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Abstract. In the classical occupancy scheme with infinitely many boxes, n balls
are thrown independently into boxes 1,2,..., with fixed probabilities p;, 7 > 1.
We establish approximations to the distributions of the summary statistics K,,, the
number of occupied boxes, and K, ,, the number of boxes containing exactly r
balls, within the family of translated Poisson distributions. These are shown to be
of ideal order as n — oo, with respect both to total variation distance and to the
approximation of point probabilities. The proof is probabilistic, making use of a
translated Poisson approximation theorem of Rollin (2005).

1. Introduction

In the classical occupancy scheme with infinitely many boxes, n balls are thrown
independently into boxes 1,2, ..., with probability p; of hitting box j, 7 > 1, where
p1 > po > ...>0 and E;’;l p; = 1. The summary statistics K, the number of
occupied boxes, and K, ,, the number of boxes containing exactly r balls, have been
widely studied. Central limit theorems were established by Karlin (1967), under
a regular variation condition, and Dutko (1989) showed that K, is asymptotically
normal, assuming only the necessary condition that its variance tends to infinity
with n. A full discussion of this and many more aspects of the problem can be found
in Gnedin et al. (2007); see also Barbour and Gnedin (2009), in which multivariate
approximation of the K, , is treated.

As regards the accuracy of the central limit approximation, Hwang and Janson
(2008) show that the point probabilities P[K,, = t] are uniformly approximated
by the point probabilities of the integer discretization of the normal distribution
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N (pin,02), where p,, := EK,, and o2 := Var K,,. The accuracy of their approxi-
mation is of order O(1/02), provided only that 02 — 0o as n — oo. This is the
same accuracy as would be expected for sums of independent indicator random
variables, and is thus a remarkably precise result. Earlier results, for instance those
of Mirakhmedov (1989, 1992), in a more complicated setting, require additional
assumptions. However, the proof in Hwang and Janson (2008) involves long and
delicate analysis of the corresponding generating functions. In this paper, working
within the context of a fixed sequence of p;’s, we derive an analogous approxima-
tion by purely probabilistic arguments, complement this result with a distributional
approximation in total variation, and investigate the quantities K, , as well.

The approach that we take begins with the well-known observation that, if the
fixed value n were replaced by a Poisson distributed random number with mean n,
then the numbers N; of balls in the boxes j = 1,2,... would be independent
Poisson random variables. Approximations of the kind to be discussed would then
be immediate, from the theory of sums of independent Bernoulli random variables.
The essence of the problem lies in the dependence introduced by fixing n. One
way of relaxing this dependence is to disregard the first few boxes, for which the
result is essentially known, and to use the fact that the number of balls falling in
the remaining boxes is now random. Indeed, defining j,, > 1 in such a way that

Pju—1 > 4n"'logn > pj,, (1.1)

it is immediate that

4logn\"
PN, >1forall j<j,—1 > 1 - — (1_ Og”) > 1-n?
4logn

n
so that, except on a set of probability at most n~3, we have
Gn—1
YL = jn—1, (1.2)
j=1
where I; := I[N; > 1]. Furthermore, a simple Poisson approximation argument,

due to Le Cam (1960) and Michel (1987), can now be used to get a sharp description
of the distribution of the remaining elements in the sum K, := -, I;, since

drv(L(Nj, § > jn), £(Lj, § > Gn)) < Pu = > pj,

J2Jn
where (Lj;, j > jn) are independent Poisson random variables with means EL; =
np;: see Barbour and Gunedin (2009, Sec. 2). This means that the random sequences
(I, j > jn) and (I[L; > 1], j > jn) can be constructed to be identical, except on a
set of probability at most P,,, so that, except on a set of probability at most n =3+ P,,
the distribution of K, agrees with that of a sum of independent indicators, the first
jn — 1 of which are equal to 1. Hence a discretized central limit theorem and
uniform approximation of point probabilities follow, using N'(pin, 02) as basis, with
accuracies O(o,' +n=2 4 P,) and O(0,,2 + n=3 + P,) respectively, and analogous
results are also true for the statistics K, ;.

The drawback to this very simple approach is that it need not be the case that,
for instance, P, = O(c,,2). For example, Karlin’s case of regular variation allows
the possibility of having 02 =< n?, for any given 3, 0 < 8 < 1. In such cases,
P, = (n"tlogn)!=#, so that P, = O(c,2) is not true if 8 > 1/2, and P, = O(0,; 1)
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is not true if 5 > 2/3. To get the result of Hwang and Janson (2008), we in general
need something sharper.

