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Abstract. We introduce new models of stationary random fields, solutions of

Xi = F ((Xt—j)jezn foy;: &) »

the input random field £ is stationary, e.g. & is independent and identically dis-
tributed (iid). Such models extend most of those used in statistics. The (nontrivial)
existence of such models is based on a contraction principle and Lipschitz condi-
tions are needed; those assumptions imply Doukhan and Louhichi (1999)’s weak
dependence conditions. In contrast to the concurrent ones, our models are not set
in terms of conditional distributions. Various examples of such random fields are
considered. We also use a very weak notion of causality of independent interest: it
allows to relax the boundedness assumption of inputs for several new heteroscedas-
tic models, solutions of a nonlinear equation.

1. Introduction

Description of random fields is a difficult task, a very deep reference is Georgii’s
1988 book; a synthetic presentation is given by Follmer (1988). The usual way to
describe interactions makes use of conditional distributions with respect to large
sets of indices. This presentation is natural for discrete valued random fields as
in Comets et al. (2002). The existence of conditional densities is a more restrictive
assumption for continuous state spaces. The existence of random fields is often
based on conditional specifications, see Follmer (1988, pages 109-119) and Do-
brushin (1970), through Feller continuity assumptions. The uniqueness of Gibbs
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measures is often based on projective conditional arguments; it follows with a mix-
ing type argument. Such conditions rely on the regularity of conditional distri-
butions; applications to resampling exclude such hypotheses. Various applications
to image, geography, agronomy, physic, astronomy or electromagnetism may for
instance be considered, see Georgii (1988) or Loubaton (1989).

We omit here any assumption relative to the conditional distributions. Our idea is
to define random fields through more algebraic and analytic arguments. We present
here the new models of stationary random fields subject to the relation:

Xy = F ((Xe—j)jezn\qoy; &) (1)
where & = (&)4cza is an independent identically distributed (iid) random field. The
independence of inputs £ may also be relaxed to a stationarity assumption.

For the models with infinite interactions (1), the existence and uniqueness rely
on the contraction principle. Lipschitz type conditions are thus needed, they are
closely related to weak dependence, see Doukhan and Louhichi (1999). Analogue
weak dependence conditions are already proved in Shashkin (2005) for spin systems.
A causal version of such models, random processes solutions of an equation X; =
F(Xi—1,Xi—2,...;&) (t € Z) is considered in Doukhan and Wintenberger (2006);
in this paper the results are proved in a completely different way fitting to coupling
arguments. Our results state existence and uniqueness of a solution of (1) as a
Bernoulli shift X; = H((&—s)sczae) as well as the weak dependence properties of
this solution.

Our models are not necessarily Markov, neither linear or homoskedastic. Moreover
the inputs do not need additional distributional assumptions (like for Gibbs random
fields). They extend on ARMA random fields which are special linear random
fields (see Loubaton (1989) or Guyon (1995)). A forthcoming paper will be aimed
at developing statistical issues of those models. Identification and estimation of
random fields with integer values will be considered in Doukhan et al. (2007).
The paper is organized as follows. We first recall weak dependence from Doukhan
and Louhichi (1999) in § 2. General results are then stated for stationary (non
necessarily independent) inputs. Those results imply heavy restrictions on the
innovations in some cases: a convenient notion of causality is thus used. A last
subsection addresses the problem of simulating such models.

A following section details examples of such models. They are natural extensions
of the standard times series models. We shall especially consider LARCH(o0) and
doubly stochastic linear random fields for which this causality allows to relax the
boundedness assumptions. Proofs are postponed to a last section of the paper.

2. Main results

In order to state our dependence results, we first introduce the concepts of weak
dependence. Our main results will be stated in the following subsection. After this,
causality will be proved to imply other powerful results. A last subsection is aimed
at describing a way to simulate those very general random fields.

2.1. Weak dependence. We recall here the weak dependence conditions introduced
in Doukhan and Louhichi (1999). They may replace heavy mixing assumptions.

Definition 1. Set ||(s1,...,8q)| = max{|si|,...,|sq|} for s1,...,84 € Z. One E =
R* —valued random field (X;),cz4 is weakly dependent if for a sequence (€(r))ren
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with limit 0
|COV (f(X517 R XSu) ’ g (thv R Xtu)| S T/J(Ua v, Llp fa Llp g)é(’f’)’

where indices s1,...,8y, t1,...,t, € Z% are such that s —t;]| > rfor 1 <k <w
and 1 <[ < v. Moreover, the real valued functions f,¢ defined on (Rk)u and
(R*)", satisty || floos [lg]loc < 1 and Lip f,Lip g < oo where a norm | - || is given
on R* and,

Llpf: sup |f(1717---750u)—f(y1,...,yu)|
@) 2 ee) 11 = Y1l (2w — |

If ¥(u,v,a,b) = au + vb, this is denoted as n—dependence and the sequence €(r)
will be written n(r).

If ¢ (u,v,a,b) = abuv, this is denoted as k—dependence and the sequence e(r) will
be written x(r).

If ¥ (u, v, a,b) = au+ vb+ abuw, this is denoted as A—dependence and the sequence
e(r) will be written A(r).

2.2. Random fields with infinite interactions. Let & = (& )seza be a stationary ran-
dom field with values in E’ (usually E' = R* for some k&’ > 1 but in some cases E’
is a denumerable tensor product of such sets). We shall consider stationary F = R*
valued random fields driven by the implicit equation (1). For a topological space
S, B(S) denote the Borel o-algebra on S.

