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Abstract. In asystem made up of independent random walks, fluctuations of order
n'/* from the hydrodynamic limit come from particle current across characteristics.
We show that a two-parameter space-time particle current process converges to a
two-parameter Gaussian process. These Gaussian processes also appear as the
limit for the one-dimensional random average process. The final section of this
paper looks at large deviations of the current process.

1. Introduction

It is well known that particle systems that appear different at the microscopic
level often behave almost identically at a macroscopic level. This has been observed
in the hydrodynamic limits and fluctuation results of several particle models. Con-
sequently, there is much to be gained in studying the behavior of simpler stochastic
particle systems in the hope that at the macroscopic level they will reflect the be-
havior of a universal class of systems. While the hydrodynamic limit of several
models have been studied, fluctuation results have proved elusive for many sys-
tems. In this paper we consider particle current fluctuations in the one dimensional
independent random walk model.

The hydrodynamic limit for particle distribution in typical asymmetric systems
are solutions to p.d.e’s of the form

Opu+ 0, f(u) = 0. (1.1)

In the case of nearest neighbor Totally Asymmetric Simple Exclusion Process
(TASEP) in one dimension, the flux function f(p) = p(1 — p). For non-interacting
particle systems f(p) = v - p where v is the average velocity of the particles. Thus
the relevant p.d.e. for a system of independent asymmetric random walks is

Ou+v-0,u=0 (1.2)
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(Prop 3.1, page 15 in Kipnis and Landim, 1999).

From the transport equation (1.2) we see that in the independent random walk
model, the initial density profile shifts with velocity v. Consider an observer moving
at constant velocity v. The path of the observer is a characteristic line of the
transport equation (1.2). It is natural to expect the net current of particles across
the path of the observer to be zero. But what are the fluctuations in this particle
current? This is the question we address in this paper. It has been observed
that these current fluctuations are of order n'/* Seppéldinen (2005). Here, n is
the scaling parameter. Typically we scale both space and time by n in asymmetric
models, this is called Euler scaling. In symmetric models we use diffusive scaling i.e.
we scale time by n and space by y/n. There is a general belief that when f is linear
(i.e. f"=0)in (1.1), the fluctuations in particle current across characteristics of
(1.1) should be of order n'/4. This has been shown for the random average process
(RAP) and for the one dimensional independent random walk model where f” = 0.

In this paper we study both the fluctuations and the large deviations of the
current process for independent walks. For the fluctuations we consider the current
process indexed both by time and spatial shifts of order \/n of characteristic lines.
The /n order for spatial scaling is the natural one because the individual random
walks fluctuate on that scale. We extend the distributional limit of Seppéalédinen
(2005) to a process limit for the space-time current process. The space-time current
process was also studied for RAP in Baldzs et al. (2006) but only convergence of
finite dimensional distributions was shown without process-level tightness. The
same family of Gaussian processes arises as limits for both RAP and independent
random walks.

It is interesting to note that there are models which are not asymmetric yet
exhibit subdiffusive current fluctuations with Gaussian scaling limits. It was con-
jectured (conjecture 6.5 in Spohn, 1991) that subdiffusive fluctuations in 1 dimen-
sional nearest neighbor symmetric simple exclusion processes (SSEP) converge to
fBM with Hurst parameter 1/4. It was subsequently proved in the finite dimen-
sional distributions sense and has recently been proved in the full functional central
limit theorem sense in Peligrad and Sethuraman (2007). This says that the uni-
versality class of current fluctuations of order n'/4 contains both symmetric and
asymmetric processes. However, the symmetric and asymmetric processes differ on
the level of hydrodynamics.

This paper is organized as follows. We start with a description of the independent
random walk model and the statements of the main results in section 2. The next
three sections 3, 4 and 5 cover the proofs. Section 3 gives the convergence of finite
dimensional distributions and section 4 proves process level tightness. A note on the
tightness methods used here: since we are interested in a two-parameter process, the
standard theorems on convergence in Dg[0, 00) and Cg[0, o) spaces do not apply.
We appeal to two papers, Bickel and Wichura (1971) and Diirr et al. (1985), that
provide suitable criteria for deducing tightness. Bickel and Wichura (1971) gives
the context in which we speak of convergence for two-parameter processes and a
tightness criterion. The proof of Proposition 5.7 in Diirr et al. (1985) is extended
to two dimensions to prove the tightness criterion. The last section contains proofs
of some large deviation results for the current process.
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2. Model and results

2.1. Independent random walk model. Consider particles distributed over the one
dimensional integer lattice which evolve like independent continuous-time random
walks. We are given the initial occupation variables 9 = {no(z) : © € Z} defined on
some probability space. Let X, ;(t) denote the position at time ¢ of the jth random
walk starting at site m. The common jump rates of the random walks are given by a
probability kernel {p(z) : € Z}. Once the initial positions of the random walks are
specified, their subsequent evolutions { X, ;(t) =X, ;(0) :m € Z,5=1,...,n0(m)}
are as i.i.d. random walks starting at the origin, on the same probability space,
independent of 7y. Define

no(m)
m@)i= 3 30 U, (1) = 2}

to be number of particles on site x at time ¢.

Assumption 2.1. For the random walk kernel, we assume that, for some § > 0,

Zeewp(x) < oo for || <o (2.1)
T€EZ
(This assumption will enable us to calculate large deviation bounds for the random
walks.)

Throughout this paper, we assume that N denotes the set of positive integers.
Let {ny : n € N} be a sequence of initial occupation variables defined on some
probability space.

Assumption 2.2. For each n, the initial occupation variables {nj(x) : x € Z} are
independent. They have a uniformly bounded twelfth moment:

sup  E[ny(z)'?] < oo. (2.2)

nelN,xe
Let py(z) = Eng(x) and vfj(z) = Var[ny(x)] be the mean and variance resp. of the
initial occupation variable n§(z),z € Z. Let po and vy be two given nonnegative,
finite numbers. The means pj and variances vj approximate py and vy in the
following sense: There exist positive integers L = L(n) such that n=*/4L(n) — 0
and for any finite constant A,
L(n)

1
lim sup n1/4‘— po(m+34)—po| =0 (2.3)
790 \m|<Ay/nlogn L(n) J:Zl 0

The same assumption holds when pg and pg are replaced by vg and vyg.

As in Seppélédinen (2005), the reason for the complicated assumption (2.3) is to
accommodate both random and deterministic initial conditions. For random ()
we could take pgj(z) = po(%) for some sufficiently regular function po(-). However,
for deterministic nfj(x) we cannot do this unless po(z) is integer-valued. A couple
of examples illustrating random and deterministic initial configurations that satisfy

assumptions 2.1 and 2.2 can be found in Seppéldinen (2005).

Let
v = pr(x) and ko = Zx2p(x).
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The characteristics of (1.2) are straight lines with slope v. Fix T'> 0 and S > 0.
For t € [0,T] and r € [-S,S], we let Y,,(t,r) denote the net right-to-left particle
current during time [0, nt] across the characteristic line starting at ([ry/n],0). More
precisely,

oo Mo (m)

Yalt,r)= Y > [HXm(nt) < [nof] + [rv/a]}1{m > [rv/n]}

— U{X (nt) > [nvt] + [rv/n]}1{m < [rv/n]}]

where X}, ;(+) is the jth random walk that starts at site k. Note that the random
walks denoted as Xy, ; in the definition of Y;,(¢,7) should actually be X}’ ,, but we
drop the superscript n for notational simplicity.

