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Abstract. Let f be a probability density and C' be an interval on which f is
bounded away from zero. By establishing the limiting distribution of the uniform
error of the kernel estimates f, of f, Bickel and Rosenblatt (1973) provide con-
fidence bands B,, for f on C' with asymptotic level 1 — « €]0,1[. Each of the
confidence intervals whose union gives B,, has an asymptotic level equal to one;
pointwise moderate deviations principles allow to prove that all these intervals
share the same logarithmic asymptotic level. Now, as soon as both pointwise and
uniform moderate deviations principles for f, exist, they share the same asymp-
totics. Taking this observation as a starting point, we present a new approach for
the construction of confidence bands for f, based on the use of moderate deviations
principles. The advantages of this approach are the following: (i) it enables to
construct confidence bands, which have the same width (or even a smaller width)
as the confidence bands provided by Bickel and Rosenblatt (1973),but which have
a better aymptotic level; (ii) any confidence band constructed in that way shares
the same logarithmic asymptotic level as all the confidence intervals, which make
up this confidence band; (iii) it allows to deal with all the dimensions in the same
way; (iv) it enables to sort out the problem of providing confidence bands for f
on compact sets on which f vanishes (or on all RY), by introducing a truncating
operation.
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1. Introduction

Let Xi,...,X, be independent and identically distributed R?-valued random

variables with bounded probability density function f. The problem of computing
confidence bands for f is of central interest in nonparametric statistics.
One main known approach to the construction of confidence bands for f is due
to Bickel and Rosenblatt (1973) in the case d = 1 and to Rosenblatt (1976) in the
case d > 2, and is based on the limiting distribution of the normalized uniform
error of the kernel density estimate. The approach of Bickel and Rosenblatt has
been extended, in the unidimensional case, in several directions; among others, let
us cite Mack (1982) and Liu and Ryzin (1986) for the extension to other types of
density estimates, Burke and Horvéth (1984) and Mielniczuk (1987) for the censored
data case, Xu and Martinsek (1995), Martinsek and Xu (1996), Sun and Zhou (1998)
for the construction of sequential confidence bands, and Giné et al. (2003, 2004) for
different asymptotics of the weighted uniform error. Another common technique for
constructing confidence bands is through the bootstrap, which is in particular used
for bias estimation; see, for example, Hall (1992) for the density and Héardle and
Marron (1991) for the regression. For other approaches, see Hall and Titterington
(1988) and Hall and Owen (1993).

Our object in this paper is to present a new approach, based on the use of Mod-
erate Deviations Principles (MDP) of the normalized uniform error of the kernel
density estimates. We avoid bias estimation by a slight undersmoothing, which is
shown in Hall (1992) to be more efficient than explicit bias correction when the
goal is to minimize the coverage error of the confidence band.

The use of large and moderate deviations in statistical inference is not new. It has
been initiated by the papers of Chernov (1952) and Bahadur (1960), and then devel-
opped in various directions. Let us cite, among many others, Borovkov and Mogul-
skii (1992), Groeneboom (1980), Ibragimov and Radavicius (1981), Kallengerg
(1982, 1983a,b), Korostelev and Leonov (1995), Nikitin (1995), Mokkadem and
Pelletier (2005), and Puhalskii and Spokoiny (1998).

The idea of using MDP for the construction of confidence bands for f comes nat-
urally when making a pointwise analysis of the confidence bands provided by Bickel
and Rosenblatt (1973). Consider the univariate framework (that is, the case d = 1),
and let C' be a bounded interval of R on which f is assumed to be bounded away
from zero. Let f, denote the kernel estimator of f; Bickel and Rosenblatt (1973)
establish the asymptotic law of sup,cc |fn(2) — f(2)| /+/ f(x) suitably normalized.
This result allows them to provide sequences of random intervals I, (z) for all x € C,
which satisfy the property:

lim P(3z € C, f(z) & I.(x)) = a.

n—oo

For simplicity, we also denote by I, () the segment {x} x I,,(z), and say that
Bn,a = UIECI’I’I(:E)

is a confidence band for f on C with asymptotic level 1 — « €]0, 1[. In other words,
the set of functions

Dpo={9:R—R, g(z) € I,(x) Vx € C}
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is a confidence region of f with asymptotic level 1 — «. (Although D, , is a
confidence region of the functional parameter f since lim, . P(f € Dy o) =1—a,
it gives nontrivial confidence intervals of the values f(x) only for z € C).

Now, a straightforward application of the central limit theorem (CLT) allows to
prove that the asymptotic level of each confidence interval I,,(z) (x € C) whose
union gives B, o, is one. A natural question is then to wonder at what rate the
levels of the intervals I,(z) go to one. A result giving the convergence rate to zero
of the sequence P (f(x) & I,(x)) is typically a MDP result; this convergence rate
is thus expected to be exponential. That is the reason why we introduce here the
notion of logarithmic asymptotic level for confidence regions of (eventually infinite
dimensional) unknown parameters.

Definition 1.1. Let {D,} be a sequence of confidence regions of an unknown pa-
rameter 0. The logarithmic asymptotic level of {D,} is v (v > 0) with speed w,
(wp—00) if
lim 1 logP(6 & D,,) = —7.
n—00 Wy,
Of course, if {D,, } has a logarithmic asymptotic level v > 0, then the asymptotic
level of {D,,} is necessarily one.
It turns out that the sequences of confidence regions, which have a positive loga-
rithmic asymptotic level, are often asymptotic almost sure sequences of confidence
regions in the sense of the following definition.

Definition 1.2. Let {D,} be a sequence of confidence regions of an unknown pa-
rameter 0, and let Q denote the underlying probability space. {D,} is an asymptotic
almost sure (or consistent) sequence of confidence regions of 6 if there exists Qo C
such that:
P(Q) =1,
{ Yw € Qo, IN(w) such that n > N(w)=0 € D, (w).

Indeed, the following proposition is a straightforward consequence of Borel and
Cantelli Lemma.

Proposition 1.3. Let {D,} be a sequence of confidence regions of an unknown
parameter 8, whose logarithmic asymptotic level is v > 0 with speed w,—oco. If
there exists 6 €]0,7[ such that > exp(—ow,) < oo, then {Dy} is an asymptotic
almost sure sequence of confidence regions of 6.

Let us come back to the pointwise analysis of the confidence bands provided
by Bickel and Rosenblatt (1973). Later on, we shall prove in particular that, for
all z € C, the intervals I,,(x) have a logarithmic asymptotic level 1 with speed
log(1/h.,), where h,, is the bandwidth used for the computation of the kernel esti-
mator f,. So, the confidence bands B, , with asymptotic level 1 — « < 1 provided
by Bickel and Rosenblatt are unions of confidence intervals I,,(x) whose asymptotic
levels equal one and whose logarithmic asymptotic levels are independent on the
value of ¢ € C.

The difference between the asymptotic level of the confidence band B;, , on the
one hand and the asymptotic levels of all the confidence intervals I, () on the other
hand is explained by the difference between the asymptotic weak behaviour of the
uniform error of the kernel density estimator (given by Bickel and Rosenblatt’s
result) on the one hand and the asymptotic weak behaviour of the pointwise error
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of the kernel density estimator (given by the central limit theorem) on the other
hand. Now, MDP for the nonnormalized error of the kernel density estimator have
been established by Gao (2003) (see also Mokkadem et al. (2005)); it turns out that,
as soon as both pointwise and uniform MDP exist, the pointwise and the uniform
MDP share exactly the same asymptotics. Taking this remark as a starting point,
we propose, in this paper, a new approach to construct confidence bands for f based
on the use of MDP for the normalized error of the kernel density estimator. This
approach has several advantages:

- It allows to construct confidence bands B}, which have the same width (or
even a smaller width) as the confidence bands B,, o, provided by Bickel and
Rosenblatt (1973), but which: (i) have an asymptotic level equal to one
instead of 1 — a €]0, 1[; (ii) share the same logarithmic asymptotic level
as all the confidence intervals whose union gives Bj; (iii) are asymptotic
almost sure confidence bands.

- In order to deal with the multivariate framework, Rosenblatt (1976) has
to require the use of higher order kernels and, consequently, to impose
rather stringent conditions on f; in contrast, in the MDP approach, all the
dimensions are dealt with in the same way, and thus without any additional
assumption neither on the density, nor on the kernel, in the case d > 2.

- Whatever the dimension d is, Bickel and Rosenblatt require the condition
“f is bounded away from zero on C”. On the contrary, our approach
enables us to sort out the problem of providing confidence bands for f on
compact sets on which f vanishes. As a matter of fact, we introduce a
truncating operation, which modifies the width of our confidence bands at
some points x € C, but which does not affect the logarithmic asymptotic
level of our confidence bands. This truncating operation also enables us
to provide confidence bands for f on all R%. Let us mention that, in the
case d = 1, Giné et al. (2003, 2004) propose a slight modification of Bickel
and Rosenblatt’s normalization of the uniform error; this allows them to
construct confidence bands on the whole line in the case f does not vanish
on R.

