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Abstract. In the paper, we study and compare several types of approximations of
stationary processes by martingales.

1. Introduction

Let (€2,.A, 1) be a probability space with a bijective, bimeasurable and measure
preserving transformation 7. For a measurable function f on Q, (f o T%); is a
(strictly) stationary process and reciprocally, any (strictly) stationary process can
be represented in this way. We shall denote Uf = f o T; U is a unitary operator
in L2, The function f will be supposed to have a zero mean. (F;);cz, where
T—1F; = F;y1, is an increasing filtration of sub-o-fields of A. H; denotes the space
of F;-measurable and square integrable random variables. P;(f) is the projection
of f onto the space H; © H;_1, i.e. Pi(f) =E(f|T~4(Fo)) — E(f|T~"(Fo)). We
suppose the function f to be regular, i.e. f = 31 _ Pi(f). Let o, = [|Sn(f)]],
where || - || is the Lo-norm and S,,(f) = Y., f oT". For simplicity of notation we
write Qo(Su(f)) for B(S,(f)|Fo) and Ru(Sn(f)) for Su(f) — E(Su(f)|Fn).

Definition 1.1. We say that a function f has a martingale approximation if
there exists a martingale difference sequence (moT*%);cz such that ||S,(f —m)||* =

o(n).
It is a classical result that the martingale approximation implies the central limit
theorem Gordin (1969). In his article, Gordin noticed that if f = Ef:j Pif,j <k,

then for m = Poz_jfk Uif we have f = m + g — Ug with g € L? hence we get a

1=

martingale approximation.
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Definition 1.2. We say that for a function f there exists a weak diagonal ap-
proximation if there is a sequence (kp)nen, kn = 0(n) of integers such that

(i) for f, = Zfﬁ,kn P, f we have

Suf = Fll .

(ii) for f,, = my, + gn — Ugy with

kn
my = Z PoUZf
i=—Fn,
kn—1kn—i ‘ Ky kn—i ‘
n = Z Z P—iUan - Z Z HU_an
i=0 j=1 i=1 j=0
we have ||gn|| = o(on).

If for the array (Uimn)i:mkn_l,nzl of martingale differences a CLT holds, we
get it for S, (f)/on as well (cf. Volny, 2006); this generalises Gordin’s result to
processes with nonlinear growth of variances (of partial sums).

Hannan (1973) has noticed that if the series of || P f|| = ||[PoU" || is summable
then the series of m = 3, ., PoU i f converges and gives a martingale approximation.
We, moreover, get that for any e > 0 there is an n such that for m,, = > PU'f,
limsup,,_, o ||Sk(f — m)||?/k < €; this holds if we replace m, by f, = > i Pif
as well.

Definition 1.3. We say that for a function f there exists a strong diagonal
approximation if there is an integer sequence of (d(n)))nen, d(n) = o(n), such that
for all integer sequences (kp)nen which satisfy k,, > d(n) for all n and k, = o(n):

(i) for f, = Zfﬁ,kn P, f we have

Suf = Fll .

(ii) for f, = my, + gn — Ugy, with

kn
my = Z PoUZf
i=—Fn,
kn—1kn—i ‘ Ky kn—i ‘
n = Z Z P—iUan - Z Z HU_an
i=0 j=1 i=1 j=0
we have ||gn|| = o(on).

The Hannan’s condition thus implies the strong diagonal approximation.

The Hannan’s condition implies the weak invarinace principle; in full generality
the result was proved in Dedecker et al. (2007), the martingale approximation for
non adapted processes can be found in Volny (1993). Heyde has shown that if the
series m = >.., PyU"'f converges in L? and [|ml]z > liminf, o [|Sn(f)||2 then
a martingale approximation exists (cf. Hall and Heyde, 1980). Volny (1993) has
shown that the convergence in L? is not sufficient for the martingale approximation
and that an unconditional convergence is a sufficient condition.
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FIGURE 1.1. Diagonal and Wu-Woodroofe approximation
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Definition 1.4. We say that a function f has Wu-Woodroofe approximation
if [|Qo(Sn (/)| = o(on) and |[Rp(Sn(f))]] = o(om).

This is equivalent to the existence of an array (U imn)?gol, n > 1 of martingale
differences such that ||S,(f —my)|| = o(c,,); for m,, we can, in such a case, choose
M = Ny BERU + SIS B RU T = 5 Y N RoU'S.

