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Abstract. In this paper, we establish moderate deviations for the chemical dis-
tance in Bernoulli percolation. The chemical distance D(z,y) between two points
is the length of the shortest open path between these two points. Thus, we study
the size of random fluctuations around the mean value, and also the asymptotic
behavior of this mean value. The estimates we obtain improve our knowledge of the
convergence to the asymptotic shape. Our proofs rely on concentration inequalities
proved by Boucheron, Lugosi and Massart, and also on the approximation theory
of subadditive functions initiated by Alexander.

1. Introduction and results

We consider supercritical Bernoulli percolation on the edges of Z?, where d > 2
is a fixed integer. The set of edges of Z¢ is denoted by E? and the set Q =
{0,1}" is endowed with the probability P = B(p)®E": the coordinates (we) g
are thus independent and identically distributed random variables following the
Bernoulli law with parameter p. We denote by p.(Z%) the critical point for Bernoulli
percolation on Z?, and in the following, p > p.(Z?) is fixed.

We denote by C., the infinite percolation cluster. The chemical distance be-
tween two points x,y € Z? is the length of the shortest open path between these
two points. Asymptotically, this chemical distance is equivalent to a determinis-
tic norm g — see Garet and Marchand (2004). Moreover, we even obtain large
deviations inequalities in Garet and Marchand (2007):

log P (O oy, 20U g1 —l—a))

Ve >0 Tim #@) < 0.
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Our main results here are the following moderate deviation estimates:

Theorem 1.1. There exists a constant C11 > 0 such that

Vy e Z* E(ID(0,y) — p(y)| Ljoeyy) < Crav/ |yl log(l + [|yllh). (1.1)
There exist constants Ai.9, B1.2,C1.9 > 0 such that
vy € ZN\{0}, Va € [C12(1+log [lyll1), lylly"”]

P <M >z, 0 y) < Apge Pt (1.2)

Vvl

There exists a constant Cy 3 > 0 such that, P-almost surely, on the event {0 < oo},
for t large enough,

BY(t — Cr3Vtlogt) N Cse C BY(t) C BY(t+ Cr3Vtlogt), (1.3)

where BY(t) = {x € Z¢ : D(0,x) < t} is the ball with radius t for the chemical
distance and B}(t) is the ball with radius t for the norm p.

In Kesten’s work on first-passage percolation, the analogue of inequality (1.2) is
valid for = € [0, ||y||1]. Note however that for x € [v/||yll1, ||y|l1], the large deviation
estimates are more accurate; on the other hand, we cannot extend our results for
x € [0,C1.2(141og ||ly|l1)] because of the approximation and renormalization process
we use in the proof.

Let us note first that the chemical distance between two points is infinite as
soon as these points are not in the same open cluster: to overcome this problem,
we introduce a variation of the chemical distance in the following way: for z €
7%, we denote by x* the closest point to z in Cs (for the ||.||;-distance). For
indeterminate cases, we choose x* to minimize z* — x for a given deterministic rule,
as the lexicographic order for instance. Then, we define:

Va,y € 27 D*(z,y) = D(a*,y").
We will mainly work with D* and we will come back to the chemical distance D

by bounding the discrepancy between the two quantities. Here are the results we
obtain for D*:

Theorem 1.2. There exists a constant Cy.4 > 0 such that
vy ez’ Var D*(0,y) < Crallyllilog(1 + [ly]1). (1.4)

For every D15 > 0, there exist constants A1, B15,C1.5 > 0 such that for each
y € Z\{0}, for each x € [C1.5(1 +log|yll1), D1.5v/lyll1],

P <|D*(O,y) —E[D"(0,y)]| > x) < Ay seBrse, (1.5)

Vvl
There exists a constant C1.g > 0 such that
vy € Z\{0} 0 <E[D*(0,)] — p(y) < Crev/ [yl log(1 + [|yll)- (1.6)

The last two inequalities easily give some constants Ay.7, B1.7,C1.7 > 0 such that
for every y € Z\{0},

D*(0 —
va € [Crz(1 + log i), /TolT) P('(’?”“@”>x>gAueBw%
Yl

(1.7)
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As in first-passage percolation (Kesten, 1993), the proof naturally falls into two
parts:

e the control of the random fluctuations of D*(0,z) around its mean value
(concentration property),
e the control of the discrepancy between the mean value of D*(0, z) and p(z).

In his original work, Kesten used martingale techniques. Such techniques were
also used by Howard and Newman (1997, 2001) for Euclidean first-passage percola-
tion (see also the survey by Howard, 2004 and by Pimentel, 2005 for the Vahidi-Asl
and Wierner model). Since then, the concentration method developed by Talagrand
(1995) offered a new approach to this kind of problems and allowed to improve
Kesten’s estimates. In the same spirit, Benaim and Rossignol (2008) managed to
enhance variance estimates in first-passage percolation. Here, we bound the fluc-
tuations (1.4) and (1.5) thanks to recent concentration inequalities of Boucheron,
Boucheron et al. (2003), which are easier to use than the abstract result of Tala-
grand.

The control (1.6) of the discrepancy between E[D*(0,y)] and p(y) usually relies
on the moderate deviations estimates for the fluctuations of D*(0,z) around its
mean value; it is particularly clear for the models with spherical symmetry such
as Euclidean first-passage percolation (see Howard and Newman, 1997, 2001). A
symmetry argument can also give simple proofs in the main direction, see Alexander
(1993). Since this argument does not apply in an arbitrary direction, we choose
to use the techniques developed by Alexander (1997) for the approximation of
subadditive functions.

The paper is organized as follows: in Section 2, we give some estimates for the
chemical distance D and its variation D*, that are mainly derived from Antal and
Pisztora’s results (see Antal and Pisztora, 1996) ; we also deduce Theorem 1.1 for
D from Theorem 1.2 for D*. In Section 3, we prove inequalities (1.4) and (1.5) of
Theorem 1.2, using concentration inequalities of Boucheron, Lugosi and Massart on
one hand, and a mesoscopic renormalization argument on the other hand. Section 4
is devoted to the control of the discrepancy (1.6) between p(z) and E[D*(0,x)],
following Alexander’s method.

