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Abstract. Let (§,),>1 be the polygonal partial sums processes built on the linear
processes X, = Y. Gi€n—;, where (€;);cz are i.i.d., centered and square integrable
random variables with >~ a? < co. We investigate functional central limit the-
orem for &, in the Holder spaces H2[0,1] of functions = : [0,1] — R such that
|z(t + h) — x(t)| = o(h*) uniformly in t. When ) .., |a;| < oo (short memory
case), we show that n=1/2¢,, converges weakly in H2[0, 1] to some Brownian motion
under the optimal assumption that P(|eg| > t) = o(t™P), where 1/p = 1/2 — «.
This extends the Lamperti invariance principle for i.i.d. X,’s. When a; = £(i)i 7,
1/2 < B < 1, with ¢ positive, increasing and slowly varying, (X,,),>1 has long
memory. The limiting process for &, is then the fractional Brownian motion W
with Hurst index H = 3/2 — 3 and the normalizing constants are b, = cgn'’¢(n).
For 0 < a < H — 1/2, the weak convergence of b '¢, to WH in H2[0,1] is ob-
tained under the mild assumption that Ee% < oo. For H—-1/2 < a < H, the same
convergence is obtained under P(|eg| > t) = o(t?), where 1/p = H — a.

1. Introduction

In the classical time series analysis, the innovations in the linear process (X, )nen
are often assumed to be i.i.d. In this case asymptotic behaviors of the sample means
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and partial sum processes have been extensively studied in the literature. It would
be hard to compile a complete list. Here we only mention some representatives:
Davydov (1970), Gorodetskii (1977), Hall and Heyde (1980), Philips and Solo (1992)
and Hosking (1996). See references therein for further background. There are
basically two types of results. If the linear filter is absolutely summable, then the
covariances of (X,,) are summable and one says that (X,,) is short-range dependent
(SRD). Under SRD, the normalizing constant for the sum S, := X3 +--- + X,
is of the same order as that in the classical CLT for i.i.d. observations. When the
linear filter is not summable, then (X,,) is long-range dependent (LRD) and the
normalizing constant for S, is typically larger than square root of n. Fractional
ARIMA model (Hosking, 1981) is an important class which may exhibit LRD. For
a survey of LRD, we refer to Doukhan et al. (2003).

Invariance principles (or functional central limit theorems) play an important
role in econometrics and statistics Stock (1994). For example, to obtain asymp-
totic distributions of unit root test statistics, researchers have applied invariance
principles of various forms; see Sowell (1990) and Wu (2006) among others.

There is a large amount of papers which provide invariance principles for various
linear processes in the framework of the classical function spaces, i.e. the space
C[0, 1] of continuous functions or the Skorokhod space DI0, 1] of cadlag functions.
Our current contribution aims to investigate invariance principle for linear processes
in spaces having a stronger topology than CI0,1].

The weak convergence of a sequence of stochastic processes in some functions
space F provides results about the asymptotic distribution of functionals of the
paths which are continuous with respect to the topology of F. Since the Hélder
spaces are topologically embedded in C[0, 1] and in DJ[0, 1], they support more con-
tinuous functionals. From this point of view, the alternative framework of Hélder
spaces gives functional limit theorems of a wider scope. This choice may be relevant
as soon as the paths of stochastic processes and the limit process & (like e.g. the
Brownian motion and the Fractional Brownian motion) share some Hélder regular-
ity, roughly speaking (¢t + h) — £(t) = O(h®) for some 0 < o < 1. The first result
in this direction seems to be Lamperti’s Holderian invariance principle Lamperti
(1962) for the polygonal partial sums process n~1/2¢,, where &, is the polygonal
line indexed by [0, 1] with vertices (k/n,Sk), k = 0,1,...,n and the underlying ran-
dom variables X; are i.i.d. with EX; = 0 and E|X;]? < oo for some ¢ > 2. This
invariance principle was extended under some weak-dependance assumptions on the
X,’s by Hamadouche (2000). Both results cost a stronger moment assumption than
the classical square integrability of the X;’s, which is necessary and sufficient in the
C[0, 1] framework. Rackauskas and Suquet (2004b), found the right price to be paid
to obtain an Holderian invariance principle. They proved that for 0 < a < 1/2,
n~1/2¢, converges in distribution to a Brownian motion in the Holder space H[0, 1]
(precise definition is given below) if and only if

1

—

tlim tPOP(|X,| >t) =0, where p(a)= (1.1)

1
2

Contrastly Rackauskas and Suquet (2001) show how one can relax (1.1) in E X7 <
oo by using selfnormalization and adaptive construction of the partial sums process.
These theoretical results found statistical applications in the problem of detection
of a changed segment in data Rackauskas and Suquet (2004a, 2006).
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For recent result and a survey in the domain of the invariance principles for the
linear processes we refer to Merlevéde et al. (2006) and Peligrad and Utev (2005,
2006a,b). These papers fully analyze the asymptotic properties of the partial sums
of the linear process, and extend the results for various noise processes, in the
framework of the spaces D[0,1] or C[0,1]. The same holds for other approaches
involving invariance principles for the linear processes (see Wu and Min, 2005; Wu,
2006 with comprehensive list of bibliography).