Our approach involves a technique analogous to that above, discarding a set of
indices for which the outcome is essentially known, and using the randomness in the
remainder. Foregoing the total independence of the above scheme, which costs too
much to achieve, we instead construct a conditionally independent sequence of Bi-
nomial random variables within the problem, and use these to provide the necessary
refinement. The way in which this can be done is described in Rollin (2005). There,
and in this paper too, we use translations of Poisson distributions as approxima-
tions, instead of discretized normal distributions, though, to the accuracies being
considered, they are equivalent: the translated Poisson distribution TP (u,0?) is
defined to be that of the sum of an integer a and a Poisson Po (\)-distributed
random variable, with A and a so chosen that a + A = p and o2 <A< o?+1.

Using this approach, we are able to prove the following two theorems. We use
drvy to denote the total variation distance between distributions:

drv(P,Q) = sgPIP(A)—Q(A)I,

and djoc to denote the local distance (point metric) between distributions on the
integers:

dloc(P; Q) = s_up |P{]} - Q{j}|
JEZ
We define jy so that

doop 212> ) pi= P (1.3)
j>jo—1 J>Jo
and let ng > 3 be such that j,, defined in (1.1), satisfies j,, > jo for all n > ng, and
also that ng/ log? ng > 16/ P.

Theorem 1.1. If u, := EK,, and 02 := Var K,,, then

drv(L(Ky), TP (pn,07)) = O(o;');
dioc(L(K ), TP (pn,02)) = O(0,2),

uniformly in n > ng.

Theorem 1.2. Forr > 1, setting i, := EK,,, and U?M = Var K, ., we have

dTV(‘C(Kn,T)vTP(/‘nmgi,r)) = O(O'r:});
dIOC(L(Kn,T)vTP(.Un,raarzz,r)) = 0(0;3),

uniformly in n > max{ng, e"/*,2r}.

2

n,r

Note that the variances 02 and o2, in the above theorems cannot necessarily be
replaced by their simpler ‘poissonized’ versions 62 and 672w from the model in
which a Poisson Po (n)-distributed number of balls are thrown. For instance, in
Theorem 1.1, the difference (5, /o, — 1) may tend to zero more slowly than o, !, in
which case it would dominate the error in the corresponding approximation. Note
also that the implied constants in Theorems 1.1 and 1.2 are the same for all choices
of the p;’s, as long as the quantities j,, jo and Py determined from (1.1) and (1.3)
are such that j, > jo, and that Py > 16 log? n/n. To this extent, the p;’s can also

be allowed to depend on n.
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Ro6llin’s theorem and our construction are set out in Section 2, together with the
general scheme of the proofs. The details for the two theorems are then given in
Sections 3 and 4. Some useful technical results are collected in the appendix.

2. The basic method

We begin with the following theorem from Rollin (2005). Let W be an integer
valued random variable, with mean p and variance o2, and let M be some random
element. Define

pa = EWIM); o3y = Var(W[M); 7% := Var(uu);
U

P o= E(0%); 2 = Var(od) M=) (21)

Of course, 02 = p? + 72.
Theorem 2.1. Suppose that, for some € > 0,

B{/'(U) = UFU} < el (2.2)

for all bounded functions f with bounded second derivative; || - || denotes the supre-
mum norm. Then there exist universal constants Ry and Rs such that

dry (L(W), TP (u,0°))
9 1 v er?
< E{dry (C0V | M), TP (uar, 03)} + o {142 4+ 55
dloc (‘C(W)v TP (:Ufa 02))
9 1 v oerd
< Efdioo( L0V | M), TP (g, o3))} + Rog {1475 + 75 .
Values of the constants are given in Rollin (2005). Note that (2.2) is exactly what
has to be established for the simplest smooth metric standard normal approximation
to L(U), using Stein’s method. For U a sum of independent random variables, €
would typically be the Lyapounov ratio, and thus the quantity o273 would be
bounded by an average of the ratios of third to second moments of the summands.
The theorem is useful provided that £(W | M) is such that it is well approxi-
mated for each value of M by the translated Poisson distribution with its mean
and variance as parameters. This is the case, for instance, for sums of independent
Bernoulli random variables, as well as for many sums of independent integer valued
random variables, as noted in Rollin (2005). Here is the result that we shall use in
what follows.

Theorem 2.2. Suppose that L(W | M) is the distribution of a sum -, I;(M) of
independent Bernoulli random variables with probabilities p;(M) such that pa ==
> 51 Pi(M) < oo a.s.; write o = 251 i (M)(1 = pi(M)), p* = E(03,) and
v? = Var(o%,). Suppose that v?> < Cp? for some C < oo. Then there exist
universal constants Cv and Cy such that

4C  C1V2
— + ;
p p
4C +2C
E{dioe (LW | M), TP (par,0%,))} < —— =22

= 2

E{drv(L(W | M), TP (uar,034))} <
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Proof. Bounds of the form

drv (L(W | M), TP (ar, 031)) min{Choy/, 1};

dioc(L(W | M), TP (uar, 034)) min{Cs0;/,1}, (2.3)
are given in Barbour (2009, Theorems 6.2 and 6.3), with C; = 4 and Cy = 280. The
former follows as in Barbour and Cekanavicius (2002, Theorem 3.1), and similar
techniques can be used to establish the latter; see also Rollin (2005). Then, by
Chebyshev’s inequality, P[o3, < £p*] < 4C/p*. The bounds follow by taking
expectations in (2.3). O