The Wu-Woodroofe approximation was introduced in Wu and Woodroofe (2004)
for adapted processes. The nonadapted case can been found in Volny (2006).

The Wu-Woodroofe approximation together with linear growth of variances —
S5 (f)]|> — are necessary (but not sufficient, cf. Klicnarova and Volny, 2009)
conditions for the martingale approximation. A condition which, for processes
with linear growth of variance, is necessary and sufficient for the existence of a
martingale approximation, has been found by Zhao and Woodroofe (2008). This
condition, valid for adapted processes, can be formulated in the following way: For

fn = Z?:O P*if

1< 1
o 2 limsup {1857 = )] = .

k=1 J—00

2. Results

Theorem 2.1. The weak diagonal approximation and the Wu-Woodroofe approxi-
mation are equivalent and both are implied by the strong diagonal approximation.

Now, we shall deal with adapted processes, i.e. f will be supposed Fy measurable.

Theorem 2.2. There exists a stationary linear process (f o T?); such that f has
a martingale approximation but no strong diagonal approximation. More precisely,
for any sequence of d(n) = o(n) there exists a sequence (k) such that k, > d(n),

kn = o(n) and for fo =332 Pif s Z=l1Sa(f = fu)ll # 0.
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The Proposition shows that in the Zhao-Woodroofe’s condition, the limit of
averages cannot be replaced by a limit of || f|[x1 = limsup,_, %HSJ(f — )l

3. Proofs

3.1. Proof of Theorem 2.1. Let us prove the first part of the theorem.
At first we prove that the weak diagonal approximation implies the
Wu-Woodroofe approximation. We have

1Y O rufl

1Qo(Sn(NII =
i=—oco j=1
—kn n ) 0 i+kny )
< Y Qo RUNI+I D, (O RPUINI+
i=—o00 j=1 i=—kn+1 j=1

0 n
HEDD Y ruip)

i= ko1 jmithn 1
= h+L+1I;

L]
and

I + 13
I

[[Sa(f = fa)ll
||Ugn|| = ||gn||

IA A

Therefore, under the assumptions of the weak diagonal approximation,

1Qo(Sn(f)II = o(om).
The proof for || R, (Sn(f))|| is similar.

Now, we show that the Wu-Woodroofe approximation implies the weak diagonal
approximation.

We can suppose that f is adapted to the filtration and regular, i.e. f =
Z(i)io P_, f; the non adapted case can be treated in the same manner (cf. Volny,
2006) and the non regular part of f does not affect the limit behaviour.

We have 02 = ||S,(f)||3 = nh, where h, is a slowly varying function in the
sense of Karamata (cf. Kallenberg, 1997) and [|E(S,(f)|Fo0)||2 = o(ow).

Recall that the Wu-Woodroofe condition implies that there is a martingale dif-
ference array (U'm,,) such that ||S,(f — my)|l2 = o(0y,); we then have ||m,||2 =

on /N1 + 0(on/\/n).
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Note that
1Su(f =ma)l3 = [1ES(HIF)3+ > [|U7mn — Py U fI3 =
j=1 i=J
n n—j .
= [[ESa(HIFE+ D llmn— P> _UfII3
=1 i=0

(by the assumptions, f is adapted hence P;U"f = 0 for j > 1).
We thus have that for any € > 0 and n big enough, for all but en j € {0,...,n},
[lmn — Py Y Ut f]|3 < €hy,. Let ky, < en be one of such j. We then have

n n kn
SR U =P Y U3 < 2¢hy,
J=1 i=j i=0

hence for m,, = Py ngo Uif,
1Sn(f = m)II = o(a7)-
Denote f, = Zf;o P_;f. To show that ||S,(f — fu)||3 = o(c?) it suffices to prove
1E(Sk,, (fn)|Fo)ll2 = o(on).

By the assumptions
Il Z U’m,, — P; Z Uif||2 = o(on)
j=1 i=j

hence (recall that P;U7m,, = U/m,,)

n

S llma =P S Ui flle = olow)

j=n—kn+1 i=0

so that
kpn—1 J

Sl — Py S U flla = o(oa).
j=0 i=0

Because || Z;ﬂil Uim,||3 ~ £202 = o(c2), we thus get

n
n

kn—1 7
S R U fll2 = o(on)
=0 i=0

hence fn = mj, + gn — Ugn where [|gn|[2 = o(0w) and [[Sn(f — fn)ll2 = o(ow).
So, the f has a weak diagonal approximation.