In this paper we consider the polygonal partial sums processes (&,)n>1 built
on the linear processes X, = > ,., ai€n—i, where (€;);cz are ii.d., centered and
square integrable random variables with >, a? < co. We investigate functional
central limit theorem for &, in the Hélder spaces H9[0,1]. When Y".o,]a;| < oo

(short memory case), we show that n=/2¢, converges weakly in H2[0,1] to some
Brownian motion under the optimal assumption that P(|eg| > t) = o(t™P), where
1/p = 1/2—a. This extends the Lamperti invariance principle for i.i.d. X,,’s. When
a; = £(i)i=%, 1/2 < B < 1, with £ positive, increasing and slowly varying, (X,,)n>1
has long memory. The limiting process for £, is then the fractional Brownian
motion WH with Hurst index H = 3/2 — 3 and the normalizing constants are
b, = cgnl(n). For 0 < o < H — 1/2, the weak convergence of b, ¢, to WH in
H? [0, 1] is obtained under the mild assumption that Ee% < 00, supplementing Wu
and Min (2005) invariance principle in C[0,1]. For H — 1/2 < a < H, the same
convergence is obtained under P(|eg| > t) = o(t~P), where 1/p = H — . The case
a=H —1/2is also discussed.

The paper is organized as follows. Section 2 gives the notations and results.
Section 3 presents the proofs, starting with a general theorem on Holderian invari-
ance principles for dependent variables which enables us to simplify the proofs of
our main results. It may be also of independent interest. Technical lemmas are
gathered in Section 4.

2. Results

2.1. Notations. For 0 < a < 1, we denote by H?[0, 1] the set of real valued contin-
uous functions z : [0,1] — R such that

%1_1}% wq(x,0) =0,

where

we(x,0) =  sup M

o<|t—sl<s |8 =t
The set HZ [0, 1] is a separable Banach space when endowed with the norm ||z||, =
|2(0)| + wa(x,1). Let &, (n > 1) and £ be random elements in HZ [0, 1]. The weak
convergence in H2 [0, 1] of &, to &, denoted by
HY,
b €
means that for every fonctional f : H2[0,1] — R, continuous with respect to the

strong topology of H2[0, 1], the sequence of random variables f(&,) converges to
f(&) in distribution.
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For the sequence (X,,),>1 of random variables, put
So:=0, Sp=)»_X; (2.1)
i=1

and define the partial sums process &, by
fn(t) = S[nt] + (nt — [nt])X[nt]+1, te [0, 1], (2.2)

where [nt] denotes the integer part of nt. As polygonal lines, the paths of &, belong
to H2 [0, 1] for every o < 1.

Recall that the standard fractional Brownian motion Wy, with the Hurst index
H is a zero mean Gaussian process with covariance

1
EWg(t)Wy(s) = 5(|t|2H + s =t —sPT), 0<st<1.

The special case H = 1/2 gives the Brownian motion denoted W. The limiting
processes ¢ involved in this paper are either W, either Wy with positively correlated
increments, that is H > 1/2. Almost all paths of Wy are Holder continuous of any
order « strictly less than H.

The linear processes (X )r>0 considered throughout the paper are of the form

o0
Xk:Zaiek_i, k=0,1,..., (2.3)
i=0
where (a;,7 € Z) is a given sequence of real numbers with a; = 0 for ¢ < 0 and
(ei,1 € Z) is a sequence of independent identically distributed random variables
with E¢g = 0 and E |e]|? < oo. Under these assumptions, the series in (2.3)
converges in L? and almost surely and the sequence of random variables (Xj)r>o
is stationary.

2.2. Linear processes with short memory.

Theorem 2.1. Let (Xi)r>0 be the linear process defined by (2.3) and assume that
(@i)i>o0 satisfies:

(A) i|al|<oo and A:= iai >0
i=0 1=0

Let Sy, and &, be the partial sums and partial sums process built on (Xy)r>0, defined
by (2.1) and (2.2). Put b? = A’nE €2, b, > 0. Then for every 0 < a < 1/2,

bglfn i) w
if
1

-«

tlim tPP(leg| > t) =0, wherep = (2.4)

1
2

Condition (2.4) is optimal because the class of linear processes considered in-
cludes the special case where X = ¢ and it is known that in this case (2.4) is
necessary for the weak-H2[0, 1] convergence of n~/2¢, to W, see Rackauskas and

Suquet (2004b).
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2.3. Linear processes with long memory. Now we consider a class of linear processes
whose associated partial sums process converges to a fractional Brownian motion

Wy with H > 1/2.