Our paper is now organized as follows. In Section 2, we explicit the construction
of our confidence bands. Section 3 is devoted to the precise statement of our
assumptions and main results. In Section 4, we discuss particular examples of
applications of our main results: we first come back on the pointwise analysis of
the confidence bands provided by Bickel and Rosenblatt (1973), and show how
the MDP approach allows to construct more suitable confidence bands; then, we
consider the problem of constructing confidence bands with smaller width. Section
5 is reserved to the proofs.

2. Construction of confidence bands based on the use of MDP

Let C be a subset of R? and (v,,) be a positive nonrandom sequence that goes
to infinity. In this section, we construct confidence bands for f on C with width of
order v, 1. We first consider the case C' is a compact set on which f is bounded away
from zero, and then introduce a truncating operation, which allows to consider the
general framework (f may vanish on C, C' may equal R?).
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2.1. Confidence bands on compact sets on which f is bounded away from zero. Let
C be a compact set of R? on which f is bounded away from zero. To construct
a confidence band for f on C with width of order v, !, we first construct, for all

x € C, confidence intervals of f(x) with width of the same order. For that purpose,
we proceed as follows.

- We estimate f(z) by using the kernel estimator

file) = i S (), (2.)
noj=1 n

where the bandwidth (k%) is a sequence of positive real numbers such that

limy, oo A = 0, limy, o0 nh;d = o0, and where the kernel K is a bounded

nonnegative function satisfying [p, K(2)dz = 1 and lim, | K(z) = 0.

- The variance of f*(z) is equivalent (as n goes to infinity) to (nh?)~! f(z)x
where £ = [p, K*(z)dz; we estimate it by (nh;?) ™! f,(z)k, where f, is the
kernel estimator of f defined by

n

folz) = n—ilzg YK (”” Zan) : (2.2)

j=1
the bandwidth (h,,) being eventually different from (h}).
- The confidence intervals for f(x) (z € C) are then defined as

Ful@) fn(x)n]

Ly(z) = | fr(w) = 05225 fr(a) + 0o

Un Un

where 6 > 0.
Our confidence band for f on C'is finally defined by setting:
By, = Upeo (). (2.4)
In Section 3.2, we give conditions on the sequence (v,) and the bandwidths (hn)
and (h?), which ensure that the logarithmic asymptotic level of each interval I,,(x),

z € C, on the one hand, and of the confidence band B,, on the other hand, is 62/2
with speed nh’?/v? (see Theorems 3.1 and 3.2).

2.2. Truncating operation. In order to allow the construction of confidence bands
for f on subsets C' of R? (eventually equal to R?) on which f may take the value
zero, we now introduce a truncating method, which relies on the following fact. For
the values of z € C for which f,(z) is “large enough”, the width of the intervals
fn(:zz) defined in (2.3) is suitable; but, for the values of 2 € C for which f,,(x) is zero,
or, more generally, “close to zero”, the width of the intervals fn(x) is clearly not
appropriate any more. In order to compensate for this problem which appears for
“small” values of f,(z), we impose a minimum width to all the confidence intervals
whose union gives the confidence band for f on C; of course, this minimum width
does not affect the width of the confidence band at the points x € C for which
fn(x) is “large enough”.
More precisely, we introduce a sequence (e,,) of positive real numbers satisfying
lim,_, €, = 0, and define the truncating function Tn by setting
Tn(x) _ { fn(x) if fn(x) > €n, (2.5)

€n otherwise.
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For each x € C, we set

. Tn T)K Tn T)K
L) = (130 - Yy sV (26)

and finally define B,, as

Bn = UmECIN(x)' (27)
In Section 3.3, we give conditions on (e, ), which ensure that the logarithmic as-
ymptotic level of the confidence band B, is 62/2 with speed nh*?/v2 (see Theorem
3.3 in the case C is a compact set, and Theorem 3.5 in the case C' = R?). In other
words, the logarithmic asymptotic level of the confidence band B,, defined in (2.4)
is not affected by the introduction of this truncating method.

From a practical point of view, it seems more realistic to take the width of
the largest confidence interval into account in the truncating operation, that is, to
introduce the quantity sup,cc fn(x) in the definition of the truncating function.
For that purpose, let the sequence (e,,) satisfy the additional condition €, < 1 for
all n, and define the function 7;, by setting

T (z) = { fal2) if f(2) > enlsup,ee fo(@)], 2.8)

en[sup,ce fn(x)]  otherwise.

In Section 3.3, we establish that when the parameter T}, (z) is replaced by T, (z)
in the intervals I,,(z), the logarithmic asymptotic level of the confidence band B,
remains unchanged (see Corollary 3.4 in the case C' is a compact set, and Corollary
3.6 in the case C' = R%).

3. Assumptions and Main Results

3.1. Assumptions. Before stating our assumptions, let us first define the covering
number condition. Let @ be a probability on RY and F C L£5(Q) be a class of
Q-integrable functions. The covering number (see Pollard, 1984) is the smallest
value Na(e, Q,F) of m for which there exist m functions ¢1,...,gm € L£2(Q) such
that

mlnm} IIf —gi|\£2(Q) <e VfeF

(if no such m exists, Na(e,Q,F) = o0). Now, let A be a bounded and integrable
function on R?, and let F(A) be the class of functions defined by

f(A){ZHA("”hZ), h>0, zeRd}. (3.1)

A is said to satisfy the covering number condition if there exist A > 0 and v > 0
such that, for any probability Q on RY and any € €]0, 1],

NafelAle Q) < (£) (32

The classes which satisfy (3.2) are often called Vapnik-Chervonenkis classes.
When d = 1, the real valued kernels with bounded variations satisfy the cover-
ing number condition (see Pollard, 1984). Some examples of multivariate kernels
satisfying the covering number condition are the following :
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- the kernels defined as K(x) = ¥(||z||), where ¢ is a real valued function
with bounded variations (see Nolan and Pollard, 1987).
- the kernels defined as K(z) = H'ii:l K; (x;) where the K;, 1 < i < d, are
real valued functions with bounded variations (this follows from Lemma A1l
in Einmahl and Mason, 2000).
We can now state our assumptions.
X1,..., X, are i.i.d. R%valued random vectors with bounded probability density
f. The kernel estimators f,, and f* of f are defined in (2.2) and (2.1) respectively,
and the bandwidths (h,,) and (k%) are two sequences of positive real numbers such
that
h, — 0 and h) — 0.

The assumptions to which we will refer in the sequel are the following.
(A1) K is a bounded and nonnegative function on R? such that

Jpa K(2)dz =1, [pazjK(2)dz=0Vje{l,....d}, and [p.]2]*|K(2)|dz < oc.

(A2) K is Holder-continuous on R? and satisfies the covering number condition.
(A3) f is twice differentiable on R?, sup, cpa ||V f(2)|| < oo, and

sup ||D?f(z)|| < oo
r€RI

(A4) There exists ¢ > 0 such that z — ||z||2f(2) is a bounded function on R¢.

Let us recall the notation

K= K?(2)dz.
Rd

3.2. Confidence regions without truncating. Let (v,) be a sequence that satisfies
vp— 00. The object of our first two theorems is to specify the logarithmic asymp-
totic level of the sequences of confidence intervals and of confidence bands defined
in (2.3) and (2.4) respectively.

Theorem 3.1. Assume (A1) holds, set x € RY such that f(z) # 0, and assume that
f is twice differentiable at x. Moreover, assume that (hy), (k) and (vy) satisfy
the conditions
nhid
vn
Then, for any 6 > 0, we have

23d
n

— 00, v,hi?—0, and ;*d — 0. (3.3)

2

lim V2 log P <f(m>¢ lf:;(@éM ; f;(@HMD _ .2

Moreover, if the additional condition

nhid o
_
v log(1/h7,)
holds, then the sequence of intervals
* fu(T)R N fn(T)k
[m) gD g ) 4 gl

is an asymptotic almost sure sequence of confidence intervals of f(x).



238 Abdelkader Mokkadem and Mariane Pelletier

Theorem 3.2. Let (Al) — (A3) hold and assume that f is bounded away from

zero on a compact set C. Moreover, assume that (hy), (hY) and (v,) satisfy the

conditions ., .,
nh* 2

n nh*2 07 d n''n

vilog(1/hy) 7 T T T

Then, for any § > 0, we have

— 00. (3.4)

2

lim Q;de log P <EIx€C, flz) & [f;(:c)§

n—oo M. n

LA g +57f"(“7)”] )

Moreover, the sequence of sets of functions

D, = {g RY SR, Jge) — £1(e)] < 6D e c}

Un

is an asymptotic almost sure sequence of confidence regions of f.

