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Abstract. Pointwise and uniform convergence rates for kernel estimators of the
stationary density of a linear process have been obtained by several authors. Here
we obtain rates in weighted L; spaces. In particular, if infinitely many coeflicients
of the process are non-zero and the innovation density has bounded variation, then
nearly parametric rates are achievable by proper choice of kernel and bandwidth.

1. Introduction

Consider a linear process X; = Z:io asei—s with independent and identically
distributed (i.i.d.) innovations e; that have finite mean and density f. We assume
that ap = 1 and that the coefficients are summable, Y oc ;|as| < co. Then X, has
a stationary density g. It can be estimated by the kernel estimator

1 n
q =— ky(x — X R.
o) =5 Ykl = Xy), v

Here ky(v) = k(v/b)/b, where k is a kernel and b is a bandwidth such that b — 0 and
nb — oco. Pointwise and uniform convergence rates have been studied by several
authors, see for example Hall and Hart (1990), Tran (1992), Hallin and Tran (1996),
Lu (2001), Wu and Mielniczuk (2002), Bryk and Mielniczuk (2005), and Schick and
Wefelmeyer (2006).

The natural distance for densities is given by the Li-norm. Convergence of g to g
in this norm has been neglected for time series. Here we study rates of convergence
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in weighted L;-norms under mild assumptions on f. More specifically, we consider
the weight function V(z) = (1+]z|)” for some non-negative v and the corresponding
weighted Li-norm ||h]ly = [ |h(2)|V (z) dz. We refer to this norm as the V-norm.
The choice v = 0 gives the usual Li-norm. The weighted version is needed if
we estimate expectations E[v(X)] by [ v(z)g(x)dx for functions v bounded by V,
for example moments and absolute moments. Convergence of density estimators
in the V-norm was studied in Miiller, Schick and Wefelmeyer (2005), Schick and
Wefelmeyer (2007a) and (2008). The results of the present paper play a key role in
Schick and Wefelmeyer (2008).
Let m denote a positive integer. Decompose X; as Y; + Z; with

m—1 e’}
Y, = E asei—s and 2y = E AsEt—s
s=0 s=m

and write f,, for the density of Y;. Express ¢ — g as the sum S + T + B of three
terms, where

S(z) = %Z(kb(x—Xj)—kb*fm(x—Zj)), (1.1)
j=1

T(x) = %Zkb*fm(x—Zj) — kp * g(x), (1.2)
j=1

B(x) = kpxg(x)—g(z), xR (1.3)

For m = 1 this approach was used by Wu and Mielniczuk (2002), and for arbitrary
m by Schick and Wefelmeyer (2006). We study the V-norms of the terms in (1.1)-
(1.3) individually. Let

N = 1fa, # 0] (1.4)
s>1
denote the number of nonzero coefficients among ags, s > 1. If N = 0 we have i.i.d.
observations Xy = ¢;. If N is finite, the observations are m-dependent for some m.
In those cases, we can choose T' = 0 by taking m large enough. Thus the term T'
has to be dealt with only if N = oc.
Under mild conditions on f, g and k we obtain the rates

ISlv = Op(n=26712), Ty = Op(n~'/?), [IBv = O®")
for a positive integer r. This yields the familiar rate
13 = gllv = Op(n~12071/2) + O(b") (1.5)

under such conditions.

For the special case V = 1 we are dealing with the usual Li-norm and have the
following results. We take a bounded kernel of order o > 2. We distinguish the
cases when N is finite and when N is infinite.

(i) If N is finite and f has bounded variation and a finite moment of order
greater than one, then (1.5) holds for V =1 with » = min{p, N + 1}.

(ii) If N is infinite, the series Y .o s|as| converges, f has a finite moment of
order greater than one, and the function = — (1 + |z|)f(z) has bounded
variation, then (1.5) holds for V' =1 with r = p.
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The paper is organized as follows. In Section 2 we state the results. Sections
3, 4 and 5 treat the terms S, B and T, respectively. Relations between various
smoothness conditions for V-norms are studied in Section 6. An auxiliary result
used in Section 5 is proved in Section 7. This result is of independent interest.
Together with the generalization in Corollary 7.1 it is used in Schick and Wefelmeyer
(2007b) and (2008).