It remains to prove the second part of the theorem. This part follows immediately
from the definitions of the strong diagonal approximation and the weak diagonal
approximation.

A
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3.2. Proof of Theorem 2.2.

3.2.1. Construction of the process. Let e € Hy © H_1 and ||e|| = 1. (U'e); is thus
a martingale difference sequence. For 4,5 € N (N denotes the set of all positive
integers) we denote

K; = |expj’]
j—1
N, = 2) Ki+1,
1=0
1
by = —
J ]2

and put Ko,NO = 0, bo =1.
We define functions f;, f; for i € N:

K; 1 Kl
. k —k
fi = Z<_E)60T + ,;3 k—|—1eOT ,

k=1
R
and put
too
=Y "bifi+ fo, (3.1)
i=1

where fo = bge.

3.2.2. Main idea of the proof. We will prove that W — 0. Remark that

this is a necessary and sufficient condition for the Wu-Woodroofe approximation
(cf. Wu and Woodroofe, 2004). Then we will deduce that there is a martingale
approximation. In the second part of the proof we will show that for any sequence
of d(n) = o(n) there exists a sequence (ky) such that k, > d(n), k, = o(n) and for

Fo =30 4 Pify = 1S0(F = )l £ 0.

In the proof, we shall need both — upper and lower — estimations of the term
[1Sn(f)]], an upper estimation of ||Qo(S,(f)|| and a lower estimation of the term
[|:S,

ISn(f = fa)ll-
We have
1S5 ()| 180 (f) = Qo(Sn ()],
1155 ()] 1Sn(f) = Qo(Sn (NI + [[Qo(Sn(F))II;

hence for the estimation of the term ||S,(f)|| it suffices to estimate the terms

1Qo(Sn ()| and [[S5(f) — Qo(Sn(f))]]-

(
(

2
<
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FI1GURE 3.2. The construction of the process
J o for? foTm [ foT? form
foT! foT?

3.2.3. Projections Pj(Sn(f)). Since Qo(Sn(f)) = Z?:_oo P;(Sn(f)) and S, (f) —
Qo(Sn(f)) = ;_:cxf P;(S,(f)), in order to estimate the terms |[Qo(S.(f))|| and
[1Sn(f) — Qo(Sn(f))|| we need to know estimations of P;(S,(f)). From the con-
struction (3.1) of the function f we have

+oo
Pi(Sn(f)) = P (Sn (Z bifi + fo)) : (3.2)

Let us study the functions f;. From the construction of f; we can see that

fi€ H.n, © H_n, oK, .
It follows that
fioT" € H_onvr © HoN,—2K,+k

and

Sn(fl) € H—Ni“l‘n S H—Ni—QKH-l' (33)

Now, let us fix i and study P;(S,(b;f;)). We can write
P; (Sn(bifi)) = Yn,j€j-
The part y, ; on the right hand side of the equation depends in fact on ¢,n

and j. Let us split all possibilities into the following three cases. (Recall that
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The case of n > N;y;. If we suppose n > N, 1, then the term y,, ; is as follows:

1.1 j: j>n—Njorj<—Nji1+ 1. In such case (cf. (3.3)) yn,; =0.
1.2 j: n—Ni—Ki+1§j§n—Ni

Yn,j = b Z <_E) .

1.3 j: n—N;—2K;+2<j<n-N;-K;

Yn,j = bz Z (_E> .
—Ki—j

14 j: —N;j+1<j< n— N; — 2K; + 1. Tt is easily seen (from the construc-
tion of the function f;) that

Py(Su(bifi)) = b (Kg (—%) +K¥ (%)) o,

SO Yn,; = 0.
1.5 j: =N; —K; +2 < j<—N;j. Alike as in (3.)

k=N;+K;+j
1.6 j: —N; —2K; +2 <j < —N; — K; + 1. It is similar case to (2.), we have

mo=h S ()

k=—N;—K;—j+2

The case of n < N;. Remark that P;(S,(f)) =0 for j > n (since f is adapted). So,
if have the case of n < N;, then we need to express the projection P;(S,(b;f;)) for
negative j only, especially for j € [n — N, —N; — 2K7].