Theorem 2.2. For 1/2 < 3 < 1, let (Xi)r>0 be the linear process
o0 . [ . )
Xy =Y thjen—j, with g =1, ¢; = (—2) j=1, (2:5)

i=0 J

where £ is a positive non decreasing normalized slowly varying function and (¢;,5 €
Z) is a sequence of i.i.d. random variables with E ey = 0 and E |eo|? is finite. Put

H:= g - p. (2.6)

Let Sy, and &, be the partial sums and partial sums process built on (Xy)i>0, defined
by (2.1) and (2.2). Put

b = nl(n)cg(E€f) 1/2, (2.7)

with
cg=(1—p3)"2 /000 (2P = (z - 1)1_5)2dx, where x := max(0; z).
Then for 0 < a < H, the weak-Hélder convergence
by~ Wi (2.8

is obtained in the following cases.

(1) For 0 < a < H —1/2, (2.8) holds true if E €3 < co.
(2) Fora = H —1/2, (2.8) holds true if

tlim (tInt)?P(jeg| > t) =0 (2.9)

(3) For H—-1/2 < a < H, (2.8) holds true if

1
H-ao

tli)rgo t’?P(leg| >t) =0, where p= (2.10)

The slowly varying function £ is said normalized if for every & positive, t2£(t) is
ultimately increasing and ¢ ~/(t) is ultimately decreasing.

The variance 2 of S,, is asymptotically equivalent to b2, see Wu and Min (2005,
Th.2). Therefore the convergence (2.8) holds as well with b,, replaced by o,.

The necessity of condition (2.10) remains an open question. To our best knowl-
edge necessary moment conditions for limit behavior of sums of long memory linear
processes are not treated in literature.

Another interesting open problem was pointed out by the Referee, namely, the
case § = 1/2 in Theorem 2.2. Does the convergence to Brownian motion still holds
provided ¢(n) does not have subsequence tending to zero? At the moment we have
no answer to this question.
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3. Proofs

3.1. General reduction. We describe here the common part of the proofs of The-
orems 2.1 and 2.2 which provides a general methodology to establish the weak-
H?[0,1] convergence of the partial sums process. This may be of independent
interest to prove invariance principles under various kind of dependence of the un-
derlying sequence (X,,),>1. Classically b, ¢, converges weakly to ¢ in H9[0,1] if
and only if

a) the finite dimensional distributions of b, 1, converge to those of &;

b) the sequence (b, '&,),>1 is tight in H2[0, 1].

Usually condition a) is known to be satisfied under mild assumptions, e.g. if
weak convergence of b, 1€, is already established in C[0, 1]. This is indeed the case
in the context of Theorems 2.1 and 2.2. So we will focuse on the tightness prob-
lem. General conditions implying the tighness of a sequence of random elements in
H? [0, 1] may be found in Ratkauskas and Suquet (2001) (Prop. 7 and Rem. 8). To
translate this result in the setting of partial sums process &,, write for simplicity

te=tj="k277,  k=0,1,...,27, j=1.2...
Then the tighness of (b,,1&,),>1 in H2 [0, 1] takes place provided that
i) for every t € [0,1], (b, '€, (t))n>1 is tight on R;
ii) hm lim sup P{sup 2Jap 1 max [€n (1) — En(tr)| > 5} =0.

J—0 pooco 3>J 0<
Now we are able to go a step further by proving the following theorem. It is
worth noticing that nothing is assumed about the dependence structure of (X,)n>1
in its statement.

Theorem 3.1. Let &, be the partial sums process built on (Xy)k>o0, defined by (2.2).
Then (b, 1€, )n>1 is tight in HS[0,1] if:

(1) for every t € [0,1], (b, &n(t))n>1 is tight on R;

(2) n; ! max | X:| converges in probability to 0;

(3)

hm hmsupP{ max 279! max ISt i)

J<j<logn " 0<k<2i
for every positive €.

_S[ntk]| > E} =0

J—00 npn—oo

Here and throughout the paper, logn stands for the logarithm with basis 2, so
that 2'°8™ = n. The following corollary suits better our needs.

Corollary 3.2. Assume that the X;’s have identical distribution. Then (b;lfn)nzl
is tight in H2 [0, 1] if Conditions 1 and 8 of Theorem 3.1 are satisfied and
Ve >0, nP(|Xi1|>¢ebyn %) —— 0. (3.1)

n—oo

Clearly under identical distribution of the X;’s, (3.1) implies Condition 2 in
Theorem 3.1. Moreover when (3.1) is enough for (b, £, ),>1 to satisfy the invariance
principle in C[0, 1], then we can drop Condition 1 and concentrate on the verification
of (3.1) and Condition 3 to prove the invariance principle in H2 [0, 1].

