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Abstract. We consider (discrete time) branching particles in a random environ-
ment which is i.i.d. in time and possibly spatially correlated. We prove a represen-
tation of the limit process by means of a Brownian snake in random environment.

1. Introduction

1.1. Superprocesses in random environments. Superprocesses in random environ-
ments were introduced in Mytnik (1996) as the scaling limits of particle systems
whose branching are affected by random environments. In particular the limiting
behavior of the following model has been studied. At time ¢t = 0, K,, ~ n particles
are located in RY. Each of these K, particles follows the path of an independent
Brownian motion until time ¢ = 1/n. At time 1/n each particle independently of
the others either splits into two or dies and then the individual particles in the
new population again follow the paths of independent Brownian motions starting
at their place of birth, in the interval [1/n,2/n), and the pattern of alternating
branching and spatial spreading continues. Let us describe in details the branching
mechanism that was suggested in Mytnik (1996). Let {£x(-)}x>0 be a sequence of
i.i.d. R%indexed random fields with mean 0 and covariance

9(z,y) = Cov(&(x), &(y)), @,y € R
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At time k/n each particle, independently of the others conditionally on &, either
splits into two with probability

1 1
or dies with probability
1 1

9~ mfk(@a

where z is the location of the particle. That is, the fields {{x}r>0 create the
random environment that affects the branching of the particles. Define the following
measure-valued process that describes the evolution of the population:

X7(A4) = number of particles in A at time t, AR (1.1)

n

Before proceeding we introduce some notation. For a locally compact Polish space
E,let Mp(E) (respectively, M(E)) be the space of finite (respectively Radon) non-
negative measures on F, equipped with the weak (respectively, vague) topology (see
Section 3.1 in Dawson, 1993). In the case of E = R?, we will also write Mp =
Mp(RY) and M = M(R?). Both u(¢) and (¢, i) denote the integral of a function
¢ with respect to measure p. For any metric space E let D = Dg0,00) (resp.
Cp = Cgl0,00)) be the space of cadlag (resp. continuous) E-valued functions on
[0,00) endowed with the Skorohod topology. Let C*¥(R?) (resp. CF(R?)) be the set
of continuous (resp. bounded continous) functions with continuous (resp. bounded
continuous) partial derivatives of order k or less. Also we define B(R?) to be the
set of bounded measurable functions on R<.
It was shown in Mytnik (1996), under some additional technical assumptions on

&, that if

Xy =Xo=p, in Mp,
then

X" =X, in Dy, [0,00).
Here X is a process in Cyq,[0,00) which is the unique solution to the following
martingale problem: V ¢ € CZ(R%),

1

M= (X00)— no) - 5 [ (Xddjds, 120 (1:2)
0

is a continuous martingale with quadratic variation process
t
(M?), = /<X5,¢2>ds (1.3)
0
t
[ ] ] s ms@ewx.inXiands,  tzo
0 Jrd Jrd

In this paper we introduce some minor changes into the above model. Instead
of the binary branching we assume that each particle gives birth to a number of
particles distributed according to the geometric distribution with parameter % —
ﬁ&(m); that is, if IV is the number of offspring of the particle located at x at

time k/n, then

P(N = ml¢) = (% + ﬁg,@)m (% - ﬁgm)) S m=0,1,2,.... (14)
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In particular, conditioned on the environment £, the expected number of offspring
of a particle at = at time k/n is

1 1
7+ 4\/5516(33) B 1 1 1
T el R T gl o ;) (15)

Compared with Mytnik (1996), we also allow £ to be slightly more general, that
is, we assume that {£x(-)}r>1 = {&(-)}r>1 is a sequence of i.i.d. random fields
with mean v//n, for some v € R, and covariance

g(x,y) = Cov(&(2), & (y)), .,y € R (1.6)

Let X™ be defined for this model as in (1.1). By the same argument as in Mytnik
(1996) one can prove that the limit of {X™},>1 is the (unique) solution to the
following martingale problem: V ¢ € CZ(R?),

1

MP = (Xed) = () = 5 [ (X B0)+ (X /D) ds 20 (1)

is a continuous martingale with quadratic variation process
t
(M?), = 2/ (X, ¢%)ds (1.8)

0
[ ] st son i X, i20

where g(z) = g(z, ). (Note the different factor multiplying the term <XS, ¢2> here
compared with (1.3), which comes from the different variances of the geometric and
Bernoulli distributions.)

1.2. Brownian snake. The main purpose of this paper is to study the Brownian
snake representation of the process that solves the above martingale problem (1.7-
1.8). For a nice introduction into the topic the reader is referred to Le Gall
(1999). The classical Brownian snake was used to study different properties of
super-Brownian motion. Loosely speaking if {W,}s>¢ is a Brownian snake then for
each s > 0, Wy is a stopped Brownian path. To be more precise we call the pair
w = (w, () € Cra[0,00) x Ry a stopped path in R? if for each ¢ > ¢, w(t) = w(().
¢ is called the lifetime of the path w and sometimes is denoted by (,, or ((w). Let
W denote the space of all stopped paths in R? equipped with the distance

d(w,w") = sup [w(t) — W' ()| + [Cw — Cur|-
>0

We will also use the notation 1 = w((,,) for the terminal point of w. For any z € R¢
we denote by Z the path with lifetime 0 constantly equal to z. If w = (w,() is a
stopped path then with some abuse of notation we will sometimes set w(s) = w(s)
for any s > 0.

The usual Brownian snake can be thought of as a limit of the so-called discrete
snakes that we will now define. Let {Ylgl/m}k:&l,... be a rescaled simple random

walk on Z, /n reflected at the origin, that is, the time between the steps is 1/n?
and the size of the jump is +1/n with equal probabilities. Explicitely,

n n 1 . n
P(Y(k_,,_l)/n2—yk/n2::|:1/n) = 5, 1fYk/n221/n, ]{3:0,17,,,7
Y'{;z_,_l)/nz = 1/TL, if Ykn/nz =0,k=0,1,....
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We also let Y™ be constant between the jumps. The process Y." is called the
contour or lifetime process of the discrete snake W™. That is for each s > 0, the
snake W7 = (W7,Y) is a stopped path with life time Y”. We next define the
paths of the snake. Fix € R? and set

n_ g

Let m1,m2, ... be a sequence of independent Brownian paths stopped at time 1/n,
independent of the contour process. Let Wg/nz = (WZ/WQ,Y,C”/HQ) be the stopped

path at time k/n? with lifetime CWZ/ = Yk"/n2. Then define

2
W7 2('/\(Yn2_1/n)) it Y7 2:Yn 2—1/7’L

w”» D — k/n kr/zn ’ ] (7l§+1)/n kn/n " (1.9

(et 1) /m2 (0) { Wi One()y 3 Yy e = Ve + 1/n, (1.9)

where 11 ® 72 denotes the concatenation of two paths n; and 72 in the obvious way.
In words, if the lifetime Y™ goes down by 1/n we erase the path of the snake from
the tip by 1/n, or to put it differently, we reduce its lifetime by 1/n. If Y™ goes up
by 1/n we add the path 7 to the tip of the snake. Then we define

W?kJrl)/nQ () = (W?k+1)/n2 ()7 Y(113+1)/n2 ())

This way we constructed a sequence of discrete snakes. As is the case for Y., we
define W2 (-) = W?snzj/n(.)' The sequence of processes W™ converges, as n — 00,
to a continuous time Brownian snake (see e.g. Proposition 2.2 in Gall, 1996).

We next describe the connection between the snake process and the branching
Brownian motion. Define the discrete version of the local time as the rescaled
number of upcrossings of Y from the corresponding level:

[sn?]
nm/n __ ,—1
D B R s (1.10)
i=0
We also define, for ¢t > 0,
(ot = golinl/n (1.11)

Since s — (™! is increasing we define the measure £™!(ds) in an obvious way. In fact
this convention will be used throughout the paper: for any non-decreasing function
r— f.on Ry, f(dr), with a slight abuse of notation, will denote the corresponding
measure defined via f((a,b]) = fp — fa, for any b > a.

For any a > 0 introduce the inverse local time at level a as

n,a 1. n,a
T = o inf{k : ék/nz > r}. (1.12)

For any a > 0 and r; < 7y define the measure valued process X,/""* so that,
for ¢ € B(R?)

n,a

X = [ awrnetas), ez (1.13)

n,a
T1

It is easy to see that X:’,:};Iz, k > |an], is the measure-valued process constructed
in the previous section starting at “time” a,, = |an]/n such that

Xprora (1) = Xt (1) = rp — 1

a,an Qp ,An,
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FIGURE 1.1. Geneology of the particle system (top) and contour
process (bottom). In this picture, 7'11"0 = 23, 7'21’0 = 33 and 7'41’1 =
26.

and therefore
X = X, (1.14)
where X" solves the martingale problem starting at time a such that
Xplhr()=ra—m
and, V ¢ € C}(R?),
M2, = (XY™, ) — (X2, ¢) — %/t (X0 Ag)yds,  t>a,  (1.15)

is a continuous martingale with quadratic variation process

t
(M), = 2/ (Xpum=,0%)ds,  t>a. (1.16)
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1.3. Our model. We finally define the discrete snake in random environment cor-
responding to the branching processes in random environment described in Sec-
tion 1.2. The main difference with the “fixed environment” case is that here the
snake cannot be constructed conditionally on the lifetime process. Both processes
have to be constructed simultaneously.

The environment {&x(-)}r>0 = {&(-)}x>0 is assumed to consist of a sequence
of i.i.d. random fields, satisfying |¢2(z)| < /n/2 and sup, E(|¢2(2)|?) < oo, with
mean v/+/n, for some v € R, and covariance g(x,y) as in (1.6), with ||g|lec < 00.

Now define the snake with lifetime processes W” = (W",Y™) as follows. Fix a
constant K7 > 0. Let Y§* = 0 and Wy = Z with z € R%. Suppose we are given
(Wz/ng,Yk"/nz) for some k > 0. (W?kﬂ)/ng,Y(’,zH)/nz) will be defined as follows.
If Yk"/nQ ¢ {0, K1}, then conditionally on ¢ and (W;‘/nz,Yl%z),l < k we set

n n n n 1 1 n
P (Yir)fue = Yiar = £1/nl6, W)y ¥ L S k) = 5 T e (Wn-at)

where we introduced above the notation for the “tip” of the snake:

If Yk"/712 = 0, then with probability one we set Y(ZH)/ng =1/n. It Yk"/712 = Ky,
then with probability one we set Y(’,;H)/ng = K; — 1/n. (That is, the process is
reflected at height K5; a similar approach of introducing a super-critical branching
mechanism via a reflection of the lifetime process was used by Delmas, 2008.)

