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Abstract. Suppose II is an exchangeable random partition of the positive integers
and II,, is its restriction to {1,...,n}. Let K, denote the number of blocks of
IL,, and let K, , denote the number of blocks of II, containing r integers. We
show that if 0 < a < 1 and K,,/(n“l(n)) converges in probability to I'(1 — «),
where ¢ is a slowly varying function, then K, ,/(n®¢(n)) converges in probabil-
ity to aI'(r — «)/r!l. This result was previously known when the convergence of
K, /(n“f(n)) holds almost surely, but the result under the hypothesis of conver-
gence in probability has significant implications for coalescent theory. We also
show that a related conjecture for the case when K, grows only slightly slower
than n fails to be true.

1. Introduction

We begin by recalling some basic facts about exchangeable random partitions.
Suppose 7 is a partition of the set N of positive integers. If o is a permutation of
N, then we can define a partition om such that the integers o(i) and o(j) are in
the same block of or if and only if ¢ and j are in the same block of 7. A random
partition IT if N is said to be exchangeable if oI and II have the same distribution
for all permutations o of N having the property that o(j) = j for all but finitely
many j.

Kingman (1978) proved an analog of de Finetti’s Theorem that characterizes
all possible exchangeable random partitions. He showed that there is a one-to-
one correspondence between distributions of exchangeable random partitions and
probability measures on the infinite simplex A = {(z;)2, : 1 > @y > -+ >
0,> 2 @ < 1}. Given a probability distribution p on A, the associated ex-
changeable random partition is constructed as follows. First, choose a random
sequence (P5)52; with distribution g. Then define random variables (§x)32, that
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are conditionally independent given (P;)32, and satisfy P(&, = i[(P;)52,) = Pi and
P(§k = —k[(Pj)52,) = 1 — Z;il P;. Finally, define II to be the random partition
of N such that two integers ¢ and j are in the same block of I if and only if §; = &;.

It follows from this construction and the Law of Large Numbers that if B is a

block of an exchangeable random partition II, then the asymptotic frequency of the
block, defined by
R
nh_)H;o - ; liieny,

exists almost surely. The nonzero asymptotic frequencies of the blocks of IT are the
nonzero terms of the sequence (P;)32,. Each integer is in a block having positive
asymptotic frequency with probability Zj’;l P; and is in a singleton block with
probability 1 — 377, P;.

Given an exchangeable random partition IT of N, let II, denote its restriction
to {1,...,n}. That is, II, is the partition of {1,...,n} such that two integers i
and j in {1,...,n} are in the same block of II,, if and only if they are in the same
block of II. Let K, be the number of blocks of II,,, and let K, , be the number of
blocks of II,, having size r. In this paper, we show how asymptotic results for the
random variables K, , as n — oo can be deduced from the asymptotic behavior of
K. Such results have already been proved, and are summarized in Gnedin et al.
(2007), for the case in which the asymptotic frequencies P; are deterministic and
sum to one. This is the setting of the classical infinite occupancy problem, in which
infinitely many balls are placed independently into infinitely many boxes, with each
ball going into the jth box with probability P;. Here we extend these results to
the general case of random P; and explore the applications of this extension to
coalescent theory and population genetics.

We note that in addition to the results below concerning the asymptotic behavior
of K, Central Limit Theorems have been established for the number of small
blocks in exchangeable random partitions under certain conditions. See Karlin
(1967) for some early work in this direction and Barbour and Gnedin (2009) for
some recent extensions.

1.1. The power law case. We first consider the case in which the number of blocks
K, grows like n®, where 0 < a < 1. The proposition below is essentially due to
Karlin (1967). More precisely, it follows from combining Theorem 1 of Karlin (1967)
with a Tauberian theorem. The result also appears as Corollary 21 in the recent
survey of Gnedin et al. (2007). Recall that a measurable function ¢ : (0,00) —
(0, 00) is said to be slowly varying if for all ¢ > 0, we have lim, . £(cy)/¢(y) = 1.

Proposition 1.1. Let (pj);?‘;l be a deterministic sequence such that p; > py >

>0 and 3377 p; = 1. Forx >0, let g(x) = max{j : p; > x}. Let Il be an
exchangeable random partition of N whose asymptotic block frequencies are given
by (pj);?‘;l almost surely, and define K,, and K, , as above. Suppose 0 < o < 1.
Suppose £ : (0,00) — (0,00) is a slowly varying function. We have
z%g(x)
=1 1.1
w20 0(1/x) (1)

if and only if

K,
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These two statements imply that for all r € N, we have

lim e oL =a) o (1.3)

n—oo nl(n) il

Our main theorem is an extension of Proposition 1.1 to general exchangeable
random partitions. It is an immediate consequence of Proposition 1.1 that even
when the P; may be random, the condition (1.2) implies (1.3). The result below
says that this implication remains valid even when the convergence in (1.2) holds
only in probability. As we will see shortly, this result has applications in coalescent
theory, where it can be much easier to establish convergence in probability for K,
than almost sure convergence.

Theorem 1.2. Suppose 11 is an exchangeable random partition of N, and define

K, and K, , as above. Suppose 0 < o < 1, and suppose £ : (0,00) — (0,00) is a

slowly varying function. If
lim

n—oo nl(n)

=TI'(1 —«) in probability (1.4)

then for all r € N, we have

Kn T r - . o1e
lim ro ¢ (r=a) in probability.
n—oo n(n) 7l

We prove Theorem 1.2 in Section 2. It will follow from this proof (see Lemma
2.6 below) that (1.4) implies that the limit (1.1) holds in probability. However,
the converse implication is false. Of course, it is clear that the converse can not
hold for general exchangeable random partitions because (1.1) can hold even when
Z?il p;j < 1, in which case K, will be of order n rather than of order n®. However,
as the next example shows, even under the additional condition that Z;’;l P; =1,
it is possible for the limit (1.1) to hold in probability but for (1.4) to fail.

Ezample 1.3. There exists an exchangeable random partition II of N whose asymp-
totic frequencies satisfy >-°2) P; = 1 a.s. such that if G(z) = max{j : P; > x},
then

iig%) 2“G(x) =1 in probability

but n~“K,, does not converge in probability to I'(1 — «) as n — oo.

We describe the example in detail, and prove that it has the stated properties,
in Section 3.

1.2. The case in which K, 1is only slightly smaller than n. Proposition 1.1 and
Theorem 1.2 give asymptotic results for K, , when K, grows like n® for 0 < ao < 1.
The result below concerns the case when K, grows just slightly slower than n.
This result can be obtained from results in Gnedin et al. (2007) by combining
Propositions 14 and 18 with Lemma 1, Proposition 2, and the remarks before and
after Proposition 2.