2. Some inequalities

2.1. Classical estimates. For each z in Z%, we denote by C(z) the percolation cluster
of z; |C(x)] is its cardinal. Thanks to Chayes et al. (1989), we can control the radius
of finite clusters: there exist constants As 1, Bo.1 > 0 such that

vr >0 P(|C(0)] < +oo, C(0) Z [-r,...,7]%) < Agqe” P27, (2.1)

We can also control the size of the holes in the infinite cluster: there exist two
strictly positive constants As o and By o such that

Vr>0 P(Coon[-r...,7%=2) < Ayse™ P27, (2.2)

When d = 2, this result follows from the large deviation estimates by Durrett
and Schonmann (1988). Their methods can easily be transposed when d > 3.
Nevertheless, when d > 3, the easiest way to obtain it seems to use Grimmett and
Marstrand (1990) slab’s result as follows:
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Proof: Suppose d > 3 and p > p.. For k € Z, let us denote by p.(Sk) the critical
value for the existence of an infinite cluster contained in the slab
S =17%x{0,1,2...,k}¢2

The sequence (p.(Sk))k>1 is non-increasing. Its limit is denoted by pSlaP. By

(&
Grimmett and Marstrand (1990), we have pf2P = p.. Let us choose k such that

pe(S) < p. Let us note v = (0,...,0,1) € Z¢ and, for x € Z4,
E, = {every open path starting from x and contained in x 4 Sy, is finite.}.
By definition of p.(Sk), ¢ = P(Ep) < 1. Since
d
— . o =9 N E v
{l=n,...,ml"N G e 0<i<Int(n/(k+1)) A
the independence of disjoint slabs gives

1
P([—n,...,n)% N Chp = 00) < ¢+ < Z exp(—Bn),
q

withB:—k—_lHlnq>O. (]

2.2. Estimates for the chemical distance. The following lemma is a consequence of
an auxiliary result obtained by Antal and Pisztora (1996). This lemma actually
contains the two theorems stated in their article.

Lemma 2.1. There exist positive constants a3, 2.3 such that
Yy € 74 E[ea2A31{0<—>y}D(07y)] < P23yl (2.3)

Proof: Inequality (4.49) in Antal and Pisztora (1996) says that there exist an in-
teger N and a real ¢ > 0 such that

V>0 POy, D0,y)>0) <P (Z(W +1) > chd> :
i=0
where the C;’s are independent identically distributed random sets, such that there
exists h > 0 with E[exp(h|C;|)] < 400, and n is an integer with n < |y|l1/2N,
which leads to n + 1 < |ly||1. Thus, for each £ > 0,

P0 <y, D(0,y) 2¢) < P00 <y D0,y)>{/2)

n f .y
< . Z
< P<l§_0(|CZ|+1)>2cN )
lylls o rra
2N
< P =(Cl+1)>¢
< (Gl +1) =

i=1
Of course, the last inequality remains true for ¢ < 0, which proves that
L{oeyy D0, y) = prlVIn,

where p is the distribution of 2];7 : (|Co|+1) and =< denotes the stochastic domination.

Thus, we can choose o3 = hgz and (2.3 = log Elexp(h|Co| + 1)]. O

Corollary 2.2. There exist some constants p, A 4, Bo 4 > 0 such that
VyeZ Vt>plylli PO <y, DO,y) >t) < Agsexp(—Boat). (2.4)
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Proof: Let y € Z% and t > 0. With the Markov inequality and (2.3), we get
P(0 < y, D(0,y) > t) < e 23 E[e22 0 POV < ofrsllvih—eazst

To get (2.4), we take p > 2%. O

2.3. Estimates for the modified chemical distance D*. We now show some estimates
for D* that are analogous to the ones that we have obtained for the chemical
distance D:

Lemma 2.3. There exist some constants p*, As s, Bas, o6, 02.6, Aa.7, Baz > 0
such that, for each y € Z%:

vt > p*llylli P(D*(0,y) > 1) < Assexp(—Bast), (2.5)
E[eaz.sD*(O,y)] < eﬁz.el\yl\l7
<

1(D*(0,9) = p"[lyll) |2 Ag.7 exp(=Ba.rlyll)- (2.7)
Proof: Let A = 4—1p and p* = 2p. Since D*(0,y) = D(0*,y*), we have
P(D*(0,y) > 1) < P(|0%]L = At) + P(|ly™ =yl = At)

+ ]P(]l{m_,b}D(a, b) > t).

[lalls <At
llo—ylli <At

The first and second terms are controlled with (2.2). If ¢ > p*||y||1, then for each
term in the sum, we have:

t t

la=bll1 < |yl +2Xt < 5~ + 2t = —,

2p P

which permits to use the bound in (2.4), and hence completes the proof of (2.5).
Now, for y € Z4\{0}, it follows from (2.5) that

“+o0
E[eaD*(O,y)] _ 1+/ ]}D(D*(O,y)>t)aeatdt
0

IN

—+o0
er llylix +/ Ag 5 exp(—Ba st)ae®dt,
PNyl
which gives (2.6), taking for instance o g = Ba.5/2. Similarly, using (2.5) again,

+oo
E([(D*(0,y) = p"llyll)*]?) = /0 P(D*(0,y) = p*llyll > t)2t dt

—+oo
< Agsexp(—Baso®llylh) / 2t exp(—Bast) dt,
0
which gives (2.7). O

2.4. Proof of Theorem 1.1. Let us see how Theorem 1.1 follows from Theorem 1.2.
The estimate (2.1) about the radius of large finite clusters makes us able to prove
that on the event {0 < y}, the quantities D(0,y) and D*(0,y) coincide with a huge
probability: indeed, on the event {0 < y, 0 < oo}, the identity D(0,y) = D*(0,y)
holds, and we can bound the probability

