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Abstract. We use a generalization of Hoeffding’s inequality to show concentration
results for the free energy of disordered pinning models, assuming only that the
disorder has a finite exponential moment. We also prove some concentration in-
equalities for directed polymers in random environment, which we use to establish
a large deviations result for the end position of the polymer under the polymer
measure.

1. Introduction

Let S = (Sn)nen be a symmetric random walk defined on a probability space
(2,E,P) with values in Z?, starting at 0. Let I be a denumerable set, and let
1 = (nk)ker be a sequence of i.i.d. random variables defined on another probability
space (Q, F,P). The expectation of a function f with respect to the probability
measure P (respectively P) will be denoted by Ef = fE fdP (respectively Ef =
fQ fdP). We assume that there exists 8 > 0 such that Ee?I"il < oo for i € I. For
every fixed realization of 7, we consider functionals of the form

where H)! is a function of the first n terms of S, and f, is a bounded positive
function defined on R? with P(f,,(S,) > 0) # 0. When

I=N, HI(S)=> (B +h)1(s,—0}, and fo(2) = 1(4—0},
k=1
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Y7 is the partition function of the disordered pinning model studied in Giacomin
(2007, 2011). When

n
I=Nx2Z% H}(S)=8Y nys, and f =1,
j=1
Y7 is the partition function of a directed polymer in a random environment. In
this paper we use the exponential inequality for martingales that we obtained in
Liu and Watbled (2009) to prove some concentration properties of the free energy
for both models.

Let us present the two models in more detail. We refer to Giacomin (2007, 2011),
for a survey on disordered pinning models. Let S = (S),)nen be a random walk
on Z? starting at 0, defined on a probability space (X, &, P). We suppose that the
increment variables (S, — Sp—1)n>1 are independent, symmetric, and have finite
variance. For each 8 > 0, h € R and 7 = (n;)ren & sequence of real numbers, we
define the Gibbs measure P,, on ¥ by giving its density:

dP,, 1

i Z_n eXP(;(ﬂnk + h)l{skzo})l{sn:()}, (1.2)

n

where Z,, is the partition function

n

Zn =Eexp(d_ (B + h)1(s,—0y)1(s,—0}- (1.3)
k=1
The set 7 = {n > 0: S, = 0} of visits to 0 is then a renewal process. It means
that if 7 = {79, 71, } with 70 = 0 and 7; > 7,_1, then (7; — 7_1);>1 is an i.i.d.
sequence of positive random variables. Let §,, = 1{,¢,). Then we can write
dP,, 1 -
B =7 exp O Bk + h)or)s (1.4)
k=1
and N
Z, =Eexp() (B + h)ox)on, (1.5)
k=1

without mentioning trajectories S anymore. In the following we consider a renewal
process 7 = (7;)jen on a probability space (X,E&,P) with values in N, starting
with 79 = 0, and a realization n of an i.i.d. sequence of random variables on a
probability space (Q, F,P). For simplicity we write Ef(n) = Ef(no) for any f such
that f oo is integrable. We fix § > 0 and assume that Eefl"l < co. We denote
by A(B) = InEef" the logarithmic moment generating function of 7. Thanks to
subadditivity properties it is easily shown that %Eln Z, converges to a number
F(B,h) which is called the free energy of the model, and it is also known that
%hl Z, converges P a.s. towards F(83,h). The function n — InZ, is Lipschitz
with constant C' = S+/n, so if the disorder 7 is gaussian, then one can use the
concentration property of gaussian measures to deduce that there exist constants
c1, co such that

na?

This inequality remains valid if 7g is a bounded variable or if the law of 7 satisfies a
log-Sobolev inequality (see Giacomin (2007) for more details). We refer to Ledoux

1
Ve >0, P(=|InZ, —ElnZ,| > z) < ¢y exp(—
n
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(2001) for a survey of the concentration measure phenomenon. Here we show that
there is no need to make such assumptions to get exponential concentration of the
free energy. Assuming only that Ee®l"l < 400, we prove that the inequality (1.6)
is always valid for small values of z.