Comments on Theorems 3.1 and 3.2.

1) The regularity assumption on f in Theorem 3.1 is usually required to es-
tablish a CLT for f}(x) in the case when f; is defined with a two-order
kernel; the assumptions on f in Theorem 3.2 are weaker than those required
by Bickel and Rosenblatt (1973) to establish the asymptotic distribution of
the normalized uniform error of the kernel density estimator.

2) The condition v, h}? — 0 (together with the regularity assumption on f)
ensures that the bias of f) does not interfer. In the case f is only once
differentiable on R?, this condition must be replaced by v,h’ — 0 for
Theorems 3.1 and 3.2 hold.

3) The main tool used to prove Theorem 3.1 is pointwise MDP established for
the normalized error of the kernel density estimator, whereas the demon-
stration of Theorem 3.2 relies on the use of uniform MDP; that is the reason
why the conditions (3.4) in Theorem 3.2 are slightly stronger than the con-
ditions (3.3) of Theorem 3.1. Now, as soon as the conditions of Theorem
3.2 hold, pointwise and uniform MDP give exactly the same asymptotics.
This unity in pointwise and uniform MDP differs from the gap there exists
between the nature of the asymptotic distribution of the normalized point-
wise error of the kernel density estimator (given by the CLT) on the one
hand, and of the normalized uniform error of the kernel density estimator
(given by Bickel and Rosenblatt, 1973) on the other hand.

3.3. Confidence regions with truncating. The next theorem allows to set up con-
fidence bands for f on compact sets C' on which f may take the value zero. Let
the positive real-valued sequences (hy,), (h}), (v,) and (e,) satisfy the following
conditions

* h2
€,—0, 2 —0, 2 —0,
€n €n
(3.5)
2 *d 21d 2
vpht nh v2hle
vnez/Q NPV n'tn n NP n'‘ntn 00

C e w2log(i/hy) T Tt Y
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and let T}, be the function defined by (2.5).

Theorem 3.3. Let (A1) — (A3) hold, assume that there exists x € C such that
f(x) #0, and that the sequences (hy), (hy,), (vn) and (en) satisfy (5.5). Then, the
conclusions of Theorem 8.2 still hold when f(x) is replaced by Ty, (x).

Let T,, be the function defined by (2.8) with €, < 1; with the help of Theorem
3.3, we will prove the following result.

Corollary 3.4. Let (A1) — (A3) hold, assume that there exists © € C such that
f(x) #£0, and that (hy), (hY), (va), and (e,) satisfy (3.5). Then, the conclusions
of Theorem 3.2 still hold when fy(x) is replaced by T (x).

The extension of Theorem 3.3 and Corollary 3.4 to the case C' = R holds under
the additional assumption (A4).

Theorem 3.5. Let (A1) — (A4) hold, and assume (hy,), (hY), (v,) and (€,) satisfy
(3.5). Then, the conclusions of Theorem 3.2 still hold when f,(x) is replaced by
To(z) and C by RY,

Let T}, be defined by (2.8) with ¢, < 1 and C = R9.

Corollary 3.6. Let (A1)—(A4) hold, and assume (hy,), (hY), (vn), and (e,) satisfy
(3.5). Then, the conclusions of Theorem 3.2 still hold when f,(x) is replaced by
Tn(z) and C by RY.

Remark. Let us mention that Corollaries 3.4 and 3.6 also hold when the sequence
(en) is constant (e, = e €]0,1] for all n); in the case €, = 1, the width of the
confidence bands does not depend on the point x € C.

4. Particular cases

In this section, we first give a pointwise analysis of the confidence bands provided
by Bickel and Rosenblatt (1973), and show how the MDP approach allows to modify
these confidence bands in order to obtain confidence bands whose width is of the
same order as the one of Bickel and Rosenblatt’s confidence bands, but whose
asymptotic level equals one instead of 1 — a < 1; in particular, we explicit the
choices of the parameters (h}) and (e,,), which give the best convergence rate to one
of the level of these modified confidence bands. Then, we consider the problem of
constructing confidence bands, which are thinner than those provided by Bickel and
Rosenblatt, but whose level converges to one slower than the level of the modified
Bickel and Rosenblatt’s confidence bands does. We give two possible choices of
(h%), which both correspond to the case our confidence bands are centered at an
optimal kernel estimator of f; for the first choice, the optimality is according to the
L? criterion, and, for the second one, to the L™ criterion.

4.1. On Bickel and Rosenblatt’s confidence bands.
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4.1.1. Pointwise analysis of Bickel and Rosenblatt’s confidence bands. Set d = 1
and let C' = [c¢1,c2] be a bounded interval of R. Bickel and Rosenblatt (1973)
construct confidence bands for f on C' with asymptotic level 1 — « €]0, 1] in the
case when: (i) f is bounded away from zero on C; (ii) the kernel K is chosen
absolutely continuous on R and such that [, K”(t)dt # 0; (iii) the bandwidth
hr used for the computation of f, is chosen equal to (n™*) with a €]1, 3[. Their
confidence bands are constructed as follows.
Set a €]0,1[, z4 such that exp(—2exp(—z4)) =1 — @, and, for all x € C,

L(x) = h(x)%m<ﬁ”ﬁm);

Fulz) + 7%%\/1%(1/%) <\/§ + z >] (4.1)

+ _tx
V2log(1/hy)
with

- g | —

Valog(1/hn) | & |2
Bickel and Rosenblatt (1973) prove that

Bn,a = UZECIn(x)

is then a confidence band for f on C' with asymptotic level 1 — a. A straightfor-
ward application of the CLT ensures that, for each x € C, the asymptotic level
of I,(x) equals one. Now, Theorem 3.1 allows to specify the convergence rate of
the asymptotic level of the confidence intervals I,,(z) toward one. More precisely,
the application of Theorem 3.1 with (h,) = (h}) and (v,) = (v/nhy/log(1/hy)),
together with a continuity argument, ensure that the logarithmic asymptotic
level of each confidence interval I,,(z) is 1 with speed log(1/h,,).

The difference between the asymptotic level of the confidence band B, , and the
asymptotic levels of all the confidence intervals I,,(z) is explained by the difference
between the asymptotic weak behaviour of the uniform error of f,, (given by Bickel
and Rosenblatt’s result) and the asymptotic weak behaviour of the pointwise error
of f, (given by the central limit theorem). Adopting the MDP point of view, it is
note-worthy that this phenomenon corresponds to the case pointwise MDP hold,
but not uniform MDP. As a matter of fact, when d = 1, the sequence (v,) =

(v/nhy,/log(1/hy,)) fulfills the conditions (3.3) required by Theorem 3.1, but not
the slightly stronger conditions (3.4) imposed by Theorem 3.2.

(4.2)

Unp

1 1 f]R K/Q(t)dt " log |:C2 — 01:|
™

4.1.2. Improvement of Bickel and Rosenblatt’s confidence bands. The aim of this
section is to show how the MDP approach allows to improve the confidence bands
provided by Bickel and Rosenblatt (1973). In a first part, we introduce a translation,
which allows to provide confidence bands that have the same width as the confidence
bands provided by Bickel and Rosenblatt, but which have a better asymptotic level.
In a second part, we give a simplification of these translated confidence bands, which
does affect neither their width order, nor their logarithmic asymptotic level. Then,
we show how we can get rid of the condition f is bounded away from zero on C.
Finally, we give the extension to the multivariate framework.
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Confidence bands translation. We consider here Bickel and Rosenblatt’s framework,
that is, the case d = 1, C = [c1, co], and f is bounded away from zero on C.

Set (hn) = (n™") with a €]}, 3[, let fn, un and zq be defined in the same way
as in Section 4.1.1, and (k%) be a bandwidth satisfying the conditions
nlfah*él

logn

Moreover, let f* be the kernel estimator of f defined with the bandwidth A}, and,
for each x € C| set

Iz = |fi(2)— 7%2/10{«;(1/%) <\/§ + U, +

—0. (4.3)

n%h; — oo and

£ (@) + T W(Vﬂ "+\/§10g(1/hn))].

Note that, for each = in C, I}}(z) is the translation of the confidence interval I,,(x)
(defined in (4.1)) from the quantity f}(x) — fn(x).

The application of Theorem 3.1 (with d = 1 and (v,) = (\/nhn/log(1/hy))),
together with a continuity argument, ensure that, for each = in C, the logarith-
mic asymptotic level of I(x) is equal to 1 with speed A} log(1/h,)/h,. Let
us underline that the speed obtained for I*(x) is faster than the speed obtained for
I,(z); in other words, the levels of the translated intervals I(z) go to one faster
than the levels of the intervals I,,(z). This is explained by the fact that the trans-
lated intervals I} (z) are centered at the point f(z) rather than at the point f,(z),
and, in view of the conditions (4.3), the estimator f(z) converges to f(z) faster
than the estimator f,(x) does.