Let 11,72, ... be a sequence of independent Brownian motions stopped at time
1/n. Given the evolution of the lifetime process Y™ until time (k + 1)/n?, the path
of the Brownian snake W at time (k + 1)/n? is defined exactly as in (1.9).

We next explain the connection between the snake and branching particle system
in random environment which is analogous to the connection that exists between
the processes in a constant environment. Define the rescaled local time ¢7¢ for Y™
asin (1.10), (1.11) and the inverse local time as in (1.12). For any ry,73 > 0,a > 0,
we define the measure-valued process in the same way as it is done in (1.13):

n,a

XD (g) = / T WY (ds), ¢ a, (1.17)

oy

for all ¢ € B(R?). This process characterizes the branching particle picture in

random environment with offspring distribution given by (1.4) and starting with

| (ro — r1)n] particles at the site € R? at time ¢t = a. In the case of 1y = 0,79 =
r,a = 0, we will use the notation

X&’tr = X&’trl’m

t>0, (1.18)

)

for the corresponding process.
The following is our first main result.

Theorem 1.1. Fizx Ky > 0. Then the sequence of processes {W"},>1 =
{(W™,Y™)}>1 is C-tight in Dyy Let W = (W,Y") be an arbitrary limiting point,
let £* be a local time of Y at level a and let 7*(r) be the inverse of the local time.
Fixz an arbitrary r > 0. Then

X7 () = / T SW(ds), ¢ € BRY, t € [0, Ky, (1.19)
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is the measure-valued process satisfying the martingale problem (1.7-1.8) on [0, K1],
with X = rdy.

(The uniqueness of solutions to (1.7)—(1.8) can be read off Mytnik, 1996, however
the uniqueness of the snake W is an open problem.)

In the particular case of a spatially “smooth” random environment we can give
another description of the snake process. It is easy to check from our assumptions
on £" that if we define

Lsn]

Bl(a) = 0= € () (1.20)

then
B" — B,

where aBgt(y) is a Gaussian generalized noise on R, x R?, white in time and colored

in space, such that

E(Bi(z)) = tv, Vt>0,
Cov (83845:5)7 6Bass(y)> = 0ot —s)g(z,y), (1.21)
By = 0,

where dy(+) is the Dirac measure at 0. Given the result on the tightness of {W"},,>1,
one can easily deduce that the pair {(W", B™)},>1 is tight. In what follows we
assume that (W, B) is a limit point of the tight sequence {(W", B™)},>1, and we
recall that W = (W,Y).

Our aim is to introduce a particular functional of the limiting snake that has a
simple semimartingale decomposition. The definition of the functional is motivated
by the one used by Dhersin and Serlet (2000) and also by a functional used to
transform Brox’s diffusion into a martingale, see Shi (2001). For w € W, let

¢(w)
F(w) = / e~ Brwm) gy,
0

Our second main result is the following. For technical reasons, we restrict atten-
tion to branching laws constructed directly from smooth Gaussian fields.

Theorem 1.2. Fiz Ky > 0. Let B be a Gaussian field as in (1.21) so that B €
Ce2(ray[0,00), a.s.., and set

& (y) - -
J\/g = (B%(w - Bﬁ(y)) LB, )-B s <12} - (1.22)

Let (W, B) denote a limit point of (W™, B"). Then B has the distribution of B,
and there exists a Brownian motion 3 such that

t i 1 NI QA -\ 2
F(W,) = /e—BYS<WS>{_§ABYS(WS)+§Z(%BYS(WS)) }ds
0 i

i=1

t N t N
+£?—/ e—BK1<Ws>£K1(ds)+/ e Bre(We) g, (1.23)
0 0
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Remark 1.3. The first term on the right side of (1.23) can be written as

‘1

/ “Age B (@) _yy. ds,
2 == W,

0

and it comes from the fact that W(-) is a Brownian path.

Remark 1.4. Tt is plausible that one may relax the assumptions on the fields {¢"}
in Theorem 1.2; however, some strong assumptions that ensure good spatial ap-
proximation of B by partial sums of the £™s seem to be crucial.

Note that in the case of constant function g, for every s, Bg(-) is a constant
function in space, and hence we immediately have the following corollary, which for
simplicity we state only in case v = 0. A similar result (without the reflection) can
be found in Seignourel (2000).

Corollary 1.5. Let g =1 and v =0. Then Y is the Brox diffusion reflected at 0
and K.

See the appendix for the definition of the Brox diffusion.

1.4. Structure of the paper. In the next section, we derive some standard estimates
on survival probability for branching processes in a random environment. Section
3 is concerned with the proof of tightness of the contour process. (Because of
dependence through the environment, natural arguments involving stopping times
such as Aldous’ tightness criterion cannot be applied directly, and extra care has
to be employed in separating dependence on the level of the contour process from
dependence on the lifetime of the process.) Most of the work is devoted to proving
that large upward jumps of the contour process are unlikely; downward jumps are
then handled by a time reversal argument. Section 4 is devoted to the proof of
tightness of the snake process and its local time, and a completion of the proof
of Theorem 1.1. Section 5 is devoted to the description of the snake provided in
Theorem 1.2, while the appendix is devoted to the description of the contour process
for environments with no spatial dependence, providing in particular a direct proof
of Corollary 1.5, that bypasses the need to consider the Brownian snake.
Notation Throughout, C, K denote generic constants whose values may change
from line to line. Numbered constants (such as K7, cg, Cyp, 4.2, etc.) are fixed and
do not change throughout the paper.

2. Asymptotics for survival probability and useful bounds

We start with a lemma that describes the asymptotics for survival probability
for classical branching processes. For any n > 1 let {M;*,l = 0,1,2,...} be the
branching process with geometric offspring distribution with parameter

p=1/2—"b,/4n

for some b,, € (—2n,2n). That is if Z™ is the number of offspring in the process
M™, then
P(Z"=k)=p(1—p)*, k=0,1,2,....
For 6 > 0 define
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Lemma 2.1. Assume
lim b, = b,

n—oo

and M =1 for alln > 1. Then for any § > 0,
lim nP(Mf,s > 0) = h(b,0).

n—oo

Proof: For b = 0 the result is well-known (see e.g. Perkins, 2002, Theorem II.1.1 for
a more general result). While we believe that the result is also known for b > 0, we
were unable to locate a reference and thus for the sake of completeness we provide
a proof.

Let f(s) be the generating function of Z", that is

12— b /4n
I = T=qas o s VSest

Define fo(s) = s, fi(s) = f(fo(s)) = f(s) and in general
fi(s) = f(fe-1(s)), 0<s.
Then by the branching property,
E[sMF Mg = 1] = fu(s).

Therefore,
POME = O0M =1) = fu(0) = (fe1(0))
1/2 — b, /4n
1—(1/2+bn/4n) fr—1(0)

Fix k = |nd| and define
yle(l—fl(O)), lZO,l,...,k.

One has
1/2+b,/4 _
" (1/2+ bn/4n)yi—1 ' (2.1)
1= (1/2+ ba/An)(1 — yi—1/k)
Let
2121/y1,l=0,...,/€.
Then zp = 1/k and
ZlZZl_ldn-i-l/k, l=1,...,k,
with
1/2 —b,/4n
dy, = —. 2.2
By iterating we get
1 1—d*
= Z(dF+—2). 2.
* k<"+1—dn) (2:3)
Now as n — oo we have
b, bn
l—-dy,=—-—+—~—

n(l+ g—;;) n’
Also recall that k = |nd]| and hence

1/2 — by, /an\ 1" I
& = (M) ~ (L =by/n)" ~ b0,
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Therefore
s
1um Z[”‘U = l1m =
Since nP(M|,5)) > 0) ~ yt% = 5267“” , this concludes the proof. [

Returning to the random environment case, let M denote the total mass of the
branching Brownian motion in random environment X™ (with geometric offspring
distribution) defined in Section 1.1 (that is, n = ' M}* = (X4, 1)) and let M™ be as
above with

b=v+ gl /2 (2.4)

Remark 2.2. With our assumptions, it is easy to see that the m-th moment (for
any m > 2) of the absolute value of the expected (conditioned in the environment)
number of offspring minus 1 of a particle at x at time k/n, see (1.5), is bounded by
Cyn/n, for an appropriate constant C,,. Moreover, the absolute value of the first
moment of the number of offspring minus 1 of a particle at x at time i/n, see (1.5),
is bounded by C4/n, for an appropriate constant Cf.

Lemma 2.3. Let ]\;[6‘ =1 for alln>1. Then

limsupn]P’(M[Lm;J > 0) < h(b,9).

n—oo

Proof: For i = 1,2,..., M} we denote by U x(t),t € [k/n, (k + 1)/n], the position
at time ¢ of the i-th particle that was born at time k/n. That is we have

1o
X = 7 2 Ot/ -
i=1
Moreover if Z}"; ., is the number of offspring at time (k + 1)/n of the i-th particle
that was born at time k/n, then we also have
M
Xl?/n = n Z Zl?,lk(sui,k—l(k/n) :

i=1

We write for simplicity & r = & (Ui x—1(k/n)) and denote by ]—"]f the sigma-algebra
generated by the environment {&;(-),7 < k}. We have, for s € (0, 1),

E(SW) - E(Hﬁﬁlszﬁk>

- E (H?ﬁllﬁ (57

xi.51))

Vik N i,
E 1 ]Wk71 HMI:—l 1 B 2\/]’:—7'
2—35 1=1 1 i ks

T 2(2—s)vn
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Therefore,
- M . 1— ik
" 1 k=1 n )
E (sMk) - E ( ) B 2 xn (2.5)
2-s g 1 _Siks |75
2(2—s)v/n
M My, ik
1 k—1 1-— NG .
> E (2—5) exp E ZlOg W Xs_ 5
=1 2(2—s)v/n

where the last inequality follows by Jensen inequality. Since |&; k| < /n/2 we get
by trivial estimates that for n large enough

L— 25\/% > (1- ik 14 &i kS n &i kS ?
1 _Siks 2y/n 2(2 —s)v/n 2(2 —s)v/n
&i ks ’
i (2(2 - s)ﬁ) )
- ik 5 Ers 5
N 1+m(2—s_1)+4(2—5)n(2—5_1>

(w5m) (e
CGal—s)  Gpsl—s)

(2—98)vn 2(2-35)n
—co6(1 — s)n~32|g )3 (2.6)

1

Y

Again by trivial estimate on the logarithmic function we get

§i,
1- 2\/% Er(l—s) &s(l—s)
PEl T e | 2 BT gve 2o
T 2(2—s)vn

—ca6(1 — S)n_3/2|§i.,k|3)
CGk(l—s) §rs(l—s)

= Tl—svn 202-s7n
Zkﬂ(l - 5)2

T @ er TGP
C&Gx(l=s) &r(1—s)

(2—38)v/n 2(2-35)n
—co7(1 — S)n73/2|§i,k|3, (2.7)
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for all n sufficiently large. Take an expectation to get
ik(l—s &1 —s
E <_§z,k( ) &xl—s) er-(1 = =32

2-s)vn  22-s)n 3 Xg_>
_v(l—s)  (P/n+gUisa(k/n)(1—s) cor(L—s)n =2

(2—=9)n 2(2—5)%n

1- g [e7e] —
- o Ui

B ).