Now, let us have n < N;. Since S, (fi) € H_n,1n © H_N,_2K,+1, We are inter-
ested only in projections P; for negative j. The expression of the term y, ; is as
follows.

21 j: j>n—Njorj<—Njt1 + 1. In such case (cf. (3.3)) yn,; =0.

22 j: —Nj+1<j<n-Nj

Yn,j = b; Z <_E) .

k=j—n+N;+K;
2.3 j: n—Ni—Ki+1§j S—Ni

Ki+j+N;—1 1
mi=v > (-3):

24 j: [“TH] -Ni-K;j+1<j<n-N;-Kj

Ki+j+N;—1 1
mi=v > (1)
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FIGURE 3.3. The case of n > 2K;.
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25 j: —Nj—Kij+1<j< 2] -N; - K

—Ki—j—Ni+tn 1
ot Y (5):

k=j+N;+K;+1
26 j: n—N;-2K;+1<j<-N; - K;
—K;—j—Ni+n 1
mi=v > (3):
k=—j—N;—K;+1
27 j: —N;j—2K;j+1<j<n-—N;—-2K;
mi=v > (3):
k=—j—N;—K;+1
Observe that if n is even, then the term P_y,_x, 1142 (Sn(f:)) is equal to zero.

The case of N; < n < N;41. We can split this case into the following three parts.
If n > 2K;, then we can apply formulas (1.1)—(1.6). In the case of n < K;, the
formulas (2.1)—(2.7) can be used. When n is such that K; < n < 2K, then we can
use the formulas (2.1)—(2.5) and (2.7), where the upper bound in (2.5) is =N, — K.
(In such a case the set of j in the formula (2.6) is empty.)
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FIGURE 3.4. The case of n < N;
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General expression for positive j. As we saw above, the projection — for fixed i —
P;(Sn(bifi)) depends on n, j. Let us denote

P;i(Sy(bifi)) = yn,je;-

For general j,n € N, we can thus express the term y, ; (in,; is such ¢ that
n — Njpt1 +2 < j < n— Ny recall that 4, ; is the only 4 for which the projection
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P;(Sn(f:)) is nonzero) as

K,
n,j 1
Ynj = bin, Z (_E>
k:jfnJrNinJ +Kin,j
forj: n—N,, —K;,,+1<j<n-N;,,

() »

k=n+2-N;, —K;, .—j
forj: n—N; 41+2<j<n-N;

tn,j

— Kin,j

= 0 in other case.

From the previous calculations we can deduce that (still for positive j)

1P (Su(FDIIP = 1P (Su(fo + biy,; fin DIF = (14 yng)? (3.5)

where i, ; is such that j belongs to the interval [n — N;, ;114+2,n—N;, ] and y, ;
is as above. Remark that v, ; € [—1,0].

The upper estimation of the term ||Sn(f) — Qo(Sn(f))||. Now, let us estimate the
term ||Sy, (f)—Qo(Srn(f))|]- An upper estimation of this term can, using the previous

remarks, be easily seen (the norm of each term P;(S,(f)) is less or equal to one,
cf. (3.5)) to be

15a(f) = Qo(Su(F))II* = ZIIP P <n. (3.6)

The lower estimation of the term ||Sn(f) — Qo(Sn(f))||. Since (cf. (3.5))
1P (Su(IDIIP = 1P (S (fo + bi,, fin DI
for the lower estimation of ||, (f) — Qo(Sn(f))||?> we need to estimate
155 (Sn(fo + bi,, , fi, DI for 0 < j <n.
Let us fix n € N. Then, there exists an integer I such that Ny < n < Nyyj.
Using (3.5) we have
150 (£) = Qo(Su(f))II* = ZHP P = ZHP (fo+ i, fi DI

We can write the term on the right hand side as

DB (Sa()IF = Z Z [1P;(Sn(fo + bifi))lI*.
j=1

=0 j=max(1l,n—N;41+1)

Recall that for positive j, the projections P;(S, (b; f;)) are equal to zero for every
i > 1 except one of them (i, ;). We get

[190(f) = Qo(Su(f))II* = ZA
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where for i <1 —1

ani ani
Av= Y IB(SN))IP = > [1P;(Sn(fo + b, ; fin ;)12
j=n—N;11+1 j=n—N;—2K;+1
and
n— N[

Z 1P (Sn(fo +brfr)|I-

Remark that all functions fin,j contamed in A; are the same.