Theorem 1.1. Assume that EefI"l < +oo and set K = 2max(e"tAP) 1) x
max(e "= 1), Then for allmn > 1,

Eexp(+t(InZ, — Eln Z,)) < exp(nKt*) for all t € [0,1] (1)

and

TLI2

Peinz, —Emz,) > <! “PCIx) ifw € (0,2K],
K exp(—n(z — K)) if x € (2K, 00).

(1.8)

We refer to Comets et al. (2004) for a review of directed polymers in random
environment. In this model we consider S = (S, )nen the simple random walk on 7
starting at 0, defined on a probability space (X, &,P). Let n = (n(n, ))(n,z)enxzd
be a sequence of real-valued, non-constant and i.i.d. random variables defined on
another probability space (2, F,P). The path S represents the directed polymer
and 7 the random environment. For n > 0, let 3,, be the set of paths of length n,
and define the random polymer measure P,, on the path space (%, €) by

ap, 1
3 (9= 7 exp(BH,(S)), (1.9)

where 8 € R is the inverse temperature,

n

H,(S) =" n(j.S;), and Z, = Eexp(8H,(S)). (1.10)

j=1
In other words, for a given realisation of the environment 7, the measure P,, gives
to a polymer chain S having an energy —H,(S) at temperature T' = %, a weight

proportional to e#(5) (configurations of lowest energy are the most probable). For
simplicity we write Ef(n) = Ef(n(0,0)) for any f such that fon(0,0) is integrable.
Let A\(3) = InEe’" be the logarithmic moment generating function of 1. We shall
use the point to point partition function:

n

Zn(xvy) = Zn(xvy;n) =E" exp(ﬁzn(jv Sj))lsnzyv (111)

Jj=1

where E” is the expectation with respect to P*, the measure of the random walk
starting from x. The Markov Property of the simple random walk yields that

Zn+m($,2) = ZZn(I,y;ﬁ)Zm(yaZ;Gnﬁ)a (112)
Yy

where O,, denotes the shift operator
O,.n(i,x) = n(i + n,x).

It is well known that this implies that the sequence Eln Z,, is superadditive, hence
the limit

p(B) = lim lIEln(Zn) = sup %Eln(Zn) € (—o0, A(B)] (1.13)

n—,oo N
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exists. It is called the free energy of the polymer. The function n — InZ, is
Lipschitz with constant C = 8+/n, so if the disorder 7 is gaussian, then the concen-
tration inequality (1.6) holds true (Carmona and Hu (2004), Proposition 2.3), and
therefore % In Z,, converges P a.s. towards p($). Using an inequality due to Lesigne
and Volny (Lesigne and Volny (2001)), Comets, Shiga and Yoshida (Comets et al.
(2003)) proved that if Ee?l"l < 400 for all > 0, then for every z > 0, there exists

nog € N* such that for any n > ny,
12
n3xs

1 1
P(|-InZ, — —Eln Z, < — , 1.14
(I 1070 = ~En Z| > 2) < exp(~"—) (1.14)

which again allows them to prove that %ln Z,, converges P a.s. towards p(3). We
improved this result in Liu and Watbled (2009) by showing that if Eefl"l < oo for
a fixed 8 > 0, then there exists K > 0 such that for all n > 1,

TL!Ez

Ptinz, —Emz) > 2 <! “PCIR) ifz < (0,2K],
K exp(—n(z — K)) if z € (2K, 0).

Here we extend this concentration property to functions of the form

InY, = InEf,(S,)exp(8H,(S)),

where (f,) is any sequence of bounded positive functions such that P(f,(S,) >

0) # 0.

Theorem 1.2. Assume that Ee®I"l < 400 and set K = 2exp(A(—3)) + A(B)).
Let f, be a sequence of bounded positive functions on R% such that for all n > 1,
P(f.(Sn) > 0) #0. Set Y, = Ef,,(S,)e? (5 Then for alln > 1,

EettInYa—BEInYo) < oxp(nK12) for all t € [0, 1], (1.15)

and

TLI2

Plny, —Ey,) > a) < P xg) ifw € (0,2K],
" exp(—n(z — K)) if z € (2K, 00).