We denote I = Z\ {0}. In the sequel, F' : (E) x E', B(E")® B(E")) — (E,B(E))
denotes a measurable function defined for each sequence with a finite number of
non-vanishing arguments (!). In this paper || - || will be arbitrary norms on E (or
E’ when needed). We will always use the suppremum norm on Z? and this norm
will be also denoted by || - ||. We prove that simple assumptions entail existence of
a unique solution as a Bernoulli shift

Xo = H ((§—j)jena)
Let p denote £’s distribution; this is a probability measure on the measurable space
d d
(E’Z ,B(E’Z )) For some m > 1, we denote || - ||, the usual norm of L™ and

the space of y-measurable H : (E’Zd, B(E’Zd)) — (E,B(F)) with finite moments
is denoted
L™ () = {H/ E[|H(&)||™ < oo}.
We shall use the assumptions:
: (H1) [|F(050)lm < oo
: (H2) There exist constants a; > 0, for j € a > 0 with, for each Vz,2’ €

E@\{oD)
IF(z:60) = F(Z36)l < D> asllzj =l as (1)
JEZIN{0}
Z a; = e * < 1.

jezN\{0}

We now extend the function F to the trajectories of a stationary random field:

19 V denotes a vector space and B an arbitrary set then V(B) C VB denotes the set of
v = (vp)pe B such that there is some finite subset B1 C B with v, = 0 for each b ¢ Bj.
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Lemma 1. Assume (H1) and (H2). Let X and X’ be two F—valued stationnary
random fields in L™, then:

1) plingo F((X;Lo<|j)<p)i=0; o) exists in L™ and a.s., we denote it

F ((X;) ez qoy; o) -
2) |IF((X5) ez 1033 €0) = F((Xjezngori &), < D a5 X5 = Xill,, -
jez\{0}
Theorem 1. Assume that & is stationary and (H1) and (H2) hold. Then there

exists a unique stationary solution of equation (1). This solution writes X; =
H ((&—;)jeza) for some H € L™ ().

Lemma 8 below, will also provide us with an approximation of this solution with
finitely many interactions.

2.2.1. Weak dependence of the solution (iid inputs). In the general case we shall
restrict to independent inputs to derive n—weak dependence of the previous solu-
tion.

Theorem 2. Assume that £ is iid and (H1) and (H2) hold. Then the stationary
solution of equation (1) obtained in theorem 1 is n—weakly dependent and there
exists a constant C' > 0 with

r) < C- inf {e_a% a-}. 2
n(r) Jnf. + ”%p i (2)
Remark. If a; = 0 for ||i|| > p then n(r) < C-e %2,
Sub-geometric rates are now derived from specific decays of the coefficients:
Lemma 2 (Geometric decays). If a; < Ce™Pl7l there exists a constant C’ > 0 with
n(r) < O'riTt e~ Varr /2,

Lemma 3 (Riemanian decays). If a; < C||i|=? for a 8 > d, there exists C’ > 0
with i
n(r)y <c’ (L) .

Inr

Thus a large range of decay rates may be considered for such models of random
fields.

2.2.2. Weak dependence of the solution (dependent inputs). If £ is either n or A-
dependent it may be proved in specific examples that weak dependence is hereditary.
Here follows a general result. The following assumption will be necessary:

(H2’) There exist a subset = C £’ with P (§ € Z) = 1, nonnegative constants with
Z a; =e “ <1 and a constant b > 0 such that
jezN\{0}
1F(z5u) = Fa'su) < D0 agllay =l +bllu— o],
jezN\{0}

for all z, 2’ € E@\{0) and u,u’ € 2.

We quote that assumption (H2’) is more restrictive than (H2)
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Proposition 1. Assume (H1) and (H2).

1): If the random field & is n—weakly dependent, with weak dependence
coefficients 7¢(r), then X is n—weakly dependent with, for some C' > 0,

<O L n . on _ '

n(r) < € inf { 3 a;+ inf {a" +pne ((r—2pm) v 0) |}
llglI>p

2): If the random field £ is A—weakly dependent, with dependence coefficients

denoted A¢(r), then X is A—weakly dependent with, for some C > 0,

< : . : n 2n _
Alr) < Cplean* l; a; + nléle* {a +p*" e ((r — 2pn) V 0) }
ill>p

Remark. For models with finite interactions, i.e. F(z;u) = f(zj,,...,2;.;u) for
x = ()0, this simply writes

n(r) < c inf {a® + k"¢ ((r = 2pn) VO)},

A(r) < cning* {a™ + k> ¢ ((r —2pn) Vv 0)},
here p = max{[|j1],..., |7xll}. If ne(r) or A¢(r) have geometric or Riemannian
decay the same holds for the output random field. More precisely set a = e~* and
k = e® under n-dependence and k% = e" under A-dependence, then decay rates of
the outputs (X;) write

Geometric decays:

apB
es+2o57= " for dependence decays of the inputs with order e=f"

Riemannian decays:

roate  for dependence decays of the inputs with order r~°

2.3. Causality. For d = 1, the recurrence equation X; = &(a+bX;_1) is given with
F(z;u) = u(a + bxy). There exist a stationary solution with & and X;_; indepen-
dent. Here (H2) implies that innovations are bounded, which seems unrealistic.
In this example, instead of H ((&:)iez)) € L™ (), this is enough to exhibit solu-
tions H ((&)e>0) € L™ (u) (which is independent of (£5)s<0). This allows to replace
suprema by integrals in (H2) in order to derive a contraction principle. Causality
of random fields has been considered in Helson and Lowdenslager (1959); we adapt
this idea in order to relax the previous assumption.

Definition 2 (causality). If A C Z%\ {0}, we denote c(A) the convex cone of R¢
generated by A,

k
c(A):{Zriji/ (1. Jk) € AR (r1, ... 1) € RY, 1@1}.
i=1

1) The set A is a causal subset of Z% if ¢(4) N ( — ¢(A)) = {0}.
2) If F' is measurable with respect to the o-algebra §4 ® B(E’) for some causal set
A, then the equation X; = F ((X;—;);er; &) is A-causal.

For a causal set A C Z%, we denote by A the subset ¢(A) N Z<.
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Examples. A singleton is causal, as well as {4,;} if and only if —j ¢ ¢- RT. The
half plane {(i, j) € Z?/i > 0} U{(0,4); 7 > 0} C Z? is also causal.