Substituting in (2.7) we get

() = n(() {1 )
> =t e )™

— E (f(s)m‘—l) . (2.9)

Let f (s ) be the generating function of the geometric distribution with parameter
p= 5 — 2=, then

1/2 —=b,/4n

16 = =@ a T, s
_ 1 (1_ bu(l —5). )
2-s ( S)n(l 2n2 s))
1 n(l—s)
s 2—s (1_ (2—s)n> (2.10)

If one takes b, = v + % + ¢o.5n~ /2 then we get that

f(s) = f(s), 0<s<1,
and hence by iterating (2.9) we get

Therefore
P(M} > 0) < P(MJ > 0), Vk>1, (2.11)
and hence by Lemma 2.1 we get that
lim sup nIP’(M[‘MJ > 0) < limsup nP(M{,5; > 0) < h(b, ). (2.12)
]

Lemma 2.4. Let M™, X" be as above.
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(a) For any 6 >0,

limsup E (MLMJ) < hmsup Mpe?,
and hence,

limsupE (X[’m”/n(l)) < lim sup X' (1)e”.

n—oo n—oo

(b) For any d,a >0,

limsup,,_,. Xg'(1) (e” v 1)
. .

n—00 k<[nd]

1imsup]P’< sup X, (1 )2&) <

Proof: (a) The proof of goes along the similar lines as the proof of the previous
lemma. First recall that

19l
E (Z-" X ) < 1 2.13
ikl X(e—ym) < + + o (2.13)
for all 7, k, n. Hence, by iteration, we get
~ ~ ”g”oo el
E(Ms) < Mg (142 e el (2.14)

and the result follows.
(b) For all k > 0, define

—k
1910
V=X, () [14+—+ .
£ = (1+ 24 121
Then using (2.13) it is easy to check that {V;*}x>0 is a nonnegative {FiX" }r>o-
supermartingale. Therefore by maximal inequalities for non-negative supermartin-
gales we get

E (Vg Xyl
]P’( sup Vk"2a> < (V5') = 0'( ) (2.15)
k< |ns) a a

To prove the result we consider the cases v+ % < 0and v+ % > 0 separately.

First suppose that v + % < 0. Recall the definition of V" to get that, in this
case,

k<|né)

||g||oo) -
= P{ sup X}, 1—|— + >a
<k<[rrz)5j K . )( 2n

]P’( sup Xj, (1 )2@) .
k<[nd)

By putting (2.15), (2.16) together we get that

P ( sup V' > a) (2.16)

Y%

IN

X2(1 .
P sup X[,(1) > a 00 oy Ille (2.17)
k<[nd] a 2
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Now let v + Hgg‘” > 0. Then we get

P( sup V”>a<1+z+%>_m{” (2.18)
k< |nd] ko= n 2n

_ —k _ —|nd|
v gl v gl
= P X0 )1+ -+ = > 14—
<kiltl£)5J k/"( )< +n+ 2n =4 +n+ 2n

P < sup  Xp),(1) > a)

k<|ns)

Y

Apply this and (2.13) with a (1 + L+ Hg”“’)7 instead of a to get

n 2n

P ( sup Xp,(1) > a) (2.19)

k<|né)

" v o lglss \ ™
XO (1) (1—"_;—"_ 2n ) HgHoo
<  for v+ 252 > 0.
a

By combining (2.17), (2.19), we get

n vy lalle )™
xp) (1424 1gke) " v
Pl sup Xp),(1) >a] < . (2.20)
k<|né] a
and by letting n — oo we are done. [

The next result generalizes the previous lemma.

Lemma 2.5. Let f be a bounded non-negative measurable function on R*. Then,
for any 6 >0,

n [ -

where {Si}i>0 is the semigroup of the Brownian motion.
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Proof: The proof goes along the similar lines as the proof of the previous lemma.
For any k£ > 1 we have

Mkl

E (X0 Xfyn) = Z U (05/)| X1

LS B (B (2 W /) | X7 ) Xy 0)

=1
RS E (@ (e/m)E (27| X2 )| Xih1)0)
3 |
- <1 LY %) leg:l]E (s (B X))
- n 2n ) n = " (h=n/m

(43

fry (1 + + 2 X(kfl)/n (Sl/nf) 5

for all k,n and hence by iteration

) Z S1nfUir—1((k —1)/n))

. Iglloe \ "
E (Xl_mij/n(f)) < <1 tot X8 (Sinsynf) s (2.21)
and the result follows. ]

3. Tightness of the contour process

In this section we will prove the tightness of the sequence of the contour processes
{Y"™},>1. The following proposition is the main result of this section.

Proposition 3.1 (Tightness of {Y"},,>1). For any é >0, T >0,
lim lim sup P < sup sup |V, —-Y/"|> 5) =0, (3.1)
el pooo 0<t<T 0<s<e
that is, {Y"},>1 is C-tight in Dg|0, 00).
The proof of the proposition will be given in this section. Recall the definition of
the discrete version of the local time for Y and its inverse (see (1.10), (1.11) and

(1.12) for the same definitions in the case without environment). Fix an arbitrary
co > 0. We will first handle the tightness on the time interval

te[0,7°),
and we start with the following proposition.
Proposition 3.2 (Tightness of {Y"},,>1 — no jumps up). For any § > 0,
limlimsup P ( sup  sup (Y, —Y" )y > 5) =0. (3.2)

€l0 n—oo 0<t<r0 0<s<e
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The proof of the proposition will be given after we present several preliminary
lemmas. For any a > 0 and 71 < 73, recall the measure-valued process X,""""%

see (1.17). Fix an arbitrary ¢ > 0. Recall that b was defined in (2.4). We have the
following lemma.

Lemma 3.3. For any 6 > 0,7 > 0,¢ > 0,

lim sup P (X;v;fj;'(l) > o) < R, d). (3.3)
Proof:
, [ne’| -
(X =0) < SP(xprirrt iy o). 3
1=0

Since, by Lemma 2.3,

lim sup nP (Xn’rﬂ/n’wr(”l)/n(l) > O) < h(b,9),

et a,an+8
the result follows. ]
The following corollary is immediate.
Corollary 3.4. For any 0 > 0,7 > 0,¢ >0,
limsupP( sup (V" =Y/ha)y >9) < €h(b,0). (3.5)

n—oo <<,
The next corollary gives a bound on the positive increment of Y.

Corollary 3.5. For any § > 0,7 > 0,
lii%l lim sup P( sup (V" =Yha)y >0) = 0. (3.6)

oo eSS e
Proof: We first prove that for any ¢ > 0,
limlimsup P (7%, < 7% + ¢€) = 0. (3.7)

€el0 n—oo e =
Suppose that there exist deterministic ¢’ > 0,¢” € (0,1/2) and subsequences ny —
00, €k | 0 such that

kh—{I;oP (Tl < Tt ) >0 (3.8)
To avoid cumbersome notation, for the rest of the proof we write n and €, for nyg
and €, respectively. Note that it follows from (3.7) that
e — e =€ (3.9)

T / Tr
r+e
Then as in Lemma 3.3, we may define the sequence of measure-valued processes
X" with total mass
X'ﬂ

a,an+s

o n,anJrs_ Mn,an+S
(1) = ™, A (3.10)

This process starts at the total mass

Xoa, (1) =€,
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and, appealing to Mytnik (1996), as n — oo, it converges weakly in Dg[0, 00)
to the continuous process s +— X, a4s(1) starting at ¢’. Therefore, by the weak
convergence properties, there exists 6 > 0 such that

lim inf P <inf (e:;ﬁ:*s - e";ﬁ:*s) > e’/2> >1-4" (3.11)

n—oo SS(S 'I"+6, TT

Note that on the event in (3.11), we have

!/
5 < Ottt — e < 3 1y amants
l: T?’a<l/n2§7:+’i,
Summing over s = £ < §, we get that with probability greater than 1 — 26" > 0,
the occupation time of Y™ on the time interval (7%, 7,5% ] is bounded from below
by
1 1<,
— > Lyp y2a, = 50€ > 0. (3.12)

1/n2=
I: Tf’a<l/n2§‘r:+’i,

On the other hand the total occupation time of Y™ on the interval

[, i) © e, 7 o+ 6]

is bounded by €, | 0, which contradicts (3.12). Hence (3.7) follows.
Continuing with the proof of the lemma, we have from (3.7) that for any ¢ > 0,

limlimsup P sup (Y =Yha)y >0 (3.13)
€l0 n—oo TOSt<T e "
< limlimsupP sup (V' =Yha)p >0
el0 Nn—00 T:‘l’aStSTn"Fa/ r

+ limlimsup P (7,54, < 7% 4+ €) < €'h(b, d),

€l0 n—oo
where the last inequality follows by (3.7) and Corollary 3.4. Since ¢’ was arbitrary

we are done. ]

We now introduce further notation. Let

e = e, (3.14)

TCO

We will prove the following lemma.

Lemma 3.6. For any § > 0,
limlimsupP { sup  sup (Yo, —Yhae)y >0 | =0. (3.15)
€el0 p—oo 0<r<gn:a 0<s<e " "

Proof: Now we will need some further notation. Denote

N&™ = {number of excursions of Y starting at level a,,
above the level a,, + s on the time interval [0, 7/1:°]}
= {number of particles in the original branching particle system

at time a,n whose descendants survive till time (a,, + s)n}
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By Lemmas 2.3, 2.4 and the Markov property of the branching system we immedi-

ately get
limsupE (N&") < limsupE (X} (1)) n]P’(]\Z/[InSJ > 0|My =1)
coe’h(b, s). (3.16)

A

Fori=1,... Ng/’; define

o =inf{t >7",: Y, >a,+d/2},

where
77 = 0,
7 = inf{t >0l : Y =a,}.

K2
That is, ¢} are the times when successful excursions of Y™ reach the level a,, +6/2.

Then we have, for any fixed integer m,

limlimsupP { sup  sup (Yna, —Y )y >0 (3.17)
el n—oco 0<r<gn:a 0<s<e " "
N
< limlimsupE P( sup (Y, . —Y"™), >6/2|X" (NID <m
= 2 n—»oop ; (Ogslge( ol'+s ol )+ / | an+5/2> 5/2
+ 1611%1 hrILrljolipP (Né/’2 > m) .
By an argument similar to the one in Corollary 3.5 we get that
(3.18)

limlimsup P ( sup (Yjn, o —Y0)y > 6/2|X§n+5/2) =0.