(1.16)

Carmona and Hu (2004) consider a gaussian environment and show among other
things a large deviations result for the end position S, of the polymer under the
polymer measure P, (Carmona and Hu (2004), Theorems 1.1 and 1.2). Their
proof relies on the concentration inequality (1.6). Here we prove that their large
deviations result holds for every environment such that Ee®"l < co. Let By = {z €
R ||z|ly = |@1| + -+ + |za] < 1} be the closed unit ball of R? in the I'-norm, By
be the corresponding open ball.

Theorem 1.3. Let 8 > 0 and assume that Eefl"l < +00. Then there exists a
convez rate function Ig : Bq — [0,1n(2d) 4+ p(B)] such that P a.e.,

1 n
1imsup—1nPn(S— € F) < — inf Ig(x) for F closed C By, (1.17)
n—oo 1 n T€F
1 n
liminf—lnPn(S— €G> - inglﬁ(x) for G open C By. (1.18)
n re

n—oo N
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Theorem 1.4. Let § > 0 and assume that EeP"l < +00. Then for every x €
BanQY,
li llP(&*)*—I()}IJ> (1.19)
Jim —InPo(—= =2) = ~Is(2) P as, .
where we take the limit along n such that P(S, = nz) > 0. Moreover, Iz(0) = 0,
Ig(x1,- - xa) = Ig(£2001), -, T2o(ay) for any permutation o of {1,---,d}, and
for ey = (1,0,---,0) € Z¢, we have

Is(er) = n(2d) + p(B). (1.20)

The paper is organized as follows. In a first part we recall in a simpler form a
theorem of Liu and Watbled (2009), which gives optimal conditions on the mar-
tingale M,, to provide exponential bounds for P(% > z). In the second part we
prove Theorem 1.1 by writing InZ,, — ElnZ,, as a sum of (F;)i1<;j<» martingale
differences, where F; = o(n; : 1 < ¢ < j), and showing that the conditional expo-
nential moments of the martingale differences are uniformly bounded. In the third
part we prove in a similar manner Theorem 1.2 by writing InY,, —EInY,, as a sum
of (Fj)1<j<n martingale differences, using this time the filtration F; = o(n(i,z) :
1 <i<j,z €Z%. In the last part we explain how to use our concentration results
(1.16) of Theorem 1.2 to prove Theorem 1.3 and Theorem 1.4.

2. Exponential inequalities for martingales

Let (Q, F,P) be a probability space and let Fo = {0,Q} C F; C --- C F, be an
increasing sequence of sub-o-fields of F. Let X, ..., X, be a sequence of real-valued
martingale differences defined on (2, F,P), adapted to the filtration (F): that is,
for each 1 < k < n, X}, is Fj measurable and E(Xj|F;_1) = 0. Set

M, =X;+..+X,. (2.1)

If the martingale differences X; are uniformly bounded by a constant a, then
Azuma-Hoeffding’s inequality (Hoeffding (1963), Azuma (1967)) states that

Mn _"_12
P(— >x) <e 2. (2.2)
n

Lesigne and Volny proved (Lesigne and Volny (2001)) that if for some constant
K>0andall k=1,...,n,

Eel Xl < K, (2.3)
then for any x > 0,

Mn _1.2/3,1/3
(=" >a) = O(c 4 [ty (2.4)

They also showed that this is the best possible inequality that we can have under the
condition (2.3), even in the class of stationary and ergodic sequences of martingale
differences, in the sense that there exist such sequences of martingale differences
(X;) satisfying (2.3) for some K > 0, but

M, _
P(=">1)>e¢ en'/? (2.5)

for some constant ¢ > 0 and infinitely many n. We showed in Liu and Watbled
(2009) that the best condition for having an exponential inequality of the form

M, _
P(—2 > z) < Cec@n
n
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is to replace the expectation in (2.3) by the conditional one given Fj_1. We recall
rapidly one of our results, presented in a slightly simpler form, and its proof (Liu
and Watbled (2009), Theorem 2.1).