P(0 <y, 04 o0) < szle_BQJHyHl'
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Proof of Theorem 1.1: We begin with the proof of (1.1). Let y € Z.
E(ID(0, ) = ()L {oey})
= E(D(0,y) = n(y)L{oey, 0000}) + E(D(0,y) — u(y)[L{oery, 0p00})-

On one hand, with the Cauchy—Schwarz inequality and the estimates (2.4) and (2.1),
we have

E(1D(0,y) = m(y)[1g0-y,0400})
< (D0, y) = p@) Loy |2V PO < 3,0 # o)
(ID(0, )L oy ll2 + () VB(O < 3,0 > 00)
= o(Vlyl1og(1 + [1ylln)) -
On the other hand, with the inequalities (1.6) and (1.4) in Theorem 1.2,

E(lD(Ov y) - /J'(y)|]]-{0<—>y,0<—>oo})
E(ID*(0,y) — u(@) {0y 0000})

A

IN

< E(ID*(0,y) — n(y)])
< |E[D*(0,y)] — w(y)| + /Var (D*(0,y))
< Curollyll* log(1 + [lyll) + (Crallyll1 log(1 + [lyll)) /2,

which proves (1.1).

Now we turn to the proof of (1.2). Let y € Z<.
For each x € [Cy7(1 + log|lyll1), v/Ilyll1], inequality (1.7) in Theorem 1.2 and the
estimate (2.1) ensure that

[DO.y) —nWl _ .
P( N T y)

Yl

< Alje*Bljz +A2,1€732‘1”y”1.

Since = < \/||yll1 < ||yll1, this proves (1.2).
The proof of (1.3) is standard from (1.2) — see for instance the proof of Theo-

rem 3.1 in Alexander (1997). O

3. Moderate deviations

We prove here the concentration results (1.4) and (1.5) for D*. The proof is of
course based on Kesten’s one (see Kesten, 1993); however, to overcome the lack of
integrability of the chemical distance, we use an approximation and renormalization
process: for a real t > 0 and any k € Z9, we denote by AL the set of edges whose
centers are closer to tk than to any other point of the grid tZ¢ (in equality cases,
we use an arbitrary deterministic rule to associate the edge to a unique box). We
say that a point in Z¢ is in the box Al if it is the extremity of an edge in this box:
thus, the boxes (AL)ez« partition the set of edges E?, but not the set of points Z.

We denote by Dt(a,b) the distance obtained from the chemical distance as fol-
lows: if two points z and y are in the same box Af, we add an extra red edge
between them with length Kt, where K is a constant such that K > 4p. Red edges
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are deterministically open. For t large enough, we will check with Lemma 3.3 that
D*(0,y) and D!(0*,y*) are really close.

Since D!(0,y) can by deterministically bounded, we can localize optimal paths
in a deterministic box, which was not the case with D*. Thus we can use a con-
centration result of Boucheron et al. (2003) to bound the fluctuations of D!(0,y)
around E[D*(0, y)]:

Lemma 3.1. For every Cs1 > 0, there exist constants Bs.1,v > 0 such that for
every y € Z\{0},

D® — E|D7*
Ve < Coallyl? P (' O.y) ~ B O x> < 2exp(—Bsr). (31)

vyl

Proof: Let C3.1 >0,y € Z% and t > 0 be fixed. One of the ingredients of the proof
is the existence of exponential moments for D?(0,y), which mainly follows from the
existence of exponential moments for D*. First, since we may use red edges,

D!(0.y) < Kt (”y”l n 1) K(lylls +9). (3.2)

Let us now see that there exist constants «, 3,7 > 0 such that
vy € Z\{0} ¥t >0 logE(exp(aD*(0,y)) < Bllylls + nt. (3.3)
Note first that the triangle inequality and (3.2) ensure that
D'0,y) < D'(0,0")+D"0%y") +D'(y",y)
< KQ@A(0-0% + lly = y7l) + D*(0,9).
With Holder’s inequality, we get
E(exp(aD!(0,y)) < exp(2aKt)[Eexp(3aK]||0 — 0*[1)]*3[E exp(3aD*(0, y))]*/>.

Inequalities (2.2) and (2.6) give then the announced control (3.3).

By (3.2), any path realizing D*(0,y) stays inside a finite deterministic box: the
quantity D?(0,y) only depends on the edges inside a finite family of mesoscopic
boxes (A%)pcza, that we number from 1 to N. Let Uy,...,Uyx be the random
vectors such that U; contains the states of the edges in box number 7. There exists
a function S = Sy ; such that

Dt(Ovy):S(UlaaUN)

Note that the (U;) are independent. Let Uj,...,Up be independent copies of
Ui, ...,Un;set SO = S(Uy,...,U;_1,U/,Us1,...,Ux) and

N

V+ = E Z((S_S(l))+)2|UlaaUN )
i=1

V. o= Z (S = SD) 2|y, ..., Uy

We can already note, with the Efron-Stein-Steele inequality (see Efron and Stein,
1981 and Steele, 1986 or Proposition 1 in Boucheron et al., 2003) that

Var D'(0,y) < E[V_]. (3.4)
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Moreover, Theorem 2 in Boucheron et al. (2003) gives the following concentration
inequalities: for every A, 6 > 0 such that A\ < 1:

log Blexp(A(S ~ EIS]))] < fie log E [exp <%>} , (3.5)
log Efexp(~A(S ~E[S]))] < 1oz logE [exp (%)] C36)

Let M'(y,z) denote the shortest path for D' between y and z, chosen with any
deterministic rule in undetermined cases. If we denote by R; the event " M*(0,y)
crosses box number i, we can see that S0 — § < Ktlpg,. Thus, if Y denotes
the number of boxes visited by M?!(0,y), then K?#?Y is an upper bound for V_.
The usual ||.||; distance between points that are in the same box Al is at most
t+2 < Kt, so we can find an ordinary path x, . .., 2y, with £ < D*(0,y) that visits
the same boxes than M%(0,y) does, and satisfies to £ < D*(0,y). Denote by a the
smallest integer greater than ¢: we can extract from zg, ...,z a finite set x’l, ..a

with n < Int(é)—i—l < M + 1 and
{$07-"7$€} - igl {y : ||y—x;H1 < a’}'