2. Results

Let V' be a measurable function satisfying
Viet+y) <V(@)V(y), =yeR, (2.1)
and
1<V(zz) <V(zx), zeR,|z|<1. (2.2)

Then the V-norm of a measurable function h is defined by

hllv = /V(m)|h(:v)|dx.

Let v(z) = 1 + |z| and W, = V2v®. We are mainly interested in the case when V
is a non-negative power of v, say V = v?. In this case W, = v277®. The reason
for restricting attention to this case is that we can rely on the moment inequality
(3.2) below and can then give conditions in terms of finiteness of moments of f.

We now state some inequalities on the V-norm. An application of the Cauchy—
Schwarz inequality yields

IR < Kallh?[lw, (2:3)
for all @ > 1, with K, = [v=*(z)dz. It follows from (2.1) that
|- =Dllv <V@OllRllv, teR; (2.4)

see Schick and Wefelmeyer (2007a). From this inequality we derive that

/ ‘/ vy dy)‘dx<|\h|\V/Vdu (2.5)

for every measure g such that [ Vdu < oo, and every h with finite V-norm. In
particular, the V-norm of a convolution h1 * ho of two functions with finite V-norms
satisfies the inequality

A1 * hallv < [[ha|lv | he]lv- (2.6)

Since (hy * ha)? < ||hall1(h? * |h2]) in view of the Cauchy—Schwarz inequality, we
obtain from the last inequality that

(R % h2)? v < [Ih3[Iv[IR2llv [lh2]l1 (2.7)

if h? and hs have finite V-norms.
To state our results we introduce the following definitions. These concepts and
their relations are studied in Section 6.

Definition 2.1. A function h is V-Lipschitz (with constant L) if

/V(I)m(:p —t) = h(x)|dz < LYV (t), teR.
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A function h is V-Lipschitz of order r (with constant L) for some positive integer
7 if there are functions (M), ..., h("=1) such that

r—1 ,;
/V(x)‘h(:v +1)—h) =Y 5lz“')(gc)‘ dz < LIt['V(t), teR.
i=1

If the functions R, ... (=1 also have finite V-norms, then h is strongly V-
Lipschitz of order r.

Definition 2.2. A function h has finite V-variation if there are finite measures
p1 and po satisfying g (R) = po(R) and [V d(p1 + p2) < oo such that h(z) =
1 ((—o0, z]) —p2((—o0, x]) for Lebesgue-almost-all . In this case we call p = 1 +p2
a measure of V -variation of h.

We need the following strengthened concept of a kernel of order p. For V =1
this definition reduces to the usual definition of a kernel of order g if we also assume
that [ x2k(z)dz # 0.

Definition 2.3. A kernel k is of V-order g if ¢ is an integer greater than one,
/xik(x)d:c:O, i=1,...,0—1,

and [(1 + |z|)2V (z)|k(z)| dx is finite.

We have the following results. The first result treats the case of independent
observations and is essentially contained in Miiller, Schick and Wefelmeyer (2005)
and in Schick and Wefelmeyer (2007a).

Theorem 2.1. If N = 0, f is V-Lipschitz, f and k? have finite Wo-norms for
some a > 1, and [ [t|V(t)|k(t)|dt is finite, then

19— gllv = Op(n~2b71/2) + O(b).

Proof: Since N = 0, we have g = f. If we take m = 1, we obtain T' = 0 and
g —g =S+ B. Hence Theorem 2.1 follows from Propositions 3.1 and 4.1.

Theorem 2.2. Let N be positive and finite and let V = v for some v > 0. If f
has finite V -variation, f and k* have finite moments of order 3 > 2y + 1, and k is
of V-order g, then

19— gllv = Op(n™"2071%) + O@"),
where r is the minimum of N +1 and p.

Proof: Since N is finite, we can pick m so large that T = 0. It follows from
Lemma 6.5 that g is strongly V-Lipschitz of order N+ 1. We have v(ax) < v(a)v(x)
and therefore E[W,,(ago)] < W, (a)E[Wa(g0)]. Hence we derive Theorem 2.2 from
Propositions 3.2 and 4.1.

