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Abstract. Suppose FE is a real, separable Banach space and for each € E denote
by co{0, (1,x)} the line segment joining the two points 0 and (1,z) in R x E. The
aim of this paper is to discuss the strong law of large numbers and the central
limit theorem for the random line segment co{0, (1,a + X)} when X is a centred
Gaussian random vector in F and a € E. Finally, an application to mathematical
finance is given.

1. Introduction

In this paper we will draw attention to a class of zonoids connected with Gauss
measure on Banach space. Here Mosler (2002) and Koshevoy and Mosler (1998)
treat the finite-dimensional case and give the corresponding credits. Moreover, we
will show how a certain zonoid induced by Brownian motion can be used in the
sensitivity analysis of the average excess return with respect to the risk aversion
parameter in the mean-variance approach to optimal portfolio selections. As far as
we know this is the first instance of such an application of zonoids.

Let I = ¢ o &' be the Gaussian isoperimetric function, where

1 2

p(r) = ol <r< oo

is the density function of a standard Gaussian random variable with the cumulative
distribution function

xr
P(z) = / P(y)dy, —oo < x < o0.
—0o0
Moreover, throughout the paper, if not stated otherwise, E = (E, || - ||g) is a real,
separable Banach space, a a fixed vector in F, and ~ a centred Gaussian measure

Received by the editors May 8, 2008; accepted March 3, 2009.
2000 Mathematics Subject Classification. 60D05; 60F15; 52A40.
Key words and phrases. Random set; Majorizing measure; Risk aversion.

133


http://alea.impa.br/articles/v6/
http://www.math.chalmers.se/~borell/
http://www.ams.org/msc/60-xx.html
http://www.ams.org/msc/60Fxx.html
http://www.ams.org/msc/52Axx.html

134 Christer Borell

on E with the reproducing kernel Hilbert space ., = (H.,|| - ||u, ). Set F = Rx E

and define

Z(a,y) = {(r,:v) €F;0<r<l,zxcra+H,, and |z —7a|n,< I(T)}.
The function # = I(r + ), —3 < r < 3, is concave and even and it follows that
the set Z(0,7) is convex and symmetric with respect to the hyperplane r = % in
F. The book by Mosler (2002) submits 20 different figures of the set Z(a,~) for
various choices of a and v when FE is of dimension 1 or 2. If yg is the standard

Gaussian measure on R we write Z(0,vyr) = Z and have
Z={(rx) eR* |2|<I(r), 0<r<1}.

In the following, if B is a real, separable Banach space and u,v € B we denote
by co{u,v} the line segment joining u and v, and by dp the Hausdorff metric on
the class of all non-empty compact convex subsets of B. A finite (Minkowski) sum
of line segments in B is called a zonotope and a limit of such sets in the metric dp
is called a zonoid. A zonoid in a Banach space is necessarily compact.

Throughout this paper X denotes a random vector in E with probability law ~.
In Section 4 we show that

Elco{0,(1l,a+ X)}] = /ECO{O,(I,CL—FI)}CZ”)/(CC):Z(a,"y). (1.1)

The expectation and integral in (1.1) may be evaluated either in the sense of Au-
mann or Debreu (see Molchanov, 2005, Chapter 2).

Next suppose (X;)ien, is an i.id. in E where the probability law of each X;
equals v for each ¢ € Ny. By applying the strong law of large numbers (SLLN) for
random sets in Banach space it follows that

1 n

lim — 0,(1 X; = Z(a, s. P, 1.2

Jm o0, (Lak XD} = Zla) as (1.2
where the convergence is with respect to the Hausdorff metric . The relation (1.2)
implies that

1 1
lim — c0{0,X;} = — O, as. P,
n—oo n ; { \ 21 v
in the Hausdorff metric g, where O, denotes the closed unit ball in H,. Thus
Z(a,7) and O, are zonoids in F' and FE, respectively. As in the finite-dimensional
case the set Z(a,~) will be called a lift zonoid induced by 7 or X.
In Section 6 it will be proved that the sequence

n
Vnép (% ZCO {0,(1,a+ X;)}, Z(a,’y)) , n €Ny,
i=1

converges in distribution to the supremum of the absolute value of an appropriate
centred Gaussian process. The proof of this result depends on a very deep regularity
theorem for Gaussian processes due to Talagrand (see Ledoux and Talagrand, 1991,
Theorem 12.9).

