; ==x) be the probability function at time ¢ of simple
random walk. By Fubini’s stochastic theorem and Markov property:

Z(0,z) =/1P’(dw)Mt“ Lw(t)=2)
t
— [B) 11+ / MZdB,.(s))
= pi(2) + 5/0 /P(d@ L(w(t)y=a) M dBy s (s)
t
=pi(x) + ﬂ/o /]P’(dw)pt,s(w(s) — )M dB, s (s)

— pe(z) + 0 / Zopts(pr—s(w(s) — 2)dBoye) ().

We conclude by differentiating with respect to ¢, taking into account that

%pt () = Lpt(x).

In other words, we combine

t
pi-s(y) = 1y=0) +/ Lpu—s(y) du
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and Fubini’s stochastic theorem. (This result is just Feynman-Kac formula com-
bined with time reversal of the continuous time random walk). O
3. Ito’s formula for the polymer measure

Let (P®™);>0 be the semi-group of the Markov process w(t) = (w1 (t),...,wn(t))
constructed from n independent copies of the simple random walk (w(t))¢>o: if
f:R™ — R is a bounded Borel function, then

PP f(x1, ... xn) = Bay o [f(w1(t), -y wn(1))].
Theorem 3.1. Let f : R™ — R be a bounded Borel function, andt >ty > 0. Then,

" f(w)] = pi" [P, f(w(to))]
+ 52 Z/ 1(w1(s )=w;( S))Pt sf( ( ))] ds

-y / i [ )= o PELS ()] ds

+ (n + 1)52/ ®n [P?Zf(w(s))] I.ds

t
“
to

where 7y is an extra independent copy of w.

dZ
" PE f(w ﬂZdBwl@ 70|

Proof: Given paths wy,...,w,, we let
M M

Ut:Ut(Wl,---,Wn): zn
t

We use the following easy computations of quadratic variations:
d{M", MT>t = MthTﬁ2 Ly (t)=r@)) dt
d(M", Z), = B> M} Zypu [ 1 (w(y=(ry)] dt , d(Z,2), = Z¢ B°L,dt,

The classical It6’s formula yields:

dz,
U = Uy, + / (Z BdB.,(s)(s) )

¢
(n +1)
+62/ Z Liwi(s)= =w;(s)) — "Z“S L(y(9)= wz(é))] I )ds,

to 1<J

where in the last line ug acts on the generic path . Since,

e / F(@()U (w) dP" (w)

we conclude this proof by applying Fubini’s theorem and Markov’s property. For
example,
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[ sttt @) a8 ) = & laton H

1
= Zao B P fwto) My - M

= 12 [PE% f(wl(to))] -

4. Proof of the main result

We assume that there is strong disorder so almost surely, Z., = 0 and fOOOIS ds =
+o00o, and we shall show that for a certain ¢y > 0, limsup, ,, . Vi > co almost
surely, with V; = sup, pu+(w(t) = x).

Let 7(t) = P®2(wi(t) = wa(t)) and R(t) = [jr(s)ds. In dimension d = 1,2,
R(¢) = 400 so certainly 82R(cc) > 1. In dimension d > 3, R(c0) < +oo

and Markov’s property implies that Lo = [;~ 1w, (s)mws(s)) 45 is under P®? an
exponential random variable of expectation R(c0). Since, by Fubini’s theorem,

E [Zﬂ = E®? [E [eﬂ(Ht(Wl)JrHt(wz)),mz:H

— E®? [e@i Var(H, (w1)+Ht(w2))—t62:|
= E®?2 [eﬁzfot Ly () =wa () dS} ’

the second moment method yields that if 32R(c0) < 1, then supE[Z7] = E®? [eﬁzL"O} <

+00, so Z; is an L? bounded martingale, hence E [Z,] = 1 and Z,, > 0 almost
surely. Birkner (2004) improved this result by using a conditional moment method :
if R(00) < 400, then there exists 3. > —=— such that for 3 < 8., Zo, > 0 almost

v/ R(o0)

surely. Hence, since we assumed strong disorder, we certainly have 32 R(oco) > 1.