One consequence of this notion is the elementary lemma:
Lemma 4. If A is a causal subset of Z, then V(j,j') € A x A we have j + j' # 0.

For a linear basis b = (by,...,bq) of RY, (z1,...,24) — 21b1 + - -+ 24bg, defines
an isomorphism f : R — R We denote by <, the total order relation on R?
defined by:

u<pv & fHu) <pew (V)
with <je, the lexicographic order on R,

Proposition 2 (characterization of causal sets). If B is a convex cone of R? such

that BN (—B) = {0} there exists a basis b of R? such that B C {j € R%/0 <, j}.
Moreover if b is a basis of R, {j € Z9/0 <, j} is a causal set of Z? witch will be
called maximal causal subset.

Remarks.

e The maximal causal subsets of Z are {1,2,3,...} and {—1,-2,...}. An
example of maximal causal subset of Z? is {(i,7) € Z%?/i >0 or (i =0,j >
0)}.

e Helson and Lowdenslager (1959) define symmetric half planes as subsets
S C Z? such that S is stable by addition and SU (=S) = Z2, SN (-9) =
{0}. A nice review of this causality condition is given in Loubaton (1989),
applications are essentially given in terms of linear random fields.

Note that S\ {0} is a maximal causal subset of Z2. This notion plays a
prominent part in prediction theory of 2-D stationary process (see Loubaton
(1989)).

If D C Z%, we denote by 7, (respectively 7’,) the coordinate applications in EZ !
(resp. in (E")%"), §p = o(ms;s € D) and §'p = o(nl;s € D). Hence we denote
by L'3(n) the subspace of L™ (u) of functions p-measurable with respect to §'p.

The following result takes this definition into account to relax the assumptions in
theorem 1,

Theorem 3. Let Xy = F ((Xt_j)jezd\{o}; ft) be a A-causal equation with iid inputs
¢. Besides the assumption (H1) we assume the following condition:
(H3) there exist nonnegative constants with >, , a; = e~ <1 and

1P (@:0) = F(2/360)lm < Y ajlle; —ll, Va2’ € BEMOD,

JEA

Then there exists a unique strictly stationary solution X of this equation in L™ if
for each t € Z¢, X, is measurable wrt o ({t,j/j € /Nl)
This solution writes X; = H ((§—;);eze) where H € L2, and it is n—weakly
dependent; moreover relation (2) still holds for a constant C' > 0.

Now the function F' is extended as follows:

Lemma 5. Suppose (H1) and (H3). If & is independent of o ((X;, X})/j € A) for
two random fields X and X’ in ™ then,

1) lim F((Xj10<||j\|<p)j;£0; &)) exists in L™ and it is denoted F((XJ)J;,&Q, &))
p—0o0 -
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2) ||F((X;)j20:€0) — F((X))20:0) |, < D ai |1 X5 = X5,

jeA
2.4. Simulation of the model. Simulations of those models are deduced from the

proof of the existence theorems based on the Picard fixed point theorem. Consider

d d
the shift operators 6; : (E’)Z — (E’)Z defined as (zk)peze — (Thtj)peze. For
H e L™(u) we note

®p(H) =F (((H09 )1||J||<P) WO)
It is shown in theorem 1’s proof that the application ® : L™ (u) — L™ (u) given by
®(H) = F((H ©6;);+0;0)-

is well defined and has a fixed point in L™ (u).
The proof of theorem 3 shows that it is also the case for a A—causal equation if we
replace L™ (1) by L% ().
For n,p € N*, t € Z¢ we denote
Xy = o (0) ((ft—j)jezd)
and
Xyt = @5 (0) ((6-5)jez) -
Lemma 6. We assume that conditions in theorem 1 or in theorem 3 hold for some
m > 1. Let n € N then:
(1) For every t € Z4, || X; — X"H < a"|| Xol|m, hence lim,,_,c X}* = X; a.s.
2) i X2 < 1 Xollm {a + 2 azlmbpaﬂ}. Thus if
P = pn, is chosen such that Z ( Z aj) < 00 then
n2l  |ljl>pn

lim X7, =X, as. (3)

n—oo

Remarks.

e If the random field has finitely many interactions, then 1. provides a sim-
ulation scheme.

e For each finite p the operator @, can be calculated thus relation (3) provides
an explicit simulation scheme even for infinitely many interactions.

e A.s. convergence rates may also be evaluated in the previous lemma. They
write 045 (a™n€) in the first point for each ¢ > 1/m and o, (n™¢) for
0<e<a—-1/mif 3., aj < Cn~® for some C'>0,a > 1/m in the
point 2.

e If T'C Z% is a finite set the random field X may be analogously simulated
over T and (X;)ier is estimated by (Xgmt)teT'

2.4.1. Simulation scheme for finitely many interactions. Let

F(zyu) = f(z),. . 25, 0).
The sequence of random fields X™ is defined from:

X! =f(0:&),t €2, X = (X, X0 6), for n >0
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We now simulate samples (X!°)1<¢, 1,<15 of LARCH models withd =2, k = k' = 1

and p = 10:
Xo=a(1+ Y aX,)
o<llili<p
. 0.05
(1) In the figure 1, we represent the non causal case with a; = ﬁ and &g
1172

is uniform on [—1, 1].
0.05
(2) Figure 2 deals with the causal case with a; = 7 if 0 < j1,72 < 10 and

1T
a; = 0 otherwise. In this case, § is N(0, 1)-distributed.

FIGURE 1. Non causal LARCH field.

FIGURE 2. Causal LARCH field.
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3. Examples

Theorems 2 and 3 are now applied to examples of random fields with infinite
interactions. Causality will allow to weaken moment conditions. In fact, theorem
2 proves a contraction principle in L™ for each value of m while theorem 3 only
works with one fixed value of m.

3.1. Finite interactions random fields. If & = ({,v¢) with { € RP and v a p X ¢
matrix, and functions f(-) € RP and g(-) € R?