(2.4)

2.2. Distributional limit. We give a brief description of the path space of the pro-
cess Y, (-, ). Let Dy = Do([0,T] x [-S, S],R) be the space of 2-parameter cadlag
functions with Skorohod’s topology. Let @ := [0,T] x [-S, S]. For any (¢t,7) € Q,
we can divide @ into four quadrants:

Qi =150 €Qis>t,g>7}, Qf ) ={(s0) €Q:5>t,g<r},

Q?t,r) ={(s,9) €Q:s<t,qg<r}, Q‘(lt)r) ={(s,9) €Q:s<t,qg>r}
Then the precise definition of D is

Dy = {f: Q@ — R such that for any point (¢,7) € Q, lim  f(s,q)

(57‘Z)EQét,r)

(s,9)—(t:r)

exists for i = 1,2,3,4 and  lim  f(s,q) = f(¢,r)}.
(57‘Z)EQ(1t,r)
(8,9)—=(t.7)

In other words, D2 contains functions that are continuous from the right and above
with limits from the left and below. Skorohod’s topology in Dg|0, o) is extended to
this space in the most natural way. The space of multiparameter cadlag functions
and their topology is described in detail in Bickel and Wichura (1971). By Theorem
2 in Bickel and Wichura (1971), a sufficient criterion for the weak convergence
X, — X in D, is,

(1) For all finite subsets {(¢;,r;)} € [0,T] x [-S, 5],
(Xn(tl,Tl), ce ,Xn(tN,T‘N)) - (X(tl,f‘l), ce ,X(tN,TN))

weakly, and
(2) lims_olimsup,, P{wx, (§) > €} = 0 for all ¢ > 0, where the modulus of
continuity is defined by
we(6) = sup lz(s,q) — x(t, r)|.
(s,9),(t,r)€[0,T]x[—S,S5]
I(s,9)—(t,m)[<6
Clearly, {Y,(t,7) : t € [0,T],r € [-S, S|} are Da-valued processes and we can use
the above criterion to prove their convergence in the weak sense.
Denote the centered Gaussian density and distribution with variance o2 by

1 1 ’
Wexp{—ﬁﬁ} and @gz(w)Z/ bo2(y)dy.

Po2 (x) =
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Define also
U2 (x) = 02¢y2 (z) — (1 — Byo ().
For (s, q), (t,r) € [0,T] x [-S5, 5], define two covariances by

Lo((s,q), (7)) = Veos(lg = 7)) + Wrae(lg = 7]) = Wiy t45)(lg = 7)) (2.5)
and
Ly((s,9), (6,7)) = Wy 15yl = 7]) = Wppi—s (lg — 7). (2.6)

Theorem 2.1. Define Y,,(t,r) as in (2.4). Then under Assumptions 2.1 and 2.2,
as n — 00, the process n71/4Yn(~, -) converges weakly on the space Ds to the mean
zero Gaussian process Z(-,-) with covariance

EZ(Su Q)Z(tv T‘) = porq((sv q)v (t7 T)) + ’UOFO((Sv q)v (t7 T)) (2'7)

Note: We will show later that n='/4*EY,(t,r) — 0 as n — oo uniformly for
t € [0,T] and r € [-S,S]. Hence, in the above theorem we can replace n~/1Y,,
with the centered current process with impunity.

Corollary 1. Under the invariant distribution where {n?*(z) : * € Z} are i.i.d.
Poisson with mean p for all n, n=Y4Y,(-,-) converges weakly in Dy to a mean-zero
Gaussian process Z(-,-) with covariance

EZ(s,9)Z(t,r) = p(Vros(lg = 7[) + Wrot(Ig = 7]) = Wpegpe—si(I7 = 7))
In particular, for a fized r the process {Z(t,r) : t € [0,T]} has covariance

B2, 2(00) = p\ [ 32 (V5 + Vi~ VT 3)

i.e., process Z(-,r) is fractional Brownian motion with Hurst parameter 1/4.

The covariance (2.7) is the same as the covariance of the limiting Gaussian
process in the RAP model found in Baldzs et al. (2006), with different coefficients
in front of I'y and I'y. As in Baldzs et al. (2006), we can represent the Gaussian
process Z(-,-) as a stochastic integral:

Z(t,r) = \/rapo /[0 g et 7 = DV 6,2)
4% (2.8)

+ \/%/R sgn(x — r)®y,e(—|z — r|)dB(z).

The equality in (2.8) is equality in distribution. W is a two-parameter Brownian
motion defined on Ry xR, B is a one-parameter Brownian motion defined on R, and
W and B are independent of each other. The stochastic integral clearly delineates
the two sources of fluctuations in the current. The first integral represents the
space-time noise created by the dynamics, and the second integral represents the
initial noise propagated by the evolution.

2.3. Large deviation results. We first state large deviation results for Y,,(¢,r) with
fixed r € R and t > 0.

Assumption 2.3. Assume the initial occupation variables {n{}(m) : m € Z} are i.i.d.
Let

v(0) = log Eeo (M)
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with effective domain
Dy :={aeR:y(a) < oo}
Assume D, =R.

For A € R, define

Za(y) = 10g{ @zt (y) + (1 — Prye(y))}  fory >0
log{e™ @0 (y) + 1 = ®yu(y)}  fory <0
and -
A(A) = / Y(Zx(y))dy
with effective domain
Dp:={aeR:Aa) < o0}.
A turns out to be the limiting moment generating function of the current.
Recall

Definition 1. A convex function A : R — (—o0, o] is essentially smooth if:

a) DX (interior of Dy) is non-empty.

b) A(-) is differentiable throughout Dj.

c) A(:) is steep, ie., lim, oo [VA(A,)| = oo whenever {),} is a sequence in D}
converging to a boundary point of Dg.

Let v*(x) := supyecr{A -« — y(A)} be the convex dual of v(-). Let
I(z) :=sup{\-z — A(M\)}.
AER

Recall the usual definition of Large Deviation Principle (LDP). The sequence of
random variables { X, } satisfies the LDP with rate function J(z) and normalization
{y/n} if the following are satisfied:

(1) For any closed set F' C R,
1
li —logP{X, € F} < —inf J
imsup —=log P{Xy € F'} < — inf J(x)
(2) For any open set G C R,
1
lim inf 7 log P{X,, € G} > —;IGlfG J(x)

n— o0 n

The rate function J is said to be a good rate function if its level sets are compact.
Let Br,()\) := log Ee*X | where X ~Bernoulli(p), be the logarithmic moment

generating function of Bernoulli random variables. Its convex dual is

1—x

1-p

Bry(z) = xlog% +(1—=x)log

for 0 < z < 1. Define a(z) implicitly by
x = N(a(x)). (2.9)

This definition is well defined for all € R since A(-) is strictly convex. For any
a € R, define

eiaq)lwt(y)
1- (I)Hzt(y) + e_aq)fizt(y)

F,(y) := for y e R. (2.10)
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By (2.9) we have

x = /OOO YV (Z oy )1 = Faa)(y))dy — /_OOO Y (Za(z)W) Faga) (W)dy.  (2.11)
Define .
hie) = [ {3 Zagou) } dy (212)
and . b
B@)i= [V Zate) ) B, 0 Fato )i (2.13)

Recall that we assumed 7 (-) are i.i.d. at the beginning of this section. Conse-
quently, the underlying distribution is shift invariant. The rate function in Theo-
rem 2.2 therefore does not depend on 7, as the marginals of the current process,
Y, (t,r), are shift invariant.

Theorem 2.2. Let Assumptions 2.1 and 2.3 hold. For fized real v and t > 0,
n~Y2Y, (t,r) satisfies the large deviation principle with normalization {\/n} and
good, strictly convex rate function

I(z) = Li(z) + Ix(z), x€R. (2.14)

A few words on the rate function. I has a unique zero at zero. The rate function
I balances two costs: the cost of deviations in the initial occupation variables,
given by I, and the cost of deviations in the probability with which particles cross
the characteristic lines, given by I. In the macroscopic picture, 1 — ®,,:(y) is
the a priori probability with which particles initially at distance y > 0 from the
characteristic line cross it by time ¢, while a particle at distance y < 0 crosses the
characteristic line with probability ®,,.(y).

An intuitive understanding of the LDP is as follows. To allow a current of size
z at time t the system deviates in such a way that its behavior is governed by a
new probability measure. Under this new probability measure the mean number
of particles initially at site y is 7'(Zs(s)(y)) and the probabilities 1 — ®,:(y) and
®,:(y) are tilted to give new probabilities 1 — Fi,(;)(y) and Fi(y)(y). The term
Brs, _,(y)(Fa(z)(y)) measures the cost of the deviation of the probability 1—®,,:(y)
(or @y,¢(y)) to 1= Fyy(5y(y) (or Fiy(zy(y)). The new measure depends on a(z) which
is chosen so that the mean current under the new measure is x, this is evident from
(2.11).

