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Abstract. In the paper we prove weak-type and ®-inequalities for the conditional
square function of a martingale. Related estimates for the sums of nonnegative
random variables and sums of their predictable projections are established.

1. Introduction

Let (Q,F,P) = ([0,1],B(]0,1]),] - |) be a probability space and (F,,) be a fil-
tration, that is, a nondecreasing sequence of sub-o-fields of F. Throughout the
paper, f = (f,) will be a martingale adapted to (F,,) and taking values in a certain
separable Banach space (B, || - ||). Let df = (df,) be the difference sequence of f,
defined by f, = > 1_odfr, n =0, 1, .... Then S(f), the square function of f, and

s(f), the conditional square function of f, are given by

s 1/2 s 1/2
S(f) = [Z ||dfk||2] and s(f) = [Z E(||dfk||2|fk1>] :
k=0

k=0
where F_1 = Fy. We will also use the notation

n

1/2
ZE(IIdfkllzlfkl)] ,

k=0

" 1/2
Sn(f) = [Z ||dfk||2] and s, (f) =
k=0

and, furthermore, we will write

1/1lp = sup ||fallp = sup(El| f[[)"/*
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and
1 fllp,00 = sup || fullp,c0 = SupingA(P(llfnll > AP,

where 0 < p < 0.

The purpose of this paper is to provide some sharp estimates involving the sizes
of a martingale, its square and conditional square function. Let us start with related
results from the literature. The sharp inequalities

(Dl <[5l
(Pl < /2SI

171l < \/?Hs(f)np,
1)l < \fn il

for 0 < p < 2, were established by Wang (1991) in the case when B is a Hilbert
space. Furthermore, the inequalities fail to hold for the remaining values of p;
for example, the inequality ||s(f)|l, < Cpllfllp, with 0 < p < 2, is not valid in
general with any finite C),, even for real-valued martingales. However, the following
estimate was established by Junge and Xu (2003): if 1 < p < 2 and f is real-valued,
then, for some absolute C,,

(1.1)

for 2 < p < oo, and

(1.2)

1/p
Cy I fllp < inf § [Is(g)ll, + <Z Idhk|p> < Cpl|fllp, (1.3)

P
where the infimum runs over all possible decompositions of f as a sum f =g+ h
of two martingales. This estimate can be seen as dual to the Burkholder-Rosenthal
inequality (see Burkholder, 1973, Hitczenko, 1990, Junge and Xu, 2003 for details)

00 1/p
Gy Ifllp < max § [1s(£)ll, (Z Idfk|p> < Cpllfllp, 2<p<oo. (1.4)
k=0 »
In view of Burkholder-Davis-Gundy inequalities (consult Burkholder, 1973), bounds
similar to (1.3) and (1.4) are valid when [|f]|, is replaced by [|S(f)p-

In the present paper we will study related inequalities, putting particular em-
phasis on the size of the constants. First, we determine the optimal constants in
the following weak-type estimate. It is convenient to formulate the result in the
case 0 < p < 2 and 2 < p < oo separately. Recall that a martingale f is condi-
tionally symmetric if for any n > 0, the conditional distributions of df,, and —df,
given F,,_1 coincide. In the results below, we also use the notion of convexity and
smoothness of a Banach space; for the definition, see Section 2 below.

Theorem 1.1. Suppose p belongs to the interval (0,2] and f is a B-valued mar-
tingale.
(i) We have

1S (Dllpse < (C(p/2+ 1)) 211s(f)llp- (1.5)
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(i) If B is a Hilbert space, then

1/l < (C(0/2+1))72[15(f)llp- (1.6)
(i11) If B is (2, a)-smooth and f is conditionally symmetric, then
1/1lpo < (C(p/2+ 1)) - alls()llp- (1.7)

The inequalities (1.5) and (1.6) are sharp, even if B = R.
For 2 < p < oo we have the following.

Theorem 1.2. Suppose p belongs to the interval [2,00) and f is a B-valued mar-
tingale.

(i) We have
P\ 1/2-1/p
Is(llpoo < (5) ISl (18)
(i) If B is a Hilbert space, then
P\ 1/2-1/p
Is(llpoo < (5) [1£1lp- (L9)
(i11) If B is (2, a)-convex and f is conditionally symmetric, then
N 1/2-1/p 1
< (£ — . .
Is(H) oo < (5) ~If1ly (1.10)

The inequalities (1.8) and (1.9) are sharp, even if B = R.