€el0 n—oo 0<s<e
This implies that

. . n
limlimsup P sup  sup (Yha,
0<r<fma 0<s<e

€el0 p—oo

- YT?’G)JF > 6)

bap(b,5/2
< limlimsupP (Ng/g > m) < 6067(’5/),
m

el0 nooo
where the last inequality follows by the Markov inequality and (3.16). Since m was
|

arbitrary we are done.
We can now complete the proof of Proposition 3.2.

Proof of Proposition 3.2: For § > 0 let

T = {t< 0 Y e [id/2, (i + 1)6/2]}. (3.19)
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Then

P( sup  sup (YL, —¥7')s >6>

0<t<r0 0<s<e

[2K1 /4]
< > P ( sup sup (Vi —Y")y > 5)

i=0 teT,? 0Ss<e

|2K1/8]+1 (

< > P
i=1

However by Lemma 3.6 we get that, for every 1,

sup — sup (Yispo, = Yiiiss2)y > 5/2) . (3.20)

TSZH,'LJ/Z 0<s<e

€=U n—oo r<fn,i5/2 0<s<e Tr

lim lim sup P < sup  sup (Y s/, YT’fl,ié/z)Jr > 6/2) =0,

and this finishes the proof of Proposition 3.2. [
To handle downward jumps, we need the following proposition.

Proposition 3.7 (Tightness of {Y"},,>1 — no jumps down). For any ¢ > 0,

limlimsup P ( sup sup (Y, —Y")- > 5) =0. (3.21)

€el0 n—oo 0<t<7_cnovo 0<s<e

Proof: In fact the proof is easy if one considers the process Y reversed in time,
that is the process f/t" = Y’il 0_p which is easily seen (see the explicit argument
below) to possess the same law (with 0 < ¢ < 729) as the original process Y.
Since any jump down for Y™ becomes a jump up for Y™, the claim (3.21) follows
from Proposition 3.2 applied to y”".

To see the reversibility claim, we introduce a sequence of path transformations
{T.}.=0.1/m,... k1 —1/n o0 {(WP, Kf")}tzo)l/ngmﬁggo, each of which is measure pre-

serving and preserves 772, such that

{(Wll?Yn)}t 01/77,2 T O_TKl 1/nOTK1 2/" OTO{(Wll?}/th)}t:O)l/nz 77_2107

where (V~V_"7 37") denotes the image of (W™, Y™) under the transformations. This
will prove the claim.

To avoid cumbersome notation, we consider the case of n = 1 only, and we omit
the index n. The general n can be treated the same way with proper scaling. For
z = 0, the transformation Ty is obtained as follows. If ¢t = 7'0 for some integer
j€{0,1,...,¢c0}, that is ¢ is a return time of Y. to 0, then deﬁne t'(t) =710 — 5.
Ift € (9 Ti1 J) for some j € {1,...,co}, that is ¢ belongs to the jth excursion of

Y. from 0, then define ¢'(¢) = t'(7 j)—l—t—r . Then,
To(W.,Y)(t) = (W), Yo

(In words, Ty reverses the order of the excursions from 0 but keeps the time orienta-
tion of each excursion intact; Thus, the total length of the excursions is preserved.)
It is straightforward to check that the law of To(W.,Y.) is the same as that of
(W.,Y).
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For z =1, let

t-(1) =min{k > 0:Y; = z},5.(1) = min{k > ¢,(1) : Yy, = 2, Y41 = 2 — 1},

and for j > 1,
t-(j+1) = min{k > s.(j): Yy = 2},
$:(j+1) = min{k>t.(j+1):Yr=2,Yp1 =2—1}

T is then defined as T}y applied to the excursions of the path from level z. Explicitly,
let j, = max{j : t,(j) < 72 }. Fort € (U;;l[tz(j),sz(j)]) , set t(t) = t. For each

0
7, let t.(4,0) = t.(5), t.(4,¢) = min{t > ¢.(j,¢) : Y; = z}, and £,(j) = max{l :
t.(4,0) = s.(j)}. Let t’ be defined on the interval [¢t,(j),s,(j)) in the same way as
the case of z = 0 with TJO, j=0,1,--+,co replaced by t.(j,£), £ =0,1,---,£,(5).
Then,

T.(W.,Y)(t) = Wy, Yew)

Again, in words, T, reverses the order of the excursions from z but keeps the time
orientation of each excursion intact; Thus, the total length of the excursions is
preserved.) It is straightforward to check that the law of T,(W.,Y.) is the same
as that of (W.,Y.). We can continue this procedure for z = 2,3,--- | K3 — 1. As
explained above, this completes the proof. ]

To finish the proof of the Proposition 3.1 we need the folowing lemmas that

describe the limiting behavior of {£™},>; and {7}, >1 (recall that (" = ¢";
Teg
was introduced in (3.14)).

Lemma 3.8. For any ¢ > 0, the sequence of processes {E""}nzl is C-tight in Dyg.

Proof: First recall from (3.14) and (1.18), that X{7;°(1) = ™ is the total mass at
time a of the measure-valued process Xg) 0 defined in the introduction. Since the
sequence of measure-valued processes {X("“},>1 is C-tight in Dy, (see Mytnik,
1996 and the comments leading to (1.15)), we get the desired result. ]

The next lemma studies the limiting behavior of {79},>1. Toward this end,
recall that according to our conventions introduced after (1.11), we use the same
notation for an increasing function and the corresponding measure.

Lemma 3.9. (a) For any r > 0, the sequence of random variables {T7°},>1
is tight and any limit point 70 satisfies

(b) For any e >0, A >0, there exists R > 0, such that

liminfP (73" > 4) 21—«

(c) The sequence {T°},>1 is tight in M(R,).

(d) Let 7° € M(R4) be an arbitrary limit point of {7™%},>1. Then for any
fivzed r € Ry, 70 is continuous at t = r with probability 1.
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Proof: (a) Define
y [n2t]
Ti*(y) :/ 0dz =n~? Z lyn , <y
0 i=0
Note that
70 = To(K1). (3.22)

On the other hand
K1
Tl o(Ky) =/ £ dz < Ky sup €7,

A 0 Tr s<Ki Tr
and since by Lemma 3.8, {ffi{,o}nzl is tight, by (3.22) we get the tightness of
{71

Similarly, since {ffl{,o}nzl is C-tight for any € > 0 we can fix ¢ such that
inf 0%, > >1-
P(;I%f(;gﬂrho >c¢/2)>1—c¢
for all n sufficiently large. Using this, (3.22) and the definition of T we get
n,0 mn 0 n,s r
T =T o (Ky) > | €50 ds > 56
T 0 Tr

with probability at least 1 — € for all n sufficiently large. Since e was arbitrary we
get that any limit point of 770 is greater than 0 with probability 1.
(b) For any K > 0 we can represent
K
0 0
TRy = DT
i=1
where, for each i, 7'1-";0 is distributed as 7Y, Fix arbitrary €, A > 0. Since, by part
(a) of the lemma, any limit point of TZ} 710 is strictly greater than 0 with probability
K n,0 .
7,07 > A with

one, we can easily choose K sufficiently large such that TI"(’S =>. i
probability at least 1 — e, for all n sufficiently large.

(¢) Immediate from (a).

(d) Let 7% € M(Ry) be a limiting point {7"°},,>1. To prove this part of the

lemma we have to show that, for any e > 0, there exists § > 0, such that
P(rhs—To_s>€) <e (3.23)

Similarly to what we have done in (a) define,

Yy
T (y) = / (0% =0 dz, 0<s<t. (3.24)
0
Then we have
0 0 K
T = T () = /O (0155 — 75 )= (3.25)
Fa 8,746
= X0t (1)ds < Ky sup X0 0(1),
0 s<K;

where recall that X& ’ST_‘;’TM is the measure-valued process corresponding to the
branching particle system in random environment, constructed in Sec. 1 (see (1.17)),
that starts at time s = 0 with initial mass 2. By Lemma 2.4(b)
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P (Sup Xmr=orto(1) > ¢ (3.26)

SSKl

) 2XTTOTTO(1) (b v 1)

€

46(ebK1 v 1)

3

€
for all n sufficiently large. We can take § sufficiently small such that the right hand
side of (3.26) is less than €/2, and this together with (3.25) implies that

P (7'::’_% —70 > e) <¢/2. (3.27)

for all n sufficiently large. Therefore (3.23) follows for any limit point of {7%°},,>1.
[

Now we are ready to complete the proof of Proposition 3.1.

Proof of Proposition 3.1: Proposition 3.1 follows immediately from Propositions 3.2,
3.7, Lemma 3.9(b), and the fact that ¢y was arbitrary. |

4. Tightness of {(W",¢")},>; and proof of Theorem 1.1

The bulk of this section is devoted to the proof of the following proposition.

Proposition 4.1. The sequence {(W™ (" 7™}, >1 is tight in Dyys mry) <
M(Ry). Let (W, £,7°) be its arbitrary limiting point. Then (W, £,7°) belongs to
Cywxmmy) X M(Ry). Moreover, { is the local time of Y (Y is the lifetime of W),
that 1is,

t a
/ ly,<qds = / i dr, Ya>0,t>0. (4.1)
0 0

Note that following our conventions, we denote by ¢"(dt) the measure and by
¢7 =17([0,¢t]) the corresponding increasing distribution function corresponding to
L.

The proof of Proposition 4.1 is long and we indicate the main steps. We will first
prove the tightness of the sequence of processes {W"},,>1, based on the tightness
of the contour process established in Section 3. This will be obtained in Lemma
4.6, after going through a fair amount of preliminary material. The tightness of
the sequence of the local time process {¢"},,>1 is then obtained in Lemma 4.7, thus
completing the proof of Proposition 4.1. The rest of the section is devoted to the
identification of the limiting snake representation. Here we have to identify a limit
point of the sequence of the local times {¢"},>1 as the local time of the limiting
contour process, and this is done in Lemma 4.11. Additionally, in Lemma 4.14 we
verify that a limiting point of {72}, >1 is indeed the value at ¢o of the inverse
function of the limiting local time. The proof of Theorem 1.1 is an immediate
corollary of these facts, and is presented at the end of the section.