<
<

We now need to find a suitable collection of conditionally independent Bernoulli
random variables. To do so, we start by observing, as before, that it is enough
to consider indices j > j, in the sums, so we need only consider the distribution
of (Nj, j > jn). We realize these random variables in two stages: first, we realize
M := (Mj, j > jo) by throwing n balls independently into the boxes with indices
J > jo, with probability p;/Py for box j, and then ‘thinning’ them independently
with retention probability Py, so that, conditionally on M, the (N;, j > jo) are
independent, with N; ~ Bi (M, Fy). With this construction, it remains to evaluate
the quantities appearing in Rollin’s theorem, and to check that we have the right
result. More specifically, we need to check that, for some constants C, C’, C",

(i) v* < Cp?; (i) p* > C'o?, and (iii) ¢ < O"177 %07, (2.4)
uniformly in the stated ranges of n, for the random sums W, := 37, . I[N; > 1]
and Wy, := > .~ I[N; =r],r > 1. Theorems 1.1 and 1.2 will then follow directly
from Theorems 2.1 and 2.2.

The first two inequalities in (2.4) cause no great problems, since they involve

only variance calculations, though care has to be taken with the correlations in
Theorem 1.2, because the summands in

. MJ) Is M;—r
Uar = Pj(1— Py)™
are not monotone functions of the (negatively associated) M;. The main effort is
required in evaluating ¢ for the third inequality. We now sketch the structure of
this argument, leaving the details to the next two sections.
Take z(1), I > 0, to be either Bi(l, Py){[l,00)} or Bi(l, Py){r}, as appropriate,
(zero if I = 0). Then define the quantity U that we wish to address by U :=
> j>4. Yj, where

G o= E(z(My), y(l) == 2()—¢ and Y; = 7 'y (M;). (2.5)

Thus U is a sum of mean zero, weakly dependent random variables. In order to
approach (2.2), we begin by writing

E(UFU)} = Y EYFO)} = 7713 Y g0y OB{F (U + 77 1y,(00)},

32in 3>5n 120
where ¢;(1) := P[M,; =] and

Ui = Y (), (2.7)
s2jn
s#J
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and where
Mj(m) = (Mjs, 82 Jn, S #]) ~ MN (m; (ps/POjv 82 Jns S #])) (28)
has the multinomial distribution of m balls thrown independently into the boxes
with indices (s > j,, s # j) with probabilities (ps/Poj, $ > jn. s # j), with Py, :=
Py—p; > 3Py/4. We need to show that the expression in (2.6) is close to E{f'(U)}.
As a first step, we use Taylor development to discard all but the constant and

linear terms in E{f(Ugn_l) + 77 y;(1))}, establishing that
— n—l n—1
® Y Y a @y 0{EFOT ) - EF U )

J>gn 120
_ n—I -
—r Ny OEF WS < kot
The next step is to remove the [-dependence in the constant term, replacing U; Y
by U; (™) To make the computations, we realize U ;n_l
probability space by writing M(n) Mgg.n_l) + Z_]({)7 where M]@—l) and ZJ(D are

independent, and distributed as M](m) in (2.8), with m = n —1 and m = [, re-

) and U;n) on the same

spectively; and then defining U;nil) and U;n) as before, using (2.7). Using this
representation, we then show that

@ ’T_l ; ;qj’(l)yj(l){Ef(U;"l)) - Ef(U]("))

B[O = U] < ke

Although this has introduced a further term E[f’(U;"_l))(U;n_l) - U;"))] involv-

ing [, there is simplification because Ef (U n)) is multiplied by 3,54 q;(Dy;() =
EY; = 0, and hence drops out.
We now simplify what is left by showing that

@ | )3 gqj(l)yj(l){lE[f'(U§"l))(U§"l) -U™))

Bl UMEUS — UM < kso®r R

As a result of this, the quantity Ef(U J(n_l)) in (1) has been replaced by a multiple
of Ef ’(U;")), with errors of the desired order, which is a useful step in approaching
the intended goal of Ef/(U). There is also the quantity Ef’(U;"il)) appearing
in (1), but this is easily reduced to one involving only Ef’(U§")), too:

@ | Y Y a B OES U ) B UM < ko)

§>jm 120
At this point, we have thus established that
‘EUf(U) -2y ﬁjEf/(UJ?"))‘ < (ki + ko + ks + k)27, (2.9)
J>in

with

= 3" Wy Wy (1) — TEUM™ — U, (2.10)
>0
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and, for example by taking f(z) = z,
1 =EU? = 772> &
JZin
In parallel with the above reduction starting from (2.6), we now start with

Ef(U) = 72 wEf(U)

JZJn
= T2 R > GOES U + 7y 0), (2.11)
J2dn >0

and make two rather simpler steps, first proving that
6) |72 3w Y as DS U +77 2,0~ O < kst 0,
J2dn >0

and then that
6) 772> 8 Y aOES O )-ES UMY < koo,

JjZ2jn 120
Putting these two into (2.11), it follows that
Er@) =772 Y REFO)| < (ks + k)PS0, (212)

JZin
and combining this with (2.9) yields
E{f"(U) -UFWU)} < el (2.13)

with 07273 < Ele k; bounded, as required.