Theorem 2.1. Let (X;)1<i<n be a finite sequence of martingale differences. If for
some constant K >0 and alli=1,...,n,

E(e X F 1) <K as., (2.6)
then:
EeT™Mn < exp(nKt?) for all t € [0,1], (2.7)
and )
+M, exp(— =) if x € (0,2K]
P( > 1) < AK B (2.8)
" exp(—n(z — K)) ifz € (2K,0).

Proof: We need the following simple lemma.

Lemma 2.2. Let X be a real-valued random variable defined on some probability
space (Q, F,P), with EX < 0 and EelX| < K for some K > 0. Then for all
t€0,1],

Ee'™ < exp(Kt?). (2.9)

Let ¢ € [0,1]. Since EX < 0, we have:

Ee!X = EOO tkEX—k <1+ EOO tkEX—k
- . KL k!
=0 =2

00 X k
<1 +tQZ]E% <14 PR <1+ K% < exp(Kt?).
k=2 ’

By Lemma 2.2, we obtain that for every 4 and for every ¢ € (0, 1),

E(e!™|F;_1) < exp(Kt?) a.s.
By induction on n we get immediately (2.7) for +M,,. Then Vz > 0, V¢ € [0, 1],
M,
P(—= > 2) = P(e"Mn > ") < e " Re!Mn < exp(—n(tz — Kt?)).
n
As
o if 2 € (0,2K
sup (to — K2y = { 18 1€ (0,2K]; (2.10)
tef0,1] x—K ifze (2K, ),
we obtain (2.8) for +M,,. We apply the same argument to the sequence (—X;) and
obtain the full inequalities (2.7) and (2.8). [ |
3. Disordered pinning model: proof of Theorem 1.1
We write In Z,, — Eln Z,, as a sum of (F;)i1<j<, martingale differences:
nZ, —EWnZ, =Y Vo, withV,; =E;InZ, —E; 1InZ,, (3.1)
j=1

where [E; denotes the conditional expectation with respect to P given F;, F; =
o(n; : 1 <4 <j). Theorem 1.1 is then a direct consequence of Theorem 2.1. All we
have to do is to check condition (2.6), which is done in the following lemma.
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Lemma 3.1. For every 1 < 5 <n, we have:
E; 1 exp(|Vn |) < K := 2max(e" ) 1) x max(e " =A) 1), (3.2)
Proof: Let us define

Znj=Bexp( > (Bnk + h)ox)on. (3.3)
k=1,k#j

Since E;_1InZ,, ; =E;In Z, ;, we have:
Z Zn,

Vn,j = Ej In ZZ — Ej,1 In ij 5 (34)
therefore
Zn, Zn,
Ej,1 exp(Vnﬁj) = GXp(—EJ‘,l In Z—)Ej,1 exp(IEj In Z—) (35)
n,j n,j
Using Jensen’s inequality and the fact that F;_; C F;, we get:
L «_ Zn
Ej,1 exp(Vnﬁj) < Ejfl(z ) 1Ej,1 7 . (36)
n,j n,j
Now let us write
7 = = ap + a1 exp(Bn; + h), (3.7)
n,J
with
Eex n - + h)6k)0n1s, —
ap = PO ki (B + W00yt ) 0,1. (3.8)

n,j
We consider the o-algebra F, ; = o(nx; 1 < k <n,k # j). Then F,_1 C F, ; and,
therefore,

Zn,
7 = EjaE(ao + arexp(Bn; + 1) | Fo;)
n,jy

Ej_l
=Ej_1(ao + a1 exp(A(8) + h))
=Ej 100+ Ej—1 (1) exp(A(B) + h).