Proposition 1.4. Let (pj);?‘;l be a deterministic sequence such that p1 > pa >
>0 and 337 p; = 1. Forx >0, let g(x) = max{j : p; > x}. Let Il be an
exchangeable random partition of N whose asymptotic block frequencies are given
by (pj)321 almost surely, and define K, and Ky, as above. Suppose { : (0,00) —
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(0,00) is a slowly varying function, and fort > 0, let (1(t) = [ £(s)/sds. Suppose
that
_ag(x)
im =
S 1)

(1.5)

Then

K, .
lim = lim — =1 aus. (1.6)
n—oo nly(n) n—oo nli(n)

Also, for integers r > 2,

. K, 1

nh_}rrgo i)~ 7 =1) a.s. (1.7)

Our next result addresses a question that is left open by Proposition 1.4. Al-

though (1.5) implies (1.6) and (1.7), one can also ask whether there is a result

parallel to Theorem 1.2 in which we obtain asymptotic results for K, , just from

the asymptotics of K,,. However, the example below, which we describe in detail in

Section 4, shows that the condition K, /(nfi(n)) — 1 a.s. is not sufficient to imply

that the convergence in (1.7) holds, even in probability. Note that in the notation

of Proposition 1.4, if £(t) = (logt)~2 for all t > T > 1, then £ (¢) = (logt)~! for all
t>T.

Ezample 1.5. There exists an exchangeable random partition II of N such that if
K, and K, , are defined as above, then

n— o0 n

=1 as.,

but for all integers r > 2, the quantity n~!(logn)?K,.,, does not converge in prob-
ability to 1/[r(r — 1)] as n — oc.

1.3. Applications to coalescent theory and population genetics. At first glance, The-
orem 1.2 may appear to be only a very minor technical improvement over Proposi-
tion 1.1. However, Theorem 1.2 has significant implications for coalescent theory,
where it can be much easier to prove convergence in probability and establish (1.4)
than to prove the almost sure convergence needed to obtain (1.2).

Suppose we take a sample of size n from a population and follow the ancestral
lines of the sampled individuals backwards in time. The ancestral lines will coalesce
until all of the sampled individuals are traced back to a single common ancestor.
This process can be modeled by a stochastic process taking its values in the set of
partitions of {1,...,n}. The standard coalescent model is Kingman’s coalescent,
introduced by Kingman (1982), in which it is assumed that only two lineages ever
merge at a time and each transition that involves the merging of two lineages
happens at rate one. This means that when there are b lineages, the amount of
time before the next merger has an exponential distribution with rate (12’)

Within the last decade, there has been considerable interest in alternative models
of coalescence, called coalescents with multiple mergers or A-coalescents, that allow
many ancestral lines to merge at once. Such processes were introduced by Pitman
(1999) and Sagitov (1999). If A is a finite measure on [0, 1], then the A-coalescent
is the coalescent process having the property that whenever there are b lineages,
each transition that involves k lineages merging into one happens at rate

1
Aok = / 2*72(1 — 2)°7F A(dx).
0



Small blocks in exchangeable random partitions 221

1 2 3 4 5

FIGURE 1.1. This figure shows the genealogy of five sampled indi-
viduals. The boxes represent mutations. Individual 1 inherited no
mutations, individual 2 inherited mutation C, individual 3 inher-
ited mutation A, and individuals 4 and 5 inherited mutations A and
B. Therefore, the allelic partition is IIs = {{1}, {2}, {3}, {4,5}}.
We have K5 = 4. AISO7 K5)1 = 3, K572 = 1, and K573 = K5)4 =
K575 =0.

Multiple mergers of ancestral lines could arise in populations with large family
sizes, as many ancestral lines could be traced back to the individual that had a large
number of offspring. They could also arise as a result of natural selection because
many ancestral lines could get traced back to an individual that had a beneficial
mutation which spread rapidly to a large fraction of the population.

To model mutations, we put marks representing mutations at points of a rate
f Poisson process along each branch of the coalescent tree. One can then define a
random partition IT,, of {1,...,n}, often called the allelic partition, by declaring i
and j to be in the same block of I1,, if and only if the ith and jth sampled individuals
inherit the same mutations. These partitions II,, can be defined consistently as
n increases simply by sampling more individuals, so by Kolmogorov’s Extension
Theorem, on some probability space there is an exchangeable random partition
IT of N such that II, is the restriction to II of {1,...,n}. When the underlying
coalescent process is Kingman’s coalescent, the distribution of II,, is given by the
Ewens Sampling Formula, which was introduced in Ewens (1972). The probability
that II,, has a; blocks of size j for j =1,...,n is given by

n! 11(2)" L
2020 +1)...(20 +n —1) J a;!’

Jj=1

When the underlying coalescent process is some other A-coalescent, there is no
simple expression for the distribution of II. However, defining K,, and K, , from II,,
as above, it was shown in Berestycki et al. (2007, 2008) that if A is the Beta(a,2—a)
distribution with 0 < o < 1, then
K, 02-a)(1-a)l(2-
lim e 02 =)A= aTZ =) bty (1.8)

n—oo N o

It was then shown in Berestycki et al. (2007) that

_ —_ )2 _
lim Hne 02 Z0)A =0T =a) o ity (1.9)

n—oo no 7!
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Note that « here corresponds to 2 — « in Berestycki et al. (2007, 2008). The
proof of (1.9) in Berestycki et al. (2007) is rather technical, exploiting a connection
between beta coalescents and the genealogy of continuous-state branching processes.
However, Theorem 1.2 makes it possible to deduce (1.9) immediately from (1.8). We
also note that the convergence in (1.8) was later shown in Berestycki et al. (2010)
to hold almost surely, allowing (1.9) to be established via Proposition 1.1. On the
other hand, if A is the uniform distribution on [0, 1], corresponding to a = 1 above,
it was shown in Basdevant and Goldschmidt (2008), building on work of Drmota
et al. (2007), that

(logn) K,

lim " =@ in probability. (1.10)
n—oo n
It was also shown in Basdevant and Goldschmidt (2008) that
1 Ko
Tim_ (Og"i L= o i probability. (1.11)

However, Example 1.5 establishes that (1.10) does not imply (1.11). Indeed, the
proof of (1.11) in Basdevant and Goldschmidt (2008) involves a detailed analysis
of a Markov chain on different time scales.

1.4. A model of a growing population. To illustrate another application of Theorem
1.2, we consider the following model of a population that grows in size over time.
Fix v > 0 and a positive integer N. Assume that for each positive integer k, there
are [Nk~7] individuals in generation —k. For simplicity, assume that the number of
individuals in generation zero is the same as the number of individuals in generation
-1, so there are N individuals in generations 0 and 1 but fewer in earlier generations.
To give the model a genealogical structure, we assume, as in the standard Wright-
Fisher model, that each individual chooses its parent uniformly at random from
the individuals in the previous generation.

Now sample n individuals from the population at time zero, and follow their
ancestral lines backwards in time. We can represent the genealogy of these sampled
individuals by a coalescent process (Un ,(t),t > 0) taking its values in the set of
partitions of {1,...,n}, where two integers ¢ and j are in the same block of the
partition Uy ,(¢) if and only if the ith and jth individuals in the sample have the
same ancestor at time —|N'/(0+M¢|. Tt is easy to check that as N — oo, these
processes converge to a coalescent process (U,,(¢), ¢ > 0) having the property that at
time ¢, two lineages (that is, two blocks of the partition) are merging at rate 7. To
see this, note that in generation N/t two individuals have the same ancestor
with probability approximately N~'(N*/(+%¢)7 and multiplying this expression
by the time-scaling factor N'/(1+7) gives the coalescence rate of t¥. Note that
(P, (t),t > 0) is a time-inhomogeneous Markov chain.

