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Abstract. We show that the general stable convergence results proved in Peccati
and Taqqu (2007) for generalized adapted stochastic integrals can be used to ob-
tain limit theorems for multiple stochastic integrals with respect to independently
scattered random measures. Several applications are developed in a companion pa-
per (see Peccati and Taqqu, 2008a), where we prove central limit results involving
single and double Poisson integrals, as well as quadratic functionals associated with
moving average Lévy processes.

1. Introduction

Let {M (B): B € Z} be a square-integrable independently scattered random
measure (see Section 4 below) on some measurable space (Z, Z), and fix an integer
d > 2. The aim of this note is to show that one can use the stable convergence
results proved in Peccati and Taqqu (2007) to study the asymptotic behavior of
sequences of the type

I(n)=13"(fn), n>1, (1.1)
where {f,} is a collection of suitably regular (deterministic) functions on Z¢, and
IM (f,) is the multiple Wiener-Ito integral (of order d) of f,, with respect to M —
see Section 4 below for precise definitions.

Our purpose is twofold. We shall show, firstly, that the random variables I (n)
appearing in (1.1) are indeed generalized adapted stochastic integrals of the type
defined and studied in Peccati and Taqqu (2007). This entails that their stable con-
vergence can be characterized by means of the convergence of well-chosen random
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characteristic functions (see Theorem 7 in Peccati and Taqqu, 2007, and Section 6
below). Secondly, we will prove that the convergence of these transforms is equiva-
lent to the convergence in probability of special random Lévy-Khintchine exponents.
In particular, we will see that the analytic expressions of such exponents can be ob-
tained by a suitable extension of the techniques developed by Rajput and Rosinski
(1989) and Kwapienn and Woyczyniski (1991).

This paper serves as a bridge between the abstract theory developed in Peccati
and Taqqu (2007), and the applications developed in de Blasi et al. (2008), Peccati
and Priinster and Peccati and Taqqu (2008a) (see also Peccati and Taqqu, 2008b).
In the latter references, special attention is devoted to CLTs involving single and
double integrals with respect to a Poisson random measure. These weak conver-
gence results are then applied to obtain CLTs for quadratic functionals associated
with random processes having the special form of moving averages of generalized
Volterra processes. In particular (see de Blasi et al., 2008; Peccati and Priinster)
this kind of limit theorems can be used in order to characterize the asymptotic
properties of random hazard rates used in Bayesian survival analysis. To further
justify our study, some applications will be sketched at the end of the paper. We
also stress that the applications of our techniques are by no means exhausted by
those presented in Peccati and Taqqu (2008a), de Blasi et al. (2008) and Peccati
and Prinster. For instance, we expect that Theorem 6 and Corollaries 7 and 8
below can be used to obtain CLT's involving vectors of multiple stochastic integrals
of order greater than 2.

The paper is organized as follows. In Section 2 we delineate our general set-
ting. In Section 3 we present a brief summary of the results obtained in Peccati
and Taqqu (2007), with special attention to the stable convergence of generalized
adapted stochastic integrals. In Section 4, the notions of independently scattered
random measure and of multiple stochastic integral are presented in the context of
infinitely divisible laws. Section 5 is devoted to the representation of multiple sto-
chastic integrals using the adapted integrals studied in Peccati and Taqqu (2007).
In Section 6 we obtain our main stable convergence results, involving multiple in-
tegrals of any finite order with respect to general independently scattered random
measures. Examples and concluding remarks are collected in Section 7.

2. General setting

To obtain our main convergence results we shall rely heavily on the theory devel-
oped in Peccati and Taqqu (2007). In that paper we used a decoupling technique,
known as principle of conditioning, to investigate the stable convergence of gener-
alized adapted stochastic integrals with respect to real-valued random fields “with
independent increments”. This is a framework in which the definition of increment
is quite abstract, involving in particular increasing families of projection operators,
called resolutions of the identity.

We shall see in Section 5 that multiple integrals with respect to independently
scattered random measures are indeed generalized adapted integrals of the kind
described above. This will allow us to apply the techniques developed in Peccati
and Taqqu (2007) to study their stable convergence. Stable convergence entails
convergence in law.



Limit theorems for multiple stochastic integrals 395

In what follows, we present a brief review of the main notions introduced in
Peccati and Taqqu (2007), that will be needed in the subsequent sections. The
reader is referred to Peccati and Taqqu (2007, Sections 2 and 3) for further details,
proofs and examples. Throughout the following, $) denotes a real separable Hilbert
space, with inner product (-, )¢ and norm ||-|| . All random objects are defined on
an adequate probability space (2, F,P).

(i) (Resolutions of the identity; see e.g. Brodskii, 1971 and Yoshida,
1980): A continuous resolution of the identity over §) is a collection m =
{m : t € ]0,1]} of orthogonal projections satisfying:

(a) mo =0, and m = id,;
(b) VO<s<t<1, 7% CmH;
(C) VO<ty <1,Vhes$, limt_,to Hﬂ'th — ﬂ—tOh/HfJ =0.
A subset F of §) is m-reproducing if the linear span of the class {mf: f €
F, t € [0,1]} is dense in $. The rank of 7 is the smallest of the dimensions
of all the closed subspaces generated by the m-reproducing subsets of $.
The class of all continuous resolutions of the identity is denoted R ().
(ii) (Isometric random fields): In the following,

X=X®)=A{X(f):fen} (2.1)
denotes a collection of centered real-valued random variables, indexed by
the elements of § and satisfying the isometric relation

E[X (h) X (h)] = (h, 1),

for every h,h' € $.
(iii) (m-Independent increments): We define Rx (£)) to be the subset of
R ($)) containing those 7 such that the vector

(X ((ﬂ'tl — 7Tt0) hl) ,X ((7Tt2 — 7Tt1) hg) ,X ((ﬂ'tm — 7Ttm,1) hm))

is composed of jointly independent random variables, for any choice of

m>2 hyyehy € Hand 0 <ty < 61 < ... <ty < 1. The set Rx (9)

depends in general of X and may of course be empty. If X (9) is Gaussian,

then Rx () = R (9). When Rx () # @ and m € Rx ($), we say that X

has independent increments with respect to 7, or w-independent increments.
(iv) (Filtrations): To every m € Ry () is associated the filtration

Fr(X)=0{X (mf): fen}t, te]0,1]. (2.2)

(v) (Infinite divisibility and Lévy-Khintchine exponents): If Rx () is
not empty, for every h € £, the law of X (h) is infinitely divisible. As a
consequence (see e.g. Sato, 1999), for every h € 9, there exists a unique pair
(¢? (h),vn) such that ¢? (h) € [0,400) and vy, is a measure on R satisfying

vp ({0}) =0 and / 22y, (dr) < +oo; (2.3)
R
moreover, for every \ € R,
2 2
@ + / (exp (iAz) — 1 — iAz) vp (dz)| (2.4)
R

£ exp g (R N)]; (2.5)

Elexp (iAX (h))] = exp [—
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g (h; A) is known as the Lévy-Khintchine exponent associated to X (h).
Relation (2.3) ensures that EX (k) < +oco.