Now, set

B! = Ugecl)(x).
The application of Theorem 3.2 (together with a continuity argument) ensures that
B is a confidence band for f on C whose logarithmic asymptotic level
equals 1 with speed h* log(1/hy)/h,. The confidence band B}, which is just the
translation of B, , from the quantity f; — f,, has thus the following advantages:

- It has the same width, at each point z € C, as the confidence band B, o
provided by Bickel and Rosenblatt.

- Its asymptotic level is one instead of being 1 — a < 1.

- The logarithmic asymptotic level of B} is the same as the logarithmic as-
ymptotic levels of all the intervals I (z) whose union gives B}, and the
intervals I} (x) themselves have a better logarithmic asymptotic level than
the intervals I, (x) whose union gives By, 4.

Let us mention that the advisable choice of the bandwidth (k) is (h)) =
(n=(1=@)/%) wwhere a is the parameter which defines (h,). As a matter of fact,
among the sequences (h}) = (n~°) which satisfy (4.3), it is the choice that maxi-
mizes the speed h log(1/hy)/hy (which then equals n(>*¢=1/4logn). Let us under-
line that the condition a > 1/5 implies (1 — a)/4 < 1/5. For this optimal choice of
the bandwidth (h}), the confidence band B;: (respectively the confidence interval
I (z)) is thus centered at an estimator f;* (respectively f(z)) whose convergence
rate is given by the convergence rate of its bias term. Consequently, B} (respec-
tively I (z)) cannot be compared with a confidence band (respectively confidence
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interval) centered at f; (respectively f(x)) and provided by Bickel and Rosen-
blatt’s result (respectively by the central limit theorem). The surprising aspect of
this result is that this optimal choice of (h*) depends on the choice of the bandwidth
(hn) and is never the choice for which the estimator f; converges at the optimal
rate.

Simplification of the translated confidence bands. The parameters u, (which de-
pends on the length of the interval C) and z, (which depends on the asymptotic
level @), which appear in the definitions of the intervals I,,(z) and I}(z), play a
crucial role in Bickel and Rosenblatt’s approach. However, they do not have any ef-
fect in the MDP approach. That is the reason why we propose here a simplification
of the definition of the confidence band B} . More precisely, we set

B =Usecl,"(2),

where, for each z € C,

1(0) = | fite) ~ U oglITRVE s gt + YA i V.

A straightforward application of Theorems 3.1 and 3.2 ensures that the logarith-
mic asymptotic levels of I'*(z) for all x € C and of B}* equal 1 with speed
hilog(1/hy,)/hy. In particular, we see that this simplification does not affect the
logarithmic asymptotic level.

Confidence bands truncating. Although the simplified confidence band B}* seems
very convenient to use, it suffers from the same drawback as the confidence band
By, o proposed by Bickel and Rosenblatt (1973): its use is conditionned to the
fact that the density f is bounded away from zero on C. In order to allow the
construction of confidence bands for f on intervals C' on which f may take the
value zero, we now introduce the truncated confidence band defined as:

B;** _ UIECI’;;**(:E)7

where, for each z € C,

@) = | Fite) - YA oglI R VE s fifa) + VA0 loglTh VA

T, being the truncating function defined in (2.8). A straightforward application
of Corollary 3.4 (respectively of Corollary 3.6) in the case C is a compact set
(respectively in the case C' = R) ensures that, if (e,) = (logn)~°¢ with e €]0, 1], then
the logarithmic asymptotic level of B*** is 1 with speed h} log(1/h,)/hy. In
other words, the truncating operation, which allows the construction of confidence
bands for the density on compact sets on which f vanishes or on the whole line,
does not affect the logarithmic asymptotic level.

Let us underline that the advantage of truncating is not only to enable the
construction of confidence bands for f on intervals on which f may take the value
zero. Even in the case f is bounded away from zero on C, truncating gives, in
practice, much better results as soon as the length of the interval C is large.



Confidence bands for densities 243

The multivariate framework. As mentionned in the introduction, the problem of
constructing confidence bands when the probability density f is defined on R? has
been considered by Rosenblatt (1976). His approach consists in an extension to
the d-dimensional case (d > 1) of the results obtained by Bickel and Rosenblatt
(1973). However, in order to enable the construction of confidence bands for f on
a compact set C' on R? (on which f is bounded away from zero), Rosenblatt (1976)
requires the use of kernels of order k > d(d + 2)/2, and, consequently, imposes
rather stringent conditions on f. On the opposite, with the MDP approach, all the
dimensions are dealt with in the same way. More precisely, let the bandwidths (hy,)
and (h;,) be defined as (hy,) = (n™*) with a €] 717, zigrg [ and (hy,) = (n= 07D/,
the sequence (e,,) as (e,) = (logn)~¢ with e €]0, 1], and set, for each x € C,

(@) = | f10) - —%Mogu/hn)ﬁ; f;<z>+—%ﬂ/mg<1/hn>ﬁ ,

where the truncating function 7), is defined in (2.8). A straightforward application
of Corollary 3.4 (respectively of Corollary 3.6) in the case C is a compact set
(respectively in the case C' = R?) ensures that, the logarithmic asymptotic level
of the confidence band B}** = U,cc[***(x) is 1 with speed h’?log(1/h,)/h%.
Let us mention that this implies the existence of two positive functions A\ and A}
which go to infinity with a logarithmic rate, and such that

2
exp (TN ) ) < B eC flo) ¢ 1)

2
< exp (%n([d"'““_l)dﬂl)\f(n)) .

4.2. Thinner confidence bands. The width order of the confidence band B;** is
(logn)?n=" with b < 2/(d + 4); this width might seem too large, and thinner
confidence bands might be prefered, although the convergence rate to 1 of their
asymptotic level is slower.

The smallest possible width of confidence bands whose width does not depend
on +/ f(x) and whose asymptotic level equals 1 —a < 1 is, according to the minimax
theory, M[(logn)/n]?/(?+% where the constant M depends on some known bound
of || f]leo and || f”|loc (see Ibragimov and Hasminskii, 1981, Donoho and Liu, 1991,
Donoho, 1994, and Tsybakov, 2004). This optimal width can not be reached in
the case the width of the confidence bands depends on 4/ f(x); as a matter of fact,
for a large class of densities (which includes the standard Gaussian density), the
sequence [n/logn)? 9| (fn—f)/v/Fllso is known to be not stochastically bounded
(see Giné and Guillou, 2002, pp. 918).

In this section, we give two examples of choices of the parameters (hY), (v,),
(hn), and (e,), which lead to confidence bands whose width order is close to

[(log ) /n]?/ {4+,

- Set (h%) = (¢*n~/(4+4)) with ¢* > 0; this choice corresponds to the case
the confidence bands provided by the MDP approach are centered at the
kernel estimator, which minimizes the (integrated) mean squared error. For
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this choice of bandwidth, the sequence (v,,) can be chosen as:

2/ (d+4) 1

(Up) = (vV'———=] with v* >0 and a > =,
(logn)e 2

the sequence (h,) can be chosen equal to (h%) or to (c[n/logn]~/(d+4)

with ¢ > 0, and the sequence (e,,) as:

(€n) = (€*(logn)™¢) with ¢ >0 and e < 2a.

The application of Corollary 3.4 (in the case C' is a compact set) or of
Corollary 3.6 (in the case C' = R?) ensures that the logarithmic asymptotic
level of the confidence bands defined as B,, = Uzcc I, (x) with

Tn(x)k )+ 6 Tn(x)k

(@) = | frla) = 0¥ - (4.4

is then equal to 62/2 with speed nh?/v2. Consequently, there exist two
positive functions A5 and A, which go to infinity with a logarithmic rate,
and such that

2 _ 2
n= A () < PEz e C, f(z) & I,(z)) < n= T ),

Set (h%) = (¢*[n/logn]~Y/(@+4)) with ¢* > 0; this choice corresponds to
the case the confidence bands are centered at the kernel estimator, which
minimizes the uniform error. For this choice of bandwidth, we can construct
confidence bands whose width is arbitrarily close to [(logn)/n]?/(¢+4) by
choosing the sequence (v,,) as

n 2/(d+4) 1
(vy) = | v* { ] ———— | with v* >0 and a >0,

logn (loglogn)e
the sequence (hy,) equal to (h), and the sequence (¢, ) as
(€n) = (€*(loglogn) ™) with € >0 and e < 2a.

The application of Corollaries 3.4 and 3.6 ensures that logarithmic asymp-
totic level of the confidence bands defined as B,, = UzecIy(z) with I,(z)
defined in (4.4) is then equal to §2/2 with speed nh*?/v2. Accordingly,

(logn)~ 5% ™ < P(Fz € C, f(z) & In(x)) < (logn)~ 5

where A\J and \; are two positive functions, which go to infinity with a
rate in loglog.