Xt = f(Xt7£17 ) thlk) + ’Ytg(Xt*fla s aXt*Zk) + Ct (1)

with ¢1,...,¢; # 0.

E.g. non linear auto-regression corresponds to 7 = 0 and ARCH type models are
obtained with ¢; = 0 (classically p = ¢ = 1, f is linear and ¢g?(z1,...,2x) is an
affine function of 2%, ..., z3).

Theorems 1, 2, 3 imply the following lemma,

Corollary 1. Suppose ||Col|m < oo and

If@am) = flnm)l <0 X billz = il
lg(@r,. o yzk) =gy, - u)ll < i cillzy — vl
k
(1) If € is iid and Z (b + |70lleoti) = €™ < 1, then y(r) < C (e—%)T for
i=1
model (1).
k
If the equation (1) is causal and Z (bi + [[0llmei) = €™ < 1, the same
i=1
holds.
k
(2) If now & is  or A-weakly dependent, g bounded and » _ (bi + [[yo/lscci) =
i=1

e~ % < 1, then X is n or A-weakly dependent. Decays are given according
to proposition 1.

The remark following proposition 1 states precise decays. The volatility coeffi-
cients ¢ need to be bounded in the general case and they only have finite moments
under causality. Functions f and g may only depend on a strict subset of the indices
1,...,k.

3.2. Linear fields. Let X be a solution of the equation

Xi=Y X j+G, (2)
JEA
innovations ¢; are vectors of £ = R* and coefficients 7] are k x k matrices, || - || is

a norm of algebra on this set of matrices and X will be an E valued random field.
Let A C Z%\ {0}, we assume that the iid random field & = ((a{)iGA, Ct) . takes
te

now its values in (kak)A x E; here My denotes the set of k x k matrices.
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Proposition 3. b=}, , lad)|loo < 1, then theorem 2 applies with a; = ||a6]\oo.
For a causal equation if b =37, 4 [[ag|lm < 1 theorem 3 applies with a; = [|ag|m-
In both cases the solution of equation (2) writes a.s. and in L™,

oo
_ J ) Ji gz . Ji ) )
Xe=G+ E apéi—j + E E Qg atljlfmfji,lCt*(]1+“'+ji)'

jEA i=2 j1,...,§i €A

This means that the random coefficients are bounded in the general case and
they need only to have have finite moments under causality.
Examples. If the sequence (a{ )¢ is deterministic then those models extend on linear
auto-regressive models. If only a finite number of coefficients oz{ do not vanish we
obtain auto-regressive models with random coefficients, see Tjostheim (1986).

3.3. LARCH(>) random fields. Stationary innovations &; are now k X k' matrices
and || - || will denote a norm k x &k’ or k' x k matrices while X; € R*. For bounded
innovations we first recall

Theorem 4 (Doukhan, Teyssiere, Winant (2006)). Let a; be a k' x k matrix for
j € Z4\ {0}, note A(x) = 2_1jli>« loj[| and suppose that A = A(1)[[§o]|oc < 1, then

Xe = ft a—+ Z Z ajlgt*jl o 'o‘jk&*jlf“'*jka (3)

k=1j1,...,jx#0

is a solution of the equation

Xi=¢& G+Za_th—j , tezd (4)
#0

if moreover ¢ is iid, then

TN\
n(r) < Eloll | Bllsoll Y ¥4 () + 5= | llall.

k<r/2

If we use theorem 2 we also obtain that eqn. (4) admits a unique Bernoulli
shift L™ solution. Note that this solution is bounded. Notice that for Riemannian
decay the previous A(u) < Cu~¢ relation yields n(r) = O(r~¢) while theorem 3
only provides us this bound up to a log-loss; geometric decays yield the same result
for both cases.

Bounded innovations &; look unnatural hence we investigate below the causal case.
Let A a causal subset of Z? and

Xt =& <a + Z &ths> (5)
sEA

Proposition 4. If b|&o||m < 1 with b = Y7, ||as||, theorem 3 applies with a; =
1€ llcv; | to the solution (3) of eqn. (5) (we set a; =0 for j ¢ A).
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3.4. Non linear ARCH (o) random fields. Models with
Xt =& (CL + Zgj(thj))
#0
clearly extend on LARCH(c0) models; bounded functions g; provide robust models.
Corollary 2. If ||g;(x) — g; ()| < ajllz —y| and [|€olloo D2 0 @ < 1, theorem 2
holds with a; = ||¢o||coi (innovations are bounded here).

Assume now that g; = 0 for i ¢ A, causal set then theorem 3 holds with a; =
[I€0llme (and now the innovations do not need anymore to be bounded).

This causality argument improves on Doukhan et al. (2006) by only assuming
finite moments for innovations instead of boundedness.

3.5. Mean field type model. Consider innovations in R* and k x k matrices a;,
Xt - f(é.t; Zasfth) (6)
s#£t
Corollary 3. Assume that f : RF x R¥ — R satisfies
sup [|f(u,2) = fuy)| < ble—yl, Yo,y eRF, b flaf < 1.
u€RF’ i#0

then equation (6) admits a unique solution in L™ written as a Bernoulli shift and
this solution is n—weakly dependent with a; = blja]|;.
The same results hold if now a; = 0 for i ¢ A with A is causal in Z¢ and,

Hf(foaiﬂ)) - f(§07y)||m < b||.%' - y||7 Va,y € Rkv b Z HalH <L
i#0
LARCH(co0) models take this form.

4. Proofs

We begin with the proof of some lemmas which relate the assumptions to con-
traction conditions in the space of Bernoulli shifts. Then we give separated proofs
for existence and weak dependence properties. Those proofs always follow two

steps since we first consider models with a finite range. For shortness we write here
I=12%\{0}.