The following sharp estimate for the tail of s(f) can be regarded as a version of
Theorem 1.2 in the case p = oo.

Theorem 1.3. Let [ be a B-valued martingale.
(1) If ||1S(f)|lee <1, then for any A > 0 we have

P(s(f) > A) < min(e ", 1). (1.11)
(11) If B is a Hilbert space and ||f|lco < 1, then for any A > 0 we have
P(s(f) > A) < min(e ", 1). (1.12)
(i11) If B is a (2, a)-smooth and ||f||cc < 1, then for any A > 0 we have
P(s(f) > A) < min(e! /%" 1), (1.13)

The inequalities (1.11) and (1.12) are sharp, even if B = R.

The theorem above can be used to provide the proof of the following well known
exponential inequality (see e.g. Garsia Garsia, 1973). If f is a Hilbert-space-valued
martingale bounded by 1, and we integrate (1.12), we get, for any 8 < 1,

— B)el -8
Bexp (35%() < 22—

However, the bound on the right is not optimal. We determine it in the next result.

Theorem 1.4. Suppose @ : [0,00) — R is an increasing convex function and f is
a B-valued martingale.

(i) If [|S(f)llc < 1, then
E®(s*(f)) S/O d(t)e "dt. (1.14)
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(i) If B is a Hilbert space and ||f|le < 1, then

E®(s*(f)) < / d(t)e 'dt. (1.15)

0
(i11) If B is (2, «)-smooth and f is conditionally symmetric with || f||ec < 1, then
Ed(s*(f)) < / (ta)e tdt. (1.16)

0

The inequalities (1.14) and (1.15) are sharp, even if B = R.

The estimates (1.1) and (1.2) are accompanied by the inequalities for the sums
of nonnegative random variables (in fact we have the equivalence, see Theorem 2.1
below): if (e,)22, is an adapted sequence of nonnegative random variables and
(E(en|Fn-1))s>, stands for its predictable projection, then

1D ElerlFre-)llp <ol D exlly,  for 1<p < oo,
k=0 k=0

and
Pl erlly <11 E(er|Fr1)llp,  for 0<p<1.
k=0 k=0

Furthermore, both inequalities are sharp (for details, see Wang, 1991). In the
present paper we have a similar situation: the inequalities formulated in Theorems
1.1, 1.2, 1.3 and 1.4 have their analogues for the sums of nonnegative random
variables. Precisely, we have the following.

Theorem 1.5. Let (e,,) be an adapted sequence of nonnegative random variables.
(1) If 0 < p < 1, then

doel| < @e+1)) VP Elex]Fi1) (1.17)
k=0 p,00 k=0 P
and the constant (T'(p 4 1))~'/? is the best possible.
(i1) If 1 < p < oo then
ZE(ek|fk—1) <p'Tie Zek (1.18)
k=0 oo k=0 |l
and the constant p*~'/P is the best possible.
(ii1) If || Yore €klloo < 1, then for any A > 0 we have
P() " E(ex|Fr-1) = A) < min(e' ™, 1) (1.19)

k=0
and the bound on the right is the best possible.

(iv) Suppose that ® : [0,00) — R is a conver and nondecreasing function. If
||Z;O:0 eklloo < 1, then

Ed <§: E(ek|]-"k1)> < /OO d(t)e tdt (1.20)
0

k=0

and the bound on the right is the best possible.
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A few words about the organization of the paper. In the next section we present
the method which allows us to obtain the announced estimates. Then, in Section
3, we make use of the technique and provide the proofs of the inequalities. In the
final section we prove that the constants in the estimates above can not be replaced
by smaller ones.

2. On the method of proof

Let us first recall the notions of smoothness and convexity of Banach spaces. We
say that a Banach space B is (2, «)-smooth, if for any x, y € B we have

llz +yl* + |z — yl* < 2[Jz[]* + 2a]]y]|*.
We say that B is (2, a)-convex, if for any =, y € B we have
|z +yll? + [lz = yl* = 2[||* + 2a]ly[|*.
To give some examples, LP spaces are (2, \/p — 1)-convex for p > 2 and (2,1/v/p — 1)-
smooth for 1 < p < 2. Any Hilbert space is (2, 1)-smooth and (2, 1)-convex.
We start with the following easy fact. Let I be a subinterval of [0, c0), containing
0. Recall that the martingale is simple if there is N such that dfy = dfyy1=... =0

almost surely and for any n > 0, the variable f, is simple, i.e. takes only a finite
number of values.