Proof of Theorem 3.1. We have to check ii). Denote by Py = Py(J,n) the proba-
bility appearing in Condition ii). Then Py is bounded by P; + P> where

— Jop—1 > }
P P{Jg%ggﬁ bt max Jen(tir1) = Enlte)] > <
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and

Py = p{ sup 276, max € (tr) - §n(tk)|25}.
j>logn 0<k<

Estimation of P,. As j > logn, tpy1 —tp = 277 < 1/n and then with ¢ in say
[i/n, (i+1)/n), either tyyq1 isin (i/n, (i +1)/n] or belongs to ((i +1)/n, (i +2)/n],
where 1 <4 <n — 2 depends on k and j.

In the first case, noting that the slope of &, on [i/n, (i +1)/n) is exactly nX; 1,
we have

& (thr1) — Enlte)] = n|Xi41]277 <2770 max [X;).
1<i<n
If tx and tgy1 are in consecutive intervals, then

160 (thr1) = En(tr)] < 160 (tk) = En((i +1)/n)| + (6 ((0 + 1) /n) = &n(trt)]

<279y max | X;].
1<i<n

With both cases taken into account we obtain

P, < P{ sup 27%p, tn2 It max | X >5}
j>logn 1<i<

= P{nbn max |X;| sup 20717 > 5}

1<i<n j>logn
€
< P{nab_l max | X;| > —}
= n 1§i§n| l|_2 ’
so by Condition 2, lim, .., P> = 0.

Estimation of P;. Let ug = [ntx]. Then ux < ntp <14 uk and 14 ug < ugyr <
ntp+1 < 14 ugy1. Therefore

|§n(t7€+1) - gn(tk” < |§n(t7€+1) - Suk+1| + |Suk+1 - Suk| + |Suk - gn(tk”

Since [Sy, — &n(tr)| < | X140, | and & (tx41) = Supsy | < [ X14u,,, | we obtain Py
P171 + P172, where

IN

3

— [ 1

Py= P{ max  27%b ! max |Supr = Surl > —}
J<j<logn 1<k<29 2

P12::P{ max  27°b! max |X;| > — }
’ J<j<logn 1<i<n 4

In P 5, the maximum over j is realized for j = [logn], so lim, ., P12 = 0 by
Condition 2.
Gathering all the estimates, we finally obtain

lim limsup Py = hm limsup Py; =0,

—X n—oo J—00 nooco

by Condition 3. O

We now turn to the proofs of Theorems 2.1 and 2.2. To avoid disturbing the
main flow of argumentation, we deferred technical lemmas to subsection 3.4.
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3.2. Short memory.

Proof of Theorem 2.1. We need to check the convergence of finite dimensional dis-
tributions and tightness. Put 02 := E S2. By a classical computation

2 o0 .

o i—k

_":Ee(2J g aiak(1—| |) .

n ) n +
i,k=0

Due to assumption (A), > ;%_, |aiax| is finite, so by the bounded convergence
theorem for the series

2 o0
o
7" m E€(2) Z a;ap = A2E 6(2), (32)
i,k=0
recalling that A := ‘ Yoico ai’. In what follows we assume without loss of generality

that EeZ = 1. As b, and o, are asymptotically equivalent, the C[0, 1] or H%[0, 1]
convergences of b 1&, and o, 1, are equivalent. The convergence of the finite
dimensional distributions of b, ¢, to those of the standard Brownian motion W
follows of the weak convergence in C[0,1] of 0,1, to W. Such an invariance
principle may be found for instance in Wu and Min (2005), Theorem 1. That
theorem involves more general linear filters and condition (A) is just a special case
(see also Remark 4 in Wu and Min, 2005). As a by-product of this invariance
principle, Condition 1 in Theorem 3.1 is automatically satisfied.

To check the tightness, we use Corollary 3.2. First we note that our assump-
tion (2.4) implies via Lemma 3.7 below that

Jim 7 P(|Xo| > t) = 0.
Asb, = An'/? and 1/p = 1/2—a, we deduce immediately (3.1) from the above limit.

So it remains only to check Condition 3 of Theorem 3.1, that is lim ;.o limsup,,_, ..
Py(J,n,e) =0, with

Pi(J,n,e) = P{J;;lgalz(gnzjab;l A [Su ~ i 2 a}, (3.3)
where uy, = [nt)] = [nk277].
Let us fix an arbitrary § > 0, put A,, := én'/? and define
g :=¢l{|e] <A} —Eql{la] < A}, (3.4)

)

e = aql{le| > A} —Eeal{le| > Ay}
Since E¢; = 0, ¢, = ¢; + ¢; and we have

Uk41 ] Uk+1
SRl or PR Rt

i:uk l=—00 i:uk
where
[e%e} Uk+1 [e%e} Uk+1
)= 3 (Xaafa mi 2= % (Yoo oo
l=—00 1=Up l=—00 1=Up

Hence, we have to prove both

lim limsup P (J,n,e) =0, i=1,2, (3.7)

J—00 p—ooo
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where for i =1, 2,
(1) - aj (@ €
PV (J,n,e) = P{J<Ijn<ai§gn2 Jog}ﬁéf‘zj’k‘ >bn§}-