As in the previous section, where the tightness of the contour processes {Y"},,>1
was obtained, we first handle tightness on the time interval [0, 7/2"]. Fix an arbitrary
a € [0, K1) and recall that {X§}°}i>0 (see (1.18)) is the measure-valued process
characterising the branching particle picture, and in particular, nXg) ;5(1) is the
number of particles alive at time a, = |an]/n. First we derive a bound on the
maximal displacement of the offsprings from the ancestors during the time interval
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[an ,an + 0]. This estimate will be crucial for proving tightness of paths of the
Brownian snake in random environment.
Fix n € (0,1/4) arbitrary small. Define

n,0
<o

L — W (an) > 81/2-m)

T

Zy"s = m 047+ (ds) (4.2)
0

= #{particles alive at time a,, + § that are displaced by more than

§'/271 from the ancestor at time a, }.
Lemma 4.2. There exists 6, 2 > 0, such that
P(Z2? > 0)< e, V6 <6,V (4.3)

Qn

We postpone the proof of Lemma 4.2, and prepare some preliminary estimates.
Introduce the event

Whaskms = LW an + 8 —627F) = W(a, +§ — 627 k=) > §l/2-ng=k/4}
and define

n,0

T
k o o N, Ay +0— §o k-1
Zh o= [ it (ds),
0

which gives the number of particles alive at time a, +§ — 627%*~! whose historical

paths were displaced by distance more than §'/2-727%/4 on the time interval [an +
§— 0271 q, + 86— 027"

Lemma 4.3. There exist C = C(K1) and §, 5 such that, for all n sufficiently large,

P (Z]fn 5> O) < 060675**72’“/2

, V0 <0y (4.4)
Proof: Let

n,0

T

7k o o n,an+6—527 k

Zan76_n/ ]'Wnaékn 6 (dS)
0

that is, Z’fn s 1s the total number of particles that are alive at time a,, +06 — 527k

and whose historical paths were displaced by distance more than §'/2-72=%/4 on
the time interval [a,, +6 — 82~ =1 a, +5 —§27F]. We enumerate these particles by

1=1,...,2] A sandlet Z 7k s be the number of living descendents of the particle ¢
(1= 17 . .,Z’fn 5) at time a, —i— § —627F=1. Then clearly
Zs, s
75 .= 3 7, (4.5)
i=1

Lemma 2.3 and (4.5) imply that for all n sufﬁciently large

an N

~k n,c ik n,c
P(Zan75>0‘X0a2+6(1 2= k)) < Z P(Z 5>0‘X0a2+51 2= k))
~ AZ¥
< Zk 2h(b 271@71 < an 0
— an 50 ( ’6 )/n — 62_k_1n7

where the last inequality follows, for all § sufficiently small, from the definition of
h. Therefore,

_ ~ 4 N
k k n,c k
P(Z,5>0) =E(P(ZE 5> 0| X0 suas)) < 7B (25, 6) -
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»Co
We next represent the measure X0 i 6(1—2— (k-1 &

n,cqo
1 nxo,anu(ur(kfl))(l)

n,co I
XO,anJré(lfQ*(’“*l)) ~ O,
1=1

(4.6)

where U; are the positions of the particles alive at time a,, + d(1 — 2~ *~1). For
the rest of the proof of the lemma we call the particle that is located at U; at time
an + 6(1 —2=# 1) — the i-th particle. Let X™* be the measure describing the
positions of the living descendents of the i-th particle at time a,, + §(1 — 27%) and
similarly to (4.6) we can write

nX™
Z (4.7)

where U; i, is the position of the k-th descendent of the i-th particle at time a, +
§(1 —27F). Then we get that

3|'—‘

n,co
nXo,an+5(172*(k*1))(1)
n,co _ YR
X0 ants(1—a-k) = E : X
Define
d
fz(.%') = 1‘z,z‘>51/277]27;@/4 , T,z € R
Then,
n,cq
nxo,anwu—r(’“*“)(l)
7k _ i
Za" ’5 - Z Xan+6(1_27(k71)7an+5(1—27k) (fl/{l)
=1

Hence, using Lemma 2.5 in the first inequality, there exists 0, 3 sufficiently small
such that

E(Z\k X(:l::+5(1 2 (k= 1)))
 Temmeeren® gl \ "2
< ; (1+ + )
x%m( Uy| > §1/2no=k/4)
n.co 191l e L
= Xo,lzn+6(1—2f<kfl))(1) <1+ + o ) , V0 <03,

where P, is the law of the standard Brownian motion starting at x. By taking the
expectation we conclude that for all n sufficiently large,

) Va S K175 S 5-’1437

where C' = C(K1), and we are done. |
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Proof of Lemma 4.2: Fix §p sufficiently small such that 103(53/2 < 1. Let § <dp. If

Z ffn s = 0 for each k > 1 then the maximal displacement of the path of any particle

on the time interval [a,, a,, + d] is bounded by
i51/277727k/4 < 61/2777 1
k=1

Hence by Lemma 4.3 we get that for § < (dg A d43),

< §/2-15n
iy =0

P22 > 0) < Y P(ZE 5> 0) <Oy e 2
k=1 k=1
Now take 045 < (0g A d4.3) sufficiently small so that for any 6 < d4
e _s—nok/2 5"
Ceo Z e 9" < ,
k=1

and we are done. ]

Lemma 4.4. For any € > 0, there ezists 91 > 0 such that

lim sup P ( sup sup Zg’fn > 0) <e. (4.8)
n— oo a<K; 6<d1 ’

Proof: For any my > 0 we have by Lemma 4.2 that

Apy, = P (Z"’3n/2 > 0, for some i < K;2™, m > mo)

2-m 2—m
co  Kqi2™ 00
< 3 Y (s o) Y Kme
m=mgo =0 m=mgqg

_gmon/2

Choose mg large enough so that 270 < d,5, A, <e <'¢, and

10 - (2 . 2—777,0)1/2—37]/2 S (2—17’7,0)1/2_277 .

Define
C(K1,mp) ={w: ZZ’EZ@,M =0, VYm > mg,i < K12™}.
Then
P(C(K1,mo)) >1—e 2" >1—e
Fix w € C(K1,mgp). Fix arbitrary @ < K; and 6 < 270, Then there exists

m > mg such that
27l <<, (4.10)

For j > mg let @; denote the smallest integer multiple of 277 that is larger than a
and, with b = a4+ 6, let Bj denote the largest integer multiple of 277 that is smaller
than b. Let s be any time such that Y,* = a 4+ . Then since § <270 < §, 5 and
w € C(K1,mq), we have by (4.10) and the continuity of W7 (-) that

W= W) < [ WEba) = W)+ Y [WE@) — Wi (@)
l=m+1
+ Z }WZ(BI) —W?(i)zq)’
l=m-+1
< 10- 9—(1/2=3n/2)m <10- (25)1/27377/2 < 51/2727;7
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where the last inequality holds by (4.9). By setting d; = 27™° we are done. |

The following corollary is immediate.

Corollary 4.5. For any € > 0 there exists 61 > 0 such that,

P( sup sup sup [WZ(a+3)—Wi(a)| > 5}/2_277 <e.
sg‘rglo‘o <481 aS(st*‘s)Jr
We have made all the preparation for the proof of the following lemma, concern-
ing the tightness of the sequence {W"},,>1.

Lemma 4.6. The sequence of processes {W"},>1 is C-tight in Dyy.

Proof: Recall that the C-tightness of the sequence of the contour processes {Y"},,>1
was proved in Section 3 (see Proposition 3.1). Fix arbitrary # > 0 and o = /2727,
Then for any d; > 0, we have the following inclusion

{ sup sup sup W, 5(u) = Wi(u)| = o} C
SSTZ{ SO01 Uz

{ sup sup |V =Y >3}

SST:HO <61

U sup sup  sup  [Wi(a+6) - Wi(a)| > B"/>27}.
SSTC"O’O 0<Ba<(Y:—0)+
The C-tightness of the sequence {W"},,>1 now follows from this inclusion together
with Proposition 3.1, Corollary 4.5, and Lemma 3.9(b). |

We next turn to the local time processes ¢, n > 1.
Lemma 4.7. The sequence of processes {{™ }n>1 is C-tight in Dy, -
Proof: Fix an arbitrary ¢y > 0, and define

s = s s.t>0
t t/\_rcno,m b2 Uy

with vas(dt) being as usual the corresponding measure. Note that since c¢q is
arbitrary, it is enough to show the C-tightness of {¢"},>1 in Dy, [0,00) and
then the result follows immediately from Lemma 3.9(b) (recall the properties of
convergence in vague topology). Since for each ¢,n, the function s — Egvf is non-
decreasing, to show the C-tightness of {£""},>1 in Dy, [0,00), it is sufficient to
prove the tightness of {Z?}nzl for each fixed ¢t. That is, in view of Lemma 3.9, we
need to prove that for any constant C,
lim sup limsup P( sup [0} — 07" > €) = 0. (4.11)
h—0 n—o0 0<r<C

The proof requires some care since introducing the time ¢ prevents one from directly
exploiting martingale properties and the tightness results in Mytnik (1996).

We use the inverse local times 7% a > 0,7 > 0 to define the collection of
processes

X =P P ez
T(+1)8 Tis

Note that X%/ represents the total mass of the branching process in random

environment Zs’zgﬁﬂ)é, defined by (1.17), which starts at “time” ¢, such that

71.7,0 n,58,(j+1)8
Xo?* = Xm;é S (1) =24
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n,36,(j+1)8

We also denote by .7:1” 9 the filtration generated by the process X ;g7 and its
environment by time [/n.

On the event t < Tg)’o we have, for any T > 0,

LA

sup

0<r<T

< sup sup |£15+”+h ng sup  sup X490
W0<T,j0<co vE|0,d] Tis Tis 10<T,j6<co s<§

=: sup Aiﬁj + sup Biﬁj . (412)
i6<T,j6<co i6<T,56<co

By the C-tightness of the sequence {s > £° o 5 as1, see eg. Mytnik (1996), Theo-

rem 4.2 (proved there for the binary branchlng but valid, with similar proof, for the
geometric case under consideration here), we have that for each fixed ¢ and each
fixed 1 <T/0,j < co/0,

lim limsupP(4;; >¢€) =0.

h—0 n—oo

In particular, for any § > 0 fixed,

lim limsupP(  sup A4;; >¢€)=0. (4.13)
h—0 n—oo i6<T,j6<co

To control B; ;, we use the following lemma.

Lemma 4.8. For some universal constant ¢ and all n large,

E sup ((Xé’j’5)4) <est, foralld <1
0<s<

Indeed, Lemma 4.8 and Chebychev’s inequality imply that

P( sup Bij; >e€) < Tcod 26,
i6<T,j5<co

Together with (4.13), this yields the proof of Lemma 4.7, once we complete the
proof of Lemma 4.8. ]

In the proof of Lemma 4.8 we will frequently use the following lemma, whose
immediate proof (using iterations) is omitted.