Since {y : ||y — #}||1 < a} meets at most 3¢ boxes, we get Y < 3¢(1 + D*(0,y)/t),
which leads to

V. < 34K%(DY0,y) +t). (3.7)

This bound, together with the existence of exponential moments for D¥(0,y), allows
to bound the lower fluctuations. On the other hand, we cannot obtain such a simple
bound for V. Instead, we use a variant of inequality (3.5), which was given to us
by R. Rossignol and M. Théret:

Lemma 3.2. Assume there exist 6 > 0, real functions (p;)1<i<n, (¥i)i1<i<n and
(9i)1<i<n such that for any i,
(S — SO < 4ps(U)) and (S — SN2 < @;(UNgs(Un,...,Uy)

K2

and o; = B[e?¥ (U o, (U;)] < +00.

n

Ifrw = Zaigi(Ul, ..., Uy), then for every 0 > 0 and every A € [0, min(4, §)),

i=1

log Efexp(A\(S — E[S])] < 1 fi ZlogE [exp <ATW>} . (3.8)

Proof: For any A > 0, and any i € {1,...,n},

A5 -5 = ASAST =S (g 502
e)xSe)\wi(U{)(S _ S(Z))%
AN oy (U])gi(U)
= Mg, ()M U, (UD).

IN

IN
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Thus, for any A € [0,6] and any ¢ € {1,...,n},
E[e* (S - SU2] < B[ g(0)eM Vg, (u))]
= E[e* g (U)|E[e™ V) oy (U])]
= E[e)‘sozigi(U)].

Let us note F(\) = E[e*] and ¢(2) = e* —z—1. According to Lemma 8 in Massart
(2000), we have for every A € [0, d]:

M=

AF'(A) = F(A\)log F(\) < > E[eM o(=A(S — SO 115 s050)]

E[e)\S)‘_2(S _ S(z))2]
9 +

-

<

1=1

2 : _
3 (s - 50

-

N
Il
il

? Ele* aigi (V)]

-

Il
il

IN
>

= NE[Wer],
and the rest of the proof is the same as the proof of Theorem 2 in Boucheron et al.
(2003). O
Remember that S0 — S < Ktlg,; thus we can take ¢; = (Kt)?, ¢; = Kt,
gi = 1, and o; = Kte®K?t; we get
W = K22 Kty < 39 K% K139 (DY 0,y) 4 1).
To recover an inequality similar to (3.7), we choose § = 1/t:
max(V_, W) < 3¢K2e5t(D(0,y) +t). (3.9)

The optimizations for § and X in (3.6) and (3.8) can then be treated simultaneously,
we only need to keep track of the two conditions: A < 1/6 and A < 1/t. Let us take
the constants «, 3,1 given in (3.3), and choose A, ¢ > 0 such that

{ A< 1/t
2 1 «
AT < 23dK2eK ¢

Setting 0 = %, the condition X\ < 1/2 is satisfied, so we can use (3.6)
and (3.8). Since §3?K2%eft = a, estimates (3.3) and (3.9) say that

0 ,
1i—)\9 logE {exp (%)} < 2MlogElexp(a(D'(0,y) +1))]
2-37K%ek
< ZER iyl + (o + )
< LX(tlyl + ), (3.10)

where L is a constant such that L > % max(3,n+ «) and L > C5.1/2 — the
last condition will be used at the very end of the proof. Similarly,(3.9) gives

Y AW
= 2 ) < LA? 4. .
5 108 E [exp( J )} < LA(tlyll +t7) (3.11)
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Thus, for any u > 0 and any )\, ¢ > 0 such that A < 1/t and \? < %3dK°‘2€Kt, the
Markov inequality, (3.6) and (3.8) ensure that

P (|D*(0,y) — E[D*(0,9)]| > u) < 2exp(—Au+ LX*(¢]yll1 +t*)).

But taking A = x||y||1/2 < we get
2Lty + 6~ 2Ly
1/2
v<2Llyl” { A<t
(o]
z? < %ﬁtﬂyﬂl A° < 5 3TRTeRT

and taking now u = x+/||y||1, we obtain

D'0.9) ~ED' O Y o (—_ 2lull
P( NI - )Sz p( 4Lt<||y||1+t>>'

K2l
L

1/2 A< 1/t,
e RO
— 23dK2eKt

and we obtain, for any z < Cg,lHyM/2 < 2L||y||1/2:

. <|D'yz(0,y) B[00,y x) e <—4j~j—7 1 > |

>< e —
Vil 1+ 2Ly

which ends the proof of Lemma 3.1. O

At last, taking ¢ = yx with v = %

, we see that

Lemma 3.3. There exist constants As.12, B3.12, A3.13, B3.13 > 0 such that for every
y € Z and every t < ||y,

P(D'(0%,y*) # D*(0,y)) < Asaz(1+[lyl1)* exp(=Bsiat),  (3.12)
ID*(0,y) = D(0%,y")llz - < Asas(1+[|yll))"*" exp(~Bsast).  (3.13)
Proof: Set ' = {z € Z¢: ||z||1 < 3p*|ly|1)} and
L = {M'(0",y") cT},

A = n 1 - D ,b <92 —b ,
a,ber: Ha7b||12t{ {abyD(a; ) < 2plla — b1}

B = QF {a€Cy or Cla) Ca+[~t,..., t]%.