To estimate P1(2)(J, n,e), first apply Chebyshev inequality to obtain

PPy < Y 229p %472 N E[Z7)) (3.8)
J<j<logn 0<k<2i
Next, observe that by stationarity, 2,2 | > i ai_l‘2E €5 = 0n, ., —uys Whence
it follows via (3.2) that for some constant c,
o0 Uk+1 2
Z Z ai—1| < c(upsr — ug). (3.9)
I=—o0 li=uy,
This gives
] Uk+1 2
E|ZO[ =Y ( > a“> E &) < c(ups1 — up)E[6)* < 2n277cE &2
I=—oc0 \i=uy

Now using inequality (3.23) in Lemma 3.4 and recalling that A,, = dn!/?, b2 = A?n
and 1/p = 1/2 — «, we obtain

P(2) J 80p527p 205 1,—294,,9—7,,2/P—1 D
L (Sne) € v Z 2°49p 229027 /n sup tPP(Jeo] > t)
(p—2)e J<j<logn t>0n

8cpd?=P iy
— 2/p—1 P 2aj
=—————n sup tPP(|eg| >t 2
(p — 2)A2e2 tZApn (l€o )J:Z]

8Cp527p 2/;071 22an2a
- tP P t)—
=pogazz" P (leol > ) 55—

16¢cpd2—P
T (p—2)A2e2(222 — 1)
Thus (2.4) gives

sup tPP(leo| > t).
t>

n

lim P (J,n,e) =0. (3.10)
To estimate Pl(l)(J7 n,€), let us fix some ¢ > p and apply the Markov inequality
of order ¢ to start with:

PM(Jn,e) < 2! SN 2wig|Zl))" (3.11)

cabl ,
J<j<logn 0<k<2J

By Rosenthal’s inequality, see (3.19) in Lemma 3.3 below,

S Uk41 2 q/2 0o Uk 1 q
E |z} SRq< Do i E|?1|2> +Ry > | Y 4| EfEI0. (3.12)
l=—o00 | i=uy l=—o00 | i=uy

As the series .7 |a;| converges, we have

S

el

Ag = sup < 0.

ICN




56 M. Juodis et al.

Thus from (3.9) we get > ;= ’ ZL";; ai_l’q < cAg_2(uk+1 —up) < 2cAg_2n2_j.
From now on, we denote by C a constant which may depend of ¢, ¢, «, ¢, A, Ag
and of the distribution of ¢y. Its explicit value is allowed to vary from one line
to another. Going back to Rosenthal inequality with the above estimate and the

inequalities (3.22) and (3.25), we get for n large enough:
E ‘Z;}k) ” < O(nq/22*jq/2 + 01 Ppa/P2=d),
Thus we can bound Pl(l)(J,n, e) by

Pl(l)(J,n,a) <C Z o(1=a/2+qa)j | cga—ppa(l/p—1/2) Z 9q0j
J<j<logn J<j<logn

< Cnlt=a(l/2=a) o csaP,
recalling that 1/p — 1/2 + a = 0. Moreover, as ¢ > p = (1/2 — a)~ !, we get

lim sup Pl(l) (J,n,e) < CHI7P.

n—oo

This together with (3.10) leads to

limsup Py (J,n,e) < Co77P.
As this last limsup does not depend on 6 and § may be choosen arbitrarily small,
we conclude that limsup,,_, . P1(J,n,e) = 0, whence Condition 3 of Theorem 3.1
is satisfied. O

3.3. Long memory. We now prove Theorem 2.2. For notational simplifications, we
assume without loss of generality that E€2 = 1. Recalling that by Wu and Min
(2005, Th.2), ES? is asymptotically equivalent to b2, one can find a constant »

such that for every n > 1,
on = (BES2)12 < kb,,. (3.13)

By the same reference, the square integrability of €y is enough to imply the weak-
C[0,1] convergence to WH of o1&, or equivalently of b,1&,. So, according to
the remark after Corollary 3.2, we only need to check (3.1) and Condition 3 of
Theorem 3.1 to obtain the weak HC [0, 1] convergence of b, &, to W,

Proof of the case 0 < o < H —1/2 in Theorem 2.2. The convergence (3.1) follows
immediately from Chebyshev inequality:

2a+1
nP(|X1| > ebyn™®) < g X7 = O(nQaJFl*QHK(n)*Q),

e2b?
since o < H —1/2.
Let us keep the same notation P;(J,n,¢) as in (3.3) for the probability involved
in Condition 3. By stationarity of (X;);en and (3.13), we have
E (Su.,, — Su)’ = ES? < K2 (2n279) 2 g(2n277)2,

Uk+1—Uk
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In view of this estimate, applying Chebyshev inequality leads to

4H 2 0(2n277)?2 ,

A w\elte ") 9(2a+1-2H)