Observe that since V; = sup,, Ui(z) with Uy(x) = p(w(t) = ), we have

I = p?(wi(t) = wa(t) = Y p?(wi(t) = 2 = wa(t))
= Ui(z)* < Vi)Y Ui(z) =V,

and I; > V;2. Therefore we shall show that almost surely, limsup,_, oot > co. It
is sufficient to prove that if J; = I3 1(7,>.,) then for a constant ¢; > 0,

t
Jsds
lim sup fot

t—+oo fO Isds

> c1 almost surely,

(indeed recall that [;°I ds = +oo almost surely).
We now have to choose ¢o > 0. Since 32R(c0) > 1, there exists ¢ € (0, 75) and
to > 0 such that 32R(to)(1 — 4,/€0) > 1. We let co = € infoci<y, 7(t).
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Let us apply now It6’s formula of Theorem 3.1, between ¢ —ty and ¢, to the function
f(l’1,1'2) = l(zlzxg):

I = uEA(F(@(0) = Negs + 12, [PE* flwlt — 10))] (4.1)

t
T / B[P Laro)n (o)) ds
—tlo
t
- 252/ pE3 [PE% F(w($))(L(y(s)=wn(s)) T Liv(s)=wa(s)))] ds
t—to

o C B[P fw(s))] Iy ds,
t—to

boae ©2 ¢ N2
Ntoﬂf = Hs Pt s ﬂZdBwl(S )
t—to

The following inequalities are standard folklore,and are crucial in our proof: they
will be used repeatedly hereafter and we provide a proof in the appendix.

0 < PP?f(x1,20) < 7(t) = PP%f(z,2) < 1. (4.2)

where

In particular, we have

Iy > Nyt + 2 r(t—s)lsds (4.3)

t—to
t
*452/t t pE3(PE2 F(w(8)) Ly (s)mwn (s))) ds-
—to

Indeed, the second and fifth terms of (4.1) are non negative, in the second term we
have

Pt(giif(w(s)) 1(w1(s):w2(s)) = Pt®i2sf(w1 (S),Cdl(S)) 1(W1(5):W2(5))
=7t = 8) Ly (s)=wa(s)) -

and finally, the fourth term can be written, thanks to symmetry of f,

—4p? /ttt P2 (P (w(5)) Liy(s)men(s))) ds -
Claim 1 : )
PSP (PE2 f(w(5)) 1y (s)=wn (s))) < Is Inf(\/Lsr(t — 8),7(t — s)) -
Indeed with Us(x) = ps(w(s) = ) we have

PP Lotmantn] = 2o [PES (26 Loen-0)]
—ZU 21 (P2 f (,0(s)))

and

ns (P f(w,w(9) = > Us)PEA f(w,y) <r(t—s) > Usly) =r(t—s).

Yy Yy
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We also have, by Cauchy-Schwarz,

(Pt®5f (@, w( (ZU Z Pﬁif(z,y)f)
:\/Isr (t—s) _\/Isr(t—s),

since if @(t) = w1 (t) — wa(t) we have, thanks to Markov property and symmetry,

2

r(20) =P (@ ZPO @) = y)B, @) = 0) = 3 Bo(@(t) = y)?
:ZPt®2f 07?] :ZPt®2f m,y) .

Claim 2 :

T T T
43*R(to) / Jsds + / Igds > | Ny dt (4.4)
0 to

to

+ 821 — 4@)5{@0)/ U Lds.

to

Observe that when Iy < ¢g and t — tg < s < t, we have Iy < eor(t — s), therefore,
from Claim 1 we deduce that,

t t
/ H?S(Pt(giif(w(s)) 1(7(8):‘01(8))) ds S / IS\/ IST(t — S) l(ISSCO) ds
t—to t—to
t

+ r(t —s)Is 1(7,5¢0) ds
t—to

t
< \/5/ r(t —s)l,ds
t—to

t
+/ r(t —s)Js ds.
t—to

Plugging this inequality into (4.3) yields

t t
I > Ny o + B2(1 — 4\/5)/ r(t —s)Isds — 452/ r(t —s)Jsds.
t—1to t

—to
Given T > ty, we are going to integrate this inequality between ¢y and 7. On the
one hand,