Let us say that two boxes AL and Al are x-adjacent if ||k — {| = 1. For k € Z4,
we say that the box Al is good if any x € Al communicating with any y in A} or
in one of the 3% — 1 x-adjacent boxes is linked to y by an open path with length
smaller than 4pt. We also set
G = N Al is good.}.
el iy je A 15 8000
Let us prove that
LNANBNG C{D'(0*y*) = D*(0,9)}. (3.14)
Let us focus on the event LN AN BN G. On the event L, the optimal path

MY0*,y*) = (0* = yo,...,yn = y*) stays inside I'. This path is composed by
three types of portions: sequences of red edges, sequences of edges in the infinite
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cluster and sequences of edges in finite clusters. To jump from a finite cluster to
the infinite cluster, the path has to use a red edge. Set

io = max{i: D(0*,y;) = D'(0*,5)}.
To prove (3.14), we just need to show that ig = n. Since D(0*,y;,) = D*(0*,y;,) <
D' (0*,y*) < D*(0,y) < 400, the point y;, is in the infinite cluster.

Assume by contradiction that ig < n: the edge between y;, and y;,+1 is not
open, otherwise the maximality of 7y would be denied. It is thus an extra red edge,
with length Kt, added between two points of a same mesoscopic box: therefore,
D (i, yio+1) = Kt. If y;, and y;, 11 are in the same open cluster, since G' occurs,
D(Yiy, Yig+1) < dpt < Kt. But then D(yi, Yig+1) < D (yiy, Yig+1), Which would
contradict once again the maximality of ¢o. Thus, y;, and y;,+1 are not in the same
open cluster, which means that y;,4+1 is not in the infinite cluster. Let

jo=inf{j€fio+1,...,n]: y; € Cx}.

Since y,, € Cs, we know that jo < +00. Between y;, and y;,, the path alternatively
uses red edges and pieces of finite clusters. Look now at this microscopic path at
the mesoscopic scale — i.e. consider the path of coordinates of mesoscopic boxes
successively visited. A site of the mesoscopic path is said to be red if the portion
of the microscopic path crossing the corresponding mesoscopic box contains a red
edge. Since event B prevents any finite cluster in I" to link two non *-adjacent
boxes, two consecutive red sites of the mesoscopic path can not be separated by
more than one non-red site. Let us also remark that the edge linking y;, (in the
infinite cluster) and y;,+1 (in a finite cluster) has be be red. Thus at least half of
the sites of the mesoscopic path are red. Consequently,
D(yimyjo) > Dt(yimyjo) > M X %

If y;, and y,, are not in *-adjacent boxes, then ||y;, —yj,|l1 > ¢ and at the same time,
D(Yig Yjo) = 5 yio — vjoll1 > 20||Yio — Yo l1, Which cannot occur on event A. Thus
vi, and yj, are in x-adjacent boxes: the event G ensures then that D(y;,,vy;,) <
4pt < Kt < D'(yiy,Yj,), which contradicts once again the maximality of ig and
ends the proof of (3.14).

Thus P(D*(0,y) # D'(0,y)) < P(L¢) + P(A°) + P(B¢) + P(G®), and it now
remains to bound each of these four probabilities.

To bound P(L¢), let us note that since K > 1, any point in M*(0*,y*) is at a
||.|[1-distance less than D!(0*,y*) from 0*. Since D*(0*,y*) < D*(0,y), we have,
using (2.2) and (2.5),

P(L?) = PM'(0%,y") ¢ T)

K
X Kt = 5”2410 _yjr)”l'

< P(0=0"1 = p*[|yllr) + P (D*(0,) > 2p"[yll1)
< Aggexp(—Baallyll1) + Az exp(—2p" Bas|yl1)-
With (2.4),
P(A®) = > P(D(a,b) > 2p|la — bl|1)

a,beT: |la—bl||1 >t

= Z As 4 exp(—2Bs gplla — b||1)
a,bel: |la—b|[1>t

= (1+2p2]ly[l1)** exp(—2Bs.apt).
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With (2.1), P(Bc) = (1 + 3p*||y||1)dA2,1 exp(—Bz,lt).
Remember that p > 20323/as3. Thus, if [ — k||l < 1, x € Al and y € A},
with (2.4),

Pz <y, D(x,y) >4pt) < exp(—dazspt)exp(Baslly — 1)
< exp(—4(az3p —2B23)t).
Thus,
P(G°) < Z P(A} is not good)

&l <1+3p* |yl /¢t

< > > > Y Py, Dix,y) > 4pt)
Bl <14+3p* |lyll1/t €A [[€—Ellco ST yEA

< B+6p |lyll/t)(2t +1)93%(2t + 1) exp(—4(az.3p — 262.3)1).

Since t < ||y|l1, we get (3.12).
For the second point, note that

0 < D*(0,y) = D(0",5") < p"lyll1L{p(0,9) 2D 0%y)y + (D (0.9) = p7[lyll1) "
Thus
ID*(0,y) = D"(0%, 52
< pllylhiV/BD*(0,y) # DH0%,y*)) + [(D*(0,9) = p*[lyll)* 2,
and we conclude with (3.12) and (2.7), using once again that |ly||; > ¢. O

We can now move forward to the proof of (1.4) and (1.5) in Theorem 1.2. The
idea is quite simple: we use the estimates obtained for D? in Lemma 3.1, and bound
with Lemma 3.3 the approximation error between D* and D°.

Proof of (1./): We can write, for y € Z4,
Var D*(0,y)
2(Var D'(0,y) + Var (D*(0,y) — D*(0,y))
2Var D*(0,y)
+4 (E[(D*(0,y) — D(0*,y))*] + E[(D"(0",y") — D'(0,9))?]) -
We take t = 5:113 log(1+ |lyll1) < |lyllx as soon as ||y||; is large enough.

e With (2.7), we know that E[D*(0,y)] = O(||ly||1); using (3.4) and (3.7), we
get:

Var D'(0,y) < 3°K*(tE[D*(0,y)] + t*) = O(|ly[l1 log(1 + [ly[l))-
e Inequality (3.13) ensures that
E [(D*(0,y) = D*(0%,y"))*] < A3 15(1 + [lyll1)***2 exp(=2B3.15t) = O(1).
e The triangle inequality for D! together with (3.2) ensure that
[D'(0%,y*) = D'(0,y)] < D"(0,0") + D'(y,y")
< K07+ lly = vl + 20).
Minkowski’s inequality and (2.2) say then that
1D (0%, y*) — D*(0,9)||2 = O(log(1 + [ly[|1)),
which ends the proof of (1.4). O