The process (¥, (t),t > 0) can be obtained as a time-change of Kingman’s coa-
lescent. Indeed, let (0,,(¢),t > 0) be Kingman’s coalescent started with n lineages.
That is (©,,(t),t > 0) is a continuous-time, time-homogeneous Markov chain taking
values in the set of partitions of {1,...,n} such that ©,,(0) = {{1},{2},...,{n}},
each transition that involves merging two blocks of the partition happens at rate
one, and no other transitions are possible. Then we can define

U, (t) = (%(5—:). (1.12)
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The time change makes ¥,, a time-inhomogeneous Markov chain in which at time
t, each pair of blocks is merging at rate t7.

We will now work with the coalescent process (¥,,(t),t > 0) and, as before, put
mutations along each lineage at times of a rate 6 Poisson process. Then define the
partition II,, such that ¢ and j are in the same block of II,, if and only if the ith
and jth sampled individuals inherit the same mutations. The partitions II,, can be
defined consistently as n varies, so there is an exchangeable random partition II of
N such that II,, is the restriction of IT to {1,...,n}. Define K,, and K, , as before.
We obtain the following result.

Theorem 1.6. Consider the time-inhomogeneous coalescent process with mutations
described above. Let o = v/(1+7) € (0,1). We have

K, 02'7%(1—-a)®
lim Bn o 0270 Q)T obability (1.13)
n—oo N sin(ma)

and for all v € N,

. K., 02'""1-a)% ol(r—a
lim — = - .
n—oo N sin(ma) rlT(1 — )

in probability. (1.14)

Of course, in view of Theorem 1.2, equation (1.14) follows immediately from
(1.13), so we need only prove (1.13), which we do in Section 5.

Note that for both the beta coalescent and for the time-inhomogeneous coalescent
described above, we have

I K,, al(r—a)
im =
n—oo K, rlT(1 — )

in probability. (1.15)

The left-hand side of (1.15) is the fraction of blocks of the allelic partition having size
r, and the sequence of numbers K, , for 1 < r < nis often called the allele frequency
spectrum. Thus, (1.15) says that we get the same allele frequency spectrum for
these two models, as we would with any coalescent model having the property that
K,, grows like n®.

One of the central goals of population genetics is to use information about a
sample from a current population to obtain information about the history of the
population. Distinguishing among various factors that could cause the genealogy
of the population to differ from Kingman’s coalescent can be challenging. See,
for example, Jense et al. (2005) and Ometto et al. (2005) for a discussion of the
issue of distinguishing the effects of natural selection from demographic factors
such as changing population size. Therefore, from the perspective of population
genetics, Theorem 1.6 is perhaps disappointing. Theorem 1.6 shows that the allele
frequency spectrum that arises when the genealogy is given by a beta coalescent,
as could be the case for populations with large family sizes, could also arise in a
population whose size is increasing over time. Thus, one can not necessarily use the
allele frequency spectrum to distinguish populations with large family sizes from
populations that are increasing in size. In general, Proposition 1.1 and Theorem
1.2 suggest that the same allele frequency spectrum may arise in a wide variety of
models, and thus may explain part of the difficulty in distinguishing among various
factors that could cause the genealogy of a population to differ from Kingman’s
coalescent.
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2. Proof of Theorem 1.2

Throughout this section, we assume that 0 < o < 1 and that II is an exchange-
able random partition. We define K,, and K, , as in Theorem 1.2. We assume that
¢:(0,00) — (0,00) is a slowly varying function and that (1.4) holds. We denote
by P, > P, > ... the asymptotic frequencies of the blocks of II. Note that (1.4)
implies that Z;il P; =1 a.s. because liminf,,_, n~ 1K, > 0 almost surely on the
event that Zj’;l P; < 1. For x > 0, define G(x) = max{j : P; > z}, which is a
random variable because the P; are random.

At times in the proof of Theorem 1.2, it will be useful to use a technique called
Poissonization. Let (N(t),t > 0) be a rate one Poisson process, so that N(t) has
the Poisson distribution with mean ¢ for all ¢. Define the random variable

O(t) = E[Kn|(P)724]-
Likewise, for positive integers r, define
®,(t) = E[Kn(),r|(P)724]-
We have (see the proof of Proposition 17 in Gnedin et al. (2007)),

D(t) = t/ e " G(r)dr as. (2.1)
0
Also,
t o= . _iP.
D,.(t) = ] Ple tFi as. (2.2)
j=1

By conditioning on (Pj)fil and applying Lemma 1 and Proposition 2 of Gnedin
et al. (2007), we get

li Ko 1 2.3

Using the remarks following Proposition 2 of Gnedin et al. (2007), we have for all

positive integers r,
: Z:ir K"vs _

nh_)rrgo S B,(n) 1 as. (2.4)

Lemma 2.1 below, known as Potter’s Theorem, is Theorem 1.5.6(i) of Bingham

et al. (1987) and gives some bounds on slowly varying functions. Note that since

Theorem 1.2 only concerns the values of ¢(n) for n € N, we may and will assume,

here and throughout this section, that ¢ is bounded away from zero and infinity on
(0, z] for any = > 0.

Lemma 2.1. Suppose £: (0,00) — (0,00) is a slowly varying function. Let & > 0.
There exists a positive number xo(d) such that if © > xo(5) and X\ > 1, then

1 - ()
(1+0)A = {(x)
Also, there ezists a constant C > 0 such that {(z) > Cx° for all x > x0(6).

< (148N, (2.5)

Lemma 2.2. We have
tlfoz

lim —— / e "G(x) dr =T (1 —a) in probability.
t=oo L(t) Jo
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Proof: We use Poissonization. Combining (1.4) and (2.3), we get

. ®(n)
nlgrgo nel(n)

=T(1 — «) in probability.