Theorem 2.3. Let N be infinite and let Z;’;lj|aj| be finite. Set V. = vV for
some v > 0. Suppose that for some non-negative p and q with p+q > 2y + 1 and
some positive integer m, the density f has a finite moment of order p + max(q,1)
and finite vY-variation, fy, is vi-Lipschitz, and vP fp, is bounded. Suppose k is a
bounded kernel of V-order r and [v°(z)|k(x)|dz is finite for some 3 > 2y + 1.
Then

13— gllv = Op(n~1/2671/2) + 0@,
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Proof: Tt follows from Proposition 3.3 that ||S||y = Op(n~'/2b=1/2). The density
g is V-Lipschitz of order r by Lemma 6.5. Hence we obtain ||B|y = O(b") by
Proposition 4.1. Finally, Proposition 5.1 yields ||T||y = Op(n~'/?).

By Lemma 6.1, the assumptions on f,,, in Theorem 2.3 are met if they are met
by f. By Lemma 6.2, the assumptions on f,, are met if f,, has finite v®-variation,
with s > max(q,p). Thus, the assumptions on f and f,, in Theorem 2.3 are met if
f has a finite moment of order greater than 2y + 1 and finite v !-variation. We
formulate the corresponding result in the following corollary.

Corollary 2.1. Let N be infinite and let Z;ilj|aj| be finite. Set V = v7 for
some v > 0. Let the density f have a finite moment of order B > 2v+ 1 and finite
v variation. Suppose k is a bounded kernel of V-order v and [ vP(x)|k(z)|dz is
finite for some B > 2~v+ 1. Then

19— gllv = Op(n= 2712 + O(b").

Suppose we know that IV is infinite. Under the assumptions of Theorem 2.3, we
can control the rate O(b") of the bias by choosing a kernel of high order r. A choice
of bandwidth b ~ n~Y/(7+1 yields the rate

13 = gllv = Op(n~"/*D).

Thus we can achieve a rate close to the parametric rate n=/2. For invertible

processes, even the parametric rate n~'/2 can be achieved using the above results
and constructing estimators that exploit the linear structure of the process; see
Schick and Wefelmeyer (2007b) for the supremum norm and Schick and Wefelmeyer
(2008) for the V-norm.

Note that if vf has bounded variation, then vf is bounded, f has bounded
variation, and a simple argument shows that f is v-Lipschitz. Thus we derive from
Theorem 2.3 the following result for the case V = 1.

Corollary 2.2. Let N be infinite and let Z;’;lj|aj| be finite. Suppose f has a
finite moment of order greater than one, vf has bounded variation, and the kernel
k is bounded and of order r. Then

1§ = gl = Op(n~"/207Y2) + O(b").

3. Behavior of S

Let us first deal with the term S defined in (1.1). Since the i-th and j-th
summands of S are uncorrelated if |i — j| > m, we obtain that nE[S?(x)] <
2mE[kZ(x — X1)]. Using this and the inequalities (2.3) and (2.5), the latter with
W, in place of V| we find

nE[|[S|[}] < KalnE[S?]|lw.,
<2mK, / Wo(z)E[ki(x — X1)] dx

< 2mKaE[Wa(X1)]/Wa(w)k§(x) dx

2m

< TKQE[WQ(Xl)] / W (ba)k? (x) d

for all @ > 1. Thus we have the following result.
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Proposition 3.1. Suppose E[W,(X1)] and |k*||lw, are finite for some a > 1.
Then ||S|ly = Op(n=1/2p=1/2).

Now consider a finite N. Since W, inherits (2.1) and (2.2) from V, we obtain
with the aid of these inequalities the bound E[W,(X1)] < (E[Wa(ago)])V with

a = sup{|as| : s > 0}. Hence we have the following consequence of Proposition 3.1.

Proposition 3.2. Let N be finite and suppose that E[W,(ago)] and ||k?||w, are
finite for some o > 1. Then ||S|v = Op(n="/2b=1/2).

Now consider the case that V' is a non-negative power of v. Then W, is also a
power of v. We have

14z <2" Y1+ |z"), zeR,r>1. (3.1)
This and the Minkowski inequality give

Bl (X)) <2771 (1+ (i adl) Elleol"]), 7> 1. (3.2)

s=0
Thus we have the following result.