Let us study the case of i < I—1, using ((1.3),(1.4)) (recall that N; 1 = N;+2K):
n—N;
A = > 1P (S (fo + bi,, fi DI
j=n—N,—2K;+1
n—N;

= Z ||PJ(Sn(fO+bl7l]ﬁnj))||2+||Pn—N7,_2K7,+1(Sn(fO))||2
j=n—N; —2K;+2
’ﬂ—Ni

=2 > 4y + A+ Ynnnk1)’ + 1
j=n—N;—K;+2

Since

(L4 ynj)? > 1+ 2y,
we have
n—N;
A >2 Z (14 2yn;) + (14 2Ynn-nN,—K,+1) + 1.
j=n—N;—K;+2

Using the expression of y,, ; as a sum of the fractions, see (3.4), putting | := j—n+
N;+ K;, we obtain (recall that ;" , (1) < log 2 and ;" logk < [;"" logzdz):

K; K; 9 K; 1 )
A > 2 1-= 1-= ) +1
(-EE () (25 0)
us 2
> 2< Z >+2—i—2(1+1og(Ki))
2 &
— ( 1) log(K; —2210g(l—1)+1>
=2
> 2K; 122( 10gK)—2[:v10g:v—x]{<i_1+1)
= 2Ki_l22 (2K; — 2)(log(K;) — log(K; — 1)) + log(K;) + (2K; —2) — 1)

2 K;
= = ( (log X1 + 1) + log(K;) — 1>

Using log (%) = log (1 + ﬁ) < =5 for x > 1, we have

- Ir—
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2 1
> P — - N —
Az 2Ki- ((2& 2) (Ki_l—l—l)—i—log(Kz) 1)
2
2

= 2Ki — —(2Kl + lOg(Ki) — 1)
A
4K; +2log K; — 2

= 2K, - °

i
We have derived (recall that K; = |expi?])

K.
A; ~2K; ‘ .
o <10gKi>

Denote C; = Zitll A;. We have

I-1 I-1
4K; 4+ 2log K; — 2
=3 A = 3 (o - RS2
i=1 i=1 ¢
I-1
= Nf_l_z ng
=1
Kr_q
~ Nr+0
I+ <IOgK]_1)

Now, for finishing of the estimation of the term ||S,(f) — Qo(Sn(f))||, we need
to estimate the term A;. The estimation can be divided into following three parts.

(1) Let n = Ny + K. Then, (cf. (3.4))
1P (Su(F)IIP = 11P;(Sn(fo + brfr)l|? for j € [1,n — Np].

Hence, in this case, we estimate the terms ||P;(S,(fo + brfr))||* using
the same methods as above and we obtain (using n — Ny — K;+1 =1 and
n — N] = K[)

2K, +logK; — 1
_ - ,

K
AD = ST IP(Sulfo + brf)I? > K
j=1

For [|Sn(f) — Qo(Sn(f))||* we have deduced that (recall that in such a
case n ~ Kj and log K ~ I?)

2Kr+logK;—1
190 (£) = Qo(Su(MII* > Cr+ K — = I2g !

K11 2K +1log K1 —1
nto <logK1_1) B I?
n+o(n).

Y]

(2) Let Ny <n < N;r+ Kj.
We need to estimate the term
n—Njp

AP = ST 1B (Salfo + brf))II
j=1
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Using similar arguments as before (n — Ny < K) we get
2) 2 S - (1
2
e wem-2 88
j=Nr—n+Kr+1k=j
Kr
2 Ky
> n—NI—ﬁ‘ Z 1ogj_1
j=Ni—n+Kr+1
2 _
> n—NI—ﬁ((n—Nj)log(KI)—[xlogw—x]§§7i1+N171)
= TL—N[—
2 Kr Kr—-1
——= ((n—Nj)log ——— log————+n—N
I2 ((n 1) OgKI—n—i-NI—l (K )Ong—n—i—Nf— o I)
> n—Nf—
2 Kr—1 Ky
—— —Ni—Kr+1)log ——m—7—— —Njp)l —N
I ((n — K+ )ogKI_n+NI_1+(n 1) 8 1t 1)
3
> n—N]—ﬁ(TL—N])

n—Ny

Z 175 (S

It is the same estimation as for the term A( So, let us denote by A;

We thus have got
JIC I VA

So, for [|Sn(f) = Qu(Sn(f))I?, we have

190 (f) = Qo(Su (P > Cir+n—Nr—4(n—Np)
K;_ 3
= nt (1og;(111>_ﬁ(n N)

= n+o(n).