(vi) (Adapted $-valued random elements): By L? (P, $, X) = L? (9, X)
we denote the space of o (X)-measurable and $-valued random variables
Y satisfying E {HYH;] < +oo (L?(H,X) is a Hilbert space, with inner
product (Y, Z) 2 ) = E (Y, Z)g]). We associate to every 7 € Rx ()
the subspace L2 (9, X) of the m-adapted elements of L? (9, X), that is:
Y € L2 (9,X) if, and only if, Y € L?($, X) and, for every t € [0,1] and
every h € 9,

(Y,mh)y € F (X). (2.6)
For any ™ € Rx (9), L2 ($, X) is a closed subspace of L? (£, X).

(vii) (Elementary adapted random elements): For every m € Rx (9),
Er (9, X) is the space of the elementary elements of L2 ($), X), i.e., Ex($, X)
is the set of those elements of L2 ($), X) that are linear combinations of -
valued random variables of the type

h=2ao (tl) (Wtz - th) f7 (27)

where to > t1, f € $ and P (¢1) is a random variable which is square-
integrable and F7, (X) - measurable. We recall that, according to Peccati
and Taqqu (2007, Lemma 3), Vr € Rx (9), the span of the set & (9, X)
is dense in L2 (9, X).

(viii) (Integrals of elementary random elements): Fix 7 € Rx (9) and
consider simple integrands of the form h = Y1 | \;h; € E; (9, X), where
A €R,n>1,and h; is as in (2.7), i.e.

hi = @, (t@) (Wt(;) —W)) fiy fie®, i=1,..n, (2.8)

with téi) > tgi), and ®; (tgi)) €7l (X) and square integrable. Then, the
1

(generalized) stochastic integral of such a h with respect to X and m, is
defined as

TE () = S ATR () = S (80) X (mr —m0) £) . (29)
i=1 i=1

(ix) (Extension of J%; see Peccati and Taqqu, 2007, Proposition 4): Fix
TERx ($). Then, there exists a unique linear extensions of J% to L2 (£, X)
satisfying the following three conditions: (a) J% (h) equals the RHS of (2.9),
for every h = 31" | \;h; defined according to (2.7), (b) J% is a continuous
operator, from L2 (£, X) to L? (P), and (c) for every h,h' € L2 ($, X),

E[JF (h) J% ()] = (h 1) 12 s - (2.10)

The random variable J% (h) is the (generalized) stochastic integral of h
with respect to X and .

3. Stable convergence criteria

The convergence results for stochastic integrals obtained in Section 6 hold in the
sense of the stable convergence towards miztures of random probability measures.
The notions of random probability, random characteristic functions, mixtures and
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stable convergence are recalled in the next definitions. The reader is referred e.g. to
Jacod and Shiryaev (1987, Chapter 4), Peccati and Taqqu (2007) and the references
therein for a more detailed characterization of stable convergence.

Definition I — Let B (R) denote the Borel o-field on R.

(a) A map m (-,-), from B(R) x  to R is called a random probability (on R)
if, for every C' € B(R), m (C, ) is a random variable and, for P-a.e. w, the
map C — m (C,w), C € B(R), defines a probability measure on R. The
class of all random probabilities is noted M, and, for m € M, we write
Em () to indicate the (deterministic) probability measure

Em (C) 2E[m(C,-)], CeB(R); (3.1)

Em is called a mizture. e
(b) For a measurable map ¢ (-,-), from R x Q to C, we write ¢ € M whenever
there exists m € M such that

o\ w)=m((A\) (w), VYAER, for P-ae. w, (3.2)
where m () is defined as

, AER;
(3.3)

m

) () = Jpexp (iAz) m (dz,w) if m(-,w) is a probability measure
YT otherwise.

m is a random characteristic function.
(c) For a given ¢ € M, we write ¢ € My whenever

P{lw:o(M\w)#0 YAeR} =1

Definition IT (see e.g. Jacod and Shiryaev, 1987, Chapter 4 or Xue, 1991) — Let
F* C F be a o-field, and let m € M. A sequence of real valued r.v.’s {X,, : n > 1}
is said to converge F*-stably to m (-), written X,, — (5 7y m (-), if, for every A € R
and every bounded F*-measurable r.v. Z,

lim E[Z x exp (iAX,)] =E[Z x m(N)], (3.4)

n—-+4oo

where the notation is the same as in (3.3).

If X,, converges F*-stably, then the conditional distributions £ (X, | A) converge
for any A € F* such that P(A) > 0 (see again Jacod and Shiryaev (1987, Section
5, §5¢)). By setting Z = 1 in (3.4), we obtain that if X,, — s #+) m (), then the
law of the X,,’s converges weakly to Em (-).

We shall now state the main result of Peccati and Taqqu (2007). The notation
is the same as that introduced in Section 2. In particular, $,, n > 1, is a sequence
of real separable Hilbert spaces, and, for each n > 1,

Xpn=Xn (9n) ={Xn(9) : 9 € Hn}, (3.5)

is a centered, real-valued stochastic process, indexed by the elements of §), and
such that E [X,, (f) X» (9)] = (f, g)gn-
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Theorem 1 (Peccati and Taqqu, 2007, Theorem 7). For every n > 1, let 7" e
Rx, (9n) (we implicitly assume that Rx,, (Hn) is not empty) and u, € L2, (Hn, Xy).
Suppose also there exists a sequence {t, : n > 1} C [0,1] and a collection of o-fields
{Uyp : n > 1}, such that

lim E [Hwtﬂj’un ’ } —0 (3.6)
n—-+o00 Nn
and
Uy C Uy NFT" (X,). (3.7)
If
exp s, (uni V)] = ¢ (V) = d(\w), VYAER, (3.8)

where Y, (un; ) is defined according to (2.5), ¢ € My and, VA € R,
¢ () € Valdy U,

then, as n — +oo,

E[exp (iM5 (un)) 177" (Xn)] 500, VAER, (3.9)
and
()
I%, (un) =su- m(-), (3.10)

where m € M wverifies (3.2).