Let us finally mention that, in all the previous examples, the truncating function
T, can be replaced by the function 7}, defined in (2.5).

5. Proofs

We first give a unified proof for all the almost sure parts of our results in Section
5.1. Then, Theorem 3.1 is proved in Section 5.2, Theorems 3.2, 3.3, and 3.5 in
Section 5.3, and Corollaries 3.4 and 3.6 in Section 5.4.
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5.1. Unified proof for all the almost sure parts of our results. The proof relies on
the use of both conditions

d
nh;
vphi? — 0 and ——"2%—— — 00

vy log(1/h3;)

Set v = §2/2, w, = nhid/v2, p €]0,1/(d + 4)[, and M > 1/p. On the one hand,
the condition v, h*?> — 0 implies that, for n large enough,

—'ynh*(d+4)
exp(—ywy /2) < exp + .

On the other hand, the condition nh*?/[v2 log(1/h)]— oo implies that, for n large
enough, nh*?/v2 > 2Mlog(1/h?) /v, and thus

exp(—vyw, /2) < kM.
It follows that

ex (f pi=(d+e 2) if by} >n=",
exp(—yw,/2) < _pM K / ' -
n~ P if hy <n=°

and thus ) exp(—ywy,/2) < co. The almost sure parts of our results then follow
from the application of Proposition 1.3.

5.2. Proof of Theorem 3.1. Set § > 0 and #n €]0,1[. On the one hand, we have

P (f(:c)sé [f;(x)—(SM ; f;(x)M@D

n Un

< ]P’{vn|f;(x)f(x)| > 5/ Fu(@)r and “Cc"(—(x) > L]

z)  14n
B <

. 0/ fx)r nf(x)
< P[vn|fn(z)f(z)|>ﬁ +]P’{f(l')fn($)2 1-“7]'
Now, Theorem 4 in Mokkadem et al. (2005) ensures that
: ’UZ * d f(ll?)lﬁ} _ _62
Jim s log P [vnlfn(w) - fa)> R =

and, since v2hd /h*¢ — oo, the application of Corollary 1 in Mokkadem et al. (2005)
gives

02
lim sup — log P {f(z:) — fu(z) >

n—oo nh:ld

< limsup Unhiy [n—logp [|f(:1:) ()] > 77f(33)”

n— oo h;kld

= —0OQ.
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We thus deduce that

2

lim sup Zdlog[P’ <f( ) & [f;(x) _5M L fr(z)+6 fn(@/ﬁ})

On the other hand, we note that

P <f(x) ¢ [fn*(:z:) _5% Fo@)+ fn(x)/ﬂ)

> P |onlf;(@) — f(@)] > 63/ F(a)n fn ‘/f}l((;))g T

> Plo,|fi(x) x)| > dv/(1+n)f(x)k and J;?((mx)) <1409
> Plualfi(@) - f@)] > 0T+ } > (L+n)f(@)]

> Ploalfi(a) = f@)] > 6/ + ) f(@)r] = Pllfa(@) - f(2)] > nf (@),

and the application of Corollary 1 and Theorem 4 in Mokkadem et al. (2005) leads
to

it 2% 1og? <f<z> ¢ [f,t(x) gD 57@@)“] )
Zw. (5.2)

Since 7 can be taken arbitrarily close to zero, Theorem 3.1 is a straightforward
consequence of (5.1) and (5.2).

5.3. Proof of Theorems 3.2, 3.3, and 3.5. The proof of Theorems 3.2, 3.3, and 3.5
will require the application of Lemmas 5.1 and 5.2 below. We first state these
Lemmas, whose proof is postponed in the appendix (see Section 6.1). Then, we
prove Theorems 3.5, 3.3, and 3.2 in Sections 5.3.1, 5.3.2, and 5.3.3 respectively.

Let C,, be a sequence of compact sets of R? and set w,, = sup{||z||, = € C,}.
Moreover, set £ €]0,1[, ¢ > 1, and

U, = {zx€Cy, fulr)>en}, (5.3)
V., = {z € Cp, fulz) <en}, (5.4)
Un(§) = {z€Cy, flz)=E&ent, (5.5)
Wa(() = {z€Chn flz) <(en}. (5.6)

Lemma 5.1. Assume that (A1)-(A83) hold, and that (vy), (hyn), (RY), (€n) satisfy
(3.5). Moreover, assume that (w,,) fulfills the condition

lim v2 log wy,

n—00 nhfld

—0. (5.7)
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Then, for any § > 0,

2 () —
lim sup U"d loglP | sup vnlfu(@) = f(@)] >0 and inf fo(z)>0| < ——.
n—oo NhE €U, (&) fn((E)FG z€UR(E) 2

n

Lemma 5.2. Assume that (A1)-(A3) hold, and that (vy), (hy), (hY), (€,) and
(wy,) satisfy (3.5) and (5.7). For any 6 >0,

2

: v onlfi(x) — f(2)] 2< C>
limsup —= log P sup —2—~L 2> < =67 (1—-2).
n—oo nh;;d g leWn(C) \/ani 2

5.3.1. Proof of Theorem 8.5. To prove Theorem 3.5, we first establish the upper
bound

2
lim sup Uzd logP( 3z € R?,
h3;

n—00 n

\/Tn T)K \/Tn K 2
f(x) ¢ [f:i(x)—évij) ; ;:(x)+5®7:)] ) < —%7 (5.8)

and then prove the lower bound

2
lim inf 2" log]P’<3x e R,

n—oo N :‘Ld

f@) ¢ ﬁuywi%;ﬁ;ﬁmwwlggf )z-%.@@

Throughout the proof, we set C,, = {:c eRY, ||z|| < 67_12/(1} (we thus have w,, =
6;2/‘7).

Proof of the upper bound (5.8): We have

TnZEH \/Tnzl-@
P azewﬁﬂmg{ﬁu>6i7§lafﬂm+&—zill)

v |f2(e) = F(@) () — £(@)
S 5 v el I P AV >ﬂ
v | @ =@
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< P sup onlfn @) = /()] >0 +P [Unm[Un(‘f)]c?é@}
zeU,,NU,(€) fn('r)H
+P sup ’Un|f;(1')*f(z)| >6|+P [an[Wn(C)]c?&m]
z€Wn(Q) Enk
b | @ @
zeCy Tn(x),{
< B| sp DE@S@ S 5w s ]

€U (£) fo(x)k z€UL ()

+P [ O [Un () #0] +P

wp Unlfi@) —f@] 5]

€W (€) €nk B

+P [Wnﬂ[Wn(C)]c 75(2)} +P |: sup onlfn (@) = F ()] > (5] :
(z)r

zeCyg T
n

so that
2

lim sup — — log P (330 eRY,

n— o0 n

Tn T)K Tn 2k

z€UL(€) fu(z)K z€U,(€)

n—oo nhn

2 () —
< max{limsup v’id 1ogIP’[ sup onlfal@) — /()] >¢6 and inf f,(z )>0] ;

: v
lim sup ed logP

n—oo

sup

€W, () \% nk

onlfi(@) <>|251;

(5.10)

n €
2 7 . v2 ~
hfisiip nd log P [Un N [UL(E)]° # (Z)} ; hgls;ip i logP |:Wn A Wi (Q)° # @} :
2 i)
lim sup % logP | sup Un, |fn(if) f(z)] > 5 .
n—oo MMy, zeCg \/m

- The application of Lemma 5.1 ensures that

2 ()
lim sup v’id logP sup M >6 and inf f,(z) >
n—oo TNh} €U, (€) fn(2)k z€Un ()
52
<-= .
<! G.11)

and the one of Lemma 5.2 gives

lim sup Ui logP l sup Unlfa(@) = F@)] > 5] < —5? <1 - g>(5.12)

n—oo h *d zE€W,.(C) €nk -
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- The proof of the following upper bound is quite technical, and is postponed
in the appendix (see Section 6.2).

oalfa@) = S@) -

limsup —"— logP | sup > = —00. (5.13)
n—oo Nhid zeCe /Tn(x)n
- Since
P [Unm[Un(g)]c7é®} = P [31’060", fn (xO)ZEn and f(ZO) §§€n]

< P [3xo € Cn,y fr(xo) = f(20) > (1 —§&)en ]
P [i sup fulz) — f(z)| > <1s>],

n xeCy

IN

we get, by application of Theorem 5 in Mokkadem et al. (2005),

U2 ~ .
lim sup " log P [Un A [Un ()] # @}

*d

n—oo NI,

T {@logﬂ» [i sup |fa@) - f(@)] = (1 —f)]}

n—oo h;d €n zeC,
= —o0. (5.14)

- Similarly, since

P[WanWa(QF #0] = P30 € Cuy fulw0) < n and f (o) > Gen]