<
<
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Proof of (1.5): Let us remark first that it is sufficient to prove (1.5) for y large
enough. Let Dy 5 > 0. Choose v given by Lemma 3.1 with C31 = D1 5. We set

4d d+1 }
"yBs12 YB3z |

01,5 = Imax {1

For every y € ZN\{0}, if z < Di5v/|lylli and = > C1.5(1 + log|y|1), then, us-
ing (3.13) and (3.2),
[E[D™(0,y)] — E[D7*(0,y)]|
[E[D™(0, )] — E[DY*(07, y")]| + [E[D7*(0%, )] — E[D7*(0, y)]|
1D7(0,y) = D7(0%, y") Iy + E[D7(0,07)] + E[D™ (y, y")]
Az.13(1+ [yll) ™ exp(=Bs.a3yCrs (1 +log [ly[1))

+EE(0%]1) + KE(ly — y*[lh) + 2K~

With (2.2), we know that E(]|0*]]1) = E(|ly — v*||1) < +oo. Thus, since Cy5 >

7%;;113, for y large enough, if 2 < Dj 5+/||y|l1 and = > C1 5(1 + log ||y||1), we have

VANVANVAN

ED"(0.9)] ~ ED™(0.9)] _
N <o/2

which leads to

1D*(0,) — E[D*(0, )]
P T
( NI g )

< P(D*(0,y) # D7 (07, y%) + P <

|DY*(0%,y*) — E[D7(0, y)]| > x/2> :
Yl

Since z > Cy 5(1 +log ||ly|[1) and C; 5 > %, estimate (3.12) ensures that

P(D*(0,y) # D" (0%, y")) As12(1+ [|yll1)** exp(—Bs.1277)

B
< Az192%exp <— 212755)7

For the second term, we write with (3.2):
[D7(0%,y") — E[D™(0,9)]|
< [D7(0,y) = E[D7(0,9)]| + D7(0,0%) + D™ (y, y")
< [D7(0,y) = E[D™(0,9)l| + K[0%][s + Klly — vl + 2K~z

IN

A

Then, for y large enough,

. <|Dvr(o*, y) —ED*(0,9)]| m)

I
- <|sz<o,y> —E[D0.y))] /9> op (||o*|1 . x\/|y||‘1> |
ol 9K

Lemma 3.1 gives a bound of the correct order for the first term, while (2.2) gives a
bound of the correct order for the second term, which ends the proof. O
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4. Asymptotic behavior of the mean value

The aim of this section is to prove (1.6) in Theorem 1.2.

The function D* inherits the subadditivity from D. Besides, we can note that for
each a in Z%, the joint distribution of (D*(z + a,y + a))zez4 yeze does not depend
on a. Thus, if we define h(z) = E[D*(0,x)], we have

Va,y € Z* h(z+y) < h(z) + h(y).

Since h is subadditive, we can use the techniques developed by Alexander (1997)
for the approximation of subadditive functions. First, we prove the convergence of

h(ny)/n to pu(y):

Lemma 4.1. For each y € 72, the sequence converges almost surely and
in L' to u(y). Particularly, h(ny)/n converges to u(y).

D*(0,ny)
n

Proof: Since D*(0,y) is integrable and (D*(x,y)),ecza yeza is stationary, the subad-
ditive ergodic theorem tells us that there exists u*(y) such that D*(ny)/n converges
almost surely and in L! to u*(y). Thus, we just have to prove that u*(y) coincides
with u(y). By Garet and Marchand (2004), on the event {0 < oo}, we can almost
surely find a sequence (ngy)k>1 with 0 < ngy and D(0, ngy)/ny tends to p(y) when
k goes to infinity. Obviously, D*(0, nyy)/n; converges to p*(y). Since the equality
D(0,nry) = D*(0,nxy) holds on {0 < oo}, we get that u(y) = p*(y). O

We recall the results of Alexander on the approximation of subadditive functions.
Let us introduce some notation derived from Alexander (1997). For some positive
constants M and C, we define

h:7% — R,
(2l = M) = (p(e) < hi@) < p(@) + Cllal}* log |z ) } '

For z € R, we choose a linear form p, on R? such that p,(z) = p(r) and such
that

GAP(M,C) = {

vy € B, (u(z))  pa(y) < plx).
The quantity u,(y) is the p-length of the projection of y onto the line from 0 to z,
following a hyperplane tangent to the convex set Bg(u(:t)) at x. It is easy to see
that for each y € RY, |, (y)| < p(y). Then, for each positive constant C, we define

y € Z%: |yl < (2d +1)| ||,
-] ol < 24+ Dl |
log [[z(|1

pa(y) < (), h(y) < paly) + Cllzlly
The idea is that the elements of Q"(C) permit to realize a mesh of Z? with incre-
ments for which u, correctly approaches h. We also define, for M > 0,C > 0,a > 1,

CHAP(M.C,a) = { h:2! =R, (ol > M) = < /e ColG(C) > } |

where Co(A) is the convex hull of A in R%. Alexander has the following results:

Lemma 4.2 (Alexander, 1997). Let h be a nonnegative subadditive function on
74 M > 1,C > 0,a > 1 some fized constants. We assume that for each x € 74
with ||z||1 > M, there exist a natural number n, a lattice path ~y from 0 to nx, and

a sequence of points 0 = vy, v1,...,Vy = nx in v such that m < an and whose
increments v; — v;_1 belong to Q"(C). Then h € CHAP(M,C,a)
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Theorem 4.3 (Alexander, 1997). Let h be a nonnegative subadditive function on
7% and M > 1,C > 0,a > 1 some fized constants. If h € CHAP(M,C,a), then
he GAP(M,C).