Proposition 3.3. Suppose El|eo|?] and [vP(2)k?(z)dx are finite for some 3 >
2y + 1 with v > 0. Then ||S|ly = Op(n='2b=1/2) for V = u".

4. Behavior of the bias

Next we deal with the bias term B defined in (1.3). For this we shall use the
following lemma.

Lemma 4.1. Suppose h, hi,...,h._1, w and U are measurable functions such that
r—1 ,;
/V(w)‘h(x +1)—h@) =Y ,—'hi(:c)‘ dz <U(t), teR,
7!
i=1
and ¢; = [tw(t)dt, i =0,...,r—1, and A= [U(—t)|w(t)|dt are finite. Then

r—1 i
—1)i¢;
Hh*w—z( )chi
i=0

LA (4.1)

i!

Proof: Let A denote the left-hand side of (4.1). Then

A= /V(z)’ / (e — 1) = hr) - Z (_,tyhi(a:))w(t) | da

1!

< //V(m)‘h(m 1) — h(z) — f (_t)ihi(x)} dz [w(t)| dt

— 7!
and hence A < A.

Proposition 4.1. Suppose g is V-Lipschitz of order r and the kernel k is of V-
order r. Then |B|ly = O(b").

Proof: This follows from Lemma 4.1 applied with w = k; and U(t) = L|t|"V (¢).
Note that ¢ =1 and ¢; =0fori=1,...,r —1 and

/U(—t)|kb(t)|dt: L/|bt|TV(bt)|k(t)|dt < Lb’”/|t|TV(t)|k(t)|dt
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for b < 1.
Sufficient conditions for g to be V-Lipschitz of order r > 2 are given in Section
6.

5. Behavior of T

Finally we consider the term T introduced in (1.2). As shown in the Introduction,
we need to treat only the case when N is infinite.

Proposition 5.1. Let V. = v7 for some v > 0. Let p and q be non-negative
numbers with p+q > 2y + 1. Set 8 = p + max(1l,q) and r = max(p,q). Suppose
N is infinite, Z;i1j|aj| is finite, f has finite v®-norm, vPf,, is bounded, f,, is
vi-Lipschitz, and v"k is integrable. Then ||T||y = Op(n=1/?).

Proof: In view of (2.3) it suffices to show that ||E[nT?]||,»+s is bounded. For this
we apply Lemma 7.1 below with h = fp, * ks, ¢; = a;4; and U; = ¢;_;, with
i =inf{j > m:a; # 0}. Since f has finite v’-norm, Uy has finite moment of order
8. Moreover, f,, has finite v%-norm and || fn, * kp|lvs < || fmllve|lk]|va. Since fi,
is ve-Lipschitz with constant L and v? f,, is bounded by C, say, we obtain from
Remark 6.1 below that f,, % k;, is v9-Lipschitz with constant L||kp ||y« and P f,, * kp
is bounded by C||k|l,». Note that ||kpllos < |[kbllor < 07 (D)]| K|l for s < 7. Our
assumptions on the coefficients a; guarantee that D of Lemma 7.1 is finite. From
this lemma we obtain that || E[nT?]||,»+« = O(1), which is the desired result.

By Lemma 6.2, if f,,, has finite v%-variation, then v?f,, is bounded and f,, is
v9-Lipschitz. Thus, taking v < p < v+ 1 = g, we arrive at the following result.

Corollary 5.1. Let V. = v for some v > 0, and let § > 2v + 1. Suppose N is
infinite, Z;’;lj|aj| is finite, f has finite v®-norm, f,, has finite v’ -variation,
and vk is integrable. Then |T|v = Op(n='/2).

6. Smoothness in the V-norm

Here we study finite V-variation and the V-Lipschitz property and their relations.
Our first lemma shows that these properties are preserved under convolutions with
a measure v for which [ Vdv is finite.

Lemma 6.1. Let v be a measure with [ Vdv finite. Let h be a function for which

hy(z) = /h(a: —yv(dy), =z€eR,

is well-defined. Then the following are true.

(1) If h has finite V -norm, then the V-norm of h, is bounded by ||h||v [V dv.

(2) If h is V-Lipschitz with constant L, then h, is V-Lipschitz with constant
L[Vadv.