Since t — ®(t) is nondecreasing and /¢ is slowly varying, it follows from Lemma 2.1
that

Dt
tl;oo taé()) I'(1 — «) in probability.
The result now follows from (2.1). O
Lemma 2.3. We have
tlfoz [ee]
thm m/ e " (G(z) — 2~ “(1/x)) dr = 0 in probability.
— 00 0
Proof: In view of Lemma 2.2, it suffices to show that
tlfoz [ee]
lim —/ e T (1/z) de =T (1 — a). (2.6)
t=oo L(t) Jo

Choose ¢ such that 6 + o < 1, and choose x¢ so that (2.5) holds for > z¢ and
A > 1. Substituting y = tx, we get
tl—a

m/ooo e rm(1/z) dr = Tlﬂ/oooe Yy=U(t/y) dy
_ [Ty —a(UEY) L[~ ~uy
[T e (S i v+ i [ ety (2)

/o
By (2.5), we have £(t/y)/¢(t) < max{2y~%,2y°} whenever t > x5 and 0 < y < t/x.
Also, since ¢ is a slowly varying function, lim;_.. ¢(t/y)/€(t) = 1 for all y > 0.
Therefore, by the Dominated Convergence Theorem,
—— ) * v
e Yy (W 1y<t/mo} dy = / e Vy Ydy=T(1-a). (2.8)
0 0
Recall from Lemma 2.1 that there is a constant C' such that £(t) > Ct~° for all

t > xy. By assumption, there is a constant B such that £(z) < B for 0 < < xy.
Therefore,

lim

t—o0

> Bt [t \
lim su —/ e Yy t/y)dy < hmsu — (—) e t/®0 =, 2.9
S GG e, “U(t/y) dy < limsup =z — (2.9)
Equation (2.6) follows from (2.7), (2.8), and (2.9). O

Lemma 2.4. There exists a positive number Cy such that if C' > Cy, then
lir%P(G(x) >CU(1/x)x™%) = 0.

Proof: Suppose G(z) > C¢(1/x)z~“. Since z — G(x) is nonincreasing,
tl_o‘/ e WG (y) dy > tl_o‘/ e WCl(1/z)r~ > dy = C(tx) " *¢(1/z)(1 — e~ ™).
0 0

Therefore, if ¢ = 1/, then
tlfoc

W/o e Gy dy = C(1—e ),

By Lemma 2.2, the result follows with Co = T'(1 — «a)/(1 —e™1). O
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Lemma 2.5. There exists a positive number C' such that if

G(z) = G(2)1{G(w)>Ce(1/a)—o}

then
tl—a

tli)rgo m/o e " G(x) dr =0 in probability.

Proof: Let € > 0. Choose C7 > Cy, where () is the constant from Lemma 2.4, and
let C' = 2'*2C,. Choose an integer M large enough that Cl2_M"‘e_2M < €/2 and
2-MI=)P(1 — a)e < ¢/4. For t > 0, define the event

A ={GERM ) <o MY fork=-M,~M+1,...,M —1,M}.

By Lemma 2.4, there exists 71 < oo such that if ¢ > T1, then P(4;) > 1 —¢/2.
Because G(r) < G(r) < G(2M¢1) for all z > 2M¢~1, on the event A; we have

tl—a [e’e} . 11—« e o]
R Q2 dx < SO (2 My (oMt —a/ —tr g
o) /Wt,le (z) do < o) 12T ) g
oMy 2~ My
_ g Mgzt H2TY M2 € (2.10)

10) 0w 2

Because / is slowly varying, £(27M¢t)/¢(t) — 1 as t — oo. Therefore, there exists a
Ts such that for t > T, on A; we have

tl—a
o)

Also, on Ay, if 281 < o < 2F14~1 for some k satisfying —M < k < M — 1,
then

G(z) < GE2FtY < o2 k) (2R 1)~ < Ce(27%t) (2/2) ™ = 22C10(2 * )™

By Lemma 2.1, there exists T3 < oo such that if ¢ > T3 and 2Ft~! < 2 < 2k+1¢~1
for some integer k satisfying —M < k < M —1, then £(27%¢)/¢(1/z) < 2. Therefore,
if Ay occurs and ¢t > T3 then

G(x) < 27 Ce(1/z)e™* = CU(1)x)x™ .

In this case, G(z) = 0 for 27 M¢71 <z < 2M¢~1 and thus

/ e " G(z) dr < < (2.11)
2 2

M¢—1

tl—a 2Mt71

W /2th71 e "G(z) dx = 0. (2.12)

FO<ax<2Mtl thene ™ <1<e- 2t Therefore,

2~ My—1

tla/ itz A etla/ _oMy,
— e "G (x) de < —— e *G(x) dx
@ Jo =T, )

Cma—ay L@MEON @M % oy,
§<e2 M(1-a). o0 > @M /0 e 2 G (x) da

€ 02Me)\ @Ml 1o
§<4F(1—a)' ((t) ) 0(2M¢) /O e "G(x) do. (2.13)

By Lemma 2.2 with 2M¢ in place of ¢, the portion of the right-hand side of (2.13)
after the parentheses converges in probability to I'(1 — «) as t — oo. Also, because

thltfl
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¢ is slowly varying, we have £(2Mt)/((t) — 1 as t — oo. Therefore, there exists T}
such that if ¢ > Ty, then

o5 )

It follows from (2.11), (2.12), and (2.14) that if ¢ > max{T1,T5, T3, T4}, then

P(% /OOO e " G(z) dr > e) <e

which implies the lemma. O

2—Z\/It—l

e~ G(z) dr > %) < % (2.14)

Lemma 2.6. We have
lim ~ Glw)
b 0(1/x)

=1 in probability.
Proof: Choose Cj as in Lemma 2.4, and choose C' > max{Cy, 1} large enough that
the conclusion of Lemma 2.5 holds. For = > 0, let
Y(z) = min{G(x), Cl(1/x)x™ "} — = %(1/x).
In view of Lemma 2.4, it suffices to show that

lim z°¥ ()
a—0 ((1/x)

Note that |Y (z)] < Cz~*¢(1/z) for all > 0. By Lemmas 2.3 and 2.5,

=0 in probability. (2.15)

tlfoc

lim —/ e Y (z) dr =0 in probability. (2.16)
t=oo L(t) Jo

We proceed by contradiction. Suppose (2.15) fails to hold. Then there exists
0 < € < 1/2 and a sequence of positive numbers (s,)52 ; converging to zero such
that one of the following holds:
(1) We have P(Y (sp,) > €s,,*4(1/sy)) > € for all n.
(2) We have P(Y (sp,) < —es,, “4(1/sy,)) > € for all n.
Assume for now that we are in the first case, so P(Y(s,) > es,“0(1/s,)) > €
for all n. If Y(s,) > es,,“4(1/sy), then G(s,) > (14 ¢€)s;,*¢(1/sy). In this case, if
T < Sp, we have

RACYED)

((1/x)
Choose ¢ > 0 small enough that (14+6) " (1+e)!7* 0 > 1. If 5, /(1 +¢) <z < 5y,
and if n is large enough that 1/s,, > x¢(d), then by Lemma 2.1,

1 _ 1 /s)
(14+0)(1+¢€)°® — £(1/z)

T

G(x) > G(sn) > (14 ¢€)s,%(1/sn) = (1 +¢) (—)

Sn

cxT (1) x).

<(1+68)(1+¢)°.

Therefore,
(1 4 6)170476

Gla) > (149)

x” (/).
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It follows that for s, /(1 4+ ¢€) < & < s, we have

€ 1 a—0
) > ( +1+5 - 1):1:—%(1/:1:)
1+€ 1—a—48 1 Cu
2( T ) T )
=ns, “L(1/sy), (2.17)

where 1 > 0.