4.1. Proof of lemma 1. For p € N*, we set Y, = F((Xj10<||t”§p)j,§o) and Y, =
F((X]lo<pti<p)ss 0)-
(1) If ¢ € N* from assumption (H2),
1Yy = Ypiqll < Z a; |1 X1, a.s.
p<llill<p+q
Since the serie . ;a; [ Xj||,, is convergent the serie > ; a; [|-X;| con-
verges a.s. Hence, we deduce that a.s (Y})pen+ is a Cauchy sequence in F

and then converges. We denote by Y = F((X});0;&) this limit.
Moreover, for p € N* we have:

1Y, = FO:&0)l,, < D ailIXll,,

o<l <p
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This proves that Y, € L™. Hence the convergence in L™ is a simply
consequence of the Fatou lemma since:

1Y =Yyl < liminf [V, =Y, ll,, < 37 a5 Xoll,,

311>
(2) If p € N*, we have using (H2): ||V, = Yy|| < a; ||X; - X]| .

J#0
hence the result follows with p — oco. O

4.2. Proof of the existence theorem 1. Assuming (H1) and (H2) we set a =
Z#O a;j. With the notations of paragraph 2.4.,

®,(H)=F (((Ho 0)1)51<p) ;Wo) , VH € L™ ()

As a direct consequence of lemma 1, lim, o, ®,(H) exists in L™ (p). Denote this
limit by F((H o 6;);20;m0), the application ® : L™ (u) — L™ () is defined as

®(H) = F ((H 0 0;)j0; m0) -

Let show that ® is a contraction of L™ (u).If H, H' € L™(u), then applying the
lemma 1 to the random fields X and X' defined as X; = H o 0;({) and X| =
H' 06;(€), we obtain:

|O(H)(E) = ®(H)Elm < > ajllH00;(8) — H 00;(&)|Im
Jj#0
< > ailHE) = H'()llm
j#0

Picard fixed point theorem applies since the space L™ (u) is complete. There exists
aunique H € L™ (p) with ®(H) = H thus H(§) = F ((H 0 0;(€))jez4:&0), a.s. Set
X = H ((&—:)icza) then with stationarity of ¢ and since Z¢ is denumerable we get

Xy =r ((Xt—j)jezd\{o};ft) , vtezd a.s.

Let Y be a stationary solution of this equation, we denote u; = || Xy — Yi||1 for
each t € Z%. We obtain u; < > jz0 @jut—j- As sup,ur < [ Xoll1 + [[Yolli < oo we
note that the previous relation implies sup, u; < asup, u;. Hence u; = 0 for each
t. Thus X; =Y; a.s for each ¢t. O

4.3. Proof of theorem 2. For an independent copy (&})icze of & = (&)ieze and
s € RY, we set £ = (ft(s))tezd with §t(s) =& if ||t]] < s and ¢l = &' else. For
a Bernoulli shift defined by H a straightforward extension of a result in Doukhan
and Louhichi (1999) to random fields implies

0r) <262, where 8= |H (&)~ H(E), &)
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4.3.1. Weak dependence under finite interactions. We first assume that F' depends
finitely many variables

Xt = F(Xt*jlv R 7Xt*jk;€0)

Lipschitz coefficients of F in condition (H2) write ai,...,a; and we set a =
S ai < 1 and p = max{|[i1]l,...,|lk]l}. Let H be the element of L™ (u)
with X, = H((&i)icze) and 6, = E[[H(€) - HED)| = B[ X0 - x| with
X7 = H(&,)ie 2)

Lemma 7. Assume that (H1) and (H2) hold, then 8, < 2||Xo||1a» hence 8, —p oo
0.

Proof of lemma 7. Let r > 0. Since ¢ and £€") admit the same distribution, we have
for each ¢:

X, =F(Xi_j,. ... X&), XV =rx . xD el

t—j17 A t—gr?

If ||¢]] < r then 5,5” = & and using (H2), we have:

k
16 = X1 < Y a | Xy, — X[ @)

t=Ju||y
Set now i = —[=Z]if r = p, then if u <i—1and lr,... .0y € {1,...,k}: [lji, +
Jis + -+ Ji, |l < r. We use inequality (2) to derive recursively the bounds
k k k
(r) (r)
HXO - XO 1SZ al, Z LR Z a, X_(j11+j12+"'+jli) - X*(jllJrjler"'Jrjli) ‘1
I1=1 lo=1 ;=1

< 2|| X010’

From i > r/p we get || Xo — X7 |1 < 2| Xo|l1 a? thus &, < 2| Xo|1a7.
(r) k (r)
Xo — X Hl < lezl ag, X*jzl _X—jll 1

Thus 8, < 2||Xol1a’ < 2||Xo|/1 a?. The result follows with a < 1. O

If now r < p,

We now set a useful result. (X;);cza and (X )¢cze will denote for p > 0 the previ-
ous unique solution of the equations (1) and Zy = F ((Zi—;1{0<|jji<p})jeze\{0}; &t)-

Lemma 8. Assume that the conditions in theorem 1 hold. Then X, ; —s—o X; in
L™, for each t € Z°.

Proof. [ Xp.0—Xollm < allXp0 = Xollm + | Xollm »_, a;, thus | X, 0= Xollm <
l7lI>p

MHXOHW which entails the first result. We also quote that sup,, || Xy ollm <

l1—a

oc0.

4.3.2. Weak dependence.

Lemma 9. Assume that the conditions in theorem 1 hold. Then the random field
(Xt)¢eza is n-weakly dependent.
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Proof. Recall that sup, || Xy 0l[m < 0o; if m > 1, weak dependence follows from

IN

E| XS — X E|XS — X5+ ENXY) — Xpoll + E[[ X0 — Xol

= 2E[|X,0 — Xol +E|X[) — X,

For r > p, from lemma 7 we derive IE||XZ()T0) - X, 0l < 2||Xp70|\1( Z a]) Hence
llslI<p

o =E| X" — Xof <2 Ll s a4+ 2] X, oll a?