(3) If h is strongly V -Lipschitz of order r with constant L, then h, is strongly
V-Lipschitz of order r with constant L [V dv.

(4) If h has finite V -variation with measure of variation p, then h. has finite
V -variation with measure of variation p* v.

(5) If Vh is bounded by C, then Vh, is bounded by C' [V dv.
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Proof: Conclusion (1) is a consequence of (2.5). Conclusion (2) follows from the
bound

[V@l -0 - h@lde< [[ vl t-y) - b - )| dovidy)

_/ (@)|hlz — 1) - |d:c/V

To verify (3), take h(l) = [h9(z — y)v(dy). Then, by (2.5), the functions
hgl), ... h(r Y have ﬁmte V-norms, and

[yl

r—1

t
i=1

r—1
tl
S/le// ‘hx—l—t E —|h(l ‘
t!

=1

and (3) follows. To verify (4) we may assume that h(z) = p1 ((—o0, z]) —p2((—o0, 2])
for all z € R, where pq and po are finite measures with 1 (R) = po(R) and [V duy
and [V dus finite. We now derive hy(z) = (u1 — p2) * (( 00, x]) and hence (4).
Finally, (5) follows from the bound |V (z)h.(x)| < fV (x—y)lh(z—y)|v(dy) <

C [Vdv.

Remark 6.1. Let h and u be measurable functions with h*u well-defined and |||y
finite. Then the conclusions of Lemma 6.1 hold with h, replaced by h % u and
v(dz) = |u(x)|dz so that [V dv becomes |jully. To see this, write u = uy — u_,
where uy and u_ are the positive and negative part of u, and apply Lemma 6.1
with v(dz) = uy(x) dz and v(dz) = u_(z) dx.

Remark 6.2. An integrable function of bounded variation has finite 1-variation.
Hence densities of bounded variation are 1-Lipschitz. Moreover, an integrable ab-
solutely continuous function h with ||A’||y finite has finite V-variation (with s
having density A/, =max(h’,0) and up having density A’ = max(—h’,0)).

The next lemma gives consequences of finite V-variation.

Lemma 6.2. If h has finite V-variation, then Vh is bounded by deu and h is
V-Lipschitz with constant [V du, where p is a measure of V-variation of h. If h
has finite vV -variation, then h has finite V-norm ||h|ly < [0V dp.

Proof: We may assume that h(x) = p1((—o00,z]) — p2((—o0,z]) for all z € R,
where p1 and po are finite measures with pi(R) = p2(R). Then we have h(z) =
ua((x,00)) — p1((z,00)) for all z. By (2.2), we have V(z) < V(y) for |z|] < |y|.
Then, with p = p1 + p2, we obtain for > 0 the inequalities

V(@)[h() < V() / ) < / _ V(uldy)

/ V(z)|h(z |dw<//<x<y dy)dx</oooyV(y)u(dy)-

For = < 0, we obtain the inequalities

V@) < Via) [

y<z

and

p(dy) < / ) V(y)p(dy)
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and

0 0
| vem@lde< [ v
Thus Vh is bounded by [V dp, and ||h|ly < [vV du. The arguments in the proof
of Lemma 8 of Schick and Wefelmeyer (2007a) show that a function with finite
V-variation is V-Lipschitz with constant [V dp.

We now give sufficient conditions for a function to be V-Lipschitz of order r > 2.
For this we make the following definitions.

Definition 6.1. A function h is absolutely continuous of order r if h is (r —1)-times
differentiable and if its (r — 1)-th derivative h("~1) is absolutely continuous with
almost everywhere derivative h(").

Definition 6.2. A function h is V-regular of order r if h is absolutely continuous
of order r—1 and h("=1) is V-Lipschitz. If also AV, ..., R"=1 have finite V-norms,
we call h strongly V -regular of order r.

Lemma 6.3. If h is (strongly) V-regular of order r > 2, then h is (strongly)
V -Lipschitz of the same order.

Proof: Let
r—1 ;
Al t) = h(z+ 1) —h(x) = 3 %h@ (@),
i=1
We have

Az, t) =t /1 7(1(_ “)2;2 (WD (z + ut) — BV (2)) du.
0 T — !