As ap + a1 = 1 we deduce that

Z
E; 1 = < max(e" ) 1), (3.9)
Zn,j
For the same reason, and using the convexity of the inverse function, we obtain
(52

Z -)~! = (a0 + a1 exp(Bn; + h))
n,J

< ag + agexp(—pBn; — h).

The same reasoning as before then leads to

Zn Chaa(—
Ej-1(5) U< max(e "9 1), (3.10)
n,j
Combining (3.6), (3.9) and (3.10) we get the inequality
E; 1 exp(Vy;) < max(e"AA) 1) max(e A=A 1), (3.11)

The same inequality holds with —V;, ; instead of V,, ;, from which we deduce (3.2).
u
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We conclude this section by noticing that the concentration inequality (1.8)
implies immediately the following convergence result.
Corollary 3.2. Assume that Ee®!"l < 400. Then:
InZ, _ Eln Zn,
n

— 0 a.s. and in LP,p> 1. (3.12)

4. Directed polymers in random environment: proof of Theorem 1.2

The proof of Theorem 1.2 follows the same line as the proof of Theorem 1.1. We
write InY,, —EInY, as a sum of (F;)1<;j<, martingale differences:

n
Y, —ElnY,=> V,;, withV,; =E;lnY, —E; 1InY,, (41)
j=1
where this time E; denotes the conditional expectation with respect to P given F,
Fj=on(i,z):1<i<jreZ). According to Theorem 2.1, to prove Theorem
1.2 we only have to bound the conditional exponential moments of the martingale
differences, which is done in the following lemma.

Lemma 4.1. For every 1 < 5 <n, we have:

Ej—1exp(|Va,;|) < K 1= 2exp(A(8) + A(=B)). (42)
Proof: For every 1 < j < n, we define
H,j(S)= >k Sk) and Yy ; = Efy(Sn) exp(8Hn ;(S5)). (4.3)
1<k<n, k#j

Since E;_1InY,, ; =E;InY,, ;, we obtain as in Lemma 3.1 that

Y, ._ Y,
Ej_1exp(Vn,;) < Ejfl(r) 1IEj—lr- (4.4)
n,j n,j
Now let us write
Y, .
Vo= Z az exp(Bn(j, x)), (4.5)
n,j

z€Z4

with

Efn(Sn)eﬁH"’j(S)lsj:m
Y. '

We consider the o-algebra F,, ; = o(n(k,z);1 < k < n,k # j,x € Z?). Using that

Fj—1 C Fn,j, the ay are &, j-measurable, and the exp(8n(j,x)) are independent of

&n,;, we obtain:

(4.6)

Ay =

Y, .
Ejflr = EjflE( Z Oy eXP(ﬂn(JaI)) | ]:"J)
3 z€Z?
—B 0 Y asexp(A(A).
€L
As ZmEZd az =1, we get
Yy
By 15 = exp(A(9). (4.7)

n,j
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The inverse function is convex and » ;. a, = 1, therefore

(=) = (> azexp(Bn(j,x)) "

z€Z?
S jg: amexp(_fhﬂjux)»
z€Z?

The same reasoning as before then leads to

Yo =
Ejfl(r) ' <exp(A(=8)). (4.8)
n,j
Combining (4.4), (4.7) and (4.8) we get the inequality
Ey-1 exp(Vay) < exp(A(8) + A(—B)). (4.9)
The same inequality holds with —V,, ; instead of V}, ;, from which we deduce (4.2).

As in the preceding section, we notice that the concentration inequality (1.16)
implies immediately that 1“% — Eh‘% converges to 0 a.s. and also in LP for all
p > 1. In particular, when f,, = 1, we conclude that % converges P a.s. towards

p(B). In the same manner, if the sequence ElnY,, is superadditve, then E%
converges towards a limit L(8), and the concentration inequality (1.16) implies
that Y2 converges P a.s. towards L(B). Let us denote by E,f = [ fdP,, the

n
expectation of a function f with respect to the polymer measure P,,. In particular,
with the notations of Theorem 1.2, we have E, f,,(S,) = )Z/—", and we can deduce
from Theorem 1.2 the following result, which will