Pl(‘]v n, 6) S 2 § (n)2 2 J
J<j<logn

< 4" 2 M? o(2a+1-2H)J
= £2(1 — 220+1-2H) )

noting that 2a+ 1 — 2H < 0 and that by slow variation of ¢

2(2n)
M :=sup ——= < o0. 3.14
" T (314
This entails lim ;o limsup,, . P1(J,n,e) = 0, so the proof of the case o < H —
1/2 is complete. O

Proof of the case H—1/2 < a < H in Theorem 2.2. To check convergence (3.1),
it suffices to show that for any positive &, nP(|X1| > enf’=%¢(n)) = o(1). By
Lemma 3.7 below, the hypothesis (2.10) enables us to write P(|X1| > t) =t Pg(t),
with lim; o g(t) = 0. Therefore

nP(1X1] > enf'=%U(n)) = e Pp'PH=p(n)"Pg(ent=(n))
=& PU(n) Pg(en"l(n)) = o(1),
since p= (H —«a)~! and a < H. So (3.1) is satisfied.
In order to check Condition 3 of Theorem 3, we use the same truncation technics

as in the short memory case, with the same level A,, = én!/? but with 1/p=H -«
instead of 1/2 — a. With obvious adaptations, we also keep the same notations

(3.4)—(3.6) and Pli)(J,n, ). We have again to prove (3.7).
To estimate P1(2)(J, n,€), going back to (3.8), we need some bound for E |Z](2k)|2

Write )/(\k, )/(vk, S’;, S’;, for the linear processes obtained by substituting € by € or €
respectively and their corresponding partial sums. Then we have

9 -
Z3%) = Surir — Su,
whence by stationarity and (3.13),
2 = -
E ‘Z](?k) =E S3k+ruk < /@%%(U;Hl — uk)2H€2(uk+1 —up)E &>

IN

4k2En 2 =2Hi 2 (20270 E .

Putting v := 1 4+ 2o — 2H and pluging the above estimate into (3.13) leads to

2 2 —j
(2) 16K° _ o 02(2n277)
Pl (J,TL,E) S 52 EEO E 2’“W (315)
J<j<logn
32M22
" _EénY. 3.16
=2 o1 " (3.16)

Observing that v = 14+ 2a — 2H = 1 — 2/p and estimating E & by the inequal-
ity (3.23) in Lemma 3.4 provides

32M2k2
np sup t*P(le| > t).

p? Jon,e) <
) S S ) S
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Now from hypothesis (2.10) we get

lim P (J,n,e)=0. (3.17)

n—oo

To estimate Pl(l)(J, n, ), looking back at (3.11) and (3.12), we see that the only
real change is in the control of ‘ Sk wi,l‘q. To this end, let us observe that

. 0
S > —5

i=k—n+1 1+ (k—n)y <i<k

sup
k>0

= sup
k>0

k
dt
< sup f(k)/( e

k>0 k—n)4
= sup £(k) (klfﬁ (k- n)};ﬁ)
E>0

= sup £(k) (kl’ﬁ — (k- n)l’ﬁ),

k>n

where the last equality relies on the increasingness on [0,7n] of the function ¢ —
o) (P = (t - n)rﬁ). Using Lemma 3.6 below leads to

k
Yoo

i=k—n+1

sup < ent=Pe(n),

k>0

with a constant ¢ depending on 8 and ¢. Now we have

Uk 41 q
> wia| <t P (uppr —ur) T2 (g — )l |,
i:uk

< 2952172 (277 )1H =1/ 2+ pa (9977,

From now on, we denote by C' a constant which may depend of ¢, ¢, p, a, ¢, H, k
and of the distribution of €y. Its explicit value is allowed to vary from one line to
another. Going back to Rosenthal inequality (3.12) with the above estimate and
the inequalities (3.22) and (3.25), we get for n large enough:

B|z0|" < O(anQ—qugq(%Q—j) n 5q—pnq(H—1/2+1/p)2—(qH—q/2+1)qu(2n2—j))_
Js -
Pluging this estimate into (3.11), we obtain

Z an2(1*qH+qa)qu(2n2*j)
J<j<logn

M -
LS ~nHafa(n)

cHep . .
q(H—1/2+1/p)QQ(a—H-irl/?)ng(QnQ—J)

7 >

i) e

<C Z 9(l—qH+q)j | c15a—Ppa(=1/2+1/p) Z 9a(a—H+1/2)j

J<j<logn J<j<logn
<02(t-aH+qe)] | o5a-p,

From this bound we get

lim lim sup Pl(l)(J,n,a) < CoTTP.

J—00 p—ooo



Holderian invariance principle 59

Together with (3.17), this gives
lim limsup Py (J,n,e) < CH17P.