3. The argument for K,

We begin by noting, for future reference, that we have

Pn = maxp; < 4n~llogn < Py/4 < 1/8;
JZIn
np, < 16n 'log’n < Ry, (3.1)

whenever n > ng, and that 8 := (1 — Fy/2) > 3/4. We use ¢ and ¢ to denote
generic universal constants, not depending on n or the p;’s.

For K,,, we have L(W,, | M) that of a sum of indicator random variables I;(M),
j > jn, with probabilities

{1-0-P)"} = 2(My);
recall (2.5). Hence o3, = 3,5 2(M;)(1 — 2(M;)), and
P = Eoy = 3 E((1- A — (1 R)).
J2in

Applying Lemma 5.1 (iv) with z = /1 — P, and using the fact that np? < P, now

immediately gives the lower bound

P > ¢, Z e~ "Pi min{1, np,}, (3.2)
JZJn
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where ¢, = ¢(v/T— Py)e 2™, and ¢(-) is as in Lemma 5.1. On the other hand,
because the N; are negatively associated,

o? < Z Var I[N; > 1] Z{l (1=p)" (1 —=p;)" Z e~ "™Pi min{1,np,}.
J2Jn JZ2n J2Jn

It thus follows that p* > c,0?, establishing (2.4) (ii).

For v?> = Varo3;, we note that o3, is the difference of the random variables
s1(M) =3, (1= Po)™ and s3(M) := Y- (1 — Py)*s, thus implying that
v? < 2(Vars; (M) + Varsy(M)). Since (1 — Py)! is decreasing in I, we can use the
negative association of the M;’s to upper bound the variances:

Varsi(M) < > Var{(1-Py)™};  Varsp(M) < > Var{(1-Pp)*}.
J2dn J2dn
Now both of these quantities can be bounded by using Lemma 5.1 (iv):
Var {(1 — P))™} < e 2" min{1,206np;},
and
Var {(1— Po)*7} < e 27" min{1,20'np;},

with 3’ 1= 4 — 6P + 4P — P$. Thus p—21? is uniformly bounded, establish-
ing (2.4) (i). It thus remains to prove that ¢ < C”7 302 for some constant C”,
and we are finished. To do this, we successively verify the inequalities (1) — (6) of
Section 2.

To establish inequality (1), we note that its left hand side is bounded by

37020 > iy OPIF- (3-3)
324 120
Now |y;(1)] <1, and
YDy () = B{(1— P>} —{E(1 - P)"V}?,
>0
with M; ~ Bi(n,p;/P). From Lemma 5.1 (iv) with x = 1 — Py, it follows that
Z q; (l)yf(l) < e 2P min{1,26np;}. (3.4)
>0
Hence, from Lemma 5.4 (i),

33 Gy 0P < 73> apge e < KPP Va,
120 JZin

By (3.3), this proves (1) with ky = K(()wfl)_
For inequality (2), we have

E{FU) - fo ) = oo Ut < L E(US — Ut
(3.5)
Now

e - o) < B{( L Ao - ),

s>in
s#J
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(n—1)
and the collections of random variables (Z;?, 5> jn) and (1 — Py)Mis | 5> j,)
are independent, and each is composed of negatively correlated elements. Hence

PE(U - Ul < B( Y Bzl B{a- rpME )

s>jn
s#J

l (n=0)
+ P S E{(Z)E{ (1 - p)?t
s>jn

#i

Now routine calculation gives

POEZ(.l) < IPyps/Py; < 2lps; P2 E{(Z”) b < 20ps(1 + 2py):;

E{(I—PO) M l)} < e~ (n=0ps, E{(l_pO)QM;:d)} < e 2B(n=lps
and hence, with crude simplifications,

T2E{(U§n) —U§"71))2} < 101%e!n Zpse_w"ps < clPelPrpTlo?, (3.6)

$2Jn

this last using (3.2) and Lemma 5.4 (i), where 6,, := 2p,, and ¢ = 1O(K(2ﬁ )/cp).
Hence, putting (3.5) and (3.6) into (2), we obtain the bound

c - —
§||f”||7 s Z Zq]‘(l)|yj(l)|12€l6"n 102
§>jn 1>0
< 17302 || exp{0n (3 + npne/Po)} Z “mip (14 np;),
JZJn

by Lemma 5.1 (ii) and (iii), and this is uniformly of order 7=302|| f”|| in the stated
range of n, because