The modus operandi for the proof involves using non-rigorous, intuitive ideas
for finding a candidate for the rate function and then checking if it is, in fact, the
correct rate function.

We give explicit formulas for the two simplest cases: the stationary situation
with i.i.d. Poisson occupations, and the case of deterministic initial occupations.

Corollary 2. (1) If ny(-) ~ Poisson(p), then under assumptions 2.1 and 2.3,
the rate function is

T/ / x3m 2kat (] x3m
I(x) ==zl 1 — — 1+ —— -1 R.
() =2 og(p\/m + + 2p2112t> P\ ( + St ) for x €

(2.15)
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(2) If ng(-) =1, then under assumption 2.1 the rate function is

e 1= Fo(a) (1 Fa(a) (s
I(w) = / [(1 — Fago () 10g (28 ) + Fage (y) log %;;5;;)} dy

— 00

e @04 (y)
1fq>»izt(y)+87a(m)<bl<2t(y)

where Foqy(y) = with a(x) chosen so that

oo 0
T = / (1 - Fa(x) (y))dy - / Fa(x) (y)dy
0

— 00

For the process level, under the stationary distribution, we can show an abstract
LDP by applying a theorem from Feng and Kurtz (2006). But currently we do not
have an attractive representation of the rate function. The rate function is given
in terms of a variational expression in (5.14).

Theorem 2.3. If nj(-) ~ Poisson(p), then under assumptions 2.1 and 2.3 the
sequence of processes {n~/2Y,(-,0)} in Dg[0, 00) satisfies a LDP with a good rate
function.

There exist some large deviation results for independent random walk systems in
the literature Lee (1995),Cox and Durrett (1990),Cox and Griffeath (1984). These
papers essentially deal with large deviations of occupation times of sites. Lee Lee
(1995) and Cox and Durrett Cox and Durrett (1990) find LDP’s for weighted oc-
cupation times of sites under deterministic and stationary (i.i.d. Poisson) initial
distributions. Even the normalizations of the LDP’s were distinct for these two
cases. This is in contrast to our current large deviations in Theorem 2.2 where the
normalizations for the Poisson and the deterministic case were the same.

3. Weak Convergence of Finite Dimensional Distributions

We begin the proof of Theorem 2.1 by first showing weak convergence of the
finite dimensional distributions of n=1/4Y,,(-, ).

Proposition 1. Define Y, (t,r) as above. Then under assumptions 2.1 and 2.2 the
finite dimensional distributions of the processes {Y,(t,r) : (t,7) € [0,T] x [-S, S]}
converge weakly as n — oo to the finite-dimensional distributions of the mean zero
Gaussian process {Z(t,r) : (t,r) € [0,T] x [=S5,S]} with covariance given in (2.7).

To prove convergence of finite dimensional distributions we use Lindeberg-Feller
and check the conditions of Lindeberg-Feller by brute force. We show that the
expected value of the process converges uniformly to 0 and hence we can consider
the centered process when proving convergence. We also appeal to large deviations
of random walks to control the contributions to the current process from distant
particles.

Fix N space-time points: (¢1,71), (t2,72), ..., (tn,7n) where (¢;,7;) # (t;,r;) for
1 # j. We will prove that as n — oo the vector

YA (Y (t1,71), Ya(tz,m2), oo Yaltn, m)
converges in distribution to the mean-zero Gaussian random vector

(Z(tl,Tl),Z(tQ,’I”Q), veey Z(tN,TN))
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with covariance
EZ(tla Ti)Z(tja Tj) = POFQ((tiv Ti)v (tjv Tj)) + UOFO((tia Ti)a (tja Tj))'

Let 0 = (01,...,0n) € RY be arbitrary. Recall that X}, ;(-) is the jth random
walk that starts at site k.

N
n /4 Z 0:Yn(ti, i)

- N oo mp (m)
—n Ze{ 32 3 s (1t = Xons (O ot + [ = m}L o > i/l

= Y X j(nts) = Xom,5(0) > [nvti] + [riv/n] — m}1{m < [m/ﬁ]})}

Let
Aty = X (nt) = X 3(0) < [nvt] + [rv/n] —m}
and
AL = {X (nt) < [nvt] + [rv/n] — m}
where X (-) represents a random walk with rates p(z) starting at the origin. The
evolution of the random walks is independent of their initial occupation numbers

ng(x). Define

ng (m

)
Un(tr) =04 3 (LA 1 {m > [y} = (A7) Hm < vl
— ) {PLAYY L m > [rVlY - P{(AY)Y 1 {m < [V} )

and
N

Um = ZGiUm(ti,ri).
i=1
Then we can write

N N N
n=t/4 Z 0:Yy (i, i) =n"/* Z 0 {Yy (ti,ri)—EYy(ti,ri) Y4044 Z 0;EY, (ti, 1)
=1 =1 i=1

m=—0o0

o N
= ) Un+n V4 0EY (b, 1),
=1

We split > U, into two sums S; and S5 as follows. Choose r(n) so that

m=—0o0

r(n) = o(y/log n) and r(n) — oo slowly enough that
r(n)H(n®) — 0 as n — oo,

where H(M) = sup, > ez Eng(z)*1{ng(x) > M}]. Write

N
n_1/429i{Yn(ti,ri) —EYn(ti,T‘i)} = Z Um+ Um
i=1 ml <r(m) v/ [l > ()i
=: 51+ 5.

We show that So goes to 0 in L? and use Lindeberg-Feller for S; to show that it
converges to a mean-zero normal distribution.
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Lemma 1. ES? — 0 as n — oo.

Proof.ﬁ EU,, =0, so EU,, = 0. S, is therefore a sum of independent mean zero
terms U,,. By Schwarz Inequality,

N
BS;= > EUL<|01*Y>. Y. EUL(tim)

[m|=[r(n)v/n]+1 =1 m|=[r(n)vn]+1
Since N is fixed, it suffices to show for fixed (¢,r)
lim > EUL(tr) =0,

m>[r(n) /)1
Recall that Af,;ij ={ X ;(nt)— X ;(0) < [nvt]+[ry/n]—m} and A" = {X (nt) <

[nvt] + [ry/n] — m}. If T = Zfil Z; is a random sum of i.i.d. summands Z;
independent of random K, then

Var[Tk] = EK - Var Z, + (EZ;)* - Var K.
For fixed m, take K = n{/(m) and
Z; = 1A 3 1{m > [rv/n]} — 1{(A;] )} 1{m < [rV/n]}.
Then,

ng (m)

E[Un(t,r)] = Var[n™"/* Z {14, 31 {m > [rv/al} = 1{(A;7 )1 {m < [rv/n]} }].

Var Z; =P(A;7 )P((A]))H{m > [rv/nl} + P(A ) P((A]))H{m < [rv/n]}
= P(X(nt) < [nvt] + [rv/n] — m)P(X (nt) > [nvt] + [rv/n] —m).

[EZ,)? = P(X(nt) < [nvt] + [rv/n] — m)?*1{m > [rv/n]}
+ P(X(nt) > [not] + /)] — m)P1{m < [ry}.

E[Up,(t,7)] = 012 p (m)P(AY")P((A"")%) +n 20 (m) [P(A"")*1{m > [r/n]}
+ P((A"))*1{m < [rv/n]}].
Using the uniform bound (2.2) on moments we get
E[UZ(t,7)] < nY2C[P(X(nt) < [nt] + [rv/n] — m)1{m > [rV/n]}
+ P(X (nt) > [not] + [rv/n] — m)1{m < [rv/n]}].

By standard large deviation theory, for arbitrarily small §, there is a constant
0 < K < oo such that when m > [ry/n],

(=K m=IrvaD*/nt}  if |y — [r\/n]| < ntd
P(X (nt) < t) + - < >
(X (nt) < [not] + [rv/a) — m) < {e{—xm—vmu if m — [rv/n)| > ntd

(3.1)
and when m < [ry/n],

A=K (rvAl=m)* it} if | /m] — m| < ntd
P(X(nt) > [nvt] + —m) < -
(X (nt) > [nvt] + [rv/n] —m) < {e{_K[rm—m} if |[rv/n] — m| > nté.