Since h("=1) is V-Lipschitz and V (ut) < V (t) for |u| < 1,

1— u)rf2

1
/V(x)|A(:E,t)| iz < L|t|’“v<t)/ (Sl (6.1)
The desired results are now immediate.

Remark 6.3. In the case of strong V-regularity, the bound (6.1) can be replaced by

with A = max(L, 2||[h"=Y||y/). This follows from the fact that the map z +— z/(1+
x) is increasing on the interval (0,00) and the following lemma. This alternative
bound is better if |¢| is large.

Lemma 6.4. If h has finite V-norm and is V -Lipschitz with constant L, then
2|

h(-—1t) — hlly <2A
I =1) = hlly < 20

V(t), teR,

where A = max(L, 2||h||v).
Proof: The statement is clear if |¢| < 1, and it follows from the bound
[R(- =) = hllv < (V(#) + D|Allv <2V (@)[|A]lv

for |¢| > 1.
Sufficient condition for V-regularity of ¢ are given next.
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Lemma 6.5. Suppose f has finite V-norm and finite V -variation for V.= v with
v>0. Let N > p. Then g is strongly V -reqular of order p + 1 and hence strongly
V' -Lipschitz of that order.

Proof: Let oy, ..., a, denote the first p nonzero numbers among as, s > 1. Let g,
denote the density of g + >.7_, a;e;. Then g(z) = Elgy(z — Z)], = € R, for some
random variable Z with E[V(Z)] < co. Thus by (3) of Lemma 6.1 it suffices to
show that g, is strongly V-regular of order p + 1. This is true for p = 0. In this
case, go equals f, and the latter is V-Lipschitz with constant [V du by Lemma 6.2.
The desired result now follows by induction using the following lemma. Keep in
mind that the density of agg inherits the properties of the density f for non-zero a.

Lemma 6.6. Suppose the functions hi and ho have finite V-norms, hy is V-
Lipschitz with constant L and ho has finite V-variation. Then h = hy * hg is
absolutely continuous and b’ has finite V-norm ||V ||y < ||h1llv [V du and is V-
Lipschitz with constant L [V dp, where p is a measure of V-variation. Hence h is
strongly V -Lipschitz of order 2.

Proof: We may assume that ha(x) = p1((—00,z]) — pe((—o0, z]) for all =, where
p1 and po are measures such that [V d(uq + p2) is finite. For i = 1,2, set ¢;(x) =
J hi(z—y) pi(dy), z € R. By Lemma 6.1, ¢; has finite V-norm and ¢; is V-Lipschitz.
Since ¢; — g2 is an almost everywhere derivative of h, as shown in Lemma 1 of Schick
and Wefelmeyer (2006), we obtain the desired result.

7. A bound
Consider a linear process
o0
St:ZCSUt—Su tez,

s=0
with independent and identically distributed innovations Uy, t € Z, with finite
mean and summable coefficients ¢y, ¢1, ... with ¢g # 0. For a bounded measurable
function h, set

H(x)=n"1? i (h(z — S;) — E[h(z — S;)]), z€R.

In this section we derive bounds for [v"(z)E[H?(z)]dz with r > 0. For this we set

lef =" lejl and D= "(j +Dlel-
=0 i=o

To simplify notation, we abbreviate Uy by U. Also, let us set
Ao, ) = 27711 + " B[IUI]), 020,82 1.

Lemma 7.1. Let p and g be non-negative and ¢, = max(q,1). Suppose h has finite
vi-norm and is vi-Lipschitz with constant L, vPh is bounded, and U has a finite
moment of order p+ q.. Let D be finite. Then

/ VP9 (2) B[H? (2)] da < SA||[vPh]|o DA,

where A = max(L,2||h[|ya) and A = A(max(1,2|/c|)),p+ ).
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Proof: Let 8 =p+q.. For j =0,1,..., let

o) Jj—1 00
QJ-ZZ|CSUJ’75|7 Tj:ZCSUj757 RJ:SJ_TJ:ZCsUjfs,
s=0 s=0 s=j

and hJ({E) = E[h(I — Tj)], r € R. Note that Ty = 0, Ry = So and hg = h. The
absolute values of T; and R; are bounded by (); so that for non-negative ¢ and all
j=0,1,...,