Roughly speaking, Theorem 1 considers sequences of random integrands u,, €
L2, ($9n, X»n) and states that, under the negligeability condition (3.6), the stable

convergence of the sequence {J;r((:) (up) : n > 1} (which, in general, is composed
of random variables whose law is not infinitely divisible) can be deduced from the
convergence of the random Lévy-Khintchine exponents ¢, (un;A), n > 1, which
are indeed deterministic transforms of the random integrands u,. It is shown in
Peccati and Taqqu (2007) that the quantity exp [tg, (un; A)] can be represented as

the conditional characteristic function of a “decoupled” version of J}T((:) ().

4. Independently scattered random measures and multiple integrals

We are now ready to focus on multiple integrals with respect to general inde-
pendently scattered random measures (not necessarily Poisson, nor Gaussian) and
corresponding limit theorems. We will show in Proposition 5 below that these mul-
tiple integrals are generalized stochastic integrals in the sense of Points (viii) and
(ix) of Section 2. We will then use Theorem 1 to obtain new central and non-central
limit theorems for these multiple integrals, extending some of the results proved in
Nualart and Peccati (2005) and Peccati and Tudor (2004), which were established in
the framework of multiple Wiener-It6 integrals with respect to Gaussian processes.
The limits will be mixtures of infinitely divisible distributions.

Several applications are developed in the companion paper Peccati and Taqqu
(2008a), where we study sequences of double integrals with respect to Poisson
random measures, as well as quadratic functionals of generalized moving average
processes. For a general discussion concerning multiple integrals with respect to
random measures, see Engel (1982), Kwapien and Woyczyriski (1992) and Rota and
Wallstrom (1997). For limit theorems involving multiple stochastic integrals (and
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other related classes of random variables), see the two surveys by Surgailis Surgailis
(2000a) and Surgailis (2000b), and the references therein.

From now on (Z, Z,u) stands for a standard Borel space, with p a positive,
non-atomic and o-finite measure on (Z,2). We denote by Z, the subset of Z
composed of sets of finite y-measure. Observe that the o-finiteness of p implies
that Z =0 (Z,).

Definition ITII — An independently scattered random measure M on (Z, Z), with
control measure p, is a collection of random variables

M={M(B):Be2,},

indexed by the elements of Z,, and such that: (i) for every B € 2, M (B) €
L2 (P), (ii) for every finite collection of disjoint sets By, ..., B, € Z,, the vector
(M (By),..., M (Bg)) is composed of mutually independent random variables; (iii)
for every B,C € Z,,

E[M (B)M (C)] = u(CNB). (4.1)

Let $, = L?(Z, Z, 1) be the Hilbert space of real-valued and square-integrable
functions on (Z, Z) (with respect to u). Since relation (4.1) holds, it is easily
seen that there exists a unique collection of centered and square-integrable random
variables

X =Xn (9p) ={Xn (h) 1 h € Hu}, (42)
such that the following two properties are verified: (a) for every elementary function
h € §, with the form h(z) = > ,_,  cilp, (), where n = 1,2,..., ¢; € R and
B, € Z,, are disjoint, Xps (h) =>",_; , ciM (B;), and (b) for every h,h' € 9,

.....

B (X (1) Xor (H)] = (1), 2 [ B (2)0(d). (13)

Property (a) implies in particular that, VB € Z,,, M (B) = X (1g). Note that
X (9,) is a collection of random variables of the kind defined in formula (2.1)
of Section 2. Since M is independently scattered, for every h € $,, the random
variable X7 (k) has an infinitely divisible law. It follows that, for every h € §,,,
there exists a unique pair (c? (k), ;) such that ¢? (h) € [0,+00) and v, is a (Lévy)
measure on R satisfying the three properties in (2.3), so that, for every A € R,

E [exp (iAXps (h))] = exp [vs, (hi )], (4.4)
where the Lévy-Khinchine exponent ¢, (h; A) is defined by (2.5).

The random variable X (h) is thus infinitely divisible with Lévy-Khintchine
exponent g, (h; A). While the random measure M is defined on Z, the following
characterization of 1, (h;A) (and hence Xy (h)) involves the space Z x R. Al-
though in the same spirit as that of Rajput and Rosinski (1989), it involves the
control measure p directly (see e.g. (4.8)). The proof is based on techniques de-
veloped in Rajput and Rosinski (1989) (see also Kwapienn and Woyczyrtiski, 1991,
Section 5) and is presented for the sake of completeness.
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Proposition 2. For every B € Z,, let (02 (B),VB) denote the pair such that
2 (B) € [0,+00), vp verifies (2.3) and
2

g, (1) = —%02 (B) + /]R (exp (iAx) — 1 —idz) vp (dx) . (4.5)

Then,

(1) The application B — ¢ (B), from Z, to [0,+00), extends to a unique o-
finite measure ¢ (dz) on (Z, Z), such that ¢® (dz) < p(dz).

(2) There exists a unique measure v on (Z x R, Z x B(R)) such that v(BxC)=
vg (C), for every B € Z, and C € B(R).

(3) There exists a function p, : Z x B(R) — [0,400] such that (i) for every
2 € Z, pu(z,-) is a Lévy measure' on (R, B(R)) satisfying [, x?p,. (2, dz) <
+o0, (it) for every C' € B(R), p, (-, C) is a Borel measurable function, (iii)
for every positive function g (z,z) € Z @ B (R),

/Z/Rg (z,2) pp (z,dz) p(dz) = /Z/Rg (z,z)v(dz,dx). (4.6)
(4) For every (A, z) € R x Z, define
)‘2 2 AT
K,(\z)= 5% (2) + /R (€™ —1—1iXz) py (2,dz), (4.7)
where 2
7 (2) =, ()

, then, for every h € 9, = L*(Z,Z,p), [, K, (A (2),2)|p(dz) < 400
and the exponent 1g , in (4.4) is given by

o, (h3N) = / K, (M (2),2) o (d2) (48)
12 ()7 () (d2) (4.9)

/ / ARE)T g R (2) x) py (2, dz) pu (dz) .