(3.2)
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Consequently,
Y. EULEY)]
|m|=[r(n)v/n]+1
[ntd] oo
< Cn~1/2 Z e—Km"{/nt + Cn~1/2 Z e~ Kmi
ma=[r(n)y/n]—[ryn]+1 mi=[ntd]+1
[ntd] 0o
+Cn~1/2 Z e—Kmf/nt +Cn~1/2? Z e~ Kmi
mi=[r(n)v/n]+rvn]+1 m1=[ntd]+1
oo oo 1
< C/ eiKIz/td:c—i-C/ eiKzz/tda:+2£efK”t5.7_K —0
r(n)—r r(n)+r \/ﬁ 1—e
as n — oo (since 7(n) — o0). Therefore, ES3 — 0 as n — oo. O
Define
T ((s,q), (t,r) = / P(y/r2B(s) < q — 2)P(\/r2B(t) < r — z)dx
qVvr

+ /‘1 ' P(\/k2B(s) > q — x)P(\/k2B(t) > r — z)dx

— 00

—1{r>q} /T P(\/k2B(s) < ¢ — x)P(\/r2B(t) > r — x)dx
—1{g>r} /‘1 P(\/k2B(s) > q — z)P(/k2B(t) < r —x)dx

and

M (0. () = [ {PWRBG) < 4= 0 PWRB() > 1 =)
— PWRB() < 0 -0, ViB(O) > 1 = )}

B(+) is standard Brownian motion. The covariance terms (2.5) and (2.6) appear in

the calculations as I‘gf) and I‘él) resp.

Lemma 2. S; converges to the mean-zero normal distribution with variance
2
o’ = Z 0:0;{poTS" ((ti, i), (t5,75)) + vl ((ti, i), (t,75)) ).
1<i,j<N

Proof. We apply Lindeberg-Feller to S;. We check:
(1) For any € >0

lim Y EU1{|Un] > €}] =0 (3.3)
ml<[r(n) V7]

and,

lim Y E[U]=0" (3.4)
ml<[r(n)v7]
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|Unn(t, 5)| < n~= Y40 (m) +n~4pp(m). By uniform bound on moments (2.2),
we get

Ul < Cn= 4 (m) + 1].
By choice of 7(n) we get (3.3):
lim Y E[UL1{|[Un| > €}] =0.
[m|<[r(n)v/n]

We prove (3.4) from the lemma below.

Z EUEn = Z 6‘1‘93‘ Z E[Um(tiari)Um(tjvrj)]'

il <r(m)vA 1<iG<N  |ml|<r(n)vE
Let
S = Z E[Um(57Q)Um(taT)]'
[m|<[r(n)v/n]

Lemma 3.

lim S = pol'P ((s,q), (t,7)) + vl ((5,4), (£,7)).

n—oo

Proof.
ElUmn(s,q)Unm(t,7)]

ng (m)
— cov{ > A L m > gV} = 1{(A3) Y1 {m < [gv/l} }
g (m)

(1AL 3 m > [} = 1{(4) 31 {m < [rv/nl} } .

j=
Assume z; are i.i.d. random variables independent of the random nonnegative
integer K, then

K K
Cov[}_ f(zi): ) 9(z:)] = EK - Covlf(z1),g(21)] + Var K - Ef (1) - Eg(z1)-
i=1

i=1
For fixed m, take K = n{(m),
f(Xm,j) = AR {m > [gv/n]} — 1{(A77;)°}1{m < [¢v/n]}
and
9(Xmg) = LA 3 1{m > [rv/n]} — 1{(4;);)}1{m < [rv/n]}.
We now adopt the simpler notation
A ={X(ns) < [nvs] + [gv/n] — m}
and
B = {X(nt) < [nvt] + [rv/n] — m}.
A straightforward computation gives

Cov[f(Xm1),9(Xm1)] = P(A)P(B°) — P(AN B°).
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Next we compute
Ef(Xm1)Eg(Xm1) =P(A)P(B)L{m > [gv/n]}1{m > [rv/n}

+ P(A°)P(B)1{m < [¢v/n]}1{m < [rv/n}
— P(A)P(B°)1{m > [gv/n]}1{m < [rV/n}
— P(A°)P(B)1{m < [¢v/n]}1{m > [rV/n}.

Putting these computations together we get

S=n"12 3 {pg(m){P(A)P(BC) — P(ANBY)}

[m|<[r(n)vn]
+vg (m) [P(A)P(B)l{m > [gv/n] v [rv/n]} + P(AY)P(B)1{m < [gv/n] A [rv/n}

— PLAYP(BYL{lqv] < m < [/} — P(A%)P(B)1{[r/] < m < [qﬁ]}] }

X (nt) is a sum of Poisson(nt) number of independent jumps §;, each jump dis-
tributed according to p(z). Therefore,

Var(X (nt)) = nt - Var(&) + (B&)? - (nt) = nt(ky — v?) + v®nt = ntry.

By Donsker’s Invariance Principle the process {(X (nt) — [nvt])/\/nk2 : t > 0} con-
verges weakly to standard 1-dimensional Brownian motion. Therefore, as n — oo,
assumption (2.3) and a Riemann sum argument together with the large deviation
bounds on X (nt) gives us

lim S = po /700 {P(B(k28) < q¢— x)P(B(kat) >r —x)

n—oo

— P(B(k28) < ¢ —x, B(kat) > r — x)}dx

+ vo{/oo P(B(kas) < q — x2)P(B(kat) <1 —x)dx

vr

+ /‘IM P(B(k2s) > q — ) P(B(kat) > r — x)dx

— /q T[l{q < 1r}P(B(k28) < g — z)P(B(kaot) > r — x)

AT

+ 1{r < q}P(B(kz2s) > ¢ — x)P(B(kat) < r — )] }

= poT M ((5,9), (t,7)) +voT5 ((s,9), (t,7)).

The reasoning behind the convergence of S to the above limit is the same as in
Lemmas 4.3 and 4.4 of Seppélédinen (2005). The reader is referred to Seppéldinen
(2005) (page 778) for a more detailed explanation.

d

This verifies (3.4):

Jim. STEO2] = Y 0:0;{pol O (i, m1), (8,75) + 0ol (tiy i), (8,7)) -

[m|<r(n)y/n 1<i,j<N
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We can now conclude from Lindeberg-Feller that S; converges to mean-zero
normal distribution with

0¥ = > 00, {pol (i, i), (8,7) + 00D (t, 7). (t,75)) -

1<i,j<N

Lemma 4.

lim sup n~Y4 EY,(t,r)] = 0.
n—%0 0<t<T,0<|r|<S

Proof. The proof is similar to the proof of Lemma 4.6 in Seppéldinen (2005, page
781-783). O

Showing that
1—‘((11)((8, Q)v (t,?‘)) = \I}fcz(tJrS)('q - T|) - \I]lm(\sft\)(lq - Tl) = Fq((sv Q)v (t,?‘))

and
T ((s,q), (t,7)) = To((s,q), (t,7))

is an exercise in calculus.

Proof of Proposition 1. By Lemmas 1, 2 and 4 we have, as n — oo,
N
n /4 Z 0; Yo (ti,r:)
i=1

converges to a mean-zero normal distribution with variance o2, where

o? =Y 0:0;{poT((ti, ), (tj,75)) + volo((ti, 1), (£, 7))},
1<i,j<N

for arbitrary (61, ...,0n) € R™. We can therefore conclude that as n — oo the vector
n71/4(Yn(t1,r1),Yn(tg,rg), o, Yo (tn,rn)) converges in distribution to the mean-
zero Gaussian random vector (Z(t1,71), Z(t2,r2), ..., Z(tn,rn)) with covariance

EZ(t“ ’I”l')Z(tj, ’I”j) = pOFq((ti,ri), (tj,?"j)) + Uoro((ti, ’I”l'), (tj, ’I”j)).