Theorem 2.1. Let V : I x [0,00) — R be fized. The following two statements are
equivalent.

(i) For any adapted finite sequence (ey,) (that is, satisfying 0 = ey = enj1 = ...
for some N ) of simple nonnegative random variables such thaty,~ e, € I almost

surely, we have
EV (Z en, ZE(en|fn_1)> <0. (2.1)
n=0 n=0

(ii) For any simple real valued martingale f satisfying S*(f) € I almost surely,
we have

EV(S*(f),s*(f)) < 0. (2:2)
Proof: The proof is just a matter of the substitution
en = |dfal?, n=0,1,2,.... (2.3)

One only needs to observe that, given (e,) as in (i), there exists a martingale f for
which (2.3) is valid. For example, take a sequence (&,,) of independent Rademacher
variables (also independent of (e,)) and consider a conditionally symmetric mar-
tingale f defined by df,, = eny/en, n=0,1,2, ... O

Now we turn to the description of the technique we will use to establish the
estimates formulated in the Introduction. The method converts the problem of
proving a given inequality to the problem of the construction of a certain special
function.

Theorem 2.2. Let I be a subinterval of [0,00) such that 0 € T and suppose that
U, V are functions from I x [0,00) to R satisfying

Viz,y) <U(x,y), z€l,y=0, (2.4)
U(,y): x—Ul(x,y), x € I, is concave for any y > 0 (2.5)
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and
Ul+dy+d <U(z,y), ford>0,y>0andz, z+del. (2.6)
Then we have the following.
(1) If (er)72, is a sequence of simple nonnegative variables satisfying the condi-
tion Y - | ex € I almost surely, then for any nonnegative integer n,

EV (Z €k, Z E(ek|fk1)> <U(0,0). (2.7)
k=0 k=0

(i) If f is a simple B-valued martingale such that S(f) € I almost surely, then
for any nonnegative integer n,
EV (S:(f), 52(f)) < U(0,0). (2.8)
(iii) If B is a Hilbert space and [ is a simple B-valued martingale such that
[If]] € I almost surely, then for any nonnegative integer n,
EV (|lfall?,57.(f)) < U(0,0). (2.9)
(iv) If U(-,y) is nondecreasing for any y, B is (2, a)-smooth and f is a simple
B-valued conditionally symmetric martingale such that || f|| € I almost surely, then
for any nonnegative integer n,

EV (7 Y|fall?,s2(f)) < U(0,0). (2.10)
(v) If U(-,y) is nonincreasing for any y, B is (2,a)-convex and f is a simple

B-valued conditionally symmetric martingale such that ||f|| € I almost surely, then
for any nonnegative integer n,

EV (a7 /fall?, s2.(f)) < U(0,0). (2.11)

Proof: By (2.4), it suffices to show the assertions with V' replaced by U. Observe
that the assumption on the simplicity of (e,,) and f guarantees the integrability of

all the variables appearing in the above estimates.
(i) Denote F_; = G_; =0,

F, = Zek and G, = ZE(ek|fk_1), n=0,1,2,....
k=0 k=0

Since for any n > 0 the variable G,, is F,_i-measurable, we have, by (2.5) and
conditional Jensen’s inequality,

EU(Fy,Gn) = E[E(U(Fy, Go)|Fu-1)] < E[EU (B(Fy|Fo-1), Gn)]-

The process (U(E(F,|Fn-1), Gn))22, is a supermartingale with respect to (F,—1).
Indeed, for n > 0,

E[UE(Fn41|Fn); Gnia)[ Fn]

= E[U (E(Fu| 7o) + E(ens11Fn), Gn + E(ens1]Fn)) [ Fazi]
S E[U(E(Fnl}-n)v Gn)l}-n—l]

< U(E(Fu|Foe1), Gu),

where in the first estimate we have used (2.6) and the second one follows from (2.5)
and the conditional Jensen’s inequality. Thus

EU(Fy, G) < EU(E(Fo|F_1), Go) = EU (E(eo|F_1), E(eo|F_1)) < U(0,0),

in view of (2.6), and the estimate follows.

(2.12)
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(ii) This is a consequence of Theorem 2.1.