With sup,, || Xp,0l[1 < oo there exists C' > 0 with §,, < C' - inf,, { Dlilsp %t a%}

Using (1) we prove that (X;); is n-weakly dependent and n(r) < 4, /5. O

4.3.3. Decay rates. Using the representation of the solution as a Bernoulli shift
and the inequality (1) this will be enough to bound the expression of J,. Set
by = #{i € Z%/ |i]] < p} and s, = #{i € 2/ |i|| = p} for [lil| = max{[is|,...,|ial}
we obtain b, = (2p + 1)¢ and s, = b, — b,—1 < Kp?~! for a constant K > 0.

Proof of lemma 2. Z a; = Z Z e P < Kpd_lze_ﬁq = (’)(pd_le_ﬁp).

llI>p a>p ||jll=q a>p
We thus find a constant C7 such that

0, < Cyinf {pdilefﬁp + e_a%} = Oy inf {eiﬁpﬂdfl)lnp +e % }
P P

Assume p ~ y/ar/3, there is a constant Co such that: 4, < C’gr%e’vo‘m. O

Proof of lemma 3. As before, Z|UH>P a; < K . Hence
/ p"
O0r < c-infle /P —i—
et 4 d}
Choose p ~ W, thus there exists some constant C3 with 4, < Cj (ﬁ)dig.
O

4.4. Proof of proposition 1.

4.4.1. Models with finite interactions. We assume first that there exist £ > 1 and
J1s-- sk € I such F(z;u) only depends on zj,,...,;, for each x = ()20 € E'.
Hence writing a; instead of a;;, for 1 <i < k, we have

k k
IF (25 u) = Fy; o) < ailley, —ysll +blu—u'll, a=> ai<1
=1

i=1
Now h : E¥ x E' — FE is such that F(z;u) = h(zj,,...,7;,u). We will denote
p = max{|[all;-- - 7]}

Lemma 10. 1) If the random field ¢ is n—weakly dependent (the weak dependence
coeflicients are denoted n¢(r)) then X is n—weakly dependent with, for C' > 0,

< M n n _
n(r) < € inf {a” + ke ((r = 2pn) v 0) }



A fixed point approach to model random fields 125

2) If the random field ¢ is A—weakly dependent (the weak dependence coefficients
are denoted A¢(r)) then X is A—weakly dependent, for C' > 0,

< : n 2n _
A(r) < Cnléll\fl* {a" + & Xe ((r —2pn) Vv 0) }
Proof of lemma 10. We will use the lemma 6 and the following useful lemma 11.

Lemma 11. (1) For every z and y € CZ") we have ||®(0)(z) — ®(0)(y)|| <
bllzo — yo|| and if n > 2,
12 (0)(2) — 2™ (0) ()|
n—1 k
< Z gy - 'aiszIjil +ootdiy, T Yy ot

+ 0|0 — yol|

(2) Fix z € CZ"). Then ®(0)(z) only depends on zo and ®(0) defines a
b—Lipschitz function on C. We set K1 = b and p; = 1.
For n > 2 we set A, = Up' {jin + - + i, /1 < in,... i < kYU {0},
pn = card A, and K,, = blli“:. Then &) (0)(z) only depends on x;
for j € A,. Moreover ®™(0) defines a Lipschitz function on CP» and
Lip (2™(0)) < K,.

Proof of lemma 11.

e The first point is easy to check. For n > 2 we use induction. For n = 2

k

2@ (0)(z) — PO W) < D aillF(0,2:) — F(0,4:)]| + bllwo — wol|
1=1
k
< > aibllzi = yill + bllwo — ol
1=1

Assuming that the inequality holds for an integer n > 2, we estimate
Pny = 2D (0)(2) — 2D (0)(y)]:

k
Snay <Y @il ®(0)(0,2) — 0 (0)(8;,9)] + bllzo — wol|
=1
k n—1

™
M

@iy * @bl TG, g, — Vit 4oty

)+ bllzo — ol

n
= E E gy~ v aizb”zjil +otdi, T Yy ot

=1 1<i1,...,i;1 <k

+ b”‘TJz — Y5

+b|lzo — yol|

Hence inequality holds for n + 1.
e The case n = 1 is easy to check. For the first point we use induction. For
n = 2 the result is a consequence of:

@ (2)(0) = h (h(0,25,),...,h(0,z;,), x0)
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Suppose now the result true for an integer n > 2. Then the identity
(I)(n+l) (O)(‘r) =h ((I)(n) (O)(gjl ,T), ) q)n(o)(ejkx)a 1‘0)

shows that ®(*+1)(0)(x) only depends of coordinates (2, +;)1<i<k jea, and
xo that is to say coordinates (z;)jea,,-
For the second point, we use inequality in 1. We have:

n—1
Gney < D D iy aibl @ g — Yo, | bl — ol
I=1 1<iy,..ii<k

n—1
1—a"”
b(Zal—i-l) Z lx; —y;ll =b- 1 a Z lz; — ysll
=1

JEAR JEA,,

IN

End of the proof of lemma 10. We recall the notation X7 = @™ (0)((&—;);) for
neN*andt € Z9. Set f1 = f(Xsy---,Xs,)s 91 = 9(X¢y, .-, X¢,) and

A=FX5 e X8) a=g(Xa, . X))

For each t € Z4,if n € N\ {0,1} then A;,, = {t} - A,. If ||s;,—t)]| >rfor1 <i<u
and 1 <! <w then d(As, n, Ay, n) > (r —2pn) V0 =d, . Thus

[Cov(fi,g1)] < [Cov(fi— fi,91)] + |Cov(fi, g1 — g1)| + [Cov(f], g1)]
< 4E[f1 — fi| +4E[g1 — g1
+¢(upnuvpnaKnLip (f)aKnLip (g))gﬁ(dnn)
< (4Lip (f)u+4Lip (9)v)a” | Xollx

+ Y (upn, vpn, KnpLip (f), K,Lip (9))5§(dr,n)

Note that this result is still true for n = 1.
1) Under n—weak dependence, ¥ (u, v, a,b) = au + bv,

|Cov(f1,91)] < (uLip f+vLip g)(4a™[[Xoll + Knpnie (drn)
Thus |Cov(f1,91)| < (uLip f + vLip ¢)n(r) where
n(r) < niéllg*{‘lan”XO”l + Knpnne(drn)t

2) With A—weak dependence 9 (u, v, a,b) = au + bv + abuwv,
|Cov(fi,91)] < (uLip f +vLip g+ uvLip fLip g)(4a™ (| Xoll1 + KnpnXe(drn)
Now |Cov(f1,91)| < (uLip f + vLip g + wvLip fLip g)A(r) with
M) < inf {40 X0+ Kp? ()}

As (K,)y is bounded and p,, < E;:ll k= kl__k]: for n > 2, we obtain the proposed
bounds.