4. Tightness and completion of proof of Theorem 2.1

In this section we first develop a criterion for tightness for processes in Dy. The
tightness criterion is in terms of a modulus of continuity. We then proceed to
check if our scaled current process satisfies the tightness criterion. The following is
an extension of Proposition 5.7 in Diirr et al. (1985) to two-parameter processes.
WLOG for simplicity we replace the region [0,7] x [—S, S] with the unit square
[0,1]2. For any h € Dy = D»([0,1]% R), define

wp(0) = sup  |h(s,q) — h(t,7)|.
s,t,q,r€[0,1]
I(s,9)—(t,m)[<6

Proposition 2. Suppose {X,,} is a sequence of random elements of Da=D4([0,1]2R)
satisfying these conditions:
For all n there exists 6§,, > 0 such that
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(1) there exist 3 >0, o > 2, and C > 0 such that for all n sufficiently large
E(|Xn(87Q) _Xn(tvr)lﬁ) < C|(87Q) - (t,’r)|g (4'1)

for all s, t,q,r € [0,1] with |(s,q) — (t,7)] > On, and
(2) for every e >0 and n > 0 there exists an ng such that

P(wx, (8,) > €) <n for all n > ng. (4.2)

Then, for each ¢ > 0 and n > 0, there exists a §, 0 < § < 1, and an integer ng,
such that

P(wx, (8) = €) <, forn = no.
To prove this proposition we require the following lemma.

Lemma 5. Let 0 < kg < k. If points (s q) and (t,r) lie on the 27% grid i.e.

-/ .
— ki J k
S_Qkaq Qk)t_2k7T_2k7and|2k_2k|<2 %, Q_k__|<2 °, then

(1) it is possible to move from (s,q) to (t,7) in steps of size 27", ko < h < k,
moving one co-ordinate at a time, where a step of size 27", for any h,
occurs at most 4 times;

(2) also, we can choose our steps in such a way that we make a jump of size
2=h only if we lie in the 2=" grid.

Proof. We fix kg and prove the lemma by induction on k. When k = ko, (s,q),
(t,r) € 27FN x 27%N. We are given that |57 — 2,m| <27k | L — Qko | < 27ho,
So, either both points coincide or there is a difference of 27%0 in one co-ordinate or
both co-ordinates between these points. We can therefore move from (s, ¢) to (¢,7)
in at most 2 steps, each of size 275, moving one co-ordinate at a time. Clearly
condition (2) also holds as the only jumps possible here are of size 27%0 and we lie
in the 2750 grid.

Let k > ko, (s,q) = (i,c ;—k) (t,r) = (21—;,5—;) | 2%—2,€| < 27ko and |———| <
2%, Either the points (s,q) and (t,7) already lie on the 2=~ grid, or if not,
the points (s,q) and (t,7) are each at most two jumps of size 27% away from the
2~ (k=1)_grid. We can therefore move both (s, q) and (t,r) closer to each other and
onto the 2=*~D_grid in at most four jumps of size 2%,

By the induction hypothesis and by our choice of jumps, we are done. (I

Proof of Proposition 2. We may assume without loss of generality that §,, =
27k for some k = k(n) > 0 depending on n. This is because if we have P(wx, (6,) >
€) < 7 for some 6§, > 0, then we can find a k(n) > 0 with 27*~1 < 5, < 27k
such that wy, (275 < 2wx, (6,). So P(wx, (27%™) > 2¢) < P(wx, (6,) > €) <
n. Therefore it is sufficient to prove the theorem for &, = 2= for k(n) >0

Given n and 0, if 6 < d,, then wx, (0) < wx, (§,,). If 6, < J, then for any two
points (s, q), (t,7) with 0 < |t — |, |¢ — r| < J, we have

(s, q) = h(t,r)] < |h(s,q) = h(s',q")| + [h(t,r) = h(t',7")[ + |h(s", ¢') = h(t',1")],

where s’ t',¢',7" € 6,N, 0 < |s'=t/|,|¢'—7'| <dand 0 < [t —t/|,|s—&'|,|[r—7],|qg—
q'| < 6,. Thus for any §,, < 9,
wh(é) < 2wh(6n) + Sup |h(87q) - h(f,’f‘)l

t,s,q,7€(6,N) M[0,1]
[t—s]|,|r—q|<d
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Therefore by (4.2), we only need to show that for any e > 0 and n > 0, there exists
a d > 0 such that for all n sufficiently large

P (6) > € <, (4.3)
where
wy (6) = sup |h(s,q) — h(t,r)|.

t,5,4,7€(5,N) [0,1]
[t—sl|,|r—q|<d

This follows from (4.1) by the following “dyadic argument”:
Choose a A such that 22=9) < A% < 1. Given n for which (4.1) is satisfied, let

Gr = {|Xn(sk. &) — Xu(B, H)| < A fori=0,1,...,2F -1,
j=0,1,...,2%}
and
Hy, = {| X0 (5% l)—X (o, B)| < N for i =0,1,...,2%,
i=0,1,...,2" -1}
where k < k(n) .
P(G$ U HE) < 28(2F 4 1)AFPo7ko 4 ok (ok 4 1)\~Hkig—ko
by Markov inequality and (4.1) as k < k(n)
< 0(2(270)/\%3)16
= ¢y* where y = 2@~ 7F < 1.
Given € > 0 and 7 > 0, choose kg such that

cZ’yk<nand4Z/\k<e.

k>ko k>ko

Choose § = 2%, If § < 4, for some n > ng, then wx, (§) < wx, (§,) and we
have P(wx, (§) > €) < n by (4.2). A little more work is required to show that
(4.3) holds in the 6, <4, i.e. ko < k(n), case. Pick any (s,q), (¢,r) € 6,N x §,N
where 6, = 275" such that |s —t|,|¢ — r| < §. We can find a sequence of points
(s,q9) = (s1,q1), (52,42)...(Sm, Gm) = (t,7) (refer to lemma 5) such that on the event
Mko<k<i(n) (Gk N Hy) we have

m—1
X0 (5,0) = Xa(t,m)] <Y 1 Xn(si,0:) = Xnlsisn,qir1)] <4 A <e.

i=1 k>ko

Now
P(|J (@GuHp)<e > A<
ko <k<k(n) ko <k<k(n)
Therefore,
P@) < =P( () (GenH))>1-7
ko <k<k(n)

Thus (4.3) is satisfied with § = 2750, O

We now apply Proposition 2 to processes X,, = n~/4Y,,(t,r) where Y, (t,r) =
Yn(tv T) - EYn(tv T)'
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4.1. Verifying the first tightness condition. We check that (4.1) holds for
n~ YAV, (¢, 7).

Let o > 0 and
5/4+a < B <3/2. (4.4)

We show that there exist constants o > 2 and 0 < C' < oo independent of n, such
that with d,, = n=?, for all n (sufficiently large)

B (0 ¥ (s.0) ~ Yaltr)l) < Clls.a) — ()7 (45)

for all (s,q), (t,7) € [0,T] x [=S,S] with |(s,q) — (¢,7)] > 0On.
We can assume WLOG that s <t in the following calculations. Define
A = {Xmj(ns) < lgvn ]+ [nvs], X j(nt) > [rv/n ]+ [not] }
and
By = {Xonj(n8) > [gv/7 | + [n08], X (n8) < [r/7 ] + o]}
If ¢ < r then
5 (m)
Yo(s,q) — Z Z 1{Xm j(ns) < [qgv/n] + [nvs]} (4.6)
[f] J=1
+ Z Z 1{ X, j(ns) < [gv/n] + [nvs]} (4.7)
=[gvn]+1 J=1
ng (m)
Z Z 1{ X, j(ns) > [qv/n] + [nvs]} (4.8)
m<[qy/n] J=1
ng (m)
Z Z 1{ X, j(nt) < [rv/n] + [nvt]} (4.9)
>[rvn] =1
[rvn]  mg(m)
+ Z > X j(nt) > [rvn] + oot} (4.10)
=[gv/n]+1 J=1
5 (m)
+ > > Y X j(nt) > [rv/n] + [not]} (4.11)
m<lqva i=1
Combining (4.6) and (4.9), (4.7) and (4.10), (4.8) and (4.11) and adding and sub-
tracting

rval g (m)
Z > X j(ns) > [gv/n] + [nvs], Xpn j(nt) < [ry/n] + [not]}
—lgvml+1 =1

we get
[rvr ]
Yo(s,0) = Yu(t,r) = > Gm+ Y [n5(m) = pf(m)]
mez m=[gv/n ]+1
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where
ng (m)
Gm = Z (1Am,j - 1B7n,j) - pg(m)(P(Am71) - P(Bmxl))' (4"12)
§=0
Similarly, when ¢ > r

lavn ]
Yo(s,9) = Yu(t,r) =D Gm— > [n5(m) = pg(m)].
meZ m=[ry/n |+1

Using the identity (a + b)¥ < 2%(a* + b*), we get

_ _ 12 212
E (n_1/4(Yn(s, q) — Yn(t,r))) < = (BA® + EBY) (4.13)
n
where
A= Z Gm
meZ
and
[(rva)vn |

B= Y [Bm) -],
m=[(rAg)v/n ]+1
We now bound E[A'?] and E[B!?].
To bound EB'?, we use the following lemma which is a slight modification of
Lemma 8 in March and Seppéldinen (1997).