Lemma 4.9. Let ¢1,co > 0 and suppose z;,i = 1,2,... satisfies the following
inequalities

ZZS C—1—|—(1—|—C—2)ZZ,1, 121,2,
n n
Then there exists ¢ > 0 such that for any 6 € [0,1]

% < a(z_la +20), Vi< |ndl.
2

Proof of Lemma 4.8: The argument uses computations similar to those in Section
2. Throughout the proof, ¢ denotes a constant whose value may change from line
to line, but is independent of n or §. Note that the estimates on X0 that we
get throughout the proof below are uniform in 4,5 and thus we may and will just
consider i = j = 1 and write X, = X" and F; = fll’l’[s,l =0,1,2,.... Note
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that X, is the local time at level s accumulated by the random walk during its first
[nd| excursions from 0. We have the representation

Ko

Y -1

X(erl)/n =n § Zk,m—i—l )
k=1

where the Zj ,,+1 is the number of offspring of the k-th particle at time (m+1)/n.
Recall that Zy ., ,k = 1,2, ..., are conditionally indpendent given F,,, and for each
k, Zym is geometrically distributed with parameter 1/2 — & ,,,/4y/n. Here with
some abuse of notation,

gk,m = gm/n(‘rk,m)a
£ is as in Section 1.1, and xj , is the position of k-th particle at time m. Note that
by (1.5) and our moment assumptions on £ we have that

Akomt1 = E(Zgmy1|Fm) < 14¢/n.

Because the mean of Zj, ,, is close to 1, the sequence X(i-{-l)/n is almost a martingale.
To make it into a martingale, introduce the variables, My = 9,

My 17 g
M= ——" - Z Zht >,
X—nymn = Qi
Note that
Xin/M; < (1+¢/n)', i > 1. (4.14)

On the other hand, i — M, is a discrete martingale, and hence by the Doob-
Burkholder-Gundy inequality, we have that

no
E( sup M) < eB(M)3;, =E() (AM),), (4.15)
0<i<én =1

where
(AM); = E((M; — M;—1)?|Fi—1) .

We prepare next some estimates. First recall (1.5), our moment assumptions on
& and its covariance structure to get the following bound on the correlation between
the {Zk7i+1}l
[E[(Zk,i+1/kitr — D)(Zrr i1 /o i1 — D|F)l < ¢/n, Ve #E.
Then we easily get,
2

nXi/n
1

- Z (M _ 1) |7
nXi/n b1 Ak i+1 !

1
< eM? % -t M7 max _ E[(Zris1/okivr — 1) (i iv1 /o v — 1)|Fi]
nX;/m, kAR k' <n X/,

(AM);11 = M7E

i—- | (4.16)

IA
ol
|5
+
o

Note that EM; = EM, = 0, and hence to control the right side of (4.16) we need
to bound E(M?). M; is a martingale and hence with By ; = E(M?) we use (4.16)
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to get

M, M2 c cé
By < Bioy +E(—L) 4 aB(—=) < (14 S)Braoy + 2.
n n n n

By Lemma 4.9 we get
E(M?) = By j < &(6* + MZ) < &%, i < [nd].
Now recall again that EM; = EMy = § and use the above and (4.16) to obtain that
E((M);) < &s?, i < |[nd).
A similar computation, using Remark 2.2, gives
E((M;y1 — M;)3|Fi) < en™2M; + en ™32 M? + en~ M.
With By ; = E(M J3) one then obtains the recursions
Bajr1 < E(M})+E((Mip1 — M;)?) + eB(E(Miy1 — M;)?|Fi) M;)
<

)Baj + I['E(sz)(én_?’/2 +en )+ E(Mj)n_2

VAN
_
4
L
oS
VM
+
ol
S,
]
3\

for n sufficiently large (n > 6—1), and therefore by Lemma 4.9 we have
By j < (6 + M) <es®, i< [né). (4.17)
Repeating this computation for the fourth moment, one obtains that with B3 ; =
E(M}),
Bs; <@bt, i< |[né, (4.18)

for all n sufficiently large. Substituting (4.16) into (4.15) and using the last esti-
mates, one gets

E( sup M}) <est, (4.19)
0<i<én

for all n sufficiently large. Since, by (4.14),
_ o
sup X4 < (1—0——) sup M;l,
n 0<i<don

this completes the proof of Lemma 4.8. ]

Corollary 4.10. {(W",£")},>1 is C-tight in Dyyy pmry)-
Proof: Immediately from Lemma 4.7 and Lemma 4.6. [

In what follows let (W, Y, £,7°) be a limiting point of {(W™,Y" ¢, 70)},>1. To
simplify the notation we omit subsequences and simply assume that
{(Wnr, Yy ¢ 7m0)}, 51 converges to (W,Y,¢,7°). We also switch (by Skorohod’s
theorem) to some probability space where the convergence holds a.s.. Recall again
that we write ¢} and ¢; for £"([0,t]) and £([0,¢]) respectively.

Lemma 4.11. ¢ is the local time of Y.
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Proof: First note that by properties of weak convergence of measures, for any a > 0
0 — 08 (4.20)

for any point of continuity of function ¢ — £¢. However by a limiting argument and
the convergence of Y™ to Y, it is easy to derive that if Yy # a then s is a point of
continuity of ¢ — £¢. Therefore, for all a,¢ such that Y; # a, (41.20) follows. Note

that
[n?t]

1 [n2t|/n?
Tr(a) = — 3 Tyn, < :/0 Lyocads, 30,
i=0

ﬁ . n=2;i
Also for any @ > 0 and 6 > 0 we have
t a+d
/ 1y s<yn<atsds = / 0% ds < 25 sup 47",
0 ‘ a—3§ s<Ki

Since {¢}"*},,>1 is tight and & was arbitrary we can make the left side arbitrarily
small by taking § > 0 sufficiently small with probability as close to 1 as we wish
uniformly in n. This, by a standard argument, that also uses the convergence of
{Y"},,>1, implies that

|_n2tj/n2 t
/ ]_ysnga ds — / 1Ys§a ds (421)
0 0

for any a > 0, > 0. On the other hand

Tt"(a):/o é?’rdr—>/0 £ dr,t >0,

where the last convergence follows by convergence of £;"" at all the points 7, ¢ such
that Y; # r (there is just one level r such that Y; = r). This and (4.21) yield

t a
/ ]-YsSa dS = / é; d?", t Z O, (422)
0 0

for all a,r, and hence ¢} is indeed the local time of Y, for any t > 0. ]
Remark 4.12. The above lemma and Corollary 4.10 finish the proof of Proposi-
tion 4.1.

The next two lemmas are essential for the proof of the “charaterization of the
limit points” part of Theorem 1.1. First we prove the continuity of the local time
at the level zero.

Lemma 4.13. t — ¢ is continuous.
Proof: It is enough to show that for arbitrary ¢ > 0, {K"/;On,o} is C-tight in
NTeq n>1

Dg|0, 00), that is, for any € > 0
limlimsupP [ sup 0 — "% > €] =0. (4.23)
sl n— 00 tSTcndO

Suppose (4.23) does not hold, that is, there exist ¢,e; > 0, such that for all § > 0

P ( sup E?’O — E?;OJ > e) > €. (4.24)

tSTC"O’O
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Fix such €, ¢; > 0; we have the inclusion

. 2¢o
{ sup 00 —E?;Oé > 6} - {Hz =1,..., {—J : TZ’fl)e - T?_;O < 5} .
n,0 € —3 2
tSTCU

n,0 n,0 . 1
(it1)e — T% y U=

2

2 2
P(Hi_l,...,{ﬂJ L —TZ’0<5> < <LEJ+1)P(T§/§<5).
€ a2 2 €

By Lemma 3.9(a), we can choose ¢ sufficiently small such that

Since 7 ey LQ%J are identically distributed we get

n,0 €1
P(<0) < 3T

for all n sufficiently large, and hence

P < sup 070 — % > e) < %1

tgr;";;o

and we get a contradiction with (4.24). |

Lemma 4.14. For any fived r > 0, 70 equals, with probability one, to the value of
the inverse function of £° at r, that is,

0 =inf{s>0: (0 >7r}, as.

Proof: Recall that we assume that we are considering the probability space where
070, 7m0 — (0°,7%) in D, [0, 00) x M(Ry), P-a.s.. Moreover we know that for any
fixed r, 7°(-) is continuous at the point . This, by properties of convergence in M,
implies that for any fixed r, 7% — 70, P-a.s.. Fix arbitrary ¢, > 0. Then, by
definition of the local time, we get,

0 > o+ 6. (4.25)
Tc0+5
Since ¢™° converges to the continous limit, the convergence is uniform on the
compacts. This and the convergence Tg)’i s Tgo 4s imply, that by passing to the
limit in (4.25) we get

0 >co+6, (4.26)
co+5
and hence
inf{s >0: €2 >co} <70 5. (4.27)
Similarly we can show that
inf{s >0: (2> co} > 70 _s. (4.28)

Since § was arbitrary, and by the continuity of 70 at ¢q (see Lemma 3.9(d)) we get
; .0 _ .0
inf{s >0: £ >co} =1,. (4.29)

and we are done. ]
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Lemma 4.15. For any ¢ € Cy(R?) and fized ¢y > 0,

n,0

/ CHWY et (ds) — / P H(W, )t (ds), Yt >0, P—as., (4.30)
0 0

as n — 0o, where

To =inf{r>0: € > co}. (4.31)

Proof: 7740 — 70, where by Lemma 4.14 70 is defined by (4.31). Moreover, by
Lemma 4.13, £? is continuous at 77 , therefore by elementary properties of weak
convergence, for any continnuous function f(s)

n,0

/TCO f(s)e™0(ds) — /TCO f(s)°(ds), P —a.s., asn — oo.
0 0

Now the result for ¢ = 0, follows by uniform on the compacts convergence of W
to W. The convergence of the integral for ¢ > 0 follows immediately since, by the
continuity of Y, the ¢(ds) does not charge the point s = TSD for every t > 0. [

Proof of Theorem 1.1: The tightness statement was proved in Proposition 4.1. To
finish the proof we need to derive the characterization of the limit points. Fix
arbitrary co > 0 and let X} be the measure-valued process defined as in (1.18),
that is,

n,0

Xre(g) = / St (ds), t e [0,Ky], (4.32)

for all ¢ € B(R?). Let (W,Y,£,72) be an arbirary limit point of

’ Teg

{(Wm, Y™, 07, 72:0)},>1. Fix arbitrary ¢ € C,(R?). As we have mentioned already,
due to results in Mytnik (1996), the sequence of process {X;“},>1 converges
weakly in D, [0, K1] to the process X € Cpy,. [0, K1] satisfying the martingale
problem (1.7-1.8) on [0, K], with X§° = cyd,, and hence the left hand side of (4.32)
converges to X;°(¢) for any t € [0, K1]. As for the right hand side of (4.32), due to