Definition 4.4. We call Q"(C)-path every sequence (vy, . . ., v, ) such that for each
xS {0,...,m— 1}, Vir1 —U; € Q;I(O)

Let v = (v(0),...,v(n)) be a simple lattice path in Z¢. We consider the unique
sequence of indices (u;)o<i<m such that

ug =0, Uy, =n,
Vie {0,...,m—1} Vi€ {ui+1,...,ui1} () —(u) € QLC),
Vie{0,...,m—1} ~(uir1+1) —y(u;) € Q(C).

Then, the Q" (C)-skeleton of 7 is the sequence (y(u;))o<i<m.-

We will prove the following result relative to the modified chemical distance
h(.) = E[D*(0,.)]:

Proposition 4.5. There exist some constants M > 1 and C > 0 such that if
|z|l1 = M, then for sufficiently large n there exists a lattice path from 0 to nx with
a QM(C)-skeleton of 2n + 1 or fewer vertices.

Let us first see how this proposition leads to (1.6) and concludes the proof of
Theorem 1.2.

Proof of (1.6): Proposition 4.5 and Lemma 4.2 ensure that h(.) = E[D*(0,.)] is in
CHAP(M,C,2), which implies, thanks to Theorem 4.3, that h is in GAP(M,C).
This gives (1.6) for each y € Z4 such that ||y|; > M, hence for each y € Z%, should
we increase C g. [l

Let us go to the proof of Proposition 4.5. We now choose h(.) = E[D*(0,.)], take
£ and C such that

d
0<p@B<Bis, C> \/ﬁ (B + 01,5> and C’ = 48C. (41)
We define
Qz = QZ(O/)a
Go = {yeZ’: ply) > p(@)},
A, = {yecQ,: yadjacent to Z\Q., y not adjacent to G},
D, = {y€Q.: yadjacent to G,}.

Lemma 4.6. There exists a constant M such that if ||z||y > M, then
(1) if y € Qq, then u(y) < 2u(z) and ||yl < 2d||=||1;
(2) if y € Aq, then B[D*(0,9)] — pa(y) > G [l2]11/* log |21/
(3) if y € Dy, then po(y) > 3p();
(4) if @ is large enough, (lyll < [ll;’*) = (y € Qu).

Proof: The arguments are simple and essentially deterministic. One can refer to
Lemma 3.3 in Alexander (1997), which is the analogous result in first-passage per-
colation. Particularly, we use the fact that E[D*(0, +e;)] < p* 4+ As7 < 400,
which plays the same role as the integrability of passage times does in first-passage
percolation. O
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We denote by D(v1, vy,; (v;)) the length of the shortest open path from vy to vy,
that visits v1,...,v,, in this order. Then,

Lemma 4.7.
Im>1 3FaQu-path (vg=0,...,0m):

m—1

et |3 EID* (05, 0041)] = D1, vs () > Coalla ]2 log
i=1
The proof of this lemma relies on a denumeration of the Q,-paths, on a bound on
exponential moments for E[D*(v;, v;41)] — D(vi, vi+1) and on a BK-like inequality.
Of course, it would be more natural to deal with quantities like E[D*(v;, vi41)] —
D* (v, vi41). But D* lacks the monotonicity property of D needed to use this kind
of tools. Once more, we have to deal alternatively with D and D*.

Proof: Let us fix m > 1 and z large enough. Let (vg = 0, vy, ..., v;) be a
Qz-path starting from 0. Lemma 4.6 implies that for each i, ||v;11 —vi||1 < 2d||z 1.
We define

Y; = E[D"(vi,vit1)] — D (vi, vig1),
Zi = E[D*(vi,vit1)] — D(vi, vig1).

The moderate deviation result allows first to bound some exponential moments of
Y; for large z. Indeed, we can write

Y;
E |exp M
Vv 2d]|z ]|y
Let us note that (2.7) already gives the simple bound:
max(Y;, Z;) < E[D*(vi,viq1)] < Aoz + p*|lvigr — vill1;

+oo
:1+/ BeltPp (n >t 2d||x|\1) dt.
0

remarking that ||v;41 — v;|l1 > 1, this particularly implies, for ||z||; large enough,

that . Z)
max i i
————= < 2p"/[Jvig1 — vi|1. (4.2)
V/2d||z]l1

This ensures that P(Y; > t1/2d||z]|1) = 0 as soon as t > 2p*\/[|vit1 — v;||1. On the
other hand, the moderate deviation result (1.5) ensures the existence of constants

A1_5, B1_5 > 0 such that if 01,5(1 +10g ||’Ul'+1 — Ui”l) <t< 2p*\/ ||1}i+1 — UiHh then,
since [|vi41 — vi|l1 < 2d||x||1,

P(Y; > t/2d[[z[[1) < P(Y; > t]oipr — villi/?) < Avs exp(—Bist).
Thus, since § < By .5, we get

B(Yi)+ /Cl.s(1+10g(2dllwlll)) .
E|exp | ——— < 1+ Beltdt
l (\/mnxnl 0

—+oo
+ ﬁeﬁtAl,g,eiBl‘Stdlf

0
A58

2de)PCrs || p||PCrs 4 LBE

(20 uf {0 4 120

Let us note that the bound for the exponential moments of Y; is not as good as in
first-passage percolation, where it does not depend on ||z||; (see Alexander, 1997):
this is due to the renormalization used to get the moderate deviations (1.5).

IN

(4.3)
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We can remark that

o if Vi <7L> Vi+1, then (Z’L)Jr = 0,
e if v; < v;41 and v; < 00, then (Z;)4 = (Vi)4;
Then, using (4.2),

B(Zi)+ P+ . o T E——
eXp( 2d|x||1>§1+exp< 2d||:v|1>+1{U;i%gl}eXp(2ﬁp oy —vilh) -

Using (2.1) then (4.3), we get, for  large enough:

ex [ BZi)+
p_<\/2d||x|‘1>1 ()
< 1+E|exp (&>

v/ 2d|z|

* . Ui <= Vit1
+oxp (207 Torr o) B (%000 )

_ v }
C 14 e (&)
I vad|z| ] |
+ Az 1exp (250* V [vig1 — vill1 — Ba.al|vig1 — 'UiHl)
< (6d]|x]ly) .