Let f :[0,00) — R be the function such that f(z) =0 if either z < 1/(1+¢€) or
x> 1, f((2+€)/(2+2¢)) = 1, and f is linear on the intervals [1/(1+4€), (2+¢€)/(2+2¢)]
and [(2 + €)/(2 + 2¢), 1]. Note that

1
1 1 €
r)dr=—-1-— = . 2.18
/1/(1+5)f( ) 2< 1+6) 2(1+¢) (2.18)
Let A be the algebra of functions of the form ¢(z) = aje™"% + -+ + qe tm®
for # > 0, where m is a nonnegative integer, ai,...,a,, € R, and t1,...,t,, > 1.

By the Stone-Weierstrass Theorem (see, for example, Theorem D.23 on p. 346
of Cohn (1980)), the set A is uniformly dense in the set Cy([0,00)) of continuous
functions from [0,00) to R that vanish at infinity. Therefore, if we choose ( =
en/ (16T (1 — a)C'), then there is a function g € A such that |g(z) — e® f(z)| < ¢ for
all x > 0. Letting h(z) = e ®g(zx) for x > 0, we have |h(z) — f(z)| < (e™* for all
x> 0. Write g(z) = a1e” 1% + - + aetm®,

Choose § = min{e/2m, 2 =%n/8(|a1|+- - -+ |am|)} > 0. By (2.16) we can choose
n large enough that 2/s,, > T, where for ¢t > T we have

P( % /OOO e Y (2) dx

It follows that with probability at least 1 — m0,
‘ / h(z/sn)Y (x) dx ai/ e~V 50y (1) dy
0 0
m a—1
ti+1 ti+1
< i 14 0
_Z|CL|< Sn) <Sn>
((ti+1)/sn)

sh (1) sp, 7". 2.19
— 21 o n /S Z| 1/5 ) ( )
Also, using (2.6) with 1/s,, in place of ¢, we have that for sufficiently large n,
/ (f(2/sn) — h(x/sn))Y (x) dz| < / Ce /s Cx™0(1/x) dx

0 0

<20T(1 — a)¢si (1 /s,). (2.20)
Since ¢ is slowly varying, it follows from (2.19) and (2.20) that with probability at

least 1 — m#0,
/ " fa/sn)Y (@) du

O(las] +--- + lam|)
21704

>9><9.

1
limsup 4——+——F—
n— 00 Sn g(l/Sn)

<2I(1 — a)CC¢ +

€n
< —. 2.21
<D e
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However, (2.17) and (2.18) imply that for sufficiently large n, with probability at
least €,

[ temy@a= [" fapve o

n/(1+e€)

nsot1/s) | T i) da

n/(1+e€)

€7] 11—«
= (1/sy )
2(1 _|_€) Sn ( /S )
which contradicts (2.21) because mf < e.
It remains to consider the second case. Assume P(Y (s,) < —es;, *(1/sy)) > €
for all n. If Y(s,) < —es;, “4(1/sy), then G(s,) < (1 —€)s;,*4(1/s,). In this case,
if x > s,, then

Gz) < Glsp) < (1— €)s%(1/s,) = (1 — ) (1)

Sn

a[(l/sn) . x—a T

Choose 6 > 0 small enough that (14 8)(1 —e)!=* % < 1. If 5, < 7 < 8,/(1 —¢)
and if n is large enough that (1 —€)/s, > x((0), then by Lemma 2.1,
AV
(1—c¢) <f(1/8n) - 140 '
1486 — 1/z) — (1—¢)

Therefore,
Glz) < (1+68)(1 — &)~ 92=(1/x).
It follows that for s, < z < s,,/(1 — €), we have
Vi) < (1+8)(1—e)' % — 1)z~ (1 /z)
< (@401 - = 1)1 +0) N1 —e)* s, (1/sy)
— U1 f50), (2:22)

where 7 > 0.

This time, let f : [0,00) — R be the function such that f(z) = 0if z < 1 or
x>1/(1—¢€), f((2—¢€)/(2—2¢)) =1, and f is linear on [1,(2 —€)/(2 — 2¢)] and
[(2—€)/(2—2€),1/(1 —€)]. We have

/11/(16) f(z)dz = %(1 i - 1) = 2(%6) (2.23)

Define g and 6 as in the previous case. Then (2.19), (2.20), and (2.21) hold as before.
However, (2.22) and (2.23) imply that for sufficiently large n, with probability at

least e,
oo sn/(1—¢€)
/ f(x/8,)Y (x) dx = / f(z/sn)Y (x) dx
0 s

n

sn/(1—€)
<onstt1fs) [ fafs) do
€7 11—«
=—— U(snp 2.24
which again contradicts (2.21) because mf < e. O
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Proof of Theorem 1.2: Fix r € N. Tt follows from (1.4) and (2.4) that given ¢ > 0,
for sufficiently large n we have

P( iKn,s — illfs(n)

g

Subtracting (2.26) from (2.25) gives that

g

for sufficiently large n, Therefore, it suffices to show that

< %n%(n)) >1-3 (2.25)

and

Z Kn,s_ Z \I/S(TL)

s=r+1 s=r+1

< %no‘f(n)) >1- % (2.26)

K, , D,.(n)

n®l(n) n*(n)

<6>>1—6

lim 2r®) _ %) in probability. (2.27)

Let 6 > 0 be arbitrary. Because > -, ol'(r — a)/r! = I'(1 — «), we can choose
N large enough that

N
ol (r — ) 0

———>I'l—a)— <. 2.28

; 7! >Tl-a) 2 ( )

Let n = min{0/(N + 1),0/(4T(1 — «))}. Note that we can choose a sufficiently

large integer L, then a sufficiently small positive number § (much smaller than

1/L), then a sufficiently large integer M (much larger than 1/9), then a sufficiently

small positive number € (much smaller than 1/M) such that

( L )T<(1 _? o 4eM> /56(M+1) eIy dy > (1—)T(r—a)  (2.29)

L+2 (6] (L+1)

for 1 < r < N. By Lemma 2.6, we can choose 77 > 0 sufficiently large that if
t Z Tl, then

P((1—e)z*(1/z) < G(z) < (1 + )z U(1/x)
for x = L/t, (L+1)8/t,...,M&/t) >1—n.

By Lemma 2.1, we can choose T» > 0 sufficiently large that if ¢ > T5 and Lé/t <
x < M§/t, then




Small blocks in exchangeable random partitions 231

If ¢ > max{T1,T>}, then with probability at least 1 — 1, we have, using (2.2),

Op(t) TN o ip,
ety et ;Pje "
r—a M-
> :|z() ; (’f) ~HD(G(RS/t) — G((k +1)5/t))
pragr NI

Y

r1e(t) Z ’fTe‘(’“+1)5((1 - @(’?)3(%)

) )
M—-1

o _ (1—€)? (1+¢)?
> r_ —(k+1)5 o ) )
=S p e (S (2:30)

For k < M —1,

(1—¢)? (1+¢)? 1 1 1 , ,
ke (k+ Do =(1-¢ (ka_(k+1)a>+(k+1)a((1_€) —(1+¢)%)
a(l —e)? de

kDo ket e
o de M
Z<k+1>a+l<(l‘e>2‘ a >

Therefore, if 1 <r < N and ¢t > max{T1,T>}, then with probability at least 1 — 1,

q)r(t) 2 4€M OC(ST_Q M= —(k+1)6
= (1= ; e

If r > 2 and k > L then

KT~k > ( L ) (h 4 2)r—o L= (kD)5

(k4 1)at+t
T k42
> ( ) / 2" e 0% g, (2.31)
k+1

h
=+
(V]

t~
_l’_
[N}

and if r =1 and k£ > L then

~

kT e (kH1)d > ( ) (k + 1)r—a—le—(k+l)6

(k4 1)t
T k42
> (T) / 2T e gy
k+1

h
=+
=

~
[N}
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Thus, if 1 <r < N and t > max{Ty,T>}, then with probability at least 1 — ), we
have
D,.(t L \" 4eM\ adr— [MHL
(t) > | —— (1—¢)?— ¢ a9 / 2" e gy
tol(t) L+2 a rt o

B
L + 2 (6% ’f‘! 6(L+1)

_ (1=mal-a)

r!