J—=00 pooo
As this last limit does not depend on § and § may be choosen arbitrarily small,
we conclude that limj_ . limsup,,_, ., P1(J,n,e) = 0, whence Condition 3 of The-
orem 3.1 is satisfied. (|

Proof of the case « = H — 1/2 in Theorem 2.2. The proof of this special case is ob-
tained by an adaptation of the proof of the case H —1/2 < o < H. We shall just
mention the relevant modifications in the above arguments. Now p = 2 and we
choose as truncation level A, = n'/2. First going back to (3.15), we note that
~v =0, so we have to replace the bound (3.16) by

16k2

2

Pl(z)(J,n,a) < E &° logn.

Under the assumption (2.9), it follows from inequality (3.27) in Lemma 3.5 below
that Eé&° = o((logn)™1), so we get again limsup,, Pl(z)(J,n, e)=0.

Next, choosing ¢ > 3 and applying (3.27) in Lemma 3.5, the previous estimate
of E |ZJ(.’1k)|q becomes (with the same convention on the constant C)

E|z0))" < O(anz—qHW(mrj) +nH (In n)—22—<qH—q/2+1>j£q(2n2—j)),
which leads to
(1) (1—qH+qa)j c —jq(H=1/2—a)
R
J<j<logn J<j<logn

logn

<c27? :
scritroqss

Hence limsup,, Pl(l)(J, n,e) < C277/2 and limj_ o limsup,,_, . Pi(J,n,e) =0,
which completes the proof. O

3.4. Miscellaneous technical tools. We give now a version of Rosenthal inequality
for linear processes. Recall first the classical Rosenthal inequality of order ¢ > 2.
It states that for any finite set I of independent random variables Y; (i € I) such

that E|Y;|? < oo (for every i € I), the sum Sy := ), Y satisfies

E|S;|* SRq<(VarSJ)q/2+ZE|Yi|q>, (3.18)
iel
where R, is a universal constant depending only on g.

Lemma 3.3. Let X be the series

o0 o0
_ ; 2
X = g a;€;, with 5 a; < 00,
i=0 i=0

where the random variables ¢; are i.i.d., Eeg =0 and E |e]? < oo for some q > 2.
Then the series y .-, a;e; converges in LY sense and

0o a/2 0o
e e n, (@S] perYee)
=0

=0
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where Ry is the universal constant of the Rosenthal inequality (3.18).

Proof. Rosenthal inequality (3.18) applied to the random variables Y; = a;e; with
any non empty subset I of N reads

q q/2 oo
Zaiei SRQ<(E63)W2<ZOL?> +E|60|qZ|ai|q>.

i€l icl icl

E

It follows immediately that the series Zio a;€; fulfils the Cauchy criterion in LY
and hence converges in this space. Now (3.19) follows, taking I = {0,1,...,n} in
the above inequality and letting n go to infinity. (]

Lemma 3.4. Let Y be a random variable such that

A (Y) :=suptPP(JY| > t) < oo for some p > 2. (3.20)
t>0

For any positive T, write
Y =YU{|Y|<T}, Y:=Y1{|Y|>T}

Write also Y' ==Y —EY and Y’ :=Y —EY. Then the following estimates are
valid with any q > p.

> A (Y
E[Y]" < LTWD, (3.21)
q—0p
VarY <EY?, (3.22)
Vary < —2_72°p supt? P(|Y| > t). (3.23)
p—2 t>T
If moreover EY =0, then
EY| < L 1"PsuprP(|Y| > 1), (3.24)
p—1 t>T
= 210, (Y
E[Y|! < 28 (Y) s for T > Ty, (3.25)
q—p

where Ty depends of p, q and of the distribution of Y.

Proof. To check (3.21), write
~ oo N T R
E!Y\q=/ gs* ' P([Y] >s)ds=/ g5 P(|V] > 5)ds
0 0
T
S/ g’ IP(JY| > s)ds
0

T
<supt’P(|Y| > t)/ qs? Pl ds
>0 0

TP
= sup P P(|Y| > t).

q—P >0




Holderian invariance principle 61

Next, (3.22) is obvious since VarY < EY? < EY?. For (3.23), noting that
P([Y]| > s) = P(|Y] > max(s,T)), we get

T
VarY <EY? = / 2sP(|Y| > T)ds +/ 25P(|Y] > s)ds
0 T

_T2p(Y| > T) +/ 251 PP P([Y] > ) ds
T
2
<T?* Psupt! P(|Y| > t) + ——=T* Psupt? P(|Y]| > t),
t>T p—2 t>T

which establishes (3.23).
Similarly, if EY =0, then EY = —EY and we get

T 00
\E?|gE|f/\:/ P(|Y|>T)ds+/ P(Y| > s)ds
0 T

=TP(Y|>T)+ /TOO sTP(sPP(|Y| > s)) ds

1 TP
_ (174 sup P P(|Y] > 1),
p—1/)>1

which gives (3.24).
By convexity, E |Y"q < 2e°1 (E |Y|q+ ‘EY‘Q). By (3.24), ‘E Y|q goes to 0 when
T goes to infinity, whence (3.25) follows.