(3) Let N+ K7 < n < N;y+2K7. In such a case we need to estimate the term

n—Njp

AP = Z 1P (Sn(fo + brfr))lI2

Since n — N; > K we divide the term Agg) into two parts as follows

n—Njy
W(fo+brfO)IP = > 1P (Sn(fo +brfr)lI* +
j=n—Ni—Ki+1
n— N[

+ Z 1P (Sn(fo +brfr)II?

where we know the estimation of the first term on the right-hand side.
(32)

the second term on the right-hand side. This term can be expressed as
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2

o) n—N;—K; 1 K 1
3
CRR ol (-9 1)
Jj=1 k=j+1
() anIfKI 2 K[ 1
3
A=y 1—ﬁ2(;)
=1 k=j+1
n—Ni—Kj
2 K
Jj=1
> N;— K 2 N; — K7)log(K 1 n=Nr=Ki
> (n—Ny— I)_ﬁ((n_ 1 — Kr)log(Kr) — [vlogz — ]} )
2 K;
= — N —Kj)— = —Nr—K;)|[log——————++1) -1
(=N D 2 ((n ! I)(Ogn—NI—KI+> )

Now, let us take a constant ¢ such that 0 < ¢ < 1 and n— N;— K = cK;
we thus have

(32) 2 Kr
AI2 > cKI—ﬁ<cK1<log%+1)—1)
2
> cKj— 72 (cK1(1—logc))
So, for the term Agg) we have derived (log?ifl <1):

2
A§3) > (c+1)K;— — (cK; —cKrloge+ Kp) — 1

12
2 2Kicloge

Using the inequality —logec < % — 1, we get

4Ky
AP > (e 1)K - - 1.
We have obtained for the term |[S,(f) — Qo(Sn(f))||? (recall that C; = Ny +
0 (10?]]{7’11_1) and n = Ny + Kr(c+1)):

150 (f) = Qo(Su(INI? = Cl—i—KI(c—i-l)—%KI—l

Kr 4
O|l———— ) - =5Kr—-1
mt (logKll) i

= n+o(n).

Y

We thus have deduced (recall the upper estimate) that for each n € N,
n > [[Su(f) = Qo(Su (/) = n+ o(n). (3.7)
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FEstimation of the term ||Qo(Sn(f))|]. Now, we will study the term ||Qo(Sn(f))]l-

Recall that
+oo _
P; (Sn (fo + Z bifi))
i=1

Using (3.5) and an inequality (z — y)? < (22 + y?) for z,y > 0. We thus get

Qo (Sn (NI <Z

where I]' = EJ__OO ||P;(Sn(bifi))||>. The estimation of the terms (I*) can be
divided into three parts. It depends on the relation between i and n.

(1) Let ¢ be such that ¢ < I —1 (we still suppose n : Ny < n < Njiq; this
means that n > N; + 2K;. In such a case we can use ((1.5),(1.6)) (some
negative j are also in the part (1.4) but the projections in (1.4) are equal
to zero) and putting | :=j+ N, + K; in (1.5) and l ;== j+ N; + K; — 2 in
(1.6) we obtain

0 2

1Qo(Sk(MII* = ZIIP MIF= 3

j=—o00 j=—o00

K, K, 2
<2y <Zi2 3 (%)) . (3.8)
=1 k=l

I < i—4<1+logK —i—Zlog e 1
j=2
9 Ki—1
< a 14 2log K; +log® K; + (K; — 1) log® K; — Z log? j
j=1
2 .
< —4(1+210gK + K;log? K; — [:vlogzzv—2:vlog:v+2x]{(1)
i
2
< S (2+2(K;+1)log K; — 2K;)
5[(Z
< Rl

The sum of such I can be estimated by (recall that K; = |exp j2|)

I— -2
5K[ 1 5Ki 6K1_1 on

— < < 3.9

E )2+; 2 ST - T-1p (3.9)
(2) Let i > I +1,i.e. n < N;. Then, using expressions (2.1) — (2.7) we get
—Ni—K; B —N; B
I = Yo BSaGDIP+ > IP(Sa0ifi))IP +
j__N'L 2K; Jj=—Ni—K;+1

+ Z 155 (Sn (bi f)II?