We now prove that lim, .., A(r) = 0. We suppose that the sequence (A¢(r))r
nonincreasing without loss of generality. We use the bound

< . n 2n
/\(T) - ON+2p7}LIif7‘~,n€N* {a tk AE(N)}
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If N € N, we choose ny = [log(Ae¢(N))/(loga — 2log k)]. Note that limy_,oo ny =
oo and limpy_ o (a”N + kQ”Nx\g(N)) = 0. For r > rny = N + 2pny, we have
N +r—ry+2pny =, hence:

A(r) <a™ + k" Ae(N 47 —ry) <a™ + B Ae(N) > N—o0 0

Hence lim,_,oo A(r) = 0. Analogously, lim, .. n(r) = 0. O

4.5. General case. Recall that we have denoted (X, ;);cze for s > 0 the unique
solution of the equation Z; = F ((Zt_j10<||j“5p})j;é0 ;{}).
Denote fi = f(Xs,. ., Xsn), 1 = 9( Xty . X)), f1 = FXpsrse s Xposu)
and ¢} = f(Xp.tys- -+ Xp,), then
|Cov(f1,91)| [Cov(f1 — f1,91)| + |Cov(f1, 91 — g1)| + |Cov(f1, 91)]

<
< 41X — X, 0ll1(uLip f+ vLip g) + [Cov(f1, g})]

Xoll1
Recall that from the proof of lemma 8 we have: || X, ¢ — Xo|[1 < % Z aj.

lill>p
Moreover, the field X, is k—dependent with k = (2p)?.

e Suppose first that the random field £ is n—weakly dependent. From propo-
sition 10,

[Cov(f1, 1) < (uLip f +vLip g)C inf {a" +p™ne ((r = 2pn) v 0)}

for a suitable positive constant C.
Hence we bound |Cov(f1,g1)| by,

(uLip f + vLip ¢)C Z a; + ian* {a™ + p™™ e ((r — 2pn) v 0)}
TE
for another positive constant denoted C'. Then we obtain the proposed
bound.
e Suppose that the random field ¢ is A—weakly dependent. From proposition
10, |Cov(f{,¢})| is bounded by

(uLip f +vLip g + ueLip fLip g) inf {a™ + p*™X¢ ((r — 2pn) V 0)}
up a suitable positive constant C. Hence we bound |Cov(f1, g1)| by,

(uLip f + vLip g + woLip fLip g)
X ( Z a; + niéllg* {a™ + p* A ((r — 2pn) v 0)} )

ls11>p

up to another positive constant C'. Then we obtain the proposed bound.
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4.6. Results on causality.

4.6.1. Proof of proposition 2. We will use here the Euclidean norm on R?. We
proceed by induction on d.

For d = 1, if there exists r1,79 € B such that r; > 0 and ro < 0 then BN (—B) #
{0}. Then we can choose by =1if BC Ry or by = —-1if BC R_.

Suppose the result true for d — 1. We first define b;.

1) If B° is empty, since B is convex and contain 0 there exists b; € R%\ {0} such
that B C H = {x € R%/x.b; = 0}(- denotes the scalar product in R%).

2) Now if B° is not empty, like BN (—B) = {0} it is clear that 0 ¢ B°. Moreover
B° is still convex and by application of the Hahn-Banach theorem (Conway, 1990,
Theorem 3.3, p. 108), there exists by € R?\ {0} such that B® C {x € R?/z.b; > 0}.
Like for a convex B° = B, then the same inclusion holds for B. We set here
H = {z € R%/x.b; = 0}.

We consider now the convex cone C = BN H. If g denote an isomorphism between
H and R4, then g(C) is a convex cone of R~ such that g(C)N (—g(C)) = {0}.
Hence there exists a basis ¢ = (ca, ..., cq) such that g(C) C {z € R¥"1/0 <. z}.
For i = 2,...,d we set b; = g~'(¢;). Then b = (by,...,bg) is a basis of R? and if
x =x1b1 + ...+ x4bg € B, we have by the preceding two points 1 > 0. Suppose
that z; = 0, then 2 € C and g(x) >, 0 = (22,...,24) >jex 0 in R¥"L. Hence
(x1,...,24) >1ez 0in R?, in other word = >y 0.

4.6.2. Proof of lemma 5.

Proof of lemma 5. Denote for p € N*, Y, = F((X;Lo<|j1<p)j; $0)-

1) We first prove that for p € N*, Y, € L™,

Recall that here F' is measurable wrt § ; ® B(E'). Let x € E!, then using the
independence between £y and J(X ] € A) and the condition (H3), we have:

E(IY, — F(0;&)|™ /X = 5,5 € A) = E|F((zjlo<yjj<p)ii&o) — F(0;&)||™
< >y
o<|ljlI<p

Hence by integration:
1Y = FO:&)l, < | X alXll]| < 1Xolm
o<|lll<p

As F(0;&) € L™, we obtain the result.
It is enough to prove that (Y,),en~ is a Cauchy sequence in L™. Using the same
method as in 1), we obtain if ¢ > 0:

1Ypa = Yl < IXoll,, 32
l7lI>p

This inegality imply the result.
2) Using the same method as in 1), we have for p € N*:

=yl < > alvi-Y/,
o<|l7lI<p

Hence the result follows with p — co. O
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4.7. Proof of theorem 3.