Proof. The proof follows from results contained in Rajput and Rosinski (1989,
Section II). Point 1 is indeed a direct consequence of Rajput and Rosinski (1989,
Proposition 2.1 (a)). In particular, whenever B € Z is such that p (B) = 0, then
M (B) = 0, a.s.-P (by applying (4.1) with B = C), and therefore ¢ (B) = 0, thus
implying ¢> < p. Point 2 follows from the first part of the statement of Rajput
and Rosinski (1989, Lemma 2.3). To establish Point 3 define, as in Rajput and
Rosinski (1989, p. 456),

=2 min (1, 2%) v T
1(4) = ¢ (4)+ [ min (1.0 va (da).

whenever A € Z,,, and observe (see Rajput and Rosinski, 1989, Definition 2.2)
that v () can be canonically extended to a o-finite and positive measure on (Z, Z).
Moreover, since p (B) = 0 implies M (B) = 0 a.s.-P, the uniqueness of the Lévy-
Khinchine characteristics implies as before v (A) = 0, and therefore v (dz) < p (dz).
Observe also that, by standard arguments, one can select a version of the density

IThat is, py (z,{0}) = 0 and Jg min (1,22) p, (2,dz) < 400
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(dry/dw) (z) such that (dvy/du) (2) < +oo for every z € Z. According to Rajput
and Rosinski (1989, Lemma 2.3), there exists a function p : Z x B(R) — [0, +00],
such that: (a) p(z,-) is a Lévy measure on B(R) for every z € Z, (b) p(-,C) is
a Borel measurable function for every C' € B(R), (c) for every positive function
g(z,x2) € Z@ B(R)

/ / (z,2) p(z,dz) v (dz) / / (z,z) v (dz,dx). (4.10)

In particular, by using (4.10) in the case g (z,2) = 14 () 2% for A € Z,,,

//xpzd:v (dz) = /xVA(d:E)<+OO,

since M (A) € L? (P), and we deduce that p can be chosen in such a way that, for
every z € Z, fo p(z,dx) < +o00. Now define, for every z € Z and C € B (R ),

d

g ()9 (:0),
and observe that, due to the previous discussion, the application p,, : Z x B(R) —
[0, 4+00] trivially satisfies properties (i)-(iii) in the statement of Point 3, which is
therefore proved.

To Prove point 4, first define a function h € §,, to be simple if h(z) = > | a;1a,(2),
where a; € R, and (Ay, ..., Ay) is a finite collection of disjoints elements of Z,. Of
course, the class of simple functions (which is a linear space) is dense in £, and
therefore for every h € ), there exists a sequence h,, n > 1, of simple functions

pu(2,0) =

such that [, (hy (2) — h(2))*p(dz) — 0. As a consequence, since ju is o-finite
there exists a subsequence ny such that hy, (z) — h(z) for p-a.e. z € Z (and
therefore for v-a.e. z € Z) and moreover, for every A € Z, the random sequence
X (1ahy) (where we use the notation (4.2)) is a Cauchy sequence in L? (P),
and hence it converges in probability. In the terminology of Rajput and Rosinski
(1989, p. 460), this implies that every h € §,, is M-integrable, and that, for every
A € Z, the random variable X s (h14), defined according to (4.2), coincides with
J4h(2) M (dz), i.e. the integral of h with respect to the restriction of M (-) to A,
as defined in Rajput and Rosinski (1989, p. 460). As a consequence, by using a
slight modification of Rajput and Rosinski (1989, Proposition 2.6)% the function
Ky on R x Z given by

2
Ko\ z) = —/\703 (2) —|—/ (e —1—iAz) p(z,dz),
R

where of (z) = (dc?/dv) (z), is such that [, |Ko (A (2),2)|v(dz) < +oo for every
h € $,, and also

E [exp (iAX s (B / Ko (M (z v (dz).
Relation (4.4) and the fact that, by definition,
K, (A (2),2) = Ko (AR (2), )Zl( ), Vze€Z YheH, VAER,
yield (4.8). m

2The difference lies in the choice of the truncation.
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Examples — (a) If M is a centered Gaussian measure with control u, then v = 0
and, for h € §,,,

/\2
Un, (15X) == [ 1P () (a).
z
(b) If M is a centered Poisson measure with control u, then ¢?(-) = 0 and

pu(z,dx) = 61 (dx) for all z € Z, where §; is the Dirac mass at = 1, and
therefore, for h € $,,

s, (153) = [

; (ei)‘h(z) —1—14Ah (z)) w(dz);

exp (¢s,, (h; A)) is then the characteristic function of [, h (z) dM (z). One can take
e.g. Z=RxR, and u (dz,du) = dzv (du), where v (du) is a measure on R satisfying
J u?v (du) < +o0. In this case, by considering a function h : R — R with support
in [0,400) and such that [h (x)2 dxr < 400, we can associate to M the following
(centered and square integrable) stationary moving average process:

Yth_/t /uh(t—:c)M(du,dz), t>0. (4.11)
—oo JR

For instance, if h (z) = v/2Aexp (—Az) 1,50 for some A > 0, Y is called a Ornstein-

Uhlenbeck Lévy process of parameter \; when h (z) = A\*~1 %x”_l exp (—Az) 1,50
for A > 0 and x > 1/2, Y" is called fractional Ornstein-Uhlenbeck Lévy process of
parameters A and k. The reader is referred to Peccati and Taqqu (2008a) for
asymptotic results involving moving average processes, and to Wolpert and Taqqu

(2005) for several applications of such processes to network modeling.

We now want to define multiple integrals, of functions vanishing on diagonals,
with respect to the random measure M. To this end, fix d > 2 and set u¢ to
be the canonical product measure on (Zd,Zd) induced by . We introduce the
following standard notation: (i) L? (u?) £ L? (2%, 24, u) is the class of real-valued
and square-integrable functions on (Z4, Z%); (i) L2 (u?) is the subset of L? (u?)
composed of square integrable and symmetric functions; (iii) L , (1) is the subset
of L? (ud) composed of square integrable and symmetric functions vanishing on
diagonals.