—N;+1
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hence

IN
3
™=

)
7 N
<
| | =
—
<
+
S|~
|
[u—
N———
+
3
S
[N}
|
3|
N————

INA
S
+
)
o
=

hence

Now, we can sum the terms I and using the inequality logn < i? we get

+o00 +oo foo 2
. 3 341 4
Z I' < Z Z_—4n(3+logn)§3n_z i ST'
i=I1+1 1=I1+1 =141
2 ‘ 2
n K; 1 K,—n n+j 1
n _ 2 2
penl > () el E X ()
j=1k=K;—n+j j=1 k=j+1

n K; 1 Ki—n Ki—j 1
afs ) (s 8
J i—J+1
2

j=1k=K;— j=1 k=—-n+K;+1—j
(n;rl —jtn
9 1
> D g
=0 k=j+1
2 n—1 2
. [ j+n [%*] [ —j+n

IN

t
(]
(]

| —
+

Lo
(]
(]
Bl
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2 ’—7171'| .
9 K; Jjtn 1 9 2 —J+n 1
n
RN 3B 3 Do Doy
j=1 \k=j+1 Jj=0 k=j+1
K i+ 2
i n
_ 4 — 1
= i_4 -
J=1 \k=j+1

Using the inequality (3

n
=

L) < n(2, af) we get

" 4n — 1
N DIPIY-
j=1k=j+1
An K1< 1 1)
< = ——+=
Ol ANV S
- dn <1
=~ _4 -
) j:1]

4n

(3) Tt remains the case of i = I. According to paragraph The case of n :

N; <n < Ni11 in the subsection Projections P;(S,(f)), this estimation
can be split into three parts. In the case of n > 2K we have

5K

For n < K7 we have

3n(3 + logn)

< o

For K; < n < N;+ 2K; we have, similarly as in the previous case,

. K1 1 K 1
11Qo (S (bs 1)l §3; I_Z_Z(E)

In (3.8) we get

10K

1Qu(Subr I < 05
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It remains to estimate ||Qo(S,(f1)||> for N; < n < K;. We have

—N;—2K;+n—1 —Ny
1Qu(Su(brfDII" < Yoo MBSO+ DS IP(Sabr ) +
Jj=—Ni—2Kj j=—N;—n+1
0 _ —Nr—Krp B
+ > RSB IP+ Y IB(Sabr )P+
j=—Nr+1 j=—Ni—2Kr+n
7N17n

+ Yo RS )P <

Jj=—Ni—Ki+1
1 n K; 1 2 Ki—n Kr—j+1 1
<wpx( 2 @) e X .6)
j=1 \k=Kr—j j=1 k=Kr—j—n+2

which, like in (3.8), can be estimated by

25K
.
For all n it is thus
25n
2
- < :
IQu(Su(NIP < T

Wu-Woodroofe approximation of the function f. Using the estimations for terms

[15n(f) = Qo(Sn(f))I| and [|Qo(Sn(f))[| we obtain

1Qu(Su(f))]2 =Y AR
ISeDIE = nt o) O( )

I—-1
Since I — 400 (recall that I — 1 < logn < I 4+ 1) as n — 400, we have proved
Wu-Woodrofe approximation.

In the Wu-Woodroofe approximation, we can take D, o = E;:Ol "T_iPOUi f+
St 2=t pyU~" f. In the case of a stationary linear process PoU" f is a multiple of
e hence we get Dy, o = cpe. From ||S,,(f)|[?/n — const. (cf. 3.7) it follows that the
¢, converge to a constant ¢ and we get a martingale approximation with m = ce.

Strong diagonal approximation of the function f. Now, we show that the function
f does not satisty the strong diagonal approximation. Take a sequence d(n) such

that d(n) = o(n). Then, there exists a sequence of
nj = l;(Nj + Kj),
where N; + K; > d(n;), N; + K; = o(n) and l; tends to infinity. Define

0
hj= Y. Pf.
i:*Nj*Kj
Then ||Sy, (h;)||* = o(n;). As we proved above [|S,,(f)||* = n; + o(n;), hence
1S, (f = hj)||> = nj — o(n;). This shows that for arbitrary d(n) = o(n) the
condition () of Definition 1.3 is not satisfied.
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