In the last section of this paper an application of the relation (1.2) to mathe-
matical finance is given. More specifically, we will derive different bounds on the
average excess return in the classical Markowitz mean-variance approach to optimal
portfolio selections when the utility function is time dependent. There is only one
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single stock (or fund) in the model and we suppose the stock and bond price pro-
cesses are [to processes with simple integrands and, in addition, the instantaneous
Sharpe ratio of the stock price is constant. In the end of the paper, a numerical
illustration of the inequalities obtained so far shows that fairly small variations
of the risk aversion parameter from one time period to another may cause rather
great changes in the average excess return over different periods of time.

2. A more detailed description of some basic concepts

Suppose B = (B, || - || 5) is a real, separable Banach space with the topological
dual B” and metric dp(u,v) =|| u—v ||g. The class of all non-empty compact convex
subsets of B is denoted by K(B). Given K, L € K(B) the Hausdorff distance from
K to L is defined by

op(K,L) = max(runeafé min dp(u,v), max min dp(u,v))

and, as usual, the Minkowski sum K + L of K and L is given by
K+L={z+y; re Kandye L}.

Moreover, K = {ax; x € K} if a is a real number. The support function of K is
denoted by p(K,-) or pg, that is for every 7 € B’,

K = =
p(K,7) = pK(T) max < u,7 >

and from this
p(aK + BL;7) = ap(K;7) + Bp(L; 7) if o, B > 0.

Let T be the closed unit ball in B’ equipped with the weak* topology on T. A
particular case of the Héormander embedding theorem says that the map

K — p(K, )|T
of K(B) into the separable Banach space C(T') is isometric
6B(K7 L) :H p(K7 )\T - p(Lv )\T HC(T)

(see Giné et al., 1983, for the case considered here).
Next let K : Q@ — K(B) be a random set such that

/ sup || u ||p dP < .
Quek

The expectation
E[K] = / KdP
is the member of C(B) characterized by th?e equation
p(E[K],7)=E[p(K,71)], all T € B’

(see Molchanov, 2005, p. 157). Thus, if C' is another real, separable Banach space
and T:B — C a bounded linear operator, then T(E[K]) = E [T(K)|. Moreover,
for any sequence (Kj)ien, of independent observations on K, the SLLN for the
class K(B) says that

1 n
lim ~S K, = E[K] as. P,
Jim 5 2 K= BIK] as
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where the convergence is with respect to the Hausdorff metric 5 (see Puri and
Ralescu, 1983, or Giné et al., 1983; the SLLN for the class of all non-empty compact
sets in B due to Taylor and Inoue, 1985, is not needed in this paper).

3. The support function of Z

A familiar theorem by Bolker (1969) states that any compact and centrally sym-
metric convex subset of the plane is a zonoid (for more information see Schneider,
1993). The relation (1.2) in the real-valued case also shows that Z is a zonoid
and the support function of Z is immediate. Here we will give an independent
straight-forward derivation of the support function of Z.

As said above the function x = I(r + %), —% <r< %, is even and to simplify
the notation it is natural to introduce the set

2 =2- (o= {on eR% [elsrtr+ ). i< |

2 3
which is symmetric about both coordinate axes.

Theorem 3.1. For any (o,&) € R2,

po(e8 = 5[ lotag] pla)is (3.1)
and
pe(e) = [ (etae o (3.2
Moreover, if (0,€) # 0,
po(§) = 1€1e@+lel o ED-5e] (33)
and
p2(0.8) = |€1p(QH o] ®( ¢ ) +min(0,0). (3.4)

Proof. First (3.4) follows from (3.3) since pz(0,£) = pzo(0,£) + 0. Using the
same formula, (3.1) implies (3.2) since ¢ is an even function and a™ = (| a | +a)
for all real numbers a. Thus we only have to prove the equations (3.1) and (3.3).

To prove (3.3), since pzo(0,&) = pgo(+o,+&) and pyo is positively homogeneous
of degree one, there is no loss of generality in assuming o, ¢ > 0, and 0? + &2 = 1.