Now define 8,0 (1) to be subset of L2, (1) composed of functions with the
form
f (2’1, ...,Zd) = Z 131 (20(1)) e 1Bd (Zg(d)) N (4.12)
ceSy
where By, ..., Bq € Z,, are pairwise disjoint sets, and G4 is the group of all permu-
tations of {1, ...,d}. Recall (see e.g. Rota and Wallstrom, 1997, Proposition 3) that
Ss0 (1?) is total in L2, (u?). For f € L2, (1?) as in (4.12), we set

IM(f)=d!M (By) x M (Bg) x --- x M (Byg) (4.13)

to be the multiple integral, of order d, of f with respect to M. It is well known
(see for instance Rota and Wallstrom, 1997, Theorem 5) that there exists a unique
linear extension of I}/, from S, o (u?) to L2, (1), satisfying the following: (a) for
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every f € Lio (ud), 1 éw (f) is a centered and square-integrable random variable,
and (b) for every f,g € L%, (u)

E (1) (/) I} (9)] = d! (f,9) ey 2 ! /Z g @) p (da),  (414)

where zg = (z1,...,24) stands for a generic element of Z?. Note that, by con-
struction, if d # d', E [Iéw (1 (g)} = 0 for every f € Lio (ud) and every
ge L2, (ud/). Again, for f € L2 (u?), I37 (f) is called the multiple integral,

of order d, of f with respect to M. When f € L? (ud) (hence, f does not necessar-
ily vanish on diagonals) we define

() 2 13 (F1z), (4.15)
where
Z§ £ {(21,...,24) € Z": the z;’s are all different }, (4.16)
so that (since p is non atomic, and therefore the product measures do not charge
diagonals), for every f,g € L* (u?), E [1}* (f) I} (9)] = &! fzg I (za) g (zq) p? (dzq)
= d!(f,9)12(ua)- Note that, for d = 1, one usually sets L2y (ph) = LE(p') =
L2 (i) = Dy, and 1Y (f) = Xar (f), f € Oy

In what follows, we shall show that, for some well chosen resolutions © €
Rxy (H,), every multiple integral of the type I3 (f), f € L2, (1), can be rep-
resented in the form of a generalized adapted integral of the kind introduced in
Section 3. As a consequence, the asymptotic behavior of I37 (f) can be studied by
means of Theorem 1.

5. Representation of multiple integrals

Under the notation and assumptions of the previous section, consider a “con-
tinuous” increasing family {Z, : t € [0,1]} of elements of Z, such that Zy = &,
Zy=Z,Zs C Z for s < t, and, for every g € L' (u) and every t € [0, 1],

tin [ g(@)n(de) = [ gle)uldo). (5.1)
Zs Z

For example, for Z = [0,1]°, one can take Zy = {@} and Z, = [0,t]° or Z; =

[(1—1)/2,(1+1¢) /2] for t € (0,1]. For Z = R2, one can take Zy = {@} and

Z; = [log (1 —t),—1log (1 —t)]* for t € (0,1]. The dominated convergence theorem

ensures that (5.1) is satisfied for all these choices.

To each ¢ € [0, 1], we associate the following projection operator m; : §,, — $,:
Vf € Hy,

T f (2) =1g, (2) f (2)7 z€Z, (5'2)
so that, since M is independently scattered, the continuous resolution of the identity
m={m :t €[0,1]} is such that, 7 € Rx,, ($,,) (note that specifying Z, t € [0, 1],
is equivalent to specifying m;, t € [0,1]). Note also that, thanks to (5.1) and
by uniform continuity, for every f € $,, every t € (0,1] and every sequence of
partitions of [0, ¢],

) — {0 =t <t <<t = t}, n>1, (5:3)
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such that mesh (t(")) £ max;—o,...r,—1 (tgi)l — tgn)) — 0,

2
max T, (n) — T,(n —0 5.4
i=0,..., rnle( ) t )) f’ B, ’ (5-4)

and in particular, for every B € Z,,,
max [ (B n (Zt(n)\Zt(n) )) — 0. (55)
1=0,...,rp—1 i i—1

The following result contains the key of the subsequent discussion.

Proposition 3. For every d > 2, every random variable of the form I} (flzg) =
I (fl?td), for some f € L%, (1) and t € (0,1], can be approzimated in L? (P) by
linear combinations of random variables of the type

M(Bl n Ztl) X M(Bg n (th\Ztl)) XX M (Bd n (th\th—l)) , (56)

where the t1,...,tq are rational, 0 <t <ty < --- <tqg <t and By,..,Bg € 2,
are disjoint. In particular, I} (f]_th) € FT, where the filtration F[, ¢t € [0,1], is
defined as in (2.2).

Remark — Observe that, if f € S, (ud) is such that

f (2’1, . Zd) = Z lBlﬁZtl (Zo(l)) cee leﬂ(th\th,l) (Zo(d)) R (57)
oeSy

then, by (4.13),
d'M (By 0 Zy, ) x M (B2 0 (Zi,\Z,)) %+ x M (Ba 0 (Ze \Zry ) = I' (). (5.8)

Proof. Observe first that, for every f € Lf)o (ud), every t € (0,1] and every
sequence of rational numbers ¢, — ¢, I} (f]_th ) — 1M (f]_th) in L? (P). By
density, it is therefore sufficient to prove the statenment for multiple integrals of the
type I (f]_th), where ¢ € QN (0,1] and f € Sy (1) is as in (5.7). Start with
d = 2. In this case,

1
51" (f1Z3) = M (BN Z) M (B2 Zy)

with By, Bs disjoints, and also, for every partition {0 = ¢y < t; < ... < t, =t} (with
r > 1) of [0,],

%Iéw (f) = ZM (Bl n (Zti\Zti—l)) ZM (BQ N (th\thfl))
= Z M (Bl N (Zti\Zti—l)) M (32 N (th\th—l)) +
1<i#j<r