> pi(l4+np)e™™ < Pu(l+e™) and b, +ndupn < 5PR/A.
JZin
This establishes inequality (2).
For inequality (3), we begin by writing

E{(U;n_l) _ U(n))f/(Uj(n—l))}
= B{EU"" - U | M) - BT - UG 0 - £ e

—IE(UJ(”) v OEF (U, (3.7)

note that introducing f"(EU jn_ ) changes nothing, since it is multiplied by a quan-
tity with mean zero. The first term we bound by

n—I n n—I n—I1
Kl \/Var[IE(U; LUt M) \/VarU; ), (3.8)
Since
EU™Y g™ phy = 1= P (1= (1= p.Py/Poy)'}, (3.9
TE(U; JUIMTTY) = Y (= P)Me 1= (L= peRo/Pyy)'Y, (3.9)
s>jn

23
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and since the (M ;gil), $ > jn) are negatively associated, it follows that

7*Var [E(U;"il) — U;") |M;.”*l))] < 42 Z ple~28(n—Dp:
=
< 42ePnnTr/(28e) = d?eornTh,

for a suitable ¢. In much the same way, and using Lemma 5.1 (iv), we have

n— " P
TQVaI"U; D < Z Var{(l—PO)Mjgs l)} < 2—9 Z npse” 20 =0Ps < eldn g2,
s>jn

i i
Hence the first term in (3.7) is bounded by
et 2| f || e 0 2, (3.10)
for a suitable ¢. For the second, we replace IEf’(U;"fl)) by IEf’(UJ(")):
(n) (n—=1) 77 (n=0) R " (n) (n—1)y2
[EU;™ =05 OARS U ) =B (U < IF7IEGU; =057 )7}, (3.11)
which is at most e 2| f”||I2¢!9»n~"'0?, by (3.6). Putting these bounds into (3.7),
it follows that the left hand side in (3) is at most
er IS Y @iy ()] {in ™20 + a7t o®)
J2jn 120
< c’7'73||f"||{n71/20 Z npje” "I 4 0'2}, (3.12)
J2Jn
by using Lemma 5.1 (ii) and (iii), for suitable constants ¢ and ¢’. But now
Z npje” P < VK'no?,
J2Jn
by Lemma 5.4 (iv), and this, together with (3.12), shows that (3) is satisfied.
For (4), we use the simple bound
n—l n n n—I —
Ef @) B < B o< e (33)
This gives a bound for the left hand side of (4) of
TSN DS DO < TS mpg{e P ey

2jn 120 %
< kI f o,

by Lemma 5.4 (i); and hence we have proved (2.9).
For the remaining two inequalities, we observe that, from (2.10) and (3.4),

Ii;r = max{n;,0} < 2Bnpje 2"Pi, (3.14)

whereas, from (3.9),

;= |min{0, k3 < D gDy (D] Y 2Upse™ "I < enpiem Y pe e,

>0 5>9n $>jn

(3.15)
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from Lemma 5.1 (ii) and (iii). Hence, for inequality (5), we obtain the bound

TN kY@@l O < 202870 Y Igle™

J>dn >0 J>Jn
< e P e < kst 00| £], (3.16)
jzjn

by Lemma 5.4 (i), for a suitable k5. For inequality (6), we start from the bound

_ n n—I
2 S el S g OEU™ — o)

J2Jn >0
< TS Il S g 020t S pae
JZJn >0 SZ;Jn
-3 " . . —nps
< eSS Inglnps S pee
JZin 5> jn

again from (3.9) and Lemma 5.1 (ii), and substituting from (3.14) and (3.15) for |k,
gives at most

2
CT?BHJCNH Z (npj)Q{Pne*m”pj 4 e P (Z pse*nps) }

< ket f"] 0*, (3.17)

by Lemma 5.4 (i) and (iv). Since (3.16) and (3.17) together establish (2.12), we have
completed the proof of (2.13), and hence of (2.4) (iii), thus proving Theorem 1.1.

4. The argument for K, ,

Fix r > 1. We now require n to satisfy 4logn > r — 1 and n > 2r. Then, with
p:=pj,—1 > 4n"1logn, we have

. ny ., - .
Z P[NJ = T] < (]n - 1) (T>p (1 —p) <np 16 ( )ZD/T!
J<in
< n3(4logn) e /r! < c(logn) " inT3,

x

since 2°e”* is decreasing in z > s and 4logn > r — 1. Thus 3, , I[N;=r] =0

except on a set of probability of order O(n=3(logn)"~!), and we can restrict at-
tention to Wi, == >~ I[N; = r]. We recall that 8 := (1 — Py/2) > 3/4, and
that
Pn < Po/4 < 1/8 and np, < Py,
whenever n > ng. The generic constants ¢ and ¢’ are now allowed to depend on r.
For K, ,, the distribution £(W, , | M) is that of a sum of indicator random
variables I;(M), j > jn, with probabilities