EY(T))] < Ep'(Q))] and E[P'(R;)] < E['(Q))]. (7.1)

Let @ = Qo. The argument leading to (3.2) yields that, for every ¢ € [0, 5] and
every j =0,1,...,

Ep'(Q)]<ER(Q)<A and ER'(Q+Q)) < BL(Q+Q)I <A (7.2)

Using stationarity and a conditioning argument, we obtain

E[H?(z)] = Var(h(z — So)) + = Y _(n — j) Cov(h(z — So), h(z — )

1

3

= Var(ho(z — Rp)) + % i(n —Jj) Cov(ho(xz — Ro), hj(xz — R;)).

Thus
/vp+q(a:)E[H2(:1:)] dv <23 T
=0
where
= [ o 1(a)Ellh(a ~ Ro) = Elb(a ~ Ro)llhy(o — By) by (a)]) de
Since vPh is bounded and v(z + y) < v(x)v(y), we derive the bound
vP(@)[h(z = Ro)| < v”(z — Ro)vP(Ro)|h(z — Ro)| < [[0Ph]|oc0”(Q)

which implies

v (@) Elh(z — Ro)l| < [[v"hllec E[0"(Q)] < [[0Ph]| 0 A.
Using these bounds and v > 1 and A > 1, we obtain for j > 0,

) < 2400k E[v7(Q) [ o)yl — By) s ()] o]

Note that ||hj|lve < [|h|loe E[v1(T;)] and h; is vi-Lipschitz with constant L; =
LE[vY(T;)]. Thus, by Lemma 6.4 and the inequalities (7.1) and (7.2), we obtain
the bound

/ V(@) (@ — Ry) — hy(w)| dx < 20A (%~ (Qy) Ry ).

Since v*(z)v! (y) < (v(z 4+ y))*T for non-negative s, ¢, x,y, the above shows that

T < 4AA%|[0Ph|| E”~H(Q + Q)) | B;])-
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Using v(z + y) < v(z)v(y) and the independence of U_; and Q;,;, = Q + Q; —
le;U—i| — |¢j+iU—;| for i > 0, we obtain

B~ (Q + Q)R] < [Zm sl HQ + Q)]
sz_|cs|Entfs|v H(les—s] + e DU BT Qo))
<2 les Bl (aU)B[(Q + Q)]

with o = max(1,2||c[|). We have E[v”(alU)] < A by (3.1). Using inequality (7.2)
again, we obtain the bound

T; < 4A[[Phl[A* D les|, 4> 0.

s=j

D D lel =) (A +9)es =D

=0 s=j s=0

Note also that

The desired result is now immediate.

Using the inequality [|h;(- —t) — hj|lve < AL|t[v?(t) instead of the inequality
provided by Lemma 6.4, we can avoid the assumption that h has finite v?-norm at
the price of (possibly) increasing the moment condition from p + ¢, to p + ¢ + 1.
More precisely, we have the following result.

Lemma 7.2. Let p and q be non-negative. Suppose h is v?-Lipschitz with constant
L, vPh is bounded, and U has a finite moment of order 8 =p+q+ 1. Let D be
finite. Then

/vp+q(3:)E[H2(3:)] dr < ALA*||vPh| oD
where now A = A(max(1,2||c||),p+q+1).
Repeating the above proof with vP = v? = 1, we obtain the following result.

Lemma 7.3. Suppose h is bounded and 1-Lipschitz with constant L. Let D be
finite. Then E[H?*(z)] < 4||h||ocT(z) for all z, and |||y < DE[|U|], where

z) =Y E[lh(x - Rj) — h(z)]], z€R.
j=0

Consequently,

/ E[H2(2)) d < AL||h| o DE[|U]].

If we take h(z) = 1[0 < z], then H becomes the empirical process
D, (z) = n~1/? Z(l[S’t <z]-P(S <z)), zeR
j=1
This choice of h is bounded by 1 and 1-Lipschitz with constant L = 1. Thus we
have the following result.
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Corollary 7.1. Let D be finite. Then there exists an integrable function ¥ with
|@|ly <4DE[|U|] such that E[D?(x)] < ¥(x) for all n and x.
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