—l—iM (Bl n (Zti\ZtFl)) M (Bg n (Zti\Zti,l)) £ Y1+ 2.
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The summands in the first sum 3; have the desired form (5.6). It is therefore
sufficient to prove that for every sequence of partitions t™, n > 1, as in (5.3) and

such that mesh (t(")) — 0 and the tgn), e tiﬁ? are rational,

T 2
nlLII;OE (Z M (Bl n (Zti")\Ztﬁﬁ)l)) M (BQ n (Ztin)\Ztin)l))> =0. (59)
=1

Since B; and B; are disjoint, and thanks to the isometric properties of M,

Th 2
S [DCLICHERM RICLICHER))
i=1
> (B0 (20\ 20, ) ) e (B2 0 (20\ 2, ))
=1

W (31)1 Ilnaxr W (B2 n (Zt(vn)\Zt(Z)l)) — 0,

IN

.....

thanks to (5.5). Now fix d > 3, and consider a random variable of the type
F=M(BiNZ)x-xM(Bg_1NZ)x M(BaNZ), (5.10)

where By,...,Bg € Z, are disjoint. The above discussion yields that I’ can be
approximated by linear combinations of random variables of the type

M(B1NZ)x - xM(Bg—3NZy) (5.11)
X [M (Bg—2N Zt) X M (Bg—1N(Zs\Z:)) x M (Bq N (Z,\Z4))],
where r < s < u < v <t are rational. We will proceed by induction focusing first
on the terms in the brackets in (5.11). Express Z; as the union of five disjoint sets
Zt = (Zt\Z'u) U (Zv\Zu) U (Zu\Zs) U (ZS\ZT‘) UZTv and decompose M (Bd72 N Zt)
accordingly. One gets
M (By—2NZy) M (Bi—1 N (Z\Z)) M (Ba N (Z,\Zy)) (5.12)
= M (Bg—2N(Z\Z.)) M (Bg—1 N Z\Z) M (Bg N (Z,\Z4))
+M (Bi—2N(Z,\Zy)) M (Bg—1 N Z\Z) M (Bg N (Z,\Z))
+M (Bi—2N(Z,\Zs)) M (Bg—1 N Z\Z) M (Bqg N (Z,\Z4))
+M (Bi—2 N (Z\Zy)) M (Bg—1 N Z\Z.) M (By N (Z,\Z4))
+M (Bi—2N(Z\Zo)) M (Bg—1 N Z\Z) M (Bg N (Z,\Z4)) .
Observe that the last three summands involve disjoint subsets of Z and hence are of
the form (5.6). Since each of the first two summands involve two identical subsets
of Z (e.g. (Zs\Z,)) and a disjoint subset (e.g. (Z,\Z,)), they can be dealt with in
the same way as (5.9) above. Thus, linear combinations of the five summands on

the RHS of (5.12) can be approximated by linear combinations of random variables
of the type

M (Cl N (Zt2\Zt1)) M (CQ N (Zt3\Zt2)) M (03 N (Zt4\Zt3)) )
where C1,C»,Cs € Z,, are disjoints, and ¢; < to < t3 < t4 < ¢t are rational. The

general result is obtained by induction on d. m

Proposition 3 will be used to prove that, whenever there exists 7 € Rx,, (9,)
defined as in formula (5.2), multiple integrals can be represented as generalized
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adapted integrals of the kind described in Section 2. To do this, we introduce a
partial ordering on Z as follows: for every 2/, z € Z,

2 <qz (5.13)
if, and only if, there exists ¢ € QN (0,1) such that 2’ € Z; and z € Zf, where Zf
stands for the complement of Z; (we take ¢ € Q for measurability purposes). For
instance, suppose that Z = |0, 1]2 and Z; = [0,t]2, t € [0,1]; then, for every z =
(2(1),2(2)) € [0, 1]2, 2’ <. z if, and only if, 2’ € [0,%)?, where Z £ max (z(l),z(2))
(please draw a picture).

For a fixed d > 2, we define the m-purely non-diagonal subset of Z% as
Zﬁ70 = {(21, vy 2d) € AR 25(1) =m Z(2) =m = Zo(d), fOTr some o € Gd}.

Note that Z570 € 2% and also that not every pair of distinct points of Z can
be ordered, that is, in general, Zio # Z¢, where d > 2 and Z§ is defined in
(4.16) (for illustration, think again of Z = [0,1)%, Z; = [0,¢]%, ¢ € [0,1]; indeed
((1/8,1/4),(1/4,1/4)) € ZZ, but (1/4,1/4) and (1/8,1/4) cannot be ordered).
However, because of the continuity condition (5.1) and for every d > 2, the class of
the elements of Z¢ whose components cannot be ordered has measure u? equal to
zero, as indicated by the following corollary.

Corollary 4. For every d > 2 and every f € L?,o (,ud),

() =1 (f1ze,)-
As a consequence, p° (Zg\Zg)o) =0, where Zy is defined in (4.16).

Proof. First observe that the class of r.v.’s of the type Iéw (flzdo), fe

Lio (ud) is a closed vector space. Plainly, every f € S5 (ud) with the form (5.7)
is such that f(za) = f(za) 1z (za) for every zq € Z%. Since, by Proposition 3
and relation (5.8), the class of functions of the type (5.7) are total in L2, (1), the
result is obtained by a density argument. The last assertion follows from the facts
that Vf € L%, (1) one has f = flzg’o, a.e-u?, and IM (f) = I} (g) if and only
if f=g,ae-ut m

For 1 € Rx,, (9,) as in formula (5.2), the vector spaces L2 ()., Xa) and
Ex (9, Xar), composed respectively of adapted and elementary adapted elements
of L% ($,, X ), are defined as in Section 2 (in particular, via formulae (2.6) and
(2.7)). Recall that, according to Point (vii) in Section 2, the closure of (9., Xr)
coincides with L2 (9, Xar). For every h € L2 ($,,Xn), the random variable
J%,, (R) is defined as in Point (ix) in Section 2 and formula (2.9). The following
result states that every multiple integral with respect to M is indeed a generalized
adapted integral of the form J%,  (h), for some h € L2 (9, Xar).