Proposition 4.1 and Lemma 4.15 it converges, along an appropriate subsequence,

70 ~
to [o ¢(Wy)lt(ds) for t € [0, K1), where £ is the local time Y. This gives us (1.19)
for any ¢ € Cy(R?). The extension of the equality to any ¢ € B(R?) is trivial. g

5. Proof of Theorem 1.2

The proof of the result is based on convergence of approximations. For simplicity,
as before, we assume that (W", B™ (") = (W™, Y™ B" (") — (W,Y,B,{) =
(WY, B,¢) a.s. (based on Proposition 4.1 we can always get it by Skorohod’s
theorem via an appropriate subsequence). Further, we localize the snake W™ to
live in a compact, and then it is not hard to check that for n large, the truncation
in the definition of &7 (y) can be ignored. Thus, we assume in the sequel that

§ W &y
= =B — Bj- .
On the level of the nth approximation we will be dealing with the following ap-
proximating functional:
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—1

o/ 1o 141
§ : e Vm DO 51/<Wk/n2( m )) '
=1

Fo (Wyo2p) =

SN

Note that

n
F, (Wn,z(k“))
YY" 5,—2 1 l n I+1
1 " k/n2 =2 & (WY 2 (57) : n n
w2 e vmers ( * )’ if Y(k+1)/n2 < Yk/n27
n l
15 e g 6 (W ()
n 2=

ny "™
1 k/n? n
1 =2 S (W a2V o+1/n) .
+ ze Vi 21 =1 ( (k+1)/ k/ ) if Y(2+1)/n2 > Yk?n?

Further, if Y(7Iz+1)/n2 > Yk"/ then

n2»

VV’?Ichl)/n2 (Ykn/n2 + 1/”) = W?k+1)/n2 = WZ/fﬁ + M /ns

where 7 is a Brownian path independent of W} n2- Let
F. = U{sz, sz}vJ{gl, 1=0,1,2,...).
Define
Vi=F (W) = F (Wipyee) s =12,
Then by the standard decomposition of F (Wm /ng) we get that

F(Wm/nz)ZM:é—l—Az, m=12,...,

where M ,m =1,2,..., is the {F,, },,>1-martingale given by
m—1
My, = (Viy1 —E(Veg1|Fr)), m=1,2,...
k=0
and
m—1
A:ln = E(Vk+1|.7:k), m:1,2,....
k=0

We first study the limiting behavior of A™.

Lemma 5.1.

d 2
1
ALthJ — / —By, ( W ) {——ABY 5 E ( BYs )) } ds
t

+€? _ / e—BKl (Wb) €K1 (dS), as n — oQ. (51)
0
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Proof: Using E,, to denote expectation with respect to the Brownian path 7., we
have

E (Vig1|Fr)

= P (Y<’é+1>/nz < Yk%2|]'—k)

< E <_16 ST i)

n

Yii1)/nz < Yiynz s fk)
—HP) (Yv(7li+l)/n2 > leg;n2 |‘7:k7>

k/n2

1 ’ " n
x E (‘6 WZV b (Wn*2<k+1>[ k2t ]) ‘Y@H)/nz > Ylg}m, ]—"k) .
n

Therefore,

E (Vis1|Fr)
1 1 s 1 soEm e ")
el L

1 N 1 Ic/n2 , sn
* |: 4\/— k/" (Wz2k>:| En (ﬁe \/_le ! & (Wn?k"—nl/n))

! L s e,
=Ly =0y — Ly, =gy e Vi S

~ 71 ~
_ 1 [}En (e \/ﬁzl/ kl/n2 £l/(szk+n1/n)> e \/_le kl/" 51/(W22k)‘|
2n

k/n2
TL3/2§Yk/nZ( 72k) |f3 \le’ 1 gl,( n-2i)

+E, <€ le/ kl/nz 51’(Wz2k+”1/n)>]

_ 2 ST e (W)
kn/n2 0} 1{ kn/n 7K1}6 \/_ =1 k

I
%_ —

n
i [ ( By:/ 2(Wn2k+771/n)) _e—By,gl/n21/n(W22k):|
2n

~ —Byn 71/77,( " _ay) —Byn (W:72k+771/n)
4713/25 k/n2(W"2k)<e k/n + En<e k/n2

1 1
+‘;{' I{YWL _O} - - 1{

k/n?

4_

_B —1/m vVn7
(k byn2 = =K 1Yk/ 27K1}6 Ky—-1/ ( n Qk)

L+ 1ok + Is,n,k Iy g
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where we also used the definition of B. We begin with an estimate of
—Byn _ (W™ "
]En <€ Yk/nz( n72k+n1/ )> Set

—Bvyn W"7 41 1 R
Rak(s) = e v o (Whioaytne) |:_§A$BYI:‘/"2(W22]€+$)|1_”S
1 0 . 2
+ 5 ; <6(Ez BY):‘/n2 (szzk + I)|z_ns) ‘| .

By Ito’s formula we get

T T 1/77,
—Byn (W', 401 —Byn (W7
E, (e Yk/n2( n—2p T/ )) —e Yk/n2( n 2")—|—E77 (/ Rnﬁk(s)ds> .
0

The first term at the right side above can be further decomposed as

e_BY]gl/n2 (Wr_s,)

—Byn _1m(W_y) 1 . 1 . 2
= e k/n2 [1 — m&fkn/nz (Wn—%) + %51/;/"2 (Wn—zk)

+0(n*?)e <’§Y1;n/n2 (anzk) ’3)] ,

where O(z) is some point in [—z,z]. We get

1 [ —Byn ,_1/n(W7_5)) 1 X 1 . 2
fnie = %{e o (‘mfy,z;ylz(W"?k)* 250 (W)

+0(n3%e Ugykn/ﬁ (W"Jk) ﬂ )

+E, </1/” Rnyk(s)ds>] .
0

To handle I3 ,, 1, note that
1 I —Byn 71/77.(W:72k) 1 &
Bk = pamt. (Wan) {6 o (2 =600 (Waoe)

+0(n )6 Ugym (W) ﬂ) +E, </01/n R i(s) dsﬂ .

All together we get

1 1/n
Il,n,k + IZ,n,k = %En ( Rn)k(S) dS)
0

—Byn 1 (WP N 3
+O(n75/2)6 Yk/nZ 1/ ( " 2k)@ <‘§Ykn/ ) (Wn*2k)‘ )

+O(n~3?)0 (lfy/ (W) D E, < /O o Rux(s) ds> .
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From this it follows that for any ¢ > 0

[n?t] 1 [n?
Z (Il,n,k + I2,n k = 2— Z <
k=1 k=

I_n tj N
- 3 *Bykn/ y—1/n(Wi_5,)
§Yk"/ 5 | W2y e

> 0 (e (e ) |) s ( /0 " B ds>
[t (a5 (L))

where, due to the Holder continuity of the Gaussian field, the second and third
terms on the right side of the first equality converge to 0 (once Wn72 . has been
localized in a compact with high probability), and the first term converges to the
first term on the right side of (5.1).

Now we will treat I3, and I4 5. By definition of the approximate local time

gn,nflm

1/n

R, k(s) ds)

+0(n~

5/2)
Ln tJ
5/2)

+0(n~

we get

[n®t]

t Frn
Z g+ Ianp) = 6° —/ Ey (e_Bkl%(W””"z)) e (ds).
0

k=0

Then pass to the limit, use the uniform on compacts convergence of £ and W™ to
¢ and W, and the continuity of B to get that

[n*t]

t
> (it Lans) = Q= [ e as),
k=0 0

as n — oo. Thus, we obtain the second and the third terms in (5.1). |

Define the bracket process for the martingale M™:

m—1

(M), = ZE((M,?H—M,?)QW), m=1,2,.... (5.2)

k=0
Then we have

Lemma 5.2.
t ~
(M) | n2t) —’/ e 2B (We) s asn — oo.
0

Proof: It is easy to check that for any m > 1,

M = SOE(RIF) - 3 (E (Ve F)2.
0

3
3
L

E
Il
b
Il
=]
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By Lemma 5.1 we know that as n — oo

=1

371

> {——ABY +%Z (axl ))2} ds

t
+£2 — / —Biy (W) gKa ()
0

which is a process of bounded variation. From this it is easy to deduce that

[n*t]

> (B (VigalF)* = 0,

k=0
as n — o0o. Hence it is enough to consider the limiting behavior of

Ln>t]
> E (VA | Fx) -

k=0

By repeating the argument in the proof of Lemma 5.1 we get

E(Vi2i1|Fr)

= P (S/(’r/é-‘rl)/nz <Yy |fk)
ny™
x E (iﬂf% so 5“( *2k(Y:/"2)) '
n

—HP (Yv(;iJrl)/n2 > Yk77)7l2|'7_-k)

1 k/n2 , n n n
x E (n_e sz/ 1 & (Wyl*Q(k+1)<Yk/n2+1/ )) '}/(7]:+1)/n2 > Ykn/nz y fk)

11 - 1 LA e
- [5‘4\r k/nz(w%)]ﬁe e e

+ [1 \/— 2 (ank)} E, <i26 \fzzl kl/nz El’(W:%*’h/n))
k/n n n

1 _ 2 grEi-1,
+ —21yn 70+1Y _K1_2€ ﬁzuzl & (
n n

k/n2 k/n2

Y1y mz < Yijne s fk)

"o
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Therefore,
E(Viy1|Fr)
~ yr -1 ~
— % l]En (e—\lel kl/nQ fll(Wsz'f"’]l/n)) +e \/*Zl/ kl/n2 fl/(Wz,gk)
2n

Eyn

k/n?2

k/n2
4n5/2 ( *2]@) [—6 lel 1 El’( —2k)

2 -
+E, (6 \ﬁzll kl/n EL’(W:2,€+771/71)>‘|
nky—1

1 1 _2 ,
+ — 1{y/ ,=0} + 1{y ,=Ki}€ AT W)

_ 1 E e—QBY]:L/n2( n72k+771/n) —i—e_QBYkn/ o —1/n(Wh_2,)
2n2 \ "

—2Byn 71/71.(“’”—2) —2By (anz +771/n)
2 n k n k
4n5/2€Y 2( nzk)<—€ o _HEU € k/n

+ i l{Y =0} + 1 {yn _2BK1*1/"(WZ—2)€)

k/n?2 k/n2

= Jl,n,k + J2,n,k + J3,n,k + J4,n,k .