/ dt/ r(t —s)Js ds—// L(o<u<to,to—u<s<T—u)JsT(u) dsdu

T
gR(to)/ J,ds.
0

On the other hand,

T—to to T—to
/ dt/ r(t — s)1s ds>/ Isds/ T(u)du:R(to)/ Isds.
t() t to 0 t()

The claim follows immediately.
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Claim 3 : let Np = j;f Ny, ¢ dt. Then as T — 400

TA/iT — 0 in probability.
fo I, ds
Let us defer the proof of this claim. Since 0 < Iy <1 and fOOOIS ds = +o00, we have,
T—to
I ds
ft" = lim ftoi =1 a.s.

lim
T*+°°f I, ds  T—too fOTIsds

Let ¢; = ﬁ2(17f£()::§t0)71. If we divide (4.4) by ¢ = fOT I, ds and take lim sup as

T — +o00, we obtain that almost surely

li ! / TJ d > i Nr
imsu sds —c1 > limsup ————
Tﬁoop or ! T~>oop 4682R(to)or
. 7|
> limsup ———————
= e 4BPR(to)ér
— lim inf Wiﬂ
T—+o00 452R(t0)¢
=0.
This yields
T
Jsd
lim sup fOT i > a.s
T—o0 f I, ds

Proof of Claim 3: By Fubini’s theorem,

dZz,
= ®2 g
Np = /to dt/t to Pt fwi(s), WQ(S))(;ﬂdBwi(s)(s) _9 ZS)
dZS
— / 2% | G(s,w1(s ZﬂdBwl(s) ) 7
0
with
(T—s)T Ato
0 < G(s,x1,22) 1= / P22 f(x1, o) dt < tog, Vai,ay € 77
(to—s)*

Let us view N7 = X1 as the value at time T of the continuous martingale

t
Xt:/ p?
0

We can compute its quadratic variation :

G(s,wi(s),wa(s)) (D BdBu,((s) - dzz)

i=1

T
<X7X>T < 452/ ,LL;®4 [G(val(s)aWQ(S))G(57W3(S)7W4(S))(1(w1(s):ws(s)) + IS)] dS,
0
which satisfies

T
(X, X)) < 852153/0 Iyds. (4.5)
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Let € > 0, we shall prove that

T
lim P(NT > e/ Isds) —0. (4.6)
0

T—o0

To this end, define § = ¢/(83%ty). We have

E e&Nng(X,XM} _ E[eSXng(X,X>T:| -1

(since (X, X), is bounded, Novikov’s criterion for the exponential martingale is
obviously satisfied). It follows that

,_.
%

\%
5 g8 =

SN — 82 (X, X
(L g e X207)

(1(NT>€ JTI ds)e@&—%%zto)ﬁ Isds)
0 s

24052 [T I.ds
(1(NT>6 fUT Isds)e4ﬁ fo fo ! ) by (45)

T T
> 700" K P(NT > e / I.ds, / Ids > K),
0 0
for any constant K > 0. Consequently, we have

T

T
P(Np > e / Lds) < P(/ Lds < K ) + ¢ 17100 K,
0 0
Since fOT I,ds — oo almost surely, we get

T
1imsupP(NT > € / Isds) < e MK
0

T—o0

for any constant K > 0. Then by letting K — oo we get (4.6). Counsidering the
martingale —X, we prove in the same way that

T
lim P( —Nr>e / Isds) —0. (4.7)
0

T—o0

and this complete the proof of Claim 3.
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Appendix

We provide a proof of (4.2). Recall that f(z,y) = 1z—y. We let pi(z) =
P (w(t) = z) be the distribution of simple random walk at time ¢. Then, by trans-
lation invariance:

PP f(w1,22) = P32, (wi(t) = wa(t))
= P®2($1 + w1 (t) = I9 + (UQ(t))
= ZIP’ (1 + wi(t) = 2)P (z2 + wa(t) = 2) (by independence)
=Y iz —@)pe(z — w2)

z

< <Z pe(z — 931)2> (Z pe(z — 932)2> (by Cauchy-Schwarz)
= mi(2)? =r(1).

W=
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