: (2.32)

where the last inequality uses (2.29).

Since t — ®(t) is nondecreasing and ¢ is slowly varying, (1.4) and (2.3) imply
that ®(t)/(t“£(t)) converges in probability to I'(1 — «) as t — oo. Therefore, there
exists T3 such that if ¢ > T3, then

o(t)
P <1 'l - 1—n. 2.33
(s < @ +wr-)) > 17 (2.33)
Therefore, combining (2.32) and (2.33), if 1 <r < N and ¢t > max{T},T», T3}, then
with probability at least 1 — (N +1)p > 1 — 6,

) < o (20~ g;q’s(“)
< -a) - (1-py A=)
=
=I(l-a)— i_v; O‘F(Z!_ ) +n(F(1 - a) +§;O‘F(;‘ 0‘))
< O‘F(Z!_ @) + g 4 2nT(1 - a) -
= w +90. (2.34)

using (2.28). The result (2.27) for r = 1,..., N now follows from (2.32) and (2.34).
Since N can be chosen arbitrarily large, the result holds for all positive integers
r. 0

3. Description of Example 1.3

We specify a random sequence P; > P, > ... such that Z;il P; =1 a.s. in the
following way:
(1) Begin with any deterministic sequence ¢; > g2 > ... such that Zj’;l q; <
1/2 and such that if g(z) = max{j : ¢; > =}, then lim,_¢z%g(z) = 1.

(2) Given a positive integer ni, we can define, for all integers k > 2, the integer
1

ny = 22° . Choose n; large enough that "5 n¢ ™' < 1/2.
(3) Define a sequence of independent random variables (Ry)$2, such that Ry
has the uniform distribution on {1,2,...,nx} for all k. Then for all k € N,

add the number 1/(n;22™) to the sequence |22"*n | times.
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(4) Add the number

o0 o0 1 R
1— - 22 o
;QJ ; nk22Rk i ]

to the sequence to make the numbers sum to one.
(5) Order the numbers and relabel them P, > Py > .. ..

Using the method described in the introduction, define an exchangeable random
partition Il whose asymptotic block frequencies are almost surely given by this
sequence (P;)22;. The next two lemmas show that II satisfies the conditions of
Example 1.3.

Lemma 3.1. For the sequence (P;)52, defined above, if G(x) = max{j : P; > z},
then

;lii% x*G(x) =1 in probability.
Proof: Let G'(x) denote the number of terms that were added to the sequence
in step 3 of the above construction that are greater than or equal to z. Because
lim,_,o 2%g(x) = 1 by step 1 of the construction, it suffices to show that

lir% x*G'(x) =0 in probability. (3.1)
Let € > 0. Suppose 1/ng41 < 2 < 1/ny. Because R; < nj, there can be at most
22" nj terms in the sequence that equal 1/(nj22Rj) for j =1,...,k—1. Therefore,
k—1 .
i 2"« 27k«
G'(x) <) 22"ng+2 L 2278 )2y (3.2)

j=1
By the choice of ny, we have

k—1

27« € a € —a

22 n; < §nk < 5:10

j=1
for sufficiently large k. The second term on the right-hand side of (3.2) will be at
most (e/2)z=* unless we have both 1/(nx22™) > z and 22™n® > (¢/2)z~* or,
equivalently, unless

€ 1
log, log, (2:1:6%0‘) < Ry < log, log, (x—nk)
k

Because Ry has a uniform distribution on {1,...,ns}, the probability that Ry falls
in this interval is at most

1 1 €
— (141 I — | =1 1 — . 3.3
- ( + log, log, (xnk> 085 10g, <2x°‘ng)) (3.3)

Note that for all real numbers z > 1, we have

log, z 1
log, 1 —log, | @ =1 =1 — .
089 1083 2 — 1085 1089 2 089 <10g2 20‘> 082 (a>

By applying this result when z = 1/(zny), we see that the probability in (3.3) tends
to zero as k — oo. It follows that lim, o, P(G'(x) > ex~%) =0 for all € > 0, and
(3.1) follows. O
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Lemma 3.2. For the random partition 11 defined above, if I1,, denotes the restric-
tion of 11 to {1,...,n} and K,, denotes the number of blocks of I1,,, then there exists
a constant C > 0 such that

klim P(n, Ky, >T(1—a)+C) =1.

Proof: We use Poissonization. Let (N(t),t > 0) be a rate one Poisson process, and
let ®(t) = E[K ()| (Pj)52,]. By (2.3), it suffices to show that there is a C' > 0 such
that

liminfn, “®(ng) >T'(1 —a)+C as. (3.4)

k—o0

For all k € N, designate |22 n¢ | blocks of IT with asymptotic frequency 1/(ng22"™")
as marked blocks, while the other blocks of II will be unmarked. If there are
more than |22 n{| blocks with asymptotic frequency 1/(ng22™) because q; =
1/(nk22Rk) for some j, then choose at random the blocks to mark. Note that the
marked blocks correspond to the terms P that were added in step 3 of the above
construction. The unmarked blocks all have asymptotic frequency ¢; for some j,
except for the block added in step 4 of the construction. Let ®’(¢) be the expected
number of marked blocks of Iy ;) conditional on (P;)32,, and let ®”(t) be the
expected number of unmarked blocks of Iy ;) conditional on (F;)32,. Note that
O(t) = ®'(t) + ®”(t). By Proposition 1.1 and (2.3), we have

klim n,“®"(ny) =T(1 —a) as. (3.5)

The number of integers in the set {1,..., N(ny)} that are in a block of II with
asymptotic frequency 1/ (nk22r) has a Poisson distribution with mean 2~2". There-
fore, on the event {Rj = r}, we have

_or

' (ng) > 22 ng (1 —e2 ).