Suppose the point (rg, zo) is located on the graph of the curve x = I(r + %) and
that (—¢, 0) is a tangent vector at this point. Then

1 0
I'ro+=)=-2
(ro + 2) ¢
and, since I'(r) = —®~!(r), we have
1
To = —5 + (I)(g)
and )
xo = I(ro + 5) = @(g)
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Accordingly from these equations, the tangent line of the graph of the curve z =
I(r + 3) at the point (rg,zo) equals

N 1 0
$—<P(g)— E(T+ B —‘I’(g))
and it intersects the line
ngr
0

at the point (ry,x1), where

L0, — 92l g0

C+dn=v@)-2G-22)

Thus

=0 {5@(%) + 9<I>(§) - %Q}

and, since 1 > 0,

_ o 0 0 1
pzo(0,6) = /11 +2i = o —5%0(5) =+ Q‘I’(g) 50

This proves (3.3).
For completeness we also check (3.1) for &, > 0. Now

3| letatl vy

=3 {fis_sle+2O)e(@)da — [, s (o+ae)p(a)dr |

_1 _p-2 &y _ (Y @
— 3 {e0- 22+ e - - D) + e
=§w(§)+9¢(§)—%@

where we used the identity 1 — ®(—a) = ®(a) to get the last equality. Now (3.3)
proves (3.1) and completes the proof of Theorem 3.1.

4. The SLLN for co{0,(1l,a+ X)}

We abide by the notation in the Introduction and let X denote an FE-valued
random vector with the probability law . The notation that follows is close to Borell
(1976).

The closure of E' in L?() is denoted by E,. There is an injective map I' : E!, —
E defined by

I'(n) = /E an(x)dy(x)
that is T'(n) is the unique element in E such that
) = [ @i

for every £ € E'. Set H, = I'(E/)) and h=T"'hif h € H,. The vector space H.,
equipped with the inner product

< h,k >H,=< iL, k >L2(v)
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is a Hilbert space, the so called reproducing kernel Hilbert space of . We let
| b ||z, = /< h,h >g, and denote by O, = {h € H.;|| h ||z, < 1} the closed unit
ball of H,. The set O, is a compact subset of the Banach space I and the closure
of H, in E equals the topological support of v. The vector space H,, is a y-null set
if H, is of infinite dimension.

For any set A C F and r € R, the r-section A, of A is given by A, =
{z € E; (r,z) € A}. In particular, the lift zonoid Z(a,v) introduced in the In-
troduction possesses the r-sections

Z(a,y)r =ra+I1(r)0,, 0<r <1

Ezxample 4.1. If -y denotes the distribution measure of real-valued Brownian motion
in the unit interval, that is 7 is Wiener measure on C([0, 1]), then for each 0 < r < 1,
the r-section Z(a,~), equals the set of all continuous functions z : [0, 1] — R such
that h =g4.¢ © — ra is absolutely continuous, 2(0) = 0, and

/1(h’(t))2dt < I(r).
0

Note that v(Z(a,v),) = 0 since v(Z(a, 7))

=(ra+I(r)O,) < v(1(r)O,) by the
Anderson inequality (see Anderson, 1955). [

Ezxample 4.2. We claim that
1

Actually this formula is a corollary to Theorem 4.3 below but a direct derivation
of the equation (4.1) may be of some independent interest. First for any £ € F’,

p(E[co{0,X}],&) = Efp(co{0, X}, ¢)]
= E[(X)*] =l € ll2¢y) E [GF]
where G € N(0,1). But
E[G] = /Z tTo(t)dt = \/%
= €l -

and we get
p(E[co{0,X}],&) =

Furthermore, the relation

£(h) = /E Ehiy
shows that
mna E(h) =1 € L2y

and, hence,
1 1
p(E[co{0,X}],§) = Wordis §(h) = p(—m

which proves (4.1). O

0+,9)

Next we introduce the Banach space F = RXFE equipped with the norm ||
(rz) lr=lr |+l 2z
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Theorem 4.3. With definitions as above,
Efco{0,(1,a+ X)}] = Z(a,v)
and if G € N(0,1),
p(Z(a,7). (0.€)) = E (o + &(a + X)) 7]

=E[(o+&a)+G | € llr2)) "]
for every (0,€) € R x E'.