In what follows, for every d > 1, every f € Lio (ud) and every fixed z € Z, the
symbol f (z,+) 1 (- <x z) stands for the element of L2, (u?~1), given by

d—1
(215 .y 2d—1) — f (2,21, 0y Zd—1) H 1(z<02)- (5.14)
j=1
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For instance, when Z = [0,1]* and Z, = [0,t]%, ¢ € [0,1], for every fixed z =
(21, 2)) € Z the kernel f (z,-)1(- < 2) is given by the application

(21, ey 2da—1) — f (2,215 0y Zd—1) lmj;f{zj<max(z<1>,z(2))}'

Theorem 5. Fiz d > 2, and let f € L2 (u?). Then,

(1) The random function

2 he (F) (2) =d X 1, (f (2,)1(- %x 2)), 2€Z, (5.15)
is an element of L2 (9, Xu);
(2) One has

11%4 (f) = J;rfju (h’ﬂ' (f))7
where hy (f) is defined as in (5.15).
Moreover, if a random variable F € L* (P) has the form F =Y 57 I, (f(d)),
where f(1 € Lio (ud) for d > 1 and the series is convergent in L* (P), then
F=Jg,, (he(F)), (5.16)

where
he (F) (2) = > ha (f<d>) (2), z€Z, (5.17)
d=1

and the series in (5.17) is convergent in L2 (9., Xar).

Proof. It is clear that h (f) € L? (9, Xar) (the class of square integrable, but

not necessarily adapted processes). To prove that hy (f) € L2 (9, Xar), and hence
adaptedness, observe that, thanks to Proposition 3, if g € Lgﬁo (ud) has support in
Z¢ for some t € (0,1], then I¢, (g) € FF. Now, for any fixed z € Z;, t € (0,1], the
symmetric function (on Z?7!) f(z,-)1(- <, 2) has support in Z¢ by definition of
the order relation <. Then, for every b € $,, and t € (0, 1],
(e (£) 7, = [ Be (1) ()b (d2) = [ BT (F (2 1 <o 2) e (d2) € 77
and therefore h, (f) € L2 (9, Xar). This proves Point 1. By density, it is sufficient
to prove Point 2 for random variables of the type If; (f), where f € S, (u?) is as
in (5.7). Indeed, for such an f and for every (z, 21, ..., z4—1) € Z¢

d—1
f (Zazla cey del) H 1(Zj-<7\-z)
j=1

= Z 1,nz,, (201) 1Bd,m(ztd71\ztd72) (20(a-1)) lem(th\th—l) (2),
c€EG 41

so that

dxhr (f) (2)=d (d = D)IM(B1 0 Zyy)x- - -x M (Ba—1 N (ZtH\th72))13dm(ztd\ztdil) (2),

and finally, thanks to (2.9) and (5.8),
T (hx () = dIM (ByN Zy,) -+ x M (Ba 0 (Ze\Ze,-,)) = Tig (f)-

The last assertion in the statement is an immediate consequence of the orthog-
onality relations between multiple integrals of different orders. m
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Remarks — (1) The function h, (f) in (5.15) is random for d > 2 and equal to
f when d = 1.
(2) Formula (5.15) implies that, for ¢ € [0,1] and f € L2, (u?),

1y (f1zg) = T, (mihs (£), (5.18)

and therefore, since t — J% (mihy (f)) is a F[-martingale (see Peccati and Taqqu,
2007),

E 1% ()| 7] = I (F1zg), telo,], (5.19)
(3) The random process

Z'—>dld 1(f( )) DId (f)

is a “formal” Malliavin-Shikegawa derivative of the random variable I} (f), whereas
2z dIY, (f (2,-)1(- <z 2)) is the projection of DI} (f) on the space of adapted
integrands L2 (),,, Xa/). In this sense, formula (5.16) can be interpreted as a “gen-
eralized Clark-Ocone formula”, in the same spirit of the results proved by L. Wu
in Wu (1990) in the framework of abstract Wiener spaces.

6. Stable and weak convergence of multiple integrals

We now state the announced convergence results, which are consequences of
Theorem 1 and Theorem 5. In what follows, (Z,,, Z,, us), n > 1, is a sequence
of measurable spaces and, for each n, M, is an independently scattered random
measures on (Zy,, Z,) with control u, (the M,’s are defined on the same prob-
ability space); also $,, = L?(Z,, Zn, un). The collection of random variables
Xnt, = Xm,, (Hp,,) is defined through formula (4.2), with Lévy-Khinchine exponent
Vg, (h,A), h € Hy,, A € R, given by (4.4). Moreover, for every n > 1, we choose

the continuous resolution of the identity 7(™ = { Mt e [0, 1]} € Rxy, D)
as

mh(2) =1z,, () h(2), 2€Z, heH,, (6.1)
where Z, 4, t € [0,1] is an increasing collection of measurable sets such that Z, o =
&, Zn,1 = Zy and verifying the continuity condition (5.1).

Theorem 6. Under the previous notation and assumptions, let d,, n > 1, be a
sequence of natural numbers such that d, > 1, and let 7™ ¢ Rxa, (Dp,) be as

in (6.1). Let also lg:) € L;O (Hf{‘); n > 1, and suppose there exists a sequence
{tn :m > 1} C[0,1] and o-fields {Uy,, : n > 1}, such that

2
hm dy!

n—-+

g = 0 (6.2)

n,tn

‘fd zdn

and -
Up C U1 NFT (Xar,) - (6.3)

Define also h () (fg(l:)) € L2, (Hu,., Xn,) via formula (5.15) when d, > 2, and
set h.(n) (fd(:)) — lg:) when d, = 1. If

exp [/Z K,, (/\h,r(n) (fg(l:)) (2), z) fhn (dz)] RN p(\w), VYIER, (6.4)



Limit theorems for multiple stochastic integrals 409

where K, (t,2), (t,z) € Rx Z, is given by (4.7), ¢ € M, and ¢ (\) € Vouldy, 2 U,
then, as n — +oo,

E [exp (m;‘fn ( f;jj))) Faak (XMn)] E 5\, YAER, (6.5)
and
1 (£507) = oz m (), (6.6)
where m € M is as in (3.2).

Proof. It is sufficient to observe that, thanks to (5.18) and the isometries
properties of Ié\f" (see (4.14)) and J}T{Z) (see (2.10)),

2 2
_ M, ( ¢(n)
iy = B[ (12, )

B R (e (427))]

’ m(:)hﬂ(m (fg(l:))‘ :

dy!

’ £ 0,

n,tn

Li(n) (5un 7X]\/In)

Moreover, according to Proposition 2,

/ Hy (Moo (£37) (2)2) o (d2) = 0., (oo (£57) 0)

The conclusion is now a direct consequence of Theorem 1. m

Remark — Theorem 6 can be immediately extended to sequences of random
variables of the type F,, =, Ij‘\i/[n ( f,(zd)>, n > 1, by using the last part of Theorem

5 (just replace h () (féz)) with h o) (Fp)).