(iii) We repeat the proof of (i), word by word, this time with the processes
F, = ||fnl]? and G, = s2(f), n =0, 1, 2, .... The only fact we need is that if B
is a Hilbert space, then E(F,1|F,) = F, + E(||dfn+1||?|Fn); therefore, (2.12) is
valid, with e, 1 replaced by ||df,11|?, and the claim follows.

(iv), (v) We will only show (iv), the arguments leading to (v) are similar. Adding
the variable f_1 = 0 if necessary, we may assume that f starts from 0. Clearly, we
will be done if we show that the process (U(a™Y|fa][?, s2(f))) is a supermartingale
(with respect to the filtration (F,,)). To this end, fix n > 1 and note that, by the
conditional symmetry of f,

EU (a7 full?, 85 (F)|Fn1]

= SEIV M et + Al () + U e = dfal P52 (D) Fat]

Now, by the concavity and monotonicity of U, we infer that there is a nonnegative
variable A = A(a™Y|fn_1||? + ||dfal|?, s2(f)) such that

E[U (a7 [ fam1 £ dfull?, 55 (M) Fa1] < U@ | famal® +11dfal?, 57.(f))
+ Al Y famr £ dfal® = (@[ famall? + [dfal*)] -
Using the (2, a)-smoothness property of B,
Al fam1 +dfal? + a7 M| fam1 = dfal[* = 2(a™ [ faa|[* + [1dfal[*)] < 0,
so, by (2.13),
E[U (@ I fall?, sp(F)Fn-1] S EU (@ M| far|l® + ldfull?, 5 () Fn-1]
S EU (@ | famall sho1 ()| Fa-i]
= Ula Y| famrll sho1 (),

where in the second inequality we have exploited (2.6). The proof is complete. [

(2.13)

3. Proofs of the inequalities (1.5) — (1.20)
3.1. Weak type estimates.

Proof of the inequality (1.17): Using standard approximation arguments, we may
restrict ourselves to finite sequences (e,,) of simple nonnegative random variables.
We must show that for any A >0and n=20, 1, 2, ...,

App(i ex >N <T'(p+1)'E (Zn: E(ekm_l)) :

k=0 k=0

By homogeneity, we may and will assume A = 1; then the inequality can be written
in the form

" p
E 1{2;;:0 en>1) — F(p—l— 1)_1 (Z E(ek|-7:k—l)> ‘| < 0.
k=0

Now we will introduce the special functions Uy, V), : [0, 00) X [0,00) — R for which
the above inequality is of the form (2.7). Let

Vp(z,y) = 1s1y —Tp+1)71yP
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and
L= Tp+ 1)~ [(L = a)ev [ tre~tde +ay?] if o <1,
1-T(p+1)"ty? ifz > 1.

U;D('rvy) - {

Observe that Upy(-,y) is nondecreasing for any fixed y. Therefore, by part (iv) of
Theorem 2.2, the proof will be complete if we show that the functions satisfy (2.4),
(2.5) and (2.6). To establish the majorization V,, < U, observe first that we have
equality if x > 1. If x < 1, then the inequality can be written in the equivalent
form

(1—z) (ey /yoo tPe~tdt — yp) <T(p+1).

This holds true, since 1 —z < 1, the function H : [0, 00) — [0, 00), given by
H(y) = ey/ tPe tdt — yP = pey/ tP~te tdt
y y

is nonincreasing: H'(y) = p(p — 1)e? fyoo tP=2e~tdt < 0, and H(0) = ['(p + 1).
The condition (2.5) is guaranteed by the fact that U,(-,y) continuous, linear and
increasing on [0,1], and constant on [1,00). Finally, to check (2.6), it suffices to
show that Upy(z,y) + Upy(z,y) <0 for & # 1, y > 0. This is clear for x > 1, while
for x < 1 we have that

Upz(z,y) + Upy(z,y) = Cp(p — l)xey/ tP~2etdt < 0. O
y

Proof of (1.5), (1.6) and (1.7): We may assume that the martingales we deal with
are simple. Now taking U = U, , and V =V, 5 (with U, and V,, defined above)
turns (1.5), (1.6) and (1.7) into (2.8), (2.9) and (2.11), respectively - and the latter
three estimates are valid in view of Theorem 2.2. g

Proof of the inequality (1.18): As previously, we will deduce the estimate from The-
orem 2.2 applied to appropriate U and V. Let v: [1 —1/p,1) — R be given by

y) = 2 (L =)D,

Consider the following subsets of [0, 00) x [0, 00):
Dy =10,00) x [0,1—1/p],
Dy ={(z,y) :x>~(y) +y - 1L 1-1/p<y <1}
D3 = ([0,00) x [0,1)) \ (D1 U D3),
Dy =1[0,00) x [1,00).