Proof. For any (p,£) € F =R x E/,
p(E [CO {07 (17 a+ X)}] (0,8)=FE [p(CO {O= (17 a+ X)} ) (Q, 5))]
=E[(o+&@) +EX)T] =E[(o+&(a) + G [| € r2¢) "]

=p(Z,(e+&(a), [ € o))

where we used (3.2) in the last equality. Moreover,

p(Z(a,7),(0,6)) = (ml)frel%)gw)(m +¢&(x))

=max{or+&(z); z €ra+I(r)Oyand 0 <r <1}

=max { (¢ +&(a)r + 1(r) [| € [[L2(ry; 0 <7 <1} =p(Z, (0 +&(a), | € |l L2())-
This proves Theorem 4.3.

Introducing the projection Projg(r,z) = x, if (r,z) € F, Theorem 4.3 implies
that

Elco{0,a+ X)}] = ProjpZ(a, ")
={z€FE; |x—ra|n,<I(r)for some0<r <1}
which improves the relation (4.1).

Corollary 4.4. Suppose (X;)ien, is an i.i.d. in E where the law of each X; equals
v. Then

171
lim - La+ X)) = Z(a,) a.s. P
ngngon;CO{O,(,a+ )} = Z(a,7) as
and

n—oo

1 n
lim — 0,a+ X;} = ProjpZ(a, 5. P.
im igzl co{0,a } rojpZ(a,vy) a.s

In particular,

1 « 1
lim — c0{0,X;} = — O, a.s. P.
Jim 53 e0f0.X) = =0,
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5. Affine images of Z(a,~)

In this section, suppose 6°,6' € R and #° < #' and as above assume (X;);en,
is an i.i.d. in E where the probability law of each X; equals . Moreover, for each
RS NJr let

K2

L (a,) = {6(1,a+ X;); 6° <6< 6"}

or
0°,0" ) 1 0
L; 7 (a,7)=0"(1,a+ X;) + (0" —0”)co{0,(1,a+ X;)}
and set
1 n 0 p1
70%9 ==Ll .
()=~ 2t (a,7)

Since lim,,— o % Z?:l X; = 0 a.s. by the SLLN in Banach space (see Ledoux
and Talagrand, 1991, Corollary 7.10), Corollary 4.4 gives the following

Theorem 5.1. With definitions as above,

lim ZZD’GI(GW) =0°(1,a) + (0* —6°)Z(a,v) a.s. P,

n—oo
where

r—6°

(6°(1,a) + (0" — 09)Z(a,))r = ra+ (6" = )] (5r—p5

)0, 6° <r <o

Proof. To prove the last part in Theorem 5.1, the special case 0 = 6! is trivial
so we may assume 0° < 1. If (r,x) € 0°(1,a) + (6* — 6°)Z(a,v) there exists an s
such that (s,y) € Z(a,v) and

r=0+ (0" —0%s
x=0% + (6 —0%)y.

Now
r—°
5= 9T _go
and
0°(1,a) + (0" — 0°)(s,y) € 0°(1,a) + (0" — 6°)(s, sa + I(s)O,)
r—g°
= (T, ra + (91 — QO)I(m)O»}/)
Hence
r—0°
(0°(1,0) + (6" = 0°)Z(a,7)s 7+ (6" = 09) (5 —25)0,

and the converse inclusion is proved in a similar way. This completes the proof of
Theorem 5.1.
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6. CLT for co{0,(1,X)}

A general version of the central limit theorem (CLT) for the class K(B) based
on a certain entropy condition is submitted in Molcanov (2005, Theorem 2.7, p.
218). The purpose of this section is to show that the sequence

Vnép (% ZCO {0,(1,a+ X;)}, Z(a,’y)) , n €Ny,
i=1

converges in distribution to the supremum of the absolute value of an appropriate
centred Gaussian process. In this very special case, it turns out that the entropy
condition in Molchanov (2005) can be dispensed with.

To prove this, without loss of generality, we will assume that

E = span(a) + supp(7).

Let S and T = [—1,1] x S be the unit balls in the topological duals of E and F

respectively, and introduce
Ut)=(e+&a+X)" —E[le+&a+X)*], t=(08 €T,
and
{ dy(t,t') = max(| o — o' |, | £(a) = &'(a) |, | € = & llL2(1));
t: (975)’ t/: (Q/’é./) GT'

Let d be a metric for the weak”™ topology on T and recall that the metric space
(T,d) is compact. Note also that (7T, dy) is a metric space. In fact, if ¢ = (p, &),
t' = (0,¢) € T and dy(t,t') = 0 then p = ¢, {(a) = &'(a), and & = £ on H,.
But then & = ¢ on supp(vy) and it follows that ¢ = ¢’. Furthermore, the canonical
injection mapping of (T, d) onto (T,dy) is continuous by standard integrability
theorems for Gaussian semi-norms. Hence d and dy induce the same topology on
T.