Lemma 6. Let Y; be independent random variables with E[|Y;|*"] < ¢ < oo and
EY; =0 for all i and for some fixzed r > 0. There is a constant C < oo such that,
for any n |

E{(Yl +Yo - —|—Yn)2r} < C(2r)n".
Proof. Since EY; =0,
2 (2!

where Z/ extends over all n-tuples of integers r1, 72, ...7, > 0 such that each r; # 1
and ry +--- + 7, = 2r.

|[EY{*EY;?---EY | < ¢ by the bounded moment assumption and Hélder’s in-
equality. The number A = 3 (r1!---7,!)~" is the coefficient of " in

Fo(x) = (Z xj)n

o
>0 7’
71

and consequently A < FI”T(f) for x > 0. But >_j>0 ”;—f <1+ 22 for x < 1, so taking
717

x=n"2gives A <n"(1+ (1/n))" < Cn". O

Recall that n{(x),z € Z are independent with mean pf(z). Let C' denote a
constant that varies from line to line in the string of inequalities below. Applying
Lemma 6 to the term E[B'?] in equation (4.13) with 7 = 6 and by the moment
assumption on 7, we get

BB < C12)![rvn] - [¢v/n]|® < C(Ir — ¢|*n® +1). (4.14)
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We use the following lemma to bound E[A?].

Lemma 7. There exists a constant C such that for each positive integer 1 < k <12
and for all m,

E[|Gml|*] < Dy,
where Dy, = C{P(Ap1)+ P(Bm1)}-

Proof. The proof is the same as in Lemma 4.7 (pages 784-785) of Seppéldinen
(2005). O

Lemma 8. There exists a ¢ > 0 such that

E[A?] <c 1+<ZD> : (4.15)

Proof. A= ZmEZ G- Note that EG,, = 0 for all m and the G,,’s are indepen-

dent. Let Z(k) denote the sum over all k-tuples of integers r1,72,...,7r > 2 such
that ry + - +rp = 12.

(k) 12! r r r
S X ElGw[MEIGw ™ Bl (416

k=1 miFmaF-my
< ZZ rm W ZE|G & ZE|G ZE|G
Since E|Gy,|' < Dy, for all m € Z and 1 <1 < 12 we get, for all 1 < k < 6,
ZE|G | ZE|G ZE|G |"* < max{1, ZD 1< {1+ Dw)}

Thus

6
E[A?] <c 1+<2Dm> : (4.17)

(]
We evaluate ), ., D, below. Recall that
> D,=C (Z P(Am1)+ Y P(BmJ)) .
meZ meZ mEeZ
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> P(Apy) =Y P(X(ns) < [qv/n] + [nvs] — m, X (nt) > [ry/n] + [not] — m)
MmeEZL meZ
= D {P(X(ns) = [gv/n] + [nvs] — 1)
meZl>m

x P(X (nt) = X (ns) > [not] — [nvs] + [rv/n] — [qv/n] + 1 —m)}
= 3 S T{P(X (ns) = [qv/] + [nvs] — 1)

x13<X< (t = 3) > [nvt] — [nws] + [rv/A] — [av/] + k)}
< S P(X(nlt - 8)) — [t — 5)] > [rv/a] - [gv/] + )

k>0
(4.18)
Similarly,
> P(Bma) <Y P(X(n(t—s)) — [mo(t — 5)] < [rv/n] — [gv/n] + k+1) (4.19)
meZ k<0
Together,
ZP m,1 +ZP m,1 <E‘X t—S [m}(t—s)]—l—[q\/ﬁ]—[r\/ﬁﬂ
mEeEZ meZ

< E|X(n(t—s)) = [nv(t—s)]| +|r—qlvn+1

<cf{v/n(t —s)+|r—qvn+1}.

Consequently, (4.15) becomes
B[A™2] < {1+ (n(t - 5))* + Ir — of*%°}. (4.20)
Putting (4.14) and (4.20) together in (4.13) we get
E[{n~ " (Ya(s,q) = Yalt,r)}?] < e(n™® + (¢ = 5)° + r — |°)

Using 5 < 3/2, |r —q| <258 < oo and t — s <T < o0, we can find constants ¢ > 0
and o > 2 such that

E[{n~Y*(Ya(s,q) = Yult.r)}? ] < e r =g + [t = |7,
if |r —gq| >n=P or t — s > n~P. This verifies the first tightness condition (4.1).

4.2. Verifying the second tightness condition. To verify (4.2) for n=Y/4Y, (t,r), it is
sufficient to show

Lemma 9. For any 0 <T,S < 0o and € >0,

lim P{ U { sup [V (t,7) — Y (n Pk, n Phy)| > n1/46} }:0,
nee 0<ky <[TnP] kin =P <t<(k1+1)n =P
[7nB_S]§_k2§[nBS] kon P <r<(ko+1)n =P

(4.21)

Proof. Recall from (4.4) that 5/4+a < 8 < 3/2, o > 0. We first show that parti-
cles starting at a distance of n'/2T* or more from the interval ([—(S+1)/n], [Sv/n))
do not contribute to Y, (-, 7) during time interval [0,T], r € [=S, 5], in the n — oo
limit.
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Lemma 10. Let
ng (m)
Ny = > > Xy (nt) > —[(S + 1)v/n] + [not]
m<[=(S+1)V/n]—nl/2+e j=1

for some 0 <t <T}
(4.22)

ny (m)
+ > > X j(nt) < [SVn] + [not]
m>[Sy/n]tnl/2ra j=1
for some 0 <t <T}.

Then EN1 — 0 as n — oo.

Proof. Choose a positive integer M large enough so that 1/2 — a(2M — 1) < 0.
The expectation of the first sum in (4.22) is bounded by

C Z P( sup (X(nt) —nvt) > —[(S+1)v/n] =1 —m)

m<[—(S+1)y/n]—nl/2+e 0<t<T

<C Z P( sup (X(nt) —nuvt) >1-1)

Ismizete  OSEST
<C Z M E[(X (nT) — noT)3M]
lZn1/2+o¢

by application of Doob’s inequality to the martingale X (¢) — vt

S C Z l*QMnM

I>nl/2+e
as B[(X(nT) — nvT)*M] is O(n™)
< Op!/?meM-1) 0 a5 n — co.
Similarly the expectation of the other sum goes to 0 as n — oco. (]
Let
([Sv/m))+nt/2te

Np = Z g (m).

m=[—(S+1)y/n]—nt/2te;
mEZ

be the number of particles initially within n'/2T* distance of the interval (—[(S +
1)y/n], [Sv/n]). Fix a constant ¢ so that

lim P(Ny > en!/?+) =0, (4.23)

n—oo

Consider the event

U { sup |V, (t, 1) =Yy (" Pky,n~Pky)| > n1/46}. (4.24)

0<ky <[Tn”)] kin” O <t< (ki +1)n”"
[~nfS)<ka<lnPs] Fen P SrSUatn?