Define U,, V,, : [0,00) x [0,00) — R by
PGP Y — pal on Dy,
— L [(p=1)pP/(e=D)(1 = )"/ (1) _
—pyllp—=1)p7" l-y px| on Dy,
Upla,y) = § 700 = D27 0 =) |
1—pP 14z —y)? on Ds,

1—pPlgP on Dy

and Vp(x,y) = 1[1,00)(y) — pP~ 1 aP.
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Arguing as previously, it suffices to show that forn =0, 1, 2, ...,

n p
E |1 Bler|Fro1)>1} —pP! (Z €k> ] <0.

k=0
This is precisely the estimate (2.7), for the above choice of the functions U, and
Vp.  One easily verifies that Up(-,y) is nonincreasing for fixed y. Therefore, to
complete the proof, in view of Theorem 2.2, it suffices to check that U,, V), satisfy
the conditions (2.4), (2.5) and (2.6). To prove (2.4), observe that if (z,y) € D1,
then

Upe(%,) = Vpa(z,y) = p" [xpl - <%)p1] :

which implies that

Up(,y) = Vip(x,y) > Uply/(p—1),y) = Vu(y/(p — 1),y) = 0.
If (z,y) € Da, then

Setting
20 = 2 [p(1 — )] P,
we see that (z0,y) € Dy and Up(a,y) = Vol,) = Up(ao,9) = Vy(wo.y) = 0. If

(z,y) belongs to D3, then Uy, (x,y) — Vpu(z,y) = pP[2P~ ! — (1 +2 —y)P~1] <0, so

Up(x,y) = Vp(w,y) > Up(v(y) +y — Ly) = Vp(y(y) +v — 1,y),

and the right hand side is nonnegative, as (y(y) + y — 1,y) belongs to the closure
of Dy, where we have already established the majorization. We complete the proof
of (2.4) noting that we have U, = V,, on D4. The condition (2.5) is apparent. To
establish (2.6) it suffices to prove that U,y + Upy < 0 in the interiors DS of the sets
D;, i=1,2, 3, 4. The direct calculation shows that Up,(z,y) + Upy(z,y) equals

~—

—pP(p — 1)* PayP—2 if (z,y) € DY,
1—y) 2~z +y—1+(y)] if (z,y) € DS,
0 if (z,y) € Dg,
ppar- i (z,) € D

and it is evident that all the expressions are nonpositive on the corresponding
sets. 0

Proof of (1.8), (1.9) and (1.10): Theorem 2.2 applied to Up,/2, V,/2 gives us the
desired estimates under the additional assumption that the martingales are simple.
The general case follows by standard approximation. O

In the case p > 2, we have the following extension of (1.10) to the case of general
martingales.

Corollary 3.1. Let p > 2. If B is (2,a)-convex and f is a B-valued martingale,
then

15() .00 < 2(p/2)"27 2| £ (3.1)



252 Adam Osekowski

Proof: This can be proved using standard decoupling techniques. Consider the
probability space (2 x Q, F @ F,P® P) and let f’, f” be independent copies of f,
given by f!(w,w’) = fI/(W,w) = fp(w’). Introduce the product filtration (F),) =
(Fr® Fp). Then h = f'— f” is a conditionally symmetric martingale with respect
to (F}) and it follows from the conditional Jensen’s inequality that

E(||dhn |17 —1) = E([|dfn]|*|Fn-1)-
Therefore

152 (Pllpioo < lls*(W)lp.0 < ' Pa MRl < 2027 VP07 fl]. O

3.2. The bounded case. Here we will study the versions of the estimates above in
the case p = oco. We will only focus on the inequalities for the finite sums of
nonnegative simple random variables; as we have already seen, this easily extends
to the general sequences. Furthermore, the martingale versions follow immediately.

Proof of (1.19): For A <1 the inequality is trivial, so we may assume that A > 1.
Let U, V :[0,1] x [0,00) — R be given by V(z,y) = 17,>,; and
(1—2)exp(y+1-—2N), ify<A—1,
Ulz,y) =< (1 —2)(\—y)~}, fA-l<y<z+Ai-1,
1, ify>a+A—1.