(Afj)P(?(l—Po)Mj = #05)

recall (2.5). The argument now runs much as before, but is complicated by the
fact that z(-) is not monotonic in I. First, we have =3~ Ez(M;) = ., (s
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with ¢; := Bi(n,p;){r}, whence, defining

e 3 e

M - T
— r!
JZgn

)

it easily follows that
exp{—npl —n "2} < wfiy < €, (4.1)

for n > 2r, with both lower and upper estimates uniformly bounded away from
zero and infinity in the chosen range of n: hence p and [, are uniformly of the
same order.

Now
o = Y A(M)(1—2(M)) > Y (M)l - 2), (4.2)
JZdn J2dn
where z, := max;>, (i)Pg(l — Py)'=" < 1, and hence
0> = Eo2, > u(l —z,). (4.3)
For

0® = VarW, = > 3 {PN; = N. =r] = PIN; = 1[P[N, =]},
J2dn $2Jn

we use Lemma 5.3 for j # s to give

P[N; = Ny =r]| —P[N; =r|P[Ny; =r] < 2er(p; —|—ps)e4rﬁ"P[Nj =r|P[N; = 7],
and adding over j and s gives an upper bound of at most

¢ i) e "y (nps) e < Py
J>Jn 5>9n
For j = s, the total contribution to the variance is at most > .-, P[N; = 1] = p.

Hence, and from (4.3), we have

o2 = p* == f, (4.4)

where the implied constants are universal for each r. This shows also that (2.4) (ii)
holds.
For (2.4) (i), we take

2 = Var(0,) = Var (Z 2(M;)(1 — Z(MJ—))),
ij’Vl
to which we can apply Lemma 5.3, noting that 0 < z(1)(1—z(1)) < (i) Pr(1-Py)t.
For j # s, this gives
Cov {2(M;)(1 — 2(Mj)), 2(M;)(1 = 2(M;))}
< e(pj + ps)(n(pj + ps) + 2r)(np;)" (nps) e PP,
by Lemma 5.2. Adding over j and s, this gives at most
S pylp, + 200, Y (e
JZin $2jn

£ pilm e Sy} (1)

JZin $2Jn
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and this is at most ¢Py,fi, + K11 Py iy, by Lemma 5.4 (iii) and (v). The terms with
j = s give at most

Y E{Z(M)} <

JZin

P
G
{(np;)*" + (np;)"ye 2Pn=rps, (4.6)

by Lemma 5.1, and because Z(QT) < (2TT)Z(2T) +(27)(l(ry- Adding over j, this gives at

E{[(Mj)(zr) +(27) () (M) (] (1 = p0)2(Mj—r)}

IN

most a contribution of ¢fi,., by Lemma 5.4 (ii). Thus we have shown that v? < co?,
and (2.4) (i) is satisfied. It thus remains to show that ¢ < ¢7~302, and the proof is
accomplished.

To establish inequality (1), we again observe that |y;(1)| := |2(l) — Ez(;)] < 1,
and hence, recalling (3.3), that

ST D Bl Mp)P < w0 YD B (M) < er |
JZin JZin
as for (4.6); so (1) holds, as required.
For (2), we recall (3.5). We then note that, for u > r,

(Jo-rr (o

c(u) (1- Ry, (4.7)

r

l2(u+t) —z(w)| = F

IN

for ¢ a universal constant. From this, it follows that

(n=1)
n n—l l M'S (n=1)
Uy - U < Z{cI[ZJ(Qzll( i )(1—P0>Mﬂs
s>jn

s#j

r—1
l n—I
+ 31120 > v~ 1) = u]}. (4.8)
u=0

Since (z1 + -+ + 2,)? < r(z} + -+ + 22), we can bound TQIE(UJ(") - UJ("_”)2 by
considering the r different sums separately.

First, for
(n—1) -
E{ ( 2 I[Z;IS) =1 (MJ:“ )(1 - PO)M;S L))Q}a

s>jn
s#5

using the independence of Z](-D and MJ(,"_” and Lemma 5.2, and with §,, = 2p,, as
before, the off-diagonal terms give at most

c Z Z (l2pspt)(nps)r(npt)rein(pSert)ezén(2T+l) < 6112€2l6n nilpn,ara
$2jn t>jn
the last line using Lemma 5.4 (v). The terms with j = s then contribute at most

¢ Z lps(nps)r{l + (nps)r}e—2ﬁnpse2l6n < c’lezl‘s"n_lﬂr,
$2jn

using Lemma 5.4 (ii). The contribution to T2E(U§n) - U;n*l))2 from this first sum

is thus no more than cl2e?»n=1j,.
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For 0 <u <r —1, we need to find similar bounds for