If to = n Pky and 79 = n~ ko, then
|Yn(ta T) - Yn(to, T0)| < |Yn(ta T) - Yn(t07T)| + |Yn(t07T) - Yn(to, T0)|'
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(‘l(r“-v-n’ﬂ)v";\+|‘nv(.r”+n”7)|,n1.ru+rfﬂ)]

)
n(vﬂ B o s i e e e S

(7 n)+[nve, Lont,|

[roVn] |(r"+n’“)\‘“n ]

FIGURE 4.1. Two characteristic lines at distance §, = n=? apart.

For fixed k1 and ko, the event in braces in (4.24) is contained in the following union
of two events:

1
{ sup sup |Yn(t,r)—Yn(t0,r)|256n1/4} (4.25a)

to<t<to+n—B ro<r<ro+n—~

U { sup  [Ya(to,r) — Ya(to,m0)| = %6711/4} (4.25b)

ro<r<ro+n=F

The first event (4.25a) implies that at least one of the following two things happen:

(1) At least %enl/ 4 particles cross the discretized characteristic
s+ [rv/n] + [nvs]

for some r € [rg, 7o +n"F], during time interval s € [to, (to+n"")] by jump-
ing. On the event {N; = 0}, these particles must be among the Ny par-
ticles initially within n'/2** distance of the interval (=[(S 4 1)/n], [Sv/n)).
Therefore, conditioned on { N7 = 0}, the probability of this event is bounded
by the probability that Na independent rate 1 random walks altogether ex-
perience at least %enl/ 4 jumps in time interval of length n!=%.

(2) At least ienl/ 4 particles cross the discretized characteristic

s+ [rv/n] + [nvs]
for some r € [rg, 7o + n~F], during time interval [to, (to + n~?)] by staying
put while the characteristic crosses the location of these particles. These
particles must lie in the interval J at time nty, where

J = [[rov/n ] + [nvto], [(ro +n~")v/n ] + [nv(te +n~7)]] ,
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(refer to figure 4.1). For large enough n, the distance between the endpoints
of J is at most 2. So these Len'/* particles must sit on at most 2 sites, say
zy ., and 27, .

1,Rk2 1,Rk2

The second event (4.25b) implies that at least %enl/ 4 particles either lie in the inter-

val [[ro\/n] + [nvto], [ry/n]+ [nuto]] at time nto, or lie in the interval [[ro/n], [rv/n]]
at time 0. Since

[[rov/n] + [nvto), [rv/n] + [nvto]] € J
and
[[rov/nl, [rv/n]] < 1

where I =[[rov/n |, [(ro + n7?)/n ]| (refer to figure 4.1), this event implies that at
least Len!/4 particles lie in interval J at time nto or at least en'/4 particles lie in
interval I at time 0. For large enough n, the distance between the endpoints of I is
at most 1, so the %enl/ 4 particles lying in interval I at time 0 must sit on a unique
site x87 Ky SAY-

Let T(cn3/2t=8) denote a mean cn3/2t~8 Poisson random variable that rep-
resents the total number of jumps among cn'/2T% independent particles during a
time interval of length n'=%. Then,

P (event in (4.21))
<P(N,>1)+P (N2 > cn1/2+°‘)

[Tn?]  [Sn”)

+ Z Z {p (H(Cn3/2+a7ﬁ) > %enl/‘l) + P (773(178,192) > %enlﬂ) (4.26)

kl 0 k}g [ Snﬁ
+ 2{P (Wzlfﬂkl (Illﬂ,kz) Z %6711/4) + P (7731—5161 (xih]m) Z %Enl/4>}}.

The probabilities P(N; > 1) and P(Ny > cn!/?t®) vanish as n — oo by
lemma 10 and (4.23). TI(cn®/2t2=58) is stochastically bounded by a sum of M,, =
[cn®/?F@=F] 11 ii.d. mean 1 Poisson variables, and so a standard large deviation
estimate gives

P (H(cn3/2+a_ﬁ) > %enl/‘l) < exp {—MnI(%MrjlenlM)} 7

where I is the Cramér rate function for the Poisson(1) distribution. By the choice
of a and B, M,, > n®, while M;'n'/* — co. Consequently, there are constants
0 < Cy,Cy < oo such that

[Tn? [Snf]

Z Z P (H(cn3/2+a_ﬁ) > %enl/‘l) < Con?P exp{—C1n*} — 0.
k1=0 ky=[—SnF]

By Lemma 4.10 in Seppéléinen (2005), we have

sup  En(x)"?] < oc. (4.27)
z€Z,t>0
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So,

[Tn?]  [Sn”]
Z Z P(n;;nl*ﬁ (x§917k2) = %En1/4)
k1=0 ]CQZ[—S’IZB]
< (TnP +1)(25n” 4+ 1)8"2¢ 12073 sup E[nf* (x)'?]

x,t,n

vanishes as n — oo by (4.27) and because 28 —3 < 0 .
Similarly for the other probability in (4.26).
O

Since the two conditions of Theorem 2 hold for the sequence of processes {n~1/4Y,,},
we can conclude that

%iilol lim sup P{w,,-1/ay, (6) > €} = 0 for all € > 0. (4.28)

4.3. Weak Convergence. Finally, we use the theorem about weak convergence in
Dy from Bickel and Wichura (1971). By Theorem 2 in Bickel and Wichura (1971)
we have X, converges weakly to X in D> if,
(1) (Xn(t1,7m1), + Xn(tn,rn)) converges weakly to (X (t1,71), -+, X(tn,7N))
for all finite subsets {(¢;,r;)} € [0,T] x [-S, 5], and
(2) lims—olimsup,, P{wx, (6) > €} =0 for all € > 0, where
wz(8) = sup (s, q) — =(t,7)|.

(s,9),(t,r)€[0,T]x[—S,S5]
[(s,q)—=(t,r)|<6

This, together with (4.28) and the convergence of finite-dimensional distributions
of {n=1*/barY,,(-,-)} give us weak convergence of {n=/4Y,,(-,-)} as n — oco. Since
the expectations n_1/4EYn(t, s) vanish uniformly over 0 <t < T, 0 < |s| < S by
lemma 4, we conclude that the process {n~/4Y,,(-,-)} converges weakly as n — oco.

5. Proof of large deviation results

Proof of Theorem 2.2 and Corollary 2. Assume that n{(m), m € Z are i.i.d.
Fix r € R and t > 0.We prove that n~'/2Y, (¢, r) satisfies the LDP with a good rate
function. We start with some preliminary calculations.

(e’ 77(7; (m)

Y, (t,r) = Z Z [1{Xm,j(nt) < [not] + [rv/n]}1{m > [ry/n]}

m=—oo j=1

= U X j(nt) > [not] + [rv/n]}1{m < [rv/n]}] (5.1)
co M (m

)
= > 2y en - )

m=—oo j=1
Define

M2 = B = e, (5.2)
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If m > [ry/n] then

. )y A (7))
M () = BN 0 = p | 3o ml
k20 (5.3)
=1+ (- DE[fm )]
=1+ (e* = 1)P(X(nt) < [nvt] + [rv/n] —m)

where X (-) represents a random walk with rates p(z) starting at the origin. Simi-
larly, if m < [ry/n] then

n,(2) k
M (/\) = Ee_)‘-f:;’,(lz)(t’“) — F z : ( A f ( ))
h i (5.4)
k>0

=1+ (e = 1)P(X(nt) > [nvt] + [rv/n] —m).