4.7.1. Ewistence. If H € L2 (p), we denote by Y the random field defined as Y; =

Ho0;(€) for j € Z%. 1f j € A, then H o 6; is measurable wrt o(x}, /i’ € A) C
§' 5. Hence if p € N*, ®,(H) € L%(,u) and by the lemma 4, & is independant of
o(Y;/j € A). By application of the lemma 5, ®,(H) converges to an element of
L% (w) witch is F((H 00;)20;m0)-

Lets show that the application ® : L'2(n) — L% (1) defined as ®(H) = F((Ho
0;)j0; o) is contraction in L2 (w). If H,H" € L'Z (1) then the two random fields
Y and Y’ defined as Y; = H 0 6;(§) and Y] = H' 0 0;(§) for j € 7% verify the
assumptions of lemma 5. Indeed o(Y;,Y//j € A) C 0(&+5/7 € A,j' € A) and
using the lemma 4 we deduce the independence between §y and o(Y;,Y//j € A).
Hence, we have:

IR(H) () = HYO,, < D ajl|Ho0;(&)—H o0&,
jEA

Y ai lHE) = H'E)l,

jeA

witch shows the result.
The construction of X; comes from theorem 2. The variable H () being measur-
able wrt o (gj; jE /Nl) measurability of X is simply deduced. Then unicity is a

consequence of the application of the fixed point theorem. [J

4.7.2. Weak dependence. Weak dependence of the solution is as in § 4.3.1 where
(H2) replaces (H3’). The case of finite range corresponds to k-Markov systems

on a finite causal set. To prove lemma 7, we use (H3’) and independence of rvs
(Xt,jl, . ,Xt,jk,Xt(i)jl, . ,Xt(Z)Jk) and & to derive (2). In the general case we
note (X, ¢)¢ the solution of Z; = F ((Zi—j1(jea,});: &) with A, = {t € A/||t]] < p}
and we conclude as in lemma 9. [J

4.8. Proof of lemma 6. 1) From the fixed point theorem, we deduce that for each
e>0:

S P (1% - 2 O) i €2 22) < = DI = @D (0) €y € 291
n>1 n>1
< o©

Hence by the Borel-Cantelli lemma, we deduce lim,, ., ®)(0) (§t_j,j € Zd) =X,
a.s.
2) We use induction. For n =1

1K — @,(0) (&5, € Z%)|n IE ((Xi—5)5,6) = F(0,&) 1

al Xoll1
al| Xolli + | Xolls > a;

ls11>p

IN A
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Suppose the result true for an integer n > 1, then

1% =X <Y e X = Xpilh + 1Xolh Y a

Ikl <p IEll>p
< (”|\Xo||1+ Chxolh Y ) + %ol Y
[IEll>p 1E[>p
— Xl + |\X0H1 >
1&]>p

4.9. Proofs for the section 3.

4.9.1. Proof of corollary 1. Here F(x;u) = f(¢y,...,2e,)+h(w)g(ze,, ..., 20 )+u.
Condition (H1) is easy to check and e.g. in the first case,

k

Z cillze, — 2z, ||-

i=1

k
1F (23 €0) = F (2" 60)llm < D billze, — 24
i=1

For dependent inputs, we remark that (z,u) — F(z;u) is a Lipschitz function in
order to apply proposition 1.0J

4.9.2. Proof of proposition 3. Normal convergence in L™ will justify all the forth-
coming manipulations of series. We only consider the more complicated causal case.
In order to prove that X; € L™ we will prove the normal convergence of the series.

Set § =&l +> D lof o ;& Grresiollm, we notice from
=1 j1,...,Ji €A

causality that indices t and (t — (j1 + -+ + j¢)) are distinct if 1 < £ < ¢ hence the

independence of inputs implies

llod - odt o EemGretiollm <= llod - llodt s, o, lmll&e— G-t lm

n
A

IGellm +D = D0 Mo llm - lle sy~ lmllGe—iy gy llom

JEAJ1,...,J; EA

b
6ol (1+ 125 <oe.

In order to prove that X} is solution of the equation, we expand it:

o0
Xe=GH Y al Gty Y, ol ol GGt

Jj1€A =2 j1,...,J: €A

=G+ Z o‘gl G- J +Z Z at - il Ji——Ji— 1<t —J1= (2t +5i)

j1€A =2 j2,...,J; €A

=G+ Y al' Xy,

Jj1€A
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Here F(z;(u,v)) = ;o4 ujz; + v and we use notations in (H3). As { is iid, the
variables (Z(€), Z'(€)) are (a?);ea are independent and
1 (23 C0) = F (23 C0) llm < Y llgllmlz7 = 251
JEA
Since b =Y. 4 lad|lm < 1, (H3) holds.

In the first non-causal case the above inequalities are only changed by using the
bound

ot adt s EemGutetinlm S lled oo - llafi s i Neolléi—(yaotipllm- O
4.9.3. Proof of proposition 4. Here (H1) holds and with the notation in (H3):
IF(z,60) = F(',6)lm < D llasllli€ollmlizs — 2j1I-

JEZN{0}

The proposed solution is in L™ from normal convergence of series

I\thlm_llétl\m(l\alHZ > Hajll\llﬁtfjlllm"'I\Oéjkl\llﬁtfjl—m*jkIImHall)

A

bl[€ollm
1ol m |lall (1 + m) < o0.

Substitutions prove that this process is a solution of the equation.

o0
X = & (CL + Z Z ajlgt*jl T o‘jk&*jl*"'*jka)
k=1j1,....jk €A
—+o0

= & (CL + Z o‘j1§t7j1 (a + Z o‘j2€t*j1*j2 s O‘jk&*jl*]é*'“*jk))
J1EA k=2

= gt (a + Z alet_jl)' U
J1EA
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