! n—1 2
E{ ( S0zl v - Y = u]) }
s>jn
#i
Here, the off-diagonal terms contribute at most
e 30 ST () p ) g e I )
$ZJn t>jn
< C/(l/n)2(r—u)62l6nn‘ar,
by Lemma 5.4 (v), and the diagonal terms give at most
¢ Z (lps)r—u(nps)ue—npse25n(2u+l) < cl(l/n)r—ue%énﬂT'
$2Jn
Since, in the above, u < r — 1 and | < n, it follows that

PEUY - U2 < e, (4.9)

Returning to (2), and once again recalling (3.5), we thus have a bound of

WY Y a0l O U

§>in 120

- fir
T D Ll (M) | M e

]>]n
— ﬂT T —np;
< rE Y () (1 + (npy) e
J2Jn
c//lTT_stH” (Kr—l + KT+1)P77,7
from Lemma 5.4 (iii), and this, with (4.4), completes the proof of (2).
For inequality (3), recalling (3.7) and (3.8), we first need to bound the variance
Var {E(U™ — 0P | M)}, Now

IN

A

IN

B U M) = Y B (MY - 2 () M)
oy
Z gs M(n l)
s>jn
s#j

where, from (4.7) and the independence of ZJ(-%) and M§771),

IN

0l < 3= (;)0-RE, (4.10)

but gs is not non-negative. From Lemmas 5.3 and 5.2, the off-diagonal terms in
the variance Var {3, gs(M(

AP0 ST D pepilnps) (npe) e P

5> t>
x{(ps + pe)(L + nps + npy) +n~ (1 + nps) (1 + nps) + npspe }

)} contribute at most
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and, using Lemma 5.4 (v), this can be bounded by cl?e?%»n=2P, fi,. The diagonal
terms in turn yield at most

Z VargS(M;:_l)) < cl2e210n Z p?(nps)r(1+(nps)r)672ﬁnps < C/l2e2l§nnflpn7
s>jn 5> jn

#i

by Lemma 5.4 (iii). Since also fi, < en, it follows that

Var (EU™ U | M)y < erm2en iR,

n—I . . .. . .
For 72Var U J( ), the considerations are similar but easier, since we now have

0 < 2(t) < (:)(1_130) P

in place of (4.10), and the contributions from both diagonal and off-diagonal terms
are bounded by €%+ ji,.. Hence, and recalling (3.7) and (3.8), we have arrived at a

bound
E{EU"" —u™ | M)~ o) (oY) - fETT))Y

< er 2| f"|[1e%% /i P (4.11)

the analogue of (3.11),
B - U OB U ~EF U < e 2 ) e gy, (412)

follows directly from (4.9). Hence, for (3), we have

T > Oy OEL U - UPIEL (U))]

i>jn 120
n n—l n
—E[f'(U)EWU" Y — Ui}
< e D BAM |y (M) [N Y (Vg P /14 0 i)
J2Jn
< C’T’Bllf”l\{Z(npg)’““(unp "L (i B0 ),
i>dn
and since )
{Z(npj)ﬂrl(lﬂanj)e_"”j} < enPyjiy, (4.13)

J2Jn
by Lemma 5.4 (v), we conclude that inequality (3) is indeed satisfied.
For inequality (4), we use the simple bound in (3.13), obtaining

Y S GO ES W)~ B U))

JZjn 120

IN

TN Y B My (M)}

j>j’7l

e P F D (npy)" (L + (npy)" e 20 < P £,
J2in

IN
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from Lemma 5.1 (iii), in much the same way as for (4.6). Hence we have now
established (2.9).
For (5) and (6), we need the constants k;, for which we now have the bounds

K< clnpg)” (1 (npy)")e 2,
from (4.6), and
CE{ Mjly; (M;)|e*™5* }\/ fir [
¢ (np;)" (1 + npy)e "%\,
from (4.9). For inequality (5), this immediately gives a bound of

er 3N (gl npy) e < Rl
jzjn

IN A

using Lemma 5.4 (ii); for (6), we obtain the bound
VR A AV Iy e T
ij’Vl
where, for the contribution from r;, we again use Lemma 5.4 (v), much as for (4.13).
This completes the proof of (2.12), and thus of Theorem 1.2.

5. Appendix

We collect several useful calculations, the first two of which need little proof. We
write mg) :=m(m —1)...(m —s+1).

Lemma 5.1. If M ~ Bi(m,p), then for any x >0 and 0 < s < m,

(i) E{Myz"} = me(zp)® (1 +plz —1))" "
In particular, if v = €, where 0 < § < do < 1, and if (1 — P)e® < 1, then

(i)  E{Mhz"} < (mp)® exp{do(s +mpe)};

(i) E{My[(1— P)e’]M}

< (mp(1 — P))*e”m=9PP axp (s + mpe(1 — P)]}.