_Kl}e

Using the bounds from the proof of Lemma 5.1 it is easy to see that

[n*t]

Z (Jomke + J3m e+ Jank) — 0,
=1

as n — 0o. As for Jy .k, again using the convergence of (W™, Y™) and the conti-
nuity of B, it is easy to see that

Ln*t] t
Z Lk — / e 2Bv: (W ds  asn — oo,
- 0

and we are done. ]

Corollary 5.3. As n — oo, M"™ converges to a continuous local martingale M
such that

t -
(M), = /gwn(ws)ds, t>0. (5.3)
0

Proof: The continuity of M is immediate from the continuity of the limiting process
Y and Lemma 5.1. The rest is immediate from Lemma 5.2. [

Corollary 5.4. There exists a Brownian motion 3 such that

t
M, = / “Bv(Welgg,, t>0. (5.4)
0

Proof: Immediate from the previous corollary.
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Proof of Theorem 1.2: Immediate from Lemma 5.1, Corollary 5.3 and Corollary 5.4.
]

Finally, we describe the snake process when ¢ is constant. The description for
the general case, more specifically, the uniqueness of the solution for the martingale
problem (1.23) remains a challenging open problem.

When g is constant, say ¢ = 1, we have that B;(x) = B; is a Brownian motion
with constant drift v. It follows from the martingale problem (1.23) that

Yi t
/ e Brdr =0 — e~ Bragfr 4 / e Bvadgp,.
0 0

Therefore, Y; is the Brox diffusion reflected at 0 and K; (see the Appendix for a
description when v = 0).

Next, we consider the conditional (given the lifetime process) path process. Let
w = (W, () be an element in W. Fix a € [0,(,] and b > a. Similar to LeGall
(Le Gall, 1999, p54), we define R, p(w,dw’) as the unique probability measure on
W such that
(1) Cw/ = b, Ra,b(w,dw’) a.s.
(ii) w'(t) = w(t) for all t < a, Ry p(w,dw’) a.s.
(iii) Under R, p(w,dw’), (w'(a+1t): t € [0,b— a]) is a Brownian motion.

Denote the time set @, = {n "%k : k =0,1,2,---}. From the construction of
the discrete snake, it follows that W, s € @, is a conditional (given Y™) Markov
chain with transition probability

Rm"(s,s’),Y"(s’)(wa dw/)a s<s € Qn,
where m"(s,s’) = inf{Y"(r) : r € [s,s']NQn}.
Taking n — oo, we see that the limit {W,, s > 0} is a conditional (given Y)
Markov process with transition probability

Rm(s,s’),Y(s’)(wa dw,), s < S/,

where m(s,s’) = inf{Y (r) : r € [s,s']}. Namely, it has the same conditional law
as LeGall’s Brownian snake.

6. Appendix: Convergence to a reflected Brox diffusion

We provide in this appendix a short, direct proof of Corollary 1.5 that bypasses
the study of the branching process, relying instead on an embedding of a random
walk in random environment (RWRE) into a diffusion in random environment, in
the spirit of Shi (2001)". For backround on Brownian motion in random environ-
ments we refer to Brox (1986), Schumacher (1985), Tanaka (1995) and to the nice
overview in Shi (2001). Background for RWRE can be found in Zeitouni (2004).

Recall that a Brownian motion in random environment (BMRE) is a process X;
given by

dXt - dﬂt - %V/(Xt)dt, (61)
where [3; is a Brownian motion and V is called the random potential. When V'

is itself a Brownian motion independent of 3, this (formal) process is the Brox
diffusion Brox (1986).

LWWhile revising this paper we learnt from F. Comets about the paper Seignourel (2000), that
contains a very similar argument for convergence to the Brox diffusion.
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We need to consider reflecting BMRE’s. Let h be the periodic function with
period 2K5 and h(z) = |z| for |z| < K;. Let V be a Brownian motion on = € [0, k7]
and set V(z) = V(h(x)) for € R. Set formally

dZ; = df; — %V’(Zt)dt. (6.2)

(In case V' is not smooth, a precise meaning is given to (6.2) by the procedure
described in Shi, 2001, Section 2). Let Y; = h(Z;). A formal application of the
Ito-Tanaka formula yields

B, = W2+ 63)
W(Ze)dp: - hl(Zt)%Vl(Zt)dt Fae 0 —an

21
= dfy — V() +de° — de "

where (3 is a Brownian motion. To justify (6.3), one argues as follows. First, an
application of Ito’s formula for Dirichlet processes, see e.g. Follmer (1981), gives
that for any g which is twice differentiable, and with Y;Y = g(Z;),

Ay = ¢ (Z,)dZ; + %g”(Zt)dt. (6.4)
Now note that, by definition of the local time as the occupation time density, the
local times of Z and Y at levels 0 and K; are equal up to multiplicative constant 2.
Therefore a standard approximation of h by smooth functions g, together with (6.4),
yields (6.3), provided that the local time EtZ’w of Z. is jointly continuous in ¢t and x,
the latter at 2 = 0 and 2 = K. However, {2 is a continuous transformation of the
local time of the Brownian motion 3; (see e.g. Equation (10) in Andreoletti and Diel
(2011) for an explicit formula which holds for any environment—not necessarily for
the two sided white noise), and thus is jointly continuous in its arguments. This
yields (6.3). Therefore, Y. is a reflecting (at 0 and K) Brox diffusion.

6.1. Embedding. In this subsection, we introduce an environment and represent Y
as a RWRE, which we then proceed (after scaling of the environment) to embed in
a diffusion in random environment.

Let the environment be given by a family {£" (i), ¢ € Z4 } of independent random
variables with mean 0 and variance 1. We further assume that |£" ()] < y/n. Define
the potential V™ (-) on Ry by

3= om0
and set f/"(x) = V™(nh(z/n)) and let Z™ be the BMRE with potential V™. Set
Z"(t) = n=1Z"(nt). Define the stopping times off = 0 and
omy1 =inf{t >0y [Z7(t) — Z"(oy,)] = 1/n}.
By Schumacher’s theorem (cf. Schumacher, 1985 and Shi, 2001), we have

[«]
Vi (x) = Z log
i=1

Lemma 6.1. Let Z" =nZ"(c"), m =0,1,2,---. Then Z" is a RWRE with

P (Zp=ix1| 2 =i) = Lo L i),

2 4yn
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where PS is the probability measure conditioned on the environment €.

The next proposition is crucial for the proof of Corollary 1.5.

Proposition 6.2. The sequence of processes {%Zﬁnﬂ ,t > O} converges weakly
n>1
in Dg[0,00) to the process Z which satisfies (6.2).

Remark 6.3. Note that Y™ = h(Z") is a sequence of reflecting (at 0 and nk;)

RWRE such that
Y% n . 7 n . 1 1 n -
P (Vi =i 1|V =i) = 5 & e 0,
and hence by the continuity of the function h and the discussion in the beginning of
the appendix, in order to prove Corollary 1.5 it is sufficient to prove Proposition 6.2.

i=1,...,nK; —1,

The rest of the appendix is devoted to the proof of Proposition 6.2.
The following is a straight-forward consequence of Section 3 of Shi (2001).

Lemma 6.4. Z" is the Brownian motion in random environment with potential
V™ (nx).
Proof: Let .
A;‘ = / evn(y)dy.
0

As Z™ is the BMRE with potential V", it is well-known (see (2.3) in Shi, 2001)
that A% ® is a local martingale with quadratic variation ©"(¢) such that

t ~ .
6" (1) = / 2" ) g
0

We now rescale. Let .
A; :/ evn(ny)dy'
0

Then

R nZ"(n72t) o Z"(n72t) o
A’ZEH(t) = /0 "By = n/o eV ) gy = A0 (p-2)-
Thus A%, ;) is alocal martingale with quadratic variation process O"(t)=n20"(n2t).
Thus,

—2

n-°t N t N
(@n)—l(t) _ n—2/ 672\/ (nAZ"(n*2u))du — / 6_2V (nAZ"(“))d’u,.
0 0

Therefore (see again (2.3) and (2.5) in Shi, 2001), Z™ is the BMRE with potential
V™ (n). |

6.2. Scaling limit. As was proved in the previous subsection (see Lemma 6.1), the
scaled RWRE is related to BMRE by

1
n
In this section, we first prove that

Zﬁl2t] = Zn(aﬁﬁt]) (65)

Ofn2g — t, asn — o0, (6.6)
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by the strong law of large numbers. Then, we prove that the scaled potentlal for
Z™ converges to V, and hence Z" converges to a BMRE with potential V. This
by (6.5) and (6.6) will provide the proof of Proposition 6.2.

Lemma 6.5. Asn — oo, we have
O"[r,:lzt] — t, a.s.
uniformly on compact sets.

Proof: By Proposition 3.2 in Shi (2001) (or a direct computation involving a time
change), we see that §; = n?(oc? — ol ), i = 1,2,---, are i.i.d. with the same
distribution as

0 =inf{t >0: |[W(t)] =1},
where W is a standard Brownian motion. Note that E§ = 1. By the strong law of
large numbers, we get that

[n?t]
U [n2t] = 2t Z 0 — 1
uniformly on compacts. |
For the next lemma, recall that Z is the processes that satisfies (6.2).
Lemma 6.6. Asn — oo, Z" = Z weakly in Cr[0,00).

Proof: First we consider the weak convergence of V" (nz). Note that
V*(nx) = —£"(i) + o(1) = M + o(1).

Regarding = as the time-parameter, { M, = > 0} is a martingale with predictable
quadratic variation process

[nz] 1 2
-2=(7me0) -
uniformly on the compacts. Thus, by Theorem 4.13 (Jacod and Shiryaev, 1987,
P358), M™ converges weakly in Dg[0,00) to a Brownian motion V(z),z > 0. By
switching to another probability space if necessary, we may and will assume that

all weak convergences hold almost surely. Then we get, V" (n:) — V, a.s.. Note
that by the continuity of h, we immediately get that

Vi(z) — V(z) = V(h(z)), a.s..,
uniformly on the compacts of R,. Note that (see (2.6) in Shi, 2001),

Z"(t) = (A") W (T TH),

0

t ~ _
T"(t) _ /6_2V (n(A )wln(u))du,
0

where
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and W™ is a Brownian motion. Since W™ trivially converges weakly to the Brownian
motion W, we assume as before that the convergence holds a.s.. Then we have

A7 —>/ Vdy = A as n — oo,
and
boav(ag
T (t) — /e ( WW)d =T(¢), as n — oo.
0

Note that all the convergence above are a.s. and uniform on compacts. We see that
Z"(t) — A L) = = Z(t). (6.7)

By stochastic calculus as in Section 2 of Shi (2001), it follows that (6.7) defines
a BMRE Z(t) with potential V. B

Now Proposition 6.2 follows from Lemmas 6.5, 6.6, and (6.5). Then as we have
mentioned already in Remark 6.3, Corollary 1.5 follows immediately from Proposi-
tion 6.2.
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