Theorem 6.1. The process U = (U (t))ier is subgaussian with respect to the metric
cdy for an appropriate ¢ > 0, that is, there exists an ¢ > 0 such that

E [eA(U(t)fU(t’):| < e*;&d?,(t,t’)
for every A€ R and t, t' € T.

Proof. Suppose
P(x) = e —1, 2> 0.
If V is a random variable and the Orlicz norm

1%
| V |lp= inf {a >0; F [w(—)} < 1}
Q@
does not exceed 1, then there exists a numerical constant C' > 0 such that
E [eAV] < 602)\2, AeR

(see Ledoux and Talagrand, 1991, pp. 322-323).
Now, if t = (9,&), t' = (¢/,&') € T, t #t', and ¢ > 0,
Ut) —U(t)
r {1&( cdy(t, 1) )}
=F [exp(—(U(t) _ U(t/))2)] — 1.

c2d? (t, 1)
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But for any real numbers o and 3, | at — 87 |<] a — 3], and, hence,
(U@ -U) <] (e+&la+X)T = (' +&(a+ X))" |
+IE[(e+&la+X))" = (' +¢(a+ X)) |

2
§2|9—0’|+2|§—§'|(G)+\/;||€—§' lL2¢y) + 1§ =€ (X).
Now, defining n = £ — ¢ and applying the Cauchy-Schwarz inequality, we get for

c> /8,
U(t) -U()
|:1/}( CdU(t,tl) ):|

< B oplogpps (4 0= & P 420+ [ gy +P00)] 1
c2dg (t,t)
L (g (o= & P+ 4@+ [0 ) — 1
sz, cdy(t.t) Fo)
1- c2dZ (t,t)
1 36
S eXP(_Q) - 17
-5 ¢
2

where the member in the last line does not exceed 1 if ¢ is large enough. This
proves Theorem 6.1.

Let Y be a random vector in a real, separable Banach space B and suppose V;,
i € N4, are independent observations on Y. We say that Y satisfies the CLT if the
sequence

1 n
% ; Yvia ne N+7

converges weakly in B. If YV satisfies the CLT, Y € LP(P) for each 0 < p < 2,
E[Y] =0, and 7(Y) € L*(P) for each 7 € B’ (see Ledoux and Talagrand 1991,
pp. 273-274). In particular, Y is pregaussian, that is the covariance of YV is the
covariance of a centred Gaussian random vector in B.

Theorem 6.2. U satisfies the CLT.

Proof. Let G € N(0,1) be such that G and X are independent. The process
V = (£(aG + X))ees is continuous on (S, ds) where dg is a metric of the weak™
topology on S. Moreover, as above we conclude that the metric

dv (€,€) =aes VE[V(E) = V(E))]
= JIE=¢ 3, He- 2@

on S induces the same topology on S as dg. Hence V is bounded and continuous

on (S,dy) and the Talagrand regularity theorem (see Ledoux and Talagrand, 1991,
Theorem 12.9) gives us a probability measure m on S such that

b
f 1
lim h——— de =0,
b—0+ /0 m(Bay (§¢€))

where By, (§,¢) is the open ball of centre § and radius € in (S,dy). Here m is
termed a majorizing measure.
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Now let p be % times Lebesgue measure on the interval [—1,1] and denote by
By, (t,¢) the open ball in (7', dy) with centre ¢ and radius e. Then, if (0,§) € T
and 0 <e <1,

(/1' X m)(BdU (t,g))
m({¢" € S; max(|| £ — & L2y, | £(a) = €'(a) |) < e}

m(Bay (§;€))-

>

N ™

>

| ™

Hence,

. b 1 _
b1—1>%1+‘/0 \/ln (,u X m)(BdU (575))d5 =0

and since U is subgaussian by Theorem 6.1, a theorem due to Jain and Marcus
states that U satisfies the CLT (see Ledoux and Talagrand, 1991, Theorem 14.1).
This completes the proof of Theorem 6.2.