We now calculate the logarithmic moment generating function for Y,,(¢,r).

ng (m)
logEe”"<“>— Z log Bexp{ A > [fm D (t,r) — frlP ()]
[rv/n]|<[ntd] Jj=1

[m—[ry/n]|>[nts] j=1

0 (m)
+ z logEexp{)\ Z [fm(l) t,r) — fﬁl’ff)(t,r)]}

(By large deviation bounds on X (nt) (3.1) and (3.2) , the second term is of o(y/n))

"70 (m)

= X logEexp{A > - P, r)]}ﬂ(ﬁ)
|m—[ry/n]|<[ntd] 7j=1

g () o, n
lim LlogEeAY"(t’r) = lim 1 Z logE{ AZ]O o ,gl)(t’r)*fm,(jz)(t’”]]
n—oo \/ﬁ n— oo
[m—ry/n]|<[ntd]
lim f > log Y P(ng(m) = k) (M7 (N)"

|m—ry/n]|<[ntd] k>0

(Recall that y(«) = log Eeaﬂ(f(-))

=1lim — > A(log My ().
|m—rv/nl|<[ntd]
(5.5)

Using (5.3), (5.4), (5.5), applying Central Limit Theorem and a Riemann sum
argument we get

A(A) = lim — logEekY"(t’T)

n— oo
0

- / T (log{1 + (¢ — )yi(—2)})da + / Y(log{1+ (€™ — 1)®py0(x)})de.

—o0
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By Assumption 2.3 we get A(X) < oo for A € R. Tt is also easy to check that
A()) is strictly convex and essentially smooth on R. By Theorem 2.3.6 in Dembo
and Zeitouni (1993) (Gértner-Ellis theorem) I(-), the convex dual of A(A), is the
good rate function. We now find the explicit expression for the rate function.

If ng (m) ~ Poisson(p), then v(a) = p(e* — 1). Therefore,

0

AW = e =) [ T+ o 1) [ @@

Iigt
2T
The convex dual of this is:

I(z) = iﬁﬁ{m — AN}

/T 27 2kat x3m
=zl 1 - — 1+ ———1)f eR.
v Og(p\/Qngt + + 2p2/£2t> PN % (V + 2p2% kot ) ore

This proves (2.15).

To prove Theorem 2.2 we first check that I(-) given by (2.14) is the convex dual
of A(+) and then outline how to get the expression in (2.14). Elementary but tedious
computations give

=p (e +e” —2).

I'(A(\) =\ (5.7)

It can be shown that A’ is continuous and strictly increasing. Therefore, I’ is

defined on the whole real line by (5.7). By Theorem 26.5 in Rockafellar (1970)

(page 258), I must be A* plus a constant. But I(0) = 0 = A*(0), so I = A*. This

proves that I given by (2.14) is the convex dual of A and hence the rate function.

Since A’ is continuous and strictly increasing, I’ must be strictly increasing from

(5.7) and hence I must be strictly convex. This completes the proof of Theorem
2.2. Corollary 2 comes as a special case of (2.14).

For the reader’s benefit, here is an indication of how the expression in (2.14)

is derived non-rigorously. We first approximate the integral in A(:) by a Riemann

sum.
= li A2 (A
=Jm>

where

~ 0y (Bry_ A for k>0

A = v(Bry ey () ( ) for k> (5.8)

57(37“%2&%)(_)‘)) for k£ <0.

The function Bry(A\) denotes the log moment generating function for Bernoulli
random variables as defined in section 2.3. Observe that the summands (5.8) are
a composition of two functions. Using the definition of convex dual, it is easy to
prove the identity

(fog)"(z) = f(g(N)g™(g"(N) + F(F'(g(N)) (5.9)
where A is such that
v =f"(g(N) - g' (V) (5.10)
We use this identity to get the convex dual of the summands (5.8).

For small ¢
~ ) Ao
[k|<[1/9]
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The convex dual of the sum is then given as an infimal convolution.

*
*

M@~ Y A @=_ i 3 (A;i) (zx)

k| <[1/5] k<00 TR

now using (5.9) we get

(1/9]
= Zinfzk_x{‘s Z [7/ (Brl—dmzt(k&)(/\k)) BTI—<I>N2t(k6) (Brll—q»w(ka) (Ak))
1kI<T1/5] k=1

+7* (7/(37“17@&241@5) ()\k)))}

0
+0 Z [7' (B%W(k&)(—)\k)) B, s) (BT, ks) (= k)
k——[1/9]

+7 (”Y'(BT%Qt(ké)(_)‘k))ﬂ }

(5.11)

where
67 (Bri-y ) (M) BTy g, ()  for k>0
T =
N (qu)wt(k(;)(—)\k)) Briy s (=A)  for k<0,
Note that
Bri_s,,,yy(A) = Zx(y) for y >0, Brg, ,y)(—A) = Zx(y) fory <0 (5.12)

Bri_g. o\ =1=Fx(y) fory >0, Brg_ () (=A) = F(y) fory <0. (5.13)

Taking the limit as § — 0 of (5.11) we get the constrained variational problem

A (z) = N inf [/Oo YA (Zry )} dy
(A / oy 17 (Za ()] dy =z}

+ /oo Y (Z) W) Br,.,, () (Fay) (y))dy]-

— 00

Solving the above variational problem using standard functional analysis techniques
we get A(y) = a(z) minimizes the above functional and a(x) satisfies the constraint
(2.11). O

Proof of Theorem 2.3. Let Y, (t) = Y, (¢,0). Under the assumption #j(m) ~
Poisson(p) we can show that {n~1/2Y,,(-)} satisfies the large deviation principle in
D]R [O, OO)
Fix k time points 0 < t; < t < --- < t. Define the k-vectors with 0,1 entries

by

Frj = (H{Xm(nt1) < ot} ..., 1{ X j(nt) < [not]})
and

Gmj = (H{Xmj(nt1) > [wta]}, ..., H{ X (nti) > [nvti]}).
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Then
oo ng(m) . 0 15 (m) .
(Yn(tl)u 7Yn(tk)) = Z Fm,] Z Z G J
m=1 j=1 m=—oo j=1
Let @ := (uV) u®) € {0,1}* be a k-vector with @ # 0. Define
oo Mo (m) .
N%(ﬁ) = Z Z 1{Fm,J = u}
m=1 j=1
and
ng (m)

Z Z 1{G,n; = @}

m=—oo j=1

If n(-) are i.i.d. Poisson(p) random variables, then N} (%) is a Poisson random

variable with rate
o k
()
> or()e
m=1 1=

where C} ; = {X (nt;) < [nvt;] —m}, O, ; = {X(nt;) > [nvt;] —m}, and N2 (4) is
a Possion random variable with rate
0

Z pP ﬂDu()

m=—0o0

where D}, = {X(nt;) > [nvt;] —m}, D}, ; = {X(nt;) < [not;] —m}. We use the
bounds (3.1) and (3.2) on the large deviations of random walks to justify the rates
being finite.
We can write
(Yaltr),- -, Ya(tn) = Y (Ny (@) — N7 (a))i.
w#0

Let @; = (u§1), ce ; )) j=1,. — 1 denote the {0,1}-valued k-vectors, ex-
cluding the zero vector. By the contraction principle (Theorem 4.2.1 in Dembo and
Zeitouni (1993)) we can conclude that (Y, (t1),...,Y,(tr)) satisfies the LDP with
good rate function given by

Itl» 7tk( ) lnf‘](ylv'"7y2k717217"'722k71)

for any & = (x1,...,2).

The inf here is taken over the set {(y1,...,Yok_1,21,...,20k_1) : T = Zaﬁéﬁ(yj -
zj)U;} J(yl, ey Yok 1521, -« -, Zok_1) i the good rate function for the sequence of
vectors {(N}(ui), ..., N (ior_1), N2(i1),. .., N2(dar_1))}n of 281 — 2 indepen-
dent Poisson random variables. Define for 2 > 0,

Cry = {Blhaty) < —x}, Cp; = {Blraty) > —a},
D, ; = {B(xzt;) > v} and DY ; = {B(kat;) < a},
where B(+) is standard Brownian motion.

2k 1

J(ylu' "7y2k717217"'722k71) = Z [yllog +2110g
=1

(yi _1)_ﬁi(ﬁ_

G Bi 2l
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where

k
1 = j
a; = lim —EN}! () = p/ P ﬂ C;“; " az
Vn 0 j=1 ’

and
1 e b o
B = lim —EN,f(u;-)zp/ P| (D" | da.
0 =1

We now apply Theorem 4.30 in Feng and Kurtz (2006) to {n~'/2Y,(-)}. This
gives us the large deviation principle for {n=1/2Y,,(-)} in Dg[0,c0) with good rate
function

,,,,, t (T(t1), - 2(tm)).- (5.14)
O
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