< B[3r0€Cur Fl2o)— fu(wo) > (¢ — Len]
<P [iucp fule) — F(@)] > <<1>],

the application of Theorem 5 in Mokkadem et al. (2005) gives

v2 ~
lim sup —2 log P [Wn A Wi ()] # (b}

n—oo nh;;d

) vie2 hd 1 1
< timsup 2 L tog | L sup Ifu(o) - @) 2 - 1) |}
= —oo. (5.15)

The combination of (5.10)-(5.15) leads to

: vp
lim sup

n—oo nh;kld

fx) & f;(w)éi”jz@m;f;(z)wiw >§52 <1£)_

log P (Elz € RY,

2

Since this last upper bound holds for any ¢ > 1, the upper bound (5.8) follows.
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Proof of the lower bound (5.9): Set xg € N,,C,, such that f(xzg) # 0, and set n €]0, 1].
Moreover, let n be large enough so that f(zo) > €,/(1 —n). We then have:

val (o) = F(w0)| > 5V/T(o)w and fu(wo) > (1= n)f(zo)
o Wl = F@)l S 5 f ) > e
fn($0 K
N Un | fr(0) = f(0)] >4 and zg € U,

= sup = | >4
16071 n(l‘)[i

- sup Un|fn(~$)7f(z)| >5
2€Cn Tn(x)k

It follows that

o |y 2 lfile) = F(@)

sup = >4
z€Chn Th(z)k
> P [onlfi(@o) — f(o)| = 8/ Fal@o)k | =B [falwo) < (L= n)f(0)]
> P [alfilw0) = F@o)l = 8V Fulwo)r | = P [(w0) = fulwo) > nf(w0)].
Since the application of Corollary 1 in Mokkadem et al. (2005) ensures that
v2
limsup 22 log P [ F(e0) — fu(a) > nfan)] = o

the application of Theorem 3.1 leads to

2 * _ 2
1iminf%1og[?’ |:sup Unlfa(@) = F@] 5} > 2 (516

Noting that

Tnl‘li Tnxﬁ
P <3$€Rd, f(x)g{ (x)—éi : f;(x)—i—éi])

I B o
z€Cn Tn(:n)m

the lower bound (5.9) follows, which concludes the proof of Theorem 3.5.

]

5.3.2. Proof of Theorem 3.3. Set C,, = C for all n, set £ €]0,1[, ¢ > 1, and let
Un, Wy, Un(€), and W, (¢) be defined according to (5.3), (5.4), (5.5), and (5.6)
respectively.
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Upper bound. Following the proof of (5.10), we have:

2
lim sup sz logP (3z € C,

n—oo n

anlﬁ'/ Tnﬁ?ﬁ
f(x) ¢ [ﬁ:(@a@; ;(@M@D

2 * _
< max{ limsup Uzd loglP | sup Un [ fn(@) = ()] >0 and inf fo(z)>0]| ;
n—oo nhn €U (E) fn(l')/ﬂ? z€Un(£)

02
lim sup Wr;d log P

n— oo

wp i@ = f@)] 5] ;
z€EWn(C) Enk

2 2
lim sup n?;‘d log P [Un N[UR(E)]° # @] ; lim sup nl;;d log P [Wn N [Wa(Q)]° # @] } .

Moreover, following the proof of (5.14) and (5.15), we get

2

. Up, 7 c _
h:lrisolip i logP [Un N[UL(&)]¢ # (Z)} = —o0,
v2 < ,
hrerfo%p e log P [Wn N [WL(Q)]¢ # @} = —oo.

It thus follows from the application of Lemmas 5.1 and 5.2 that

.2 \/Tu(2)k \/Tu(2)k
lim sup h" log P (3-’8607 f(z) ¢ [f;(x)d%’ n(@)+9 vi ) })

n—oo MhH?

2 ¢
< (1)

Since this last upper bound holds for any ¢ > 1, it follows that

2 T (z)k T (z)k
" og P (EI:EE C, fz)¢ [f;(x)c;@ ; ;(I)Jré@])

lim sup

n— oo nh’I*Ld
2

<2

- 2

Lower bound. Following the proof of (5.16), we obtain

)2 \/To(2)k \/To(2)K
lim inf —" log P (EIxGC, f(z) & [f;(x)‘;% ; fa(z) +6 v: ) ])

n—oo N :‘Ld

2
.
- 2

which concludes the proof of Theorem 3.3.



252 Abdelkader Mokkadem and Mariane Pelletier

5.3.3. Proof of Theorem 3.2.

Upper bound. Let (e,) be a sequence satisfying (3.5) (the existence of such a se-
quence is obvious in view of (3.4)). Moreover, set C,, = C for all n, set & €]0, 1],
and let U, (&) be defined according to (5.5). We note that

P <31‘ c C, f(a:) ¢ lf;(‘r) B fn(l‘)li , f:{(l‘)—l-(s fn(@/ﬁ])

n vn

SHPM > and 1nf fn( ) >

e fn(@)K

Since, under the assumptions of Theorem 3.2, there exists a > 0 such that f(z) > a
for all z € C, we have, for n large enough, U, () = C. It follows that

5 log P <3wec, or: [f,*:(x)a% : f:{(x)M%D

<P

+P [;ggfn(x) :O]

2

lim sup

n— oo

2 * _
< max < limsup Un_p sup Un [fn(@) = f(@)] >§ and  inf fn (z) > 0] ;
n—oo h wd z€Un (§) fn(m)ﬂ z€UR(E

2
lim sup 1;1*‘1 [ 122 falz) = 0} } , (5.17)

n— oo

with, by application of Corollary 2 in Mokkadem et al. (2005),

2
Jim. nq;L’;d log P hgglfn(:v) —f@)] = a]
vl
= lim

n—oo h:zd

| tou [sup (o)~ )] 2 |

The application of Lemma 5.1 then gives

2

lim sup i dlogIP’ <3meC’ f(z) & [fn( ) — 5% fr(x) +6 fn($)K:|>

n— oo n Un
52
< ——.
- 2

Lower bound. Set zy € C; since f(xg) # 0, we clearly have, by application of
Theorem 3.1,

2
lim inf 255 log P <3x €C, f(x) ¢ [fii(x) 76% i) +57f;(;’”>“} )

> min e 1og <f( )Q[fi(mo)—émsfZ(mo)+67f”(x°)“]>
n—oo Un, U

> 7_527

- 2

which concludes the proof of Theorem 3.2.

5.4. Proof of Corollaries 3.4 and 3.6. Set H = C in the framework of Corollary 3.4
and H = R? in the framework of Corollary 3.6. Let  and 6, satisfy

f(o) = sup f(l') and fn(en) = sup fn(z)a
reH xeH
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and let T}, be the truncating function defined as T}, (x) = max {f,(x); €, f(6)} for
all z € H.
Upper bound. We first prove that
v2 52
limsup —2 logP | 3z € H, valf;(2) — ()] > 6V/T, n] < -3 (618)

n—oo n

Set 1 > 0; since

0 n
fn(0)>% = Vz e, Ty(z) 14&27
we have
P [EI:EE H, valfi(2) - f(z)| > 5\/Tn(x)n]
< P |:E|,CE€H, Un|fn(x) — f(x)] > 6/Tu(x)x and frn(60 fi;]
f(0)
|:fn( ) < m]

V147

+
3

LT(@} +P [ 10 - £u0) 2 L2 ).

< P laer, vnlfn(2) — f(x)] >

The application of Theorem 3.3 (respectively Theorem 3.5) in the case H = C
(respectively H = R9) ensures that

o/ Ty
Un 7 logP | w et ol £ (@) — f(ag)|>ﬂ < 0

Vit - 21+

lim sup

and the application of Corollary 1 in Mokkadem et al. (2005) gives

2
nf(6)
lim sup hnd log P {f( ) — fa(0) > 1+n}
vaha | [_1 nf(0)
< : n''n . > WY
< h,?isiip[nh;d] [ i 108 [f(H) fn(0) = 1+77H
= —o0.
Thus, we get
v2 52
hg:sotip e log P [EI:E € H, vy|f(x) x)| > 6/T, } Tﬁ)

and, since 7 can be chosen arbitrarily close to zero, the proof of the upper bound
(5.18) is completed.
Lower bound. We now prove the lower bound

2

. Up,
lim inf h “—logP |3z € H, v,|f;(2) x)| > o/ Ty FLi| > 5 (5.19)

n—oo

Set i > 0; since
fal6n) < (L+0)f(0) = VaeC, Ty(z) < (1+n)Th(@),
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we have
P [Elxe H, v |f5 (@) — f(z)] > 5«/Tn(x)/$]

> P _EIxE H, vo|fi(z) — f(@)] > 63/ (A +n)Tu(z)s and fn(6n) < (1+1)f(0)

> P _HmGH, p | fa(x) — f(z)| > & (l—i—n)’f’n(x)m]
P [al62) ~ £0) > 0 (0))
> P |3z e H, vi|fi(z)— f(z)] > 6/ (1 —l—n)’f’n(x)m]

~ [ sup (o) - 1@ > 0/ 0) |

The application of Theorem 3.3 (respectively Theorem 3.5) in the case H = C
(respectively H = R9) ensures that

lmint 2 log P 30 € H, 0,1fi(0) — /@) > /00T e] > -HULED

n—oo N, ,’,“Ld - 2

and the application of Corollary 2 in Mokkadem et al. (2005) ensures that

2
Un

lim sup
n—oo nh:ld

log P [sup fal@) — f@)] > nfw)}

r€H

21d
— timsup 22 { o lou P | sup 7,(e) — £ > s 0)] |
= —o0.