Since x71(1 — e~®) is bounded away from zero for all z < 1/4, it follows that there
is a constant C' > 0 such that n,“®'(n) > C a.s. for all k. This fact, combined
with (3.5), implies (3.4). O

4. Description of Example 1.5

We begin by specifying a deterministic sequence of numbers p; > ps > ... such
that 3372, p; = 1 as follows:
(1) Begin with any sequence ¢; > g2 > ... such that if g(z) = max{j : ¢; > =},
then
iiil%x(log x)?g(x) = 1. (4.1)
It is not difficult to see that such sequences exist. One arises, for example,

in Basdevant and Goldschmidt (2008).
(2) Choose any integer j such that

i qr < 1— in_gm.
n=2

k=j+1
Then remove the terms ¢, ...¢q; from the sequence.
(3) For all n > 2, add the number e=™" to the list [n~92¢""| times.
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(4) Add the number

> s 3 3
D S Maa et
k=j+1 n=2
to the sequence to make the numbers in the new sequence sum to one.
(5) Order the numbers and relabel them p; > pa > .. ..

Using the method described in the introduction, define an exchangeable random
partition Il whose asymptotic block frequencies are almost surely given by this
sequence (p;)32,. The next two lemmas establish that II satisfies the conditions of
Example 1.5.

Lemma 4.1. For the random partition 11 defined above, if I1,, denotes the restric-
tion of II to {1,...,n} and K,, denotes the number of blocks of I1,,, then

L (ogn) K,

n— oo n

=1 a.s.

Proof: We again use Poissonization. Let (N(¢),¢ > 0) be a rate one Poisson process,
and let ®(t) = E[K ). By (2.3), it suffices to show that

lim M =1. (4.2)

t—00 t
For all n > 2, designate Ln_g/ 26"3J blocks of IT with asymptotic frequency e’
as marked blocks, while the others are unmarked blocks. If there are more than
Ln_g/ 26"3J blocks with asymptotic frequency e~ because qr = e~ for some k,
then choose at random the blocks to mark. Note that the marked blocks correspond
to the terms py that were added in step 3 of the construction above. The unmarked
blocks all have asymptotic frequency g for some k > j, except for the one unmarked
block that is added in step 4 of the construction. Let ®’(t) be the expected number
of marked blocks of Iy, and let ®”(t) be the expected number of unmarked
blocks of Il (). Note that ®(t) = ®'(t) + ®"(¢). In view of (4.1), we can apply

Proposition 1.4 with £(t) = (logt)~2 for ¢ > 1 in combination with (2.3) to get

log )" (¢
Jim M -1 (4.3)
That ¢i,...,q; were deleted and one unmarked block was added does not affect

this conclusion. , )
Now, choose t such that e®~1" < ¢t < e” . The number of marked blocks of II
(n—1)%

with asymptotic frequency at least e~ is

nzltk_g/%’ﬂ < Oln_9/2e("_1)3 < Cln_9/2t,

k=1
where C] is a positive constant that does not depend on n. This bound holds
because the sum is dominated by the largest term. If a block of II has asymptotic
frequency ¢, then the probability that at least one of the first N(¢) integers is in

the block is 1 — e < gt. Therefore, the expected number of marked blocks of
Iy () with asymptotic frequency e~ or smaller is at most
o0

Z(e—kst) ) k_9/2€k3 —¢ Z k_9/2 < an_7/2t,
k=n k=n
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where C is another positive constant that does not depend on n. Therefore, ®'(t) <
Cyn~92t + Coyn~7/2t. Since logt < n?, it follows that

!/
lim w = 0. (4.4)
Now (4.2) follows from (4.4) and (4.3). O

Lemma 4.2. For the random partition 11 defined above, if I1,, denotes the restric-
tion of II to {1,...,n} and K, , denotes the number of blocks of IL,, of size r,
then for r > 2, the quantity n~'(logn)?K, . does not converge to 1/[r(r —1)] in
probability as n — 0.

Proof: We consider the sequence (K|, | )nzy, Where m, = e’ for all n. Let
(N(t),t > 0) be a rate one Poisson process. There are at least [n~%2¢"" | blocks

of IT with asymptotic frequency e, Order these blocks at random, and then let
A; ., be the event that the ith of these blocks contains exactly r of the integers
1,...,N(my,). Because the number of the integers {1,..., N(n,,)} in one of these
blocks has a Poisson distribution with mean 1, we have P(4;,) = e~*/r! for all i

and n. Also, for any n, the events A;, for 1 < i < Ln’9/2e"3J are independent.
It follows that for all n, the random variable Ky, stochastically dominates a

Binomial(|n=%/2¢"’ |, =1 /r!) random variable. It now follows from standard large
deviations estimates that

P
lim P<KN(mn)7T > =

n—oo 3r!

Because N (m,,) has the Poisson distribution with mean m,,, we have Var(N (m,,)) =
m,, and therefore E[|N(m,) — my|] < mey/?. Since

(KN (ma)r = Km )l < IN(m2) = [ma]],

it follows that E[|Kn(m,)r — K{m.,|rl] < ¢"’/2 + 1. Combining this result with
Markov’s inequality gives

n9/2e"3) =1. (4.5)

-1
iy P (1K = Kl > o2 ) 0. (4.6)

n—oo

Combining (4.5) and (4.6) gives

n—oo

—1
lim P( K|, |, > =02 ) = 1.
" 3r!
Since my, (logmy,,) ™2 = n=6¢"’, the result follows. O

5. Proof of Theorem 1.6

We will assume that (¥, (t),t > 0) is obtained from Kingman’s coalescent
(©,(t),t > 0) as in (1.12). For any partition = of {1,...,n}, let |r| denote the
number of blocks of m. For 1 < k < n, let T, = inf{t : |©,(t)| = k}.

Lemma 5.1. For all € > 0, there exists a positive constant C such that with
probability at least 1 — €, we have

2 2 C
Tk‘(%‘ﬁ)‘fm
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for all integers k such that n®/* < k < n.

Proof: If 2 < k <n, then T;_1 — T}, has an exponential distribution with rate (]2“)
Since T,, = 0, it follows that

BT = Y Bl -T)= 3 m=p= (j%l—%.)_%—%.

j=k+1 j=k+1 G -1 j=k+1 J
For1 <k <n,letY, =T} —E[Tk] Note that Y1 — Y, =T 1 — Tk —2/[/€(l€— 1)],
and these increments are independent. Therefore,

n

4 Cy
Var(Vy) = ZVarjl Zv&r]1 T;) = ZWSE

Jj=k+1 J=k+1 Jj=k+1
for some positive constant C7. By Kolmogorov’s Maximal Inequality,

3
O)<k ¢, Gy

P<kmax |Y|>k3/2 =

oo
which is less than e if we take C' sufficiently large. The result follows by taking
k = [n®/*], in which case C/k3/? < C/n?/8, O

For 1 <k <, let Uy = inf{t : |¥,,(t)| = k}. Define the function g : [0,00) —
[0,00) by g(t) = (1 — a)~ (== where a = ~v/(1 + 7). It follows from (1.12)
that for all t > 0,

v o g(t)r+? o t(I—a)(v+1) o
ott) ( v+1 ) ((1—a)(1“>(7“>(7+1)) "
Therefore, Uy, = g(Ty,) for all k.