Next we introduce the covariance
R(p, p') = E[u(@)p' ()], p,p' € C(T)

and let Y be a centred Gaussian random vector in the Banach space C(T) with
covariance R. Then, in particular, the sequence

s, | 73 (o s X0)* B llo+ela+ X)) 1} | we N,

converges to the random variable

max | Y(o,
(Q,E)€T| (0,9 |

in distribution as n goes to infinity. The explicit form of the support function of
Z(a,v) given in Theorem 4.3 combined with the Hérmander embedding theorem
now yield the following

Theorem 6.3. The sequence

Vndp <% Zco {0, (1,a+Xi)},Z(a,7)> , neNg,

i=1

converges to maxier | Y (t) | in distribution.

7. On the excess return in investments when utility changes

In this section we are going to study the excess return in the classical mean-
variance approach to portfolio selections when utility is time dependent. There
is only one single stock (or fund) in the model and we suppose the stock and
bond price processes are [t0 processes with simple integrands and, in addition, the
instantaneous Sharpe ratio of the stock price is constant. Since our main interest
here is a sensitivity analysis of the average excess return of an individual investor
with changeable risk aversion, we find it natural to keep the instantaneous Sharpe
ratio constant since it reflects a constant market price of risk.

Throughout, transaction costs and taxes are neglected and we suppose the in-
formation structure (F(t))¢>o is given by the filtration generated by a standard
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Wiener process W = (W(¢));>0 in R. Furthermore, suppose 7' is a given positive
number and ¢, = nT, n € N. In the following, (S(t));>0 and (B(t));>0 denote a
stock price and a bond price process, respectively, and these processes are assumed
to be continuous and governed by the stochastic differential equations

ds
{ Sl = p(t)dt + o ()W (t), o1 <t <ty

dB()  _
B(tn-1) ’f'(t)dt, th—1 <t <tn,

where (u(t))i>0, (0(t))i>0, and (r(t));>0 are adapted processes satisfying the con-
ditions

B(8) = it r) in [tn 1t

o(t) =0(tp—1) in [tn—1,ts]

r(t) = r(th—1) in [th-1,tn]
O'(tn_l) >0

for each n € N. In addition, it will be assumed that the instantaneous Sharpe
ratio A of the stock price is non-zero and independent of time, that is

_op) —r@)
N= B A0 120

Next for each n € N, define

Xn-1(w) = o (tn-1,w)/c(0)
and note that xo = 1 and

filtn—1,w) = r(tn-1,w) = Xn-1(w)(p(0) = r(0)),
since the stock price has constant instantaneous Sharpe ratio.
Now, at time 0, consider a portfolio of wealth Ky, where the fraction « is put
into the stock and the fraction 1 — « into the bond. The (simple) return at time T'
of this portfolio equals

R(a) =r(0)T +a(S(T)/5(0) = B(T)/B(0)).

Next we follow a standard mean-variance approach and suppose the investor at
time 0 maximizes a linear combination of mean and variance of R(«) with a positive
weight on mean and a negative on variance:

max { E [R(a)] — 2 Var(R(a)) } ,
{ ) J

where k¢ is the risk aversion parameter at time zero. The solution to this maxi-
mization problem is

1 u(0) = r(0)
ag=———-
ko o(0)?
(see e.g. Cambell and Viciera, 2002).
The above optimal portfolio is not rebalanced during the time interval [0, T and

the excess return at time ¢ € [0, 7] equals

Eq(t) = ao(S(2)/5(0)) — B(t)/B(0)).
From this we get
Eq = agleo + Y1),

where
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and
eo = ((u(0) —r(0))t)o<t<r-

At time T the investor chooses an optimal portfolio with the new parameters
available at time 7" and continues successively in this way. The investor’s risk
aversion parameter equals k,,_1 at time ¢,_1, n € Ny. Thus for each n € N it
is assumed that the fraction «,_; of the investor’s wealth is invested in the stock
and the fraction 1 — a,,_1 in the bond at time t,_1, where

1 ﬂ(tnfl) — T(tnfl) _ )\ 1
Fn—1 o(tn—1)? Kn—10(0) Xn—1
and the portfolio is not rebalanced during the time interval [t,,_1, t,[. We introduce
Y, = 0(tn-1)(W(tn-1+1t) = W(tn-1))o<i<r
and denote the excess return during the interval [t,—1,¢,—1 + ] by