Lemma 3.5. With the notations of lemma 3.4, assume that

sup(tlnt)*P(|Y| > t) < cc. (3.26)
t>1
Then with r(T) := sup,>r(tnt)*P([Y] > t),

~ 3r(T
VarY < M, for T > e. (3.27)

InT

If moreover EY =0, then for any q¢ > 3,
E[Y'|"=0(T"*(WT)?). (3.28)

Proof. For every T > 1, we can write

VarY <EY? =T2?P(|Y| > T) +/ 2sP(|Y| > s)ds
T

oy /TOO 8(138)252(1n5)2p(|y| > s)ds

whence (3.27) follows.

To check (3.28), we note first that (3.24) remains valid with p = 2 and pro-
vides the estimate |[EY|? = o(T~%). Hence it is enough to show that E [V | =
O(T*2(InT)~2). To do that, recall that E|Y|* < [\ ¢s7'P(|[Y| > s)ds and

split this integral in fOTO —|—fr:;z, for T > Ty where Ty := exp(q%g) > 1 is choosen
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such that s973(Ins)~2 increases on [Tp,00). This clearly reduces the problem to
the following elementary estimation of fTTD

T T qsqu
/ qsTIP(|Y] > s)ds = / 5 (sIns)?P(|Y] > s)ds
To 7, (Ins)

<(T-Tp) e (tint)2P(|Y] > t)
=0 T e 28 |

O

Lemma 3.6. If { is non decreasing and normalized slowly varying, then for any
0 < B <1, there is a constant C = C(8,£) such that for everyn > 1,

sup (k) (k=7 — (k —n)'=P) < Cn'~Pe(n). (3.29)
k>n

Proof. First as 1 — 8 < 1, we clearly have k=% < (k — n)!=# 4+ n'=# for every
k > n, from which we get

nax 0(k) (K7 = (k —n)*P) < e(2n)n' P, (3.30)

As ¢ is slowly varying, there is a constant C; = C;(¢) such that £(2n) < Ci4(n).
Next, by concavity of the function t!=# on [0, 00), we have for every ¢ > n

P —(t—n)P < (1= p)(t—n)"Pn. (3.31)
Now for every ¢t > 2n,
(t —n)~Be(t) = t’ﬁﬁ(t)(ﬁ)ﬁ < 2814(1).

Since ¢ is normalized slowly varying, t=#((t) is ultimately decreasing, so for large
enough n, t~P4(t) realizes its maximum on [2n,00) at t = 2n. So going back to
(3.31), we can find a constant Cy depending on 8 and ¢ such that for every k > 2n,

k) (P — (¢ —n)' ) < Con'Pe(n) (3.32)
Now the conclusion follows from (3.30) and (3.32). O
Lemma 3.7. It holds
lim 7 P(|Xo| > 1) = 0 (3.33)
if and only if
tlim tPP(leg] > t) = 0. (3.34)

Proof. To prove the sufficiency of (3.34) for (3.33), let us fix an arbitrary positive
0 and define

€ = ¢;1{le;| <0t} —Ee;1{le;| < 0t}, € = ¢€;1{|¢;| > 0t} — Ee;1{|¢;| > ot}
Noting that €; = €; + €;, we have
P P(|Xo| > 2t) < PP, + tPP,
where

P, :—P<Zaj€j 215), Py 3—P<Zaaf~j 2t>'
§=0

Jj=0
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To estimate P, we apply Chebyshev’s inequality combined with inequality (3.23)
in Lemma 3.4. Puting ¢ = >-7° a7 and ¢, = pc/(p — 2), this gives:

2
1 — - .
P, < t_2E <Zajej> = t%E |60|* < cpd? PtP sug) sPP(leg| > s).
) s>0t

To estimate P;, we combine Markov and Rosenthal inequalities of order ¢ > p
with inequalities (3.22) and (3.25) in Lemma 3.4. This gives

jo%s) q
Pl S t71E Zajgj
j=0
0o a/2 0o
< Ryt™¢ <Z|ai|2E|eo|2> + 3 |ai|E [l
1=0 1=0

SOt I(14 0977t P) = C(t79+ 69 Pt7P),
where the constant C' depends on p, ¢, the sequence (a;) and the distribution of €.
Gathering the estimates of P; and P, gives

tPP(|Xo| > 2t) < ;62 P sup sPP(|eg| > s) + C(t~ 1P + §97P),
s>0t

whence
limsup t* P(| Xo| > 2t) < C§97P.
t—o0
As 6 may be choosen arbitrarily small, as ¢ > p and C does not depend on ¢, the
sufficiency of (3.34) follows.
Let us prove the necessity of (3.34). We have

o'}
XO = ap€o + E A;€_; = AQ€Q + Z.
i=1

If to > 0 is such that P(|Z| < tg) > 1/2, we have for t > ¢,
1
P(|Xo| 2 1) = P(laolleo] = t + 1o) P(|Z] < to) = §P(|a0||€0| >t+to)

due to independence of ¢y and Z and the necessity follows. (I
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