Thus, it follows that

2 62
lim inf sz log P [ﬂx € H, vplfi(z) — f(z)] > 6\/Tn($)lﬁ} > 5
n—oo NAY

and, since 7 can be chosen arbitrarily close to zero, the lower bound (5.19) follows.

6. Appendix

6.1. Proof of Lemmas 5.1 and 5.2. The proof of Lemmas 5.1 and 5.2 requires the
two following preliminary lemmas.

Lemma 6.1. Under Assumptions (A1)-(A3), we have

ok lvnlfn*(x)f(:v)l . 5] .

lim su sup logP —.
p p g f(a:)l-{ 9

n—00 nh;kld zeUR (&)
Lemma 6.2. Under Assumptions (A1)-(A3), we have

2 () —
lim sup Un sup loglP Unlfn(@) = F@)] >0 < =62 (1— & .
n—oo nhid ZEW (C) Venk 2

We first prove Lemmas 6.1 and 6.2 in Subsection 6.1.1, and then establish Lem-
mas 5.1 and 5.2 in Subsection 6.1.2.
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6.1.1. Proof of Lemmas 6.1 and 6.2. Set

\/g(w)f’»

€Enk

up(r) =

- |

and, for any u € R,

in the framework of Lemma 6.2

{ ] in the framework of Lemma 6.1

H

U,(§) in the framework of Lemma 6.1
W,(¢) in the framework of Lemma 6.2

M) = ztog [ep (Miuffy (o) - 10 |.

To study the asymptotics of sup,ce P [vnun(2)|f5(z) — f(z)] > 6% ], we first
note that, by Chebyshev’s inequality, we have

P [unna ()13 (2) — f(2)] 2 57
= ¢ o (0, @70 - ) 2 e (E57) |

n

nhid nhid

< o[- B (enp [, (o)1) - S0 )
n *d n *d

< exp [%52] exp [ 52" Anm(un(x))}

and thus

2
n

hed log sup P [v,uy (2)[f, () — f(2)] > 52] < -8+ sup Ay 2 (un(z)).  (6.1)
iy, Tz€E zel

In the same way, we prove that

2

U log sup P [vntin (@) [ (z) — f1(2)] 2 62] < —0% 4 sup Ao~ un(w)).  (6.:2)
nh:; el zel

Let us set e € {—1,+1} and let us at first assume that

2
Ay o (euy(z)) = U"T(x)ﬁf(a:) + Ry o(eup(x)) with  lim sup R, 4(eun(z)) = 0.
N—=X0 xe&
(6.3)
- In the framework of Lemma 6.1, (6.3) means that
62
Apz(eun(z)) = — + Ry p(eun(z)) with lim  sup Ry .(eun(x)) =0,
’ 2 ’ N0 Lel, (€)

and Lemma 6.1 is thus a straightforward consequence of (6.1) and (6.2).
- In the framework of Lemma 6.2, (6.3) can be rewritten as

2

)
Ap z(eun(z)) = ff(x) + Ry, z(eun(x)) with HILH;O S&/lp(o R, . (eun(z)) =0,
n zeWn

and, since sup,ew, (o) f(z)/€n < ¢, Lemma 6.2 is also given by (6.1) and
(6.2).
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It remains to prove (6.3). Let us first note that
Az (eun(@))

= —vpeun(z)f(z) + Z*d logE [exp <v Lew, (x) ;K x ;*Xz) ) 1

K2

- en @) + 2  logE [exp {vnleun(z)K <:16 h*Xl) H

n

By Taylor formula for the function log, there exists ¢, between 1 and

E {exp {vnleun(z)K <:c h*Xl) } }
such that

Aa(etun(@) = —vneun(z)f(@) + ;:;d]E {exp {vgleun(z)K ("”” ;L*X1>} _ 1}

with

RO (eun(z)) = QCQTZ#{E [eXp {ugleun(x)f( (%Xl)} _ 1} }2.(6.4)

We rewrite A, ;(eun(z)) as
Anz(eun(z))

= —vneun(m f(x)

s [ {ew [ontenntonn (£22)] -1} sy = B e )
—vneun(z)f(z) + v / , (exp [v, "eun(z) K (2)] — 1) f(x — h}2) dz

R

— R (eun(x))
= —vneun(z)f(x)+ vl /Rd <vgleun(x)K(z) + M) flz—hiz)dz

- RS; (eun(z)) + Rf; (eun(z))

=
S0
B—
o
<
3
—~
8
~
—
IA

’U73u3 T p 3
vfl/Rd n n(6)|K( )| exp [v, un(2)| K (2)|] f(z — hj2) dz

< B8O [y @I [ KGPE 65)
It follows that
Ap z(eun(z))
= —uvpeun(x) | K(2)[f(x) — flx —h}2)] dz+ U"T(x) K2(2)f(x — hiz)dz
R4 Rd

— R (eun (@) + RZ) (eun(2))

and, setting

R (eun(2)) = vneun(z) | K(2)[f(z) — f(x — h;,2)] dz, (6.6)
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we obtain

_ (@) /R K2(2)[f(x — hi2) — f(x)] dz + M - Rﬁfi(@un(m))

= DRI R (eun () + R (eun (@) — R (eun(2)) + R, (eun )

(4) us, () 2 *
Rn,z(eu"(‘r)) = T R K (Z) [f(l‘ - hnz) - f(x)] dz. (67)
To conclude the proof of Lemmas 6.1 and 6.2, it remains to show that

lim supR() (eun(z)) =0 for ie{l,...,4}.
77;—*00
Let ¢ and ¢’ denote generic positive constants that may vary from line to line. We
shall use several times the fact that
c

sup up, (z) <
ze€

\_/ ﬂ
™
3

- To study ,(,;(eun( )) defined in (6.4

exp {vnleun(z)K <5” h;;Xl) } > exp { vy, un ()] Koo }

so that

we first note that

1 _
= < o {207 (@) Ko}

Moreover, since

ot (552)) |

- X - X
< E [ v e, (2) K (ac o 1) exp |vy, teun (z) K (m e 1)”
< @ e (o @K <} [ K
we obtain
2 (@) :
supl R eun(e)] < suphit 5 exp v s @I} 171 ([ I d2)
z€E z€E 2
<

hy? d
c exp
€n Un+/€n
. d
— 0 since hy"/en—0 and v,+/€n— co.

- Tt follows from (6.5) that

sup |RE), (eun (x))] °

&
exp
el ’Unei/2 ('Un\/ €n>

— 0 since vnei/2—>oo.

IN
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- To upper bound R,(f; defined in (6.6), we use a Taylor expansion and As-
sumptions (A1)-(A3) to obtain

K(2) [f(x) = f(z = h2)] dz| < h;? sup HDQf(x)II/ 1211 K (2)dz,
R4 rERD Rd

sup
ze€

from which we deduce that

nh*2
sup |[RP) (eun(2))] < c-nn

C
ze€ ’ VE€n

. vph
— 0 since —=—0.
€n

- Similarly, for R,(;%)z defined in (6.7), we note that
K2(2) [f(2) = f(z = hp2)] dz| < by || K ||oo sup HVf(I)H/ 12 K (2)dz,
R4 zERY R4

so that

sup
el

sup | B (cun(a))| < el
el €n

— 0 since —2—0,
€n

which concludes the proof of Lemmas 6.1 and 6.2.