We can apply a BK-like inequality to D(v1,vm; (v;)): by Theorem 2.3 in Alexander
(1993), for each ¢t > 0, if the Z!’s are independent copies of the Z;’s, then, with (4.4),

m—1
P <Z E[D* (v, vi41)] — D(v1,vm; (v)) > Cml|z]|1/* log ||CU|1>
=1

m—1
< P (Z Z; > Cmljz|* log ||x|1>
i=1
ﬁleogH:CHl) i BZ;
< exp <_7 E eXp | —F/———
i) 2d]],
<

—8C 48015\
(<6d>ﬁ01-5||ac|1m ) |

From Lemma 4.6, there exists a constant K such that there are at most (K||z[|%)™
Q,-paths of m + 1 points starting from 0. Then, summing on these paths, we get
Ja Qz-path (vg =0,...,0,):

m—1
P .
> E[D" (v, 0541)] = D(v1, 03 (v3)) > Cmll];"* log ||
i=1

d*ﬂJrﬁCL:s m L m
< (K(ﬁd)ﬁ%nxu Ve ) ‘(W) ,
1

where L and « are some constants; the choice (4.1) we made for 5 and C' ensures
that v > 0. Thus, for # large enough, L|z]|7* < 3, so summing over all possible
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lengths m:

Im>1 T aQupath (vo,...,vm):

m—1 2L
P . 1/2 < ;
S EID*(vi,vi41)] = D(v1, v (v1)) > Cmlzlly/* log ||z 4 (Elly
i=1
which completes the proof of the lemma. 1

Proof of Proposition /.5: This proposition corresponds to Proposition 3.4 in
Alexander (1997).

The proof of this deterministic result uses the so-called “probabilistic method”:
we are going to prove that with positive probability, we can construct such a Q-
path from a path realizing D*(0,nz). With Lemma 4.7 and (2.2), we can find
M > 1 such that if ||z||;y > M, then

IJm>1 Ja@Qupath (vg=0,...,0,):

m—1
P " < )
S EID* (vi,vi41)] — D(v1,vms (v1)) > Cmlzlly/* log ||z 4 -5
=1

IN

* 1/2
and P (]|0*] = Jl2])1/*)

(S =

Should we take a greater M, we can also assume that if ||y||; < Hx||1/2 and ||z|; >

M, then y € Q.. Now fix x € Z¢ with ||z||; > M. Lemma 4.1 ensures that there
exists ng € Z4 such that

Vn >nyg P(D*(0,nz) > n(p(x)+1)) <

o] =

Let n > ng. With probability at least 1/5, the following properties hold:
a) for each m > 1, for each Q,-path (vg =0,...,vm),

m—1

>~ EID* (v, vit1)] = D(vr, v (1)) < O}/ log o],
i=1
b) D*(0,n2) < n(u(z) + 1),
* 1/2
) 10 <l
d) [[(nz)" = nafly < |l=[l,""
Then, we can find w fulfilling these properties, and work from now on with this
particular realization. Let vy = 0*,...,v, = (nz)* be the @,-skeleton of some
path v realizing the chemical distance from 0* to (nx)*. Define vop = 0 and v, 11 =
na: properties ¢) and d) ensure that we get a Q,-path from 0 to nz. We will prove

that m + 2 < 2n + 1, which will conclude the proof of the proposition. Note that,
by construction,

D(v1,vm; (vi)) = D*(0, nx).
From a), our @,-path satisfies, for this particular w,

m—1

> ED* (05, vi01)] = D(v1, 005 (v3)) < Cmil|]y* log |1 (4.5)
i=1
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Besides, using the definition of Q, property d), the fact that u is a norm and (2.4),
we get

)_.

m—

Z o Ul-i—l - /1490(( ) )

1=0
= pa((na)) + po((na)* — nx)
> nu(z) — p((ne)* —na) > nu(z) — pllz)y’”

Thus, should we take a larger M, we get n < 11m Now, with b) and taking once
more a larger M if necessary,

Y

mu(x)

ZE ‘v, vi)] < D*(0,n@) + Cmlzll;* log | ]|y

n(u(x) +1) + Om|la]|y/* log ]
nu(x) + 20ml|z ]}/ log |«
We now distinguish in the @Q,-skeleton the short increments and the long ones:
S((vy)) = {i:1<i<m-—1, vip1 —v; € Ay},
L((v) = {i: 1<i<m-—1, viy1 —v; € D, }.

By the definition of a @,-skeleton, these two sets partition {1,...,m — 1}. Let us
first bound the number of short increments with Lemma 4.6, estimate (2): recall

that um(y) < u(y) < E[D*(0,y)], so

VANRVAN

m—1
Z “(vi,vig1)] = Z [te (Vi1 — vi) + (ED* (vi, vig1) — pa(vigr — v;))]

> uz((m)*)—uz(O*HIS((vi))lngllmlog||I||1

> nplx) —20]l2]y* + IS((UZ))I—IWIIU2 log |-

Thus, summing the two estimates and enlarging M if necessary, we get

|s<<vl>>|—||x|\1/2log||x||1 < 2p|z|y/* + 2Cm|x|y/* log |1

< 3Cm|z|}/* log ||z,

hence

c m
1S((vi))] < 65771 =3
Similarly, we bound the number of long increments with Lemma 4.6, estimate (3):

3

m—1 —

_ E[D*(vi,vit1)] = _ (e (Vigr — i) + (E[D* (vi, vig1)] — pa(vigr — v3))]

> npe) 200l + 1L Ia() 2 L ) lu),

increasing M if necessary; this gives

1/2
[Edh 10g||9v||1<_ +mys.

6
L((wo)] < g+ 20m S8 < 2
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Finally, m = |S((v:))| + |L((v:))|+ < $n +m/4, so m < En, which concludes the
proof. O

We would like to thank Raphaél Rossignol and Marie Théret for kindly giving
us the extension of Boucheron, Lugosi and Massart’s result.
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