Let

Ln =Y k(Uk1—Us).
k=2
Note that L,, is the sum of the lengths of all branches in the coalescent tree because
Uk_1 — Uy is the amount of time for which there are exactly k lineages. Let m =
[n3/47 41, and let

L= k(Uk-1 = Uy),
k=m

which is the total length of all branches in the coalescent tree when the tree is
truncated at the point where the number of lineages reaches [n3/4].

Lemma 5.2. We have

/ 11— a
lim ﬁ = 2.(1——a)7r in probability.
n—oo N sin(ma)
Proof: Let € > 0. By Lemma 5.1, there is a constant C' such that with probability
1 — €, we have
2 2 C 2 2 C
k0w
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whenever n3/4 < k < n. Note that U, = 0 and L, is an increasing function of Uy
for m — 1 <k <n — 1. Therefore, with probability at least 1 — ¢,

n

= > k(g(Tk1) — 9(Tk))

=m

§y<< 222 5)
( n n9/8> Zk( 2)9’(%—%+n9—c/8), (5.1)

where the last equality uses that ¢’(¢) is a decreasing function of ¢ because 0 < a <
1. The first term on the right-hand side of (5.1) is O(n'~2(1=®)/8) and therefore is
o(n®). Since ¢'(t) = (1 — «)*t~*, the second term on the right-hand side of (5.1)
is equal to

=

IN

_ —a n—1 —a
1—a 2 2 C I o 1 1 1
Z <“ﬁ+m) <27(1-a) Zm(rﬁ) 62

For all £ such that m <k <n-—1,

1 /1 1\ “ k+1 1 /1 1\ * _m+1 f1/1 1\°
— (=== = S < —'- “(=-= da.
k—1\k n k—1)k+1\k n m—1/J, x\x n

Therefore, the second term on the right-hand side of (5.1) is at most

2101 - aye (21 /”1 Loy,
—a)* —— —|--= x.
m+1)Jo z\xz n

By making the substitution y = x/n, we get

n1/1 1\ Y171 - '
[ e [0 e o
0 T\ n o Y\Y 0

— T (@)1 - a) = (5.3)

sin(ma)

where the last step uses Euler’s Reflection Formula (see, for example, p. 9 of
Andrews et al. (1999)). Therefore, there exists a sequence (a,)52 ; tending to zero
such that with probability at least 1 — ¢,

L, - 21721 — a)or

n- A4
ne sin(ma) ta (54)
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Likewise, for the lower bound, let M = max{k : 2/k —2/n — C/n%% > 0}. Then
with probability at least 1 — ¢, we have

Ly =Y k(g(Ti-1) — g(Ti)

M-—1 —«
1/1 1
:217051_ [e% -z _ = )
(1=a) Zk(k n)
For all k£ such that m — 1 <k < M —1,
1/1 1\ “ E—1\ 1 /1 1\ “_m-2 /% 1/1 1\°¢
=== =— - = > - === dx.
k\k n k k—1\k n m—1J._1x\x n

Since m/n — 0 and M/n — 1 as n — oo, it now follows from (5.3) that there is a
sequence (b,)52 ; tending to zero such that with probability at least 1 — e,

L, o 20(l—a)r

— — by. 5.5
n® — sin(ma) (5:5)
The result now follows from (5.4) and (5.5). O
Lemma 5.3. We have
L, 2'7%(1—a)"
lim — = & in probability.
n—oo N sin(ma)
Proof: By Lemma 5.2, it suffices to show that
L,—L
lim ———" =0 in probability. (5.6)
n—oo n
We have
m—1 m—1
Loy =L, =Y kg(Ti1) — g(Th) < > kg (Tom—1)(Ther — T).
k=2 k=2

Let A be the event that Ty, 1 > 2/(m — 1) — 2/n — C/n®/8, which has probability
at least 1 — ¢ by Lemma 5.1. There is a positive constant Cy such that ¢'(T},—1) <
Cyn3®/* on A for all n. Therefore,
m—1
E[Ln — L},|A] < Con®*/* Y " KE[T), 1 — Ty]
k=2
m—1 2

3a/4
< Con ;k—l

< Con®*/*(1 +logn).
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Thus, by Markov’s Inequality,

_ I
Pl 1, > eny < Pty + Plln = LalA]

C
<e+ 2n~Y(1 +logn),
en €
which is less than 2e for sufficiently large n. The result follows. O

Recall that L, is the sum of the lengths of all branches in the coalescent tree.
Also, recall that mutations occur along each branch of the coalescent tree at times of
a Poisson process of rate . Therefore, if we denote by S,, the number of mutations
in the tree, then conditional on L, the distribution of S,, is Poisson with mean
0L,. Thus, Lemma 5.3 and Chebyshev’s Inequality immediately yield the following
result.

Corollary 5.4. We have

S, 02171 — )
lim — = ﬂ in probability.
n—oo N sin(ma)

Theorem 1.6 now follows from Corollary 5.4 and the next lemma.

Lemma 5.5.

lim niKn =0 in probability.

n—oo n%
Proof: Note that if the most recent mutation inherited by two sampled individuals
is the same, then all of the mutations inherited by these individuals must be the
same. This is because when we follow the two lineages backwards in time, they must
coalesce before any mutations are observed. Therefore, each block of the allelic
partition II,, can be associated with a mutation that is the most recent mutation
inherited by the individuals in that block, with the possible exception of one block
corresponding to individuals with no mutations. It follows that K, < S,, + 1.

To get a bound in the other direction, note that the only mutations that are not
associated with a block of the allelic partition as above are the mutations that are
not the most recent mutation inherited by any individual. We denote the number
of such mutations by B,,. Then K,, > S, — B, so it suffices to show that B, /n®
converges in probability to zero as n — oo.

Let R,, denote the number of mutations that occur when the number of lineages
is [n®/*] or fewer. Enumerate the remaining mutations in decreasing order of time,
so that the first mutation is the most recent one, the second mutation is the second
most recent, and so on. Let R}, ,, denote the number of mutations along the branch
of the coalescent tree that we get by starting at the kth mutation and following

this lineage back until time
2 2 n c
INm—1"n " n8)

where C is the constant from Lemma 5.1. Choose C3 > 02'~%(1 — a)%7/(sin(r)).
On the event that Ty, 1 < 2/(m — 1) — 2/n + C/n°/®, which has probability at
least 1 — € by Lemma 5.1, and on the event that 5,, < C3n®, which has probability
tending to one as n — oo by Corollary 5.4, we have

[Csn”]

By <Rn+ > Rin. (5.7)
k=1
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Conditional on L,, and L/, the distribution of R,, is Poisson with mean 6(L,, —
L!). Therefore, by (5.6), R,/n® converges to zero in probability as n — oo.
Because mutations occur along each lineage at rate 6, we have for all k < |C3n®|,

2 2 C
< s = ) < —3(1—a)/4
ElRyn] < 99<m -1 n + n9/8> < Can
for some positive constant C;. By summing over k and then applying Markov’s
Inequality, we get that

[Csn?]
m 0 ity
im e Z Ry.n = 0 in probability
k=1
Since (5.7) holds with probability at least 1 — 2¢ for sufficiently large n, the result
follows. O
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