6.1.2. Proof of Lemmas 5.1 and 5.2. In view of Assumption (A2), there exists 3
and || K|/ g such that

|K(z) = K(y)| < |K|ullz —yl” Yo,y € R
Set b = sup,¢cpa |V f(2)]], 6 > 0, p €]0,4], and

R, = o0 yeem \°
" 2[2Vd)Pon (b + | K||1r) '
Let m be the integer satisfying w, /R, < m < 1+ w,/R,, and set N'(n) = m?.
The ball D,, = {x eRY x| < wn} can be covered by N’(n) cubes with lenght
side 2R,, (note that U, (&), W, (), and C,, are subsets of D,,). We denote by BY,
i=1,...,N(n) (N(n) < N'(n)), the cubes that intersect Uy,(§), and by BY i =
1,...,N(n) (N(n) < N'(n)), the cubes that intersect W, ({). Moreover, for each
i€ {l,...,N(n)}, we choose e BY n Un(€), and for each i € {1,...,N(n)},
we choose :zﬁf) S Br(f) NW,L(Q).
To prove Lemma 5.1, we first note that

onlfa@) = @)

P | sup >
€U (£) f(z)k
N o
< Yr| s MA@ S@I,
=1 2€BM™MNU, (€) f(@)k
< N max B|  sp @ T@I

1<i<N(n) zeBM™ U, (&) fl@)s
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Now, for any i € {1,...,N(n)} and for any x € BZ-(") NU, (&), we write

On the one hand, since K is Hélder continuous and since z € B{™=||z — 2{™|| <
2VdR,,, we get

Un f;(w)—f:(w§"))\ _ Ky |z —a” ’
fl@)k = Veur hid h

On [ K| 2V AR )
s

IN

p
5

On the other hand, we have

and, since # < 1 and R,,—0, we obtain, for n large enough,

Un

S —g@| b
for T VEas

IN
l\D.IE
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We deduce that, for all n sufficiently large, Vi € {1,...,N(n)}, Vz € BZ-(") NUL(E),

wlfa@) = gl _ ool - )
f(@)r B V@)K

+p

) f(a) n [ r@l) = £l
< 1+ L e +p
f@")n
/7 (") = F(a™)
< : +p
\/f(w§" )
b, U | @) = £
< 14 £ +p
" f@i")m
fa@™) = £
< V1 +p.
f@")m
We can then deduce that, for n large enough,
o[ sy wli@ = f@]
€U (€) f(@)r
N L[l s s,
< n) max >
1<i<N(n) f(xE"))m V1i+p
o 2@~ f@) _ 5—p
< N(n) sup P n >
€U, (€) l V@)K Vi+p
Applying Lemma 6.1, we obtain
2 () —
lim sup Un *— log P sup M >9
n—oo nhy €U () f(@)r
| ZlogN(n)| (5 p)?
< n —
< tmsup { R ) S
. dv 2 * logen (5ip)2
< hgis;p{ e [ﬂlog(wn) (d + ) log i, — 2B +1ogun} } -0
(6 —p)? ) v2log h v2 log v, v2 log e,
772(1—&-/)) since 7nh;§d —0, 7nh;§d —0, and 7nh;;d —0].

This last upper bound holding for any p €]0,d[, it follows that

2

lim sup h*d
n—oo

vl fi(2) — f(2)] 6
oot | PRSI 5| < G e
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To conclude the proof of Lemma 5.1, let us now set 17 > 0, and note that

P [ sup On o (@) = f()] > 4§ and inf f,(z) >O]

w€Un () Jn(z)K w€Un(€)

= F U (E) ;;((xx)) 2 1+ and meiz?f@) Ja(@) >O]
o | ST s

R e o e
R ey e Tk

Since x € Uy, (&)= f(z) > £e, and since v2hde2 /hi?— oo, we have, by application
of Theorem 5 in Mokkadem et al. (2005),

[ J@) — ful®)

lim sup

sup
n—oo NhEd

cet,e)  f(@) 1409

. vZhde? 1 1 &n
< i S5 { e [ o) g0 > 15

= —o0.
Now, in view of (6.8), we deduce that

v |fia(@) — F(@) 5
25] S At

02
limsup —"—logP | sup
n—oo NI €U (€) fn(x)K
and, since this last upper bound holds for all > 0, Lemma 5.1 follows.
To prove Lemma 5.2, we proceed exactly in the same way as for establishing
(6.8); we first note that

b l p  Dnlfi@) — f@) 25]

c B e B| sy lE@ @)

>4,
1<i<N(n) CEGBSn)ﬁWn(C) V Enk

with, for any i € {1,...,N(n)}, z € Bgn) NW,(¢), and n large enough,
valfale) —f@) _ Un|fa@ - fi@™)| L @) - 1(@")
J@") = f(@)
NG
fr(@) = fa)

€nk

Un

Un

+p.
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We then deduce that

Un | fn(2) = f(@)] v vn | fn(2) = f(@)]
Pl HEE | < N gy o [BUEGL )

and, applying Lemma 6.2, we obtain

vy onlfp(x) — f(2)]
lim sup —= log P sup — 2Lt~ >
n—oo A Lewn(c) Venk

v2 log N(n
< limsup 2 Oi*d( (6 —p) ( )

< —(0-p)? <1g>

Since this last upper bound holds for any p > 0, Lemma 5.2 follows.

6.2. Proof of (5.18). Since T, (x) > €, for all z € R, we have

2 * _
hmsup 1}; 7 log]P) sup Un |fn(~‘r) f(l’)| S5
n—oo zeCg Tn(:n)m
2 % _
< limsup Un logP | sup O | fr () — f(2)] -l
n—oo by ll2]|>wn €nk

Now, recall that sup,cga [E(f;(2)) — f(z)| = O(h}?); in view of the condition
vahi?/\/en—0 in (3.5), Equation (5.13) is thus a straightforward consequence of
the asymptotic

2

lim sup
n—oo nh xd

logpl qp Lnlfi(@) ~E(f@)) 25] e (69)

llzll>wn Enk
To prove (6.9), we need the following technical Lemma.

Lemma 6.3. Assume that (A1) and (A4) hold. For all v > 0, we have

o | K?("””:y)ﬂy)dy < yhite,
)| >w, JRE hy,

Proof of Lemma 6.3. Set v > 0, and write

1 r—y
K? d
e [ < = >f(y) y
1

1
= — K2(2)f(x — hiz)dz + — K2(2)f(x — hiz)dz
Izl Swn/2 En J|zl|>wn /2

On the one hand, we note that
[zl = wn and 2| Swn/2 = |z —hyz]| = wall = by, /2]
= ||z —hlz|| > w,/2 for n large enough
= f(z—h)z) < Mp2%,? for n large enough
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(where My = sup,cpa ||z||?f(x)), so that
1

M ;21
sup — K2(2)f(x — hiz)dz < qf / K?(2)dz
lzl|>wn € J)z)| <w /2 Wnén JRd
< % for n large enough

(since wle,— 00).
On the other hand, we have

i 2 _ ¥ ||f||002q q172

sup K*(z)f(x —hpz)dz < sup ——p— Iz||9K*(2)dz
lzl|>wn €n Jz]|>wn /2 lzl|>w, Wn€n Jrd

< % for n large enough,

which concludes the proof of Lemma 6.3. [J
Let us now come back to the proof of (6.9). Set

e

The classes Fp,, n > 1, are contained in the class F(K) defined by (3.1); since K
satisfies the covering number condition (3.2), there exist A > 0 and v > 0 such
that, Ve > 0, Vn > 1,

A v
Nl Kl P 5 < (2)

Now, let us take U = || K||o and 02 = yh}de, with v > 0. Since h’%e,—0 and in
view of Lemma 6.3, we have, for n sufficiently large,

o<U/2

and
- X
o? > IE[K2 (z e 1>} for ||z|| > wp.

Thus, it follows from Theorem 2.1 of Giné and Guillou (2002) that there exist two
constants M and L depending only on A and v such that, for

t>1L <Ulog%+\/ﬁo\/@> ;
e (£52) -2 (x (5524)]] ]

t tU
< logM — M—Ulog (1 + Mo T U\/WP) . (6.10)

It follows from the conditions h¥ /e, — 0, vnes/? = 0o and nhid /w2 log(1/h%)] —

we have

ll]|=wn

logP [ sup

o0 in (3.5) that lim, o /no/[Uy/log ¥] = oo, and thus, for n large enough,

\/ﬁa—i—U\/logg < 2y/no. (6.11)
g
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Now, set t,, = énh’e, /e r/vy,. Tt follows from (6.11) that, for n large enough,

Ulog ¥ + \/no/log £ 2y/noy/log £

tn tn
4v7 log(U/ [yenhyy])
< .
- knhid

The conditions A% /e, — 0 and nhx?/[v2 log(1/h})] — oo in (3.5) ensure then that,

for n large enough,
U U
tn > L <U10g— + \/ﬁamog—> . (6.12)
o o

SiIlCe
© H]’,‘H>I’L),Un \Enk

= log]P’[ sup

lll|Zwn

> [ (55 -2 (e (59))]

2 tn] ;
it follows from (6.10), (6.11) and (6.12) that, for n large enough,

V| () = E(f(2))] tn t,U
log P n n ) < log M — 1 1 .
o Lzsfgun NG e e T Vi Gy o

Noting that

i tnU I U

m —— = 1l — =
n—oo 4Mno? n—00 4M'Yvn\/ €n
we obtain

2

. v vnlf(2) — E(f7 ()]
lim su " logP su n n >0
none il %8 Lﬂzl?un Venk -

v2 t2
< 7hm su - ___n
=T TP hhid 4M2no?
5%k
< ——,
4y M?

which implies (6.9) by letting v — 0.
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