Furthermore, for 0 <x <1 and p < 1/2, we have
emp(l—m2){Ex2M o (ExM)2}
min{1, mp(1 — 2%},
where c¢(z) == min{(1 — e~ (1=2)%) (1 — z)2e~(1-2)")}.

A

(iv) c(:v)e_2mp2 min{1, mp}

IN

Proof. We prove only (iv). From (i), we have
C o)1 — )2\ m
Ex?M — (E2™)? = {1 —p(1— :102)}’”{1 - (1 - p—(ll_ ;()1(1_ a:2)) ) }

The upper bound follows immediately, using the fact that 1 —p < 1 — p(1 — z?).
The lower bound
efmp(17m2)72mp2{1 _ efmp(lfm)Q}

also uses the fact that p < 1/2, and the argument is completed in standard fashion.
O
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Lemma 5.2. Let (L,M,m — L — M) ~ MN (m; p,q,1 — p — q) be trinomially
distributed. Then
E{L(U)M(U)wL:vM} = M(yqo)(wp)*(xq)”(1 + p(w — 1) + g(xz — 1))" 77",

In particular, if 0 < w,z < e, where 0 < § < &y < 1, and if (1 — P)e < 1, then
E{L @y Myw"a™} < (mp)*(mq)” exp{do[(u +v) +m(p + q)e]};
E{L(U)M(U)[(l — P)els]L—’_M}

< (mp(1 = P))"(mg(1 = P))"e” tnmumpror
x exp{do[(u + v) + m(p + ¢)e(1 — P)]}.

Lemma 5.3. Let (L,M,m—L— M) ~MN (m; p,q,1—p—q) be trinomial, where
p+q <6 < 1/4, and let the functions f,g,h,k satisfy 0 < f(I) < h(l) and
0<g(l) <k(l) forl € Zs. Then

Cov (f(L),g(M)) < C1
= e(p + q){E(Lh(L)e* O )E(k(M)e*M?) + E(h(L)e* O E(MK(M )e*°)}.
If f and g are not nonnegative, but |f| and |g| are bounded as above, then
4
Cov (f(L),g(M)) < Cy+2m 'E(Lh(L)E(ME(M)) + ?mpth(L)Ek(M).
Proof. From the multinomial formulae, we have

F)g(v){P[L = u, M = v] - P[L = u]P[M = v]}

= Mp"qv{m(uﬂ)(l —p—=q)" " = mymy (1 —p)" (1 —q)" "}

ulo!
Fuw)g()P[L = uP[M = v]{(1 —p—q)~ ") -1} (5.1)
v](p+ ¢)(u+v)exp{2(p + ¢)(u + v + 1)},

h(u)k(v)P[L = u]P[M
where the last inequality uses p+¢ < 1/4. The first part of the lemma now follows.
For the second part, (5.1) should be replaced by

[f (w)g(v)[PIL = u]P[M = v]
e e G

<
<

after which we use the bounds

‘ (m —u)()

M(w)

-1

2uv pq m
< — l——————) -1 £ 4 3.
B0 ) < o

Lemma 5.4. Let ps, s > j, be nonnegative numbers summing to P < 1, and define

on(r) = Z(”Ps)refnps, r>1; o2(0) = Zmin(nps,l)efnpﬁ

5>j s>j
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Then there exist universal constants KT(O‘), K,, Ky, and K’ such that, for any

integers u > v > 0 and for any o > 0,
() D (mpa) e < Ko7 (0);
s>
(i) D (mp e < K6 (r);
s>
(#i1) Z(nps)“"’le_"ps < KunP;

52J

(iv) (Z npsefnps)2 < K'no2(0);

52J

(v) ZZ(nps)T+“(npt)r+”e_"(p°‘+p‘) < KyonPo?(r).

527 t=2]

Proof. The first inequality reflects the fact that z%+te=(1+®* < ze=* for 0 < z < 1,
whereas z" e~ (149 < e=%sup__, {ze7*%}: thus we can take K(*) = 1/ea. The

second is similar in vein, but easier. The third inequality, and case u = v = 0 in
the fifth, follow from

Z(nps)uﬂe_"ps = anS(nps)“e_"ps < nP(u/e)".

s>j s2J

For the fifth with « > 1, we write the sum as

_ _ o o r+v
n® Y ps(nps) eI Y py () T e T

-1 u—v
e ap )
T

5 =y Fu—l
and use Cauchy—Schwarz to yield the upper bound
2r+u+v—2
2 2r4+utv—2 _
Py ps(nps) eXP{ s }
$27
< nP>(npy)e " maxfe’ H  expl{—a(r + v — 1)/(r +u = 1},

s2]
noting that r 4+« — 1 > 1. For the fourth part, Cauchy—Schwarz gives

2
(ansefnps) < nansefznpS < Zmin{nps,efl}efnps.

s2J 2] 2]
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