It is straightforward to verify the conditions (2.4) and (2.5). Furthermore, (2.6)
follows from the continuity of U on [0,1) x R and the fact that

—zexp(y+1—N), ify<A—1,
Us(z,y) + Uy(z,y) = (1—2—-A+y)(A—y) 2 ifx-1<y<a+A-1,
0, fy>z+A-1

is nonpositive. Hence, by Theorem 2.2, we have, for any n,

P> E(ex|Fr1) > A) <e'
k=0

This yields (1.19). O

Proof of (1.20): With no loss of generality we may assume that @ is of class C!.
The functions U, V : [0, 1] x [0, 00) — R corresponding to our problem are given by
V(z,y) = ®(y) and

U(z,y) =x®(y) + (1 — I)ey/ e " P(z)dz.
Yy
Since ® is nondecreasing, we have
ey/ e *P(2)dz > ey/ e ®(y)dz = ®(y)
Y Y

and (2.4) follows. For a fixed y, the function U(-,y) is linear, so (2.5) is satisfied.
Finally, to check (2.6), observe that if z, y, d are as assumed, then U, (z,y)+Uy(z,y)
equals

. {@’(y) Fd(y) — e /y h esz(z)dz} o [fb/(y) _ev /y h ez@’(z)dz] <0,
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where we have used integration by parts and the fact that ®’ is nondecreasing.
Hence, by Theorem 2.2, for any n,

£ <Zn: E(6k|fk1)> < /000 D(t)e"dt,

k=0
which is what we need. O

We conclude this section presenting the result on ®-inequalities for concave ®.
The fact is well known and very easy to prove.

Theorem 3.2. Suppose @ : [0,00) — R is a concave function.
(i) For any sequence (e,)22, of nonnegative random variables, which satisfies
130 g enlloe <1, we have

E® <Z E(en|fn)> < (1) (3.2)
n=0
and the inequality is sharp.
(i1) For any B-valued martingale f satisfying ||S(f)||cc < 1 we have

E®(s*(f)) < ®(1) (3.3)

and the bound on the right is the best possible, even if B = R.
(i1i) If B is a Hilbert space, then for any B-valued martingale [ satisfying
[1flloe <1, we have
E®(s*(f)) < ®(1) (3.4)
and the bound on the right is the best possible, even if B = R.
(i) If B is (2,a)-convex Banach space, then for any B-valued conditionally
martingale [ satisfying || f]lco < 1, we have

E®(s(f)) < B(a™). (3.5)

Proof: This is straightforward: the estimates follow from Jensen’s inequality and
the fact that if f is conditionally symmetric, then aEs?(f) < lim, .o E||f,||* < 1.
To see that the bounds in (3.2), (3.3), (3.4) are optimal, consider constant sequences
60261:62:...51,f():fl:fQ:...El. O

4. Sharpness

In this section we deal with the optimality of the constants appearing in the
inequalities established above. We will focus only on the martingale estimates; in
view of Theorem 2.1, this will show the sharpness of their analogues for the sums
of nonnegative random variables.

4.1. Sharpness of (1.5), (1.6). Let § € (0,1) be fixed and let (X,,)52, be a sequence
of independent random variables sharing the same distribution given by

P(X,=1)=6=1-P(X,, =0).
Furthermore, let (g,) be a sequence of independent Rademacher variables, inde-
pendent also of (X,). Introduce the stopping time 7 = inf{n : X, = 1}, set
dfn = enXnl{r>ny, n =0, 1,2, ... and let (F,,) be the natural filtration of f. Then

f is a martingale (which is even conditionally symmetric), for which |f,| 1 |foo] =1
and S(f) = 1 almost surely; hence ||f||p.co = |[$(f)||lp,cc = 1. Furthermore, as
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E(df2|Fn-1) = 1> EX, = 61(;5,), we have s?(f) = 6(7 + 1). Since 7 has
geometric distribution, we have, for 0 < p < 2,

Is(HIE = |152(N)][25 = 6 3 (6n)P/2(1 — )"~

and we see that the right hand side, by choosing ¢ sufficiently small, can be made
arbitrarily close to [~ t?/?e~'dt = I'(p/2 + 1). This implies that the constant in
(1.5) and (1.6) is indeed the best possible.