E,(t) = an—1(en—1(t) + Y (1)),

Op—1 =

where
en—1(t) = (u(tn-1) = r(tn-1))t = xn-1e0(t), 0 <t <T.
Thus defining
Xn = (0(0)(W(tn—1+1t) = W(tn—1))o<i<T
it follows that

En - 041171Xn71(80 + Xn) - (60 + Xn)

Kn—10(0)

and introducing

A
Kn—10(0)
the excess return process during period n equals

En = 9n71(€0 + Xn)

Note that 6,1 is F(t,,—1)-measurable for every n € N .

Below we will discuss how the above time-dependent aversion towards risk will
effect the average E, = %E?Ei of the excess return processes over the first n
periods. Clearly, if the risk aversion parameter is constant and equal to x at each
point of time, by the SLLN in Banach space the average E,, converges to #(0)60
as the number of periods goes to infinity.

In the following, for each n € N, it is assumed that 0 < K < kp_1 < k', and

we introduce

On_1=

and

>
>

6! = max(

k%5 (0)" ko (0) )

By definition the sequence (X, )nen, is an i.i.d. but the excess return processes
E,, n € N4, need not even be independent. Setting v = Px and using the same
notation as in Theorem 5.1,

1 n
- Z 0im1(Le0+ Xi) € 2857 (e0,7)
i=1
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for all n € N. Define

1
0 (90+...+9n_1)

n
and note that
(O, En) € 22" (e0,7).

By applying Theorem 5.1 we conclude that there exists an appropriate event
Qo of probability one, such that for every € > 0 and w € €y the random function
E, (w) is contained in the set

_ L s, On —0°

Oneo + (07 — ) ((57—75)Oy + Beo,n) (0, €)
for large n, where Bejo1)(0,¢) denotes the open ball of centre 0 and radius ¢ in
the Banach space C'[0,T]. Recall that O, is the set of all absolutely continuous
functions h : [0,7] — R such that

h(t)—/o f(s)ds

and
/0 F2(1)dt < o(0).

In particular, if h € O, | h(t) |[< 0(0)Vt, 0 <t < T.
Next we will give a more detailed analysis of the above bound on the process
(En(t))o<t<r at the time point ¢t =T If

0 =des O'(O)ﬁ,

) ] o O
M (0n) =des (Oneo(T) 466" — 67)1(( o1 — 90 )

and i i o 5 _ oo
m(80) des (Bueo(T) 56" — ) ((S2 7)),

it follows that for every w € )y and € > 0 the average excess return E,, (T, w) over

the first n time periods is smaller than or equal to M (6,) + ¢ and greater than or

equal to m(6,) — e for large n. The interval J(6,) = [m(6,), M (6,] is of maximal
length §(6* — 6°)\/2/m for 6, = (6" + 6'). Moreover, since I'(f) = —®~*(0) it
follows that the function M (6,), 6y < 0, < 61, has a maximum for

bun = 00+ (0 — 00)2( )

and

—~

T) eo(T)

€o

M(B) = (00 + 0" = 0L ey (7) 500" - 09)o( LT,
In a similar way, the function m(6,), #° < 8, < ' has a minimum at the point
Omin = 0° + (0" — 90)(13(—%;77))
and
M) = 0+ (6" — (= L)1) — s0" — )LL)

Note that M (Omax) is the smallest number b such that limes superior of the

sequence (E, (7)), is smaller or equal to b with probability one for all possible

n=1
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choices s, € [%0, %1} , n € N, and m(fnn) the largest number a such that limes

inferior of the sequence (E,(T))52, is larger or equal to a with probability one for
all possible choices s, € [#°, '], n € N.

Ezample 7.1. Assume the time unit is year and consider the following data

T=1/12
w(t) = 0.1
o(t) =0.2
r(t) = 0.05

and

KO =2
Kkl = 3.

In this special case the interval J(6,)/T is of maximal length 0.1152, that is
11.52% on the annual basis. Furthermore, M (0max)/T = 0.084 and m(0min)/T =
—0.032. Recall that for a constant risk aversion parameter (x° = k') the interval
J(0,,)/T reduces to a singleton set. [J

Acknowledgement. I am most indepted to Professor Bo Berntsson for introducing
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article.
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