When ¢ ()) is deterministic the statement of Theorem 6 can be simplified. In-
deed, in this case, one can take ¢, = 0 and U,, = {Q, D} for every n, so that
conditions (6.2) and (6.3) become immaterial. Note also that, when ¢ (X) is de-
terministic, formulae (6.5) and (6.6) are both equivalent to the weak convergence

of the law of I g]l\i" ( fa(l:)) towards the deterministic probability measure m. In the

following Corollary, ¢ is deterministic but i () ( fg(l:)) (defined in (5.15)) is random
if d,, > 2.

Corollary 7. Let the notation and assumptions of Theorem 6 prevail, and suppose
moreover that ¢ (\) is the Fourier transform of a deterministic probability measure

m. If
exp [/Z K, (/\h,r(n> (f;:>) (z),z) i (dz)] E 6\, YAeR, (6.7)

then, as n — +o00, the law of Ié\f" (fé:)) converges weakly to m.



410 Giovanni Peccati and Murad S. Taqqu

Remark — The exponential appearing in the RHS of (6.7) is the random
characteristic function of a decoupled version of the generalized adapted integral

JX(]Z) (hwm) ( lg:))) Indeed, for every n > 1 and every A € R, one has that

exp[/anun()\hwm) ( ;:>) (z),z) Lin (dz)} :E{exp@/z hwm( <n>)( )M, (dz)) |Mn}7

n

where ]T/[/n is an independent copy of M,,.

To conclude the section, we specialize Corollary 7 to the case where (™) p,,,
Zn and Z, do depend on n, the stochastic integration is performed with respect
to a Poisson random measure, and the limit in (6.7) is Gaussian. This means that:
(i) ¢ (N) = exp (=A?/2), (ii) dp = d > 2, (iii) (Zn, Zn, pn) = (Z, Z, p) is a o-finite
measure space, (iv) 7(") = 7 is the resolution of the identity given by (6.1) for some

increasing sequence {Z,,} = {Z;}, and (v) M,, = N is a random centered Poisson
measure with control u. Under (i)-(v), the expression on the RHS of (6.7) becomes

/ZK‘L ()\h,r ( ;n)) (z),z) p(dz) = /z <ei>‘h” (1) _ 1 — iy ( ;n)) (z)) w(dz),

where hw(f(gn)) is once again given by h,r(fé")) =d x Iév_l (f(z,)1(- <z 2)) (see
(5.15)).

The next results conclude the section, and are the starting point of Peccati and
Taqqu (2008a). The first provides sufficient conditions for the multiple integral

Iy (fén)) to converge in law to a N (0, 1) random variables.

Corollary 8. Under the above notation, let assumptions (i)-(v) be satisfied. If
- )
/ (e“"” (7)) 1 _ian, (fd">) (z)) p(dz) B —a2/2, wAeR,
z

then, the sequence Iév (f(")) converges in law to a standard Gaussian random vari-

able.

Observe that when d = 2, the random function h, (f) (2), z € Z, becomes
he(£)(2) = 20 (f (5)1( <x 2))
= 2N (f(z-)1( /fzx (z <x 2) N (dz). (6.8)

The following result, involving the case d = 2, is obtained by combining relation
(6.8) with Corollary 8.

Corollary 9. Consider a sequence of the type

n_IQ (fn)) TLZI,
where f, € L2 (1%) and, for every fized = € Z, define (as above) f,1(- <x z) €
L? (1) to be the application y — f, (y, 2) 1(y<,2)- Suppose that, for every A € R,
. . P A2
/ exp (z‘)\ZN(fnl (- <n 2)) = 1 — iIN2N(fol (- <r z))) i) 5 -2 (69)
z

n—-+o0o

Then, F, oy (0,1), where N (0,1) is a standard Gaussian random variable.
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7. Applications

To conclude the paper, we shall briefly describe some of the contents of the com-
panion paper Peccati and Tagqu (2008a), where the results of Section 6 (especially
Corollary 9) are applied to obtain CLTs for vectors of single and double integrals
with respect to a centered Poisson measure. These results involve moving average
Lévy processes of the type

t
yth:/ /uh(t—x)M(dmdac), £>0,
—oo JR

where:
(i) M (-) is a centered Poisson measure on R x R, with control v (du) dz (dz is
Lebesgue measure),
(ii) v is a positive measure satisfying such that fR wv (du) < 400, j = 2,4,6,
(iii) A has support in [0, +00) and is such that [,[h (2)? + h (2)")dz < 4oc.
We obtain CLTs involving the following classes of random variables:

— Quadratic forms. We will establish conditions on M and h to have that
quadratic forms of the type

T T
Bn) Y a(ts)YY! and ~(T) /0 /O (s, t) VY dsdt, (7.1)

1<t,s<n

where a (-,-) and ¢ (-,-) are real kernels and 3 (-) and v (-) are appropri-
ate normalizations, converge in law to a Gaussian random variable (see
Bhansali et al., 2007 for general results about quadratic forms);

— Quadratic functionals and path variances. We will obtain CLTs (as
T — +o0) for the quadratic functional

T 2
| ona (72)

and for the path-variance of Y, that is defined as

17 1 (7 ’
7 /O Y,ﬁ—f /O Yhdu | dt. (7.3)

The asymptotic behavior of the functionals in (7.1), (7.2) and (7.3) will be char-
acterized by means of limit theorems for single and double stochastic integrals with
respect to M. In particular, the following multiplication formula (see Peccati and
Taqqu, 2008a and the references therein for general statements) will be used: for
every s,t >0

tAs
Yy = By vk +/ / u?h (t — x)° M (du,dz) + IM (H),
—oo JR
where the symmetric kernel H, on (R x R)?, is given by

H (u,t;v,8) =uvh(t —x)h(s—y).

Finally, we stress that the papers de Blasi et al. (2008) and Peccati and Priinster
contain several applications of the asymptotic properties of objects such as (7.2)
and (7.3) to prior specification in Bayesian non parametric statistics. In particular,
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we use the fact that non centered versions of random processes such Y;" are used
to model the evolution of random hazard rates (see e.g. Ibrahim et al., 2001).
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