4.2. Sharpness of (1.8) and (1.9). If p = 2, then the constant martingale fo =

fi=f2=... =1 gives equality in (1.8) and (1.9). Suppose then, that p > 2. Let
6 €(0,1—2/p), N be a positive integer and set
1/N
p—2
=|— > 1. 4.1
' ( po ) @y

Furthermore, assume that N is large enough to guarantee that ¢ := (r — 1)(p —
2)/(2r) < 1. Consider a sequence (X,)Y_, of independent random variables such
that

2r"é

]P(anr—) —g=1-P(X,=0), n=0,1,2, ...,

p—2
and Xy = 2/p. Let (,))_, be a sequence of independent Rademacher variables,
independent also of (X,,). Set 7 = inf{n : X,, # 0} and let df, = e,V Xnl{r>ny,
n=20,1,2, ..., N. We easily see that f is a conditionally symmetric martingale
satisfying | fn| = Sn(f) = v/ X,. Therefore

NZl ro.ng\P/2 p/2
g =lslp =3 (255) a-ama+ (2) -0

n=0

_ (p2_52>1’/2q1 Ifr:jgzl—_q;;fv . @)pm s

On the other hand, it can be easily verified that E(df3|Fn—1) = (r —1)r" 1615,
for n < N and E(df} |Fn-1) = 2/pl{r=n3, sO

(4.2)

, TA(N—1) el 2 ) (T+1)AN 2
SH= Y =1 0t SHremy =200 ~ D+ L=y

n=0

On the set {r = N} we have, by (4.1),

an=220

2 _1-96
=>
pr r p r

3

SO
- 1/2
PGU)z(ﬂf) )zpv—wd—a—@N
Hence
I ISIE r O\
|Mﬁ%m‘nwmmm§<v4) 11—V
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Now we will let N — oo (so r tends to 1). We have
~1

— yP/2 _
m oy (T a2 P2
N—oo1l—71P/2(1—¢q) r—1\(r—1)(p—2) 2
and, by (4.1),
log 252/ log (p—2)/2
—1)(p—2 7
lim (1—¢)Y = lim (1 - w) _ (ﬂ) ,
N—o0 r—1 2r p— 2

Therefore, again using (4.1),

i (20 PR p2Y (p—2)P
N—oo (1 =)V p—2 2 o
)
p_2 2 p P
2 (p—2)/2 9 p/2—1
-5 -G
p D

Now if § is taken sufficiently small, we see that for any x > 0 the ratios || f[[2/|[s(f)],
and [|S(f)||2/[|s(f)||, can be made smaller than (2/p)?/?~! + k. This shows that
the constant (p/2)'/2~1/P is indeed the best possible in (1.8) and (1.9).

4.3. Sharpness of (1.11) and (1.12). If A < 1 then we have equalities if we take
ep=e1=es=...=1land fo = f = fo = ... = 1. Suppose that A > 1, take a
positive integer N and set § = (A2 — 1)/N. The example is similar to the one used
in Section 5.1. Let (X,,)Y_, be a sequence of independent random variables such
that
P(X,=1)=6=1-P(X,=0), n=012..,N-1

and Xy = 1. Finally, let 7 = inf{n : X,, = 1}, (&,,) be a sequence of independent
Rademacher variables and df,, = €, Xn1l{r>ny, n = 0,1,2,..., N, df, = 0 for
n>N.

We easily check that ||f|lec = ||S(f)|] = 1 (in fact, for any 0 < n < N — 1,
Sn(f), |fnl € {0,1} and Sy (f) = |fn| = 1 with probability 1). Moreover, we see
that E(df2|Fn—1) = 61{;>,} almost surely for n < N and hence s*(f) = (1+1)d <
A—1< Xon T < N;on the other hand, as E(df%|Fny—1) = 1 with probability 1,
we have s(f) = A on {r = N} and hence

B(s(f) 2 A) = (1 - 5)".

A

It suffices to note that the right hand side converges to e~ * as N — oco. Therefore

(1.11) and (1.12) are sharp.

4.4. Sharpness of (1.14) and (1.15). For 6 € (0,1), let f be a martingale as in
Subsection 4.1. We have || f||occ = [|S(f)|lcc = 1,

E®(s*(f)) =) ®(6n)(1-0)",
n=1

which, if n is chosen sufficiently large, can be made arbitrarily close to [~ ®(t)e~"d.
This shows that the bounds in (1.14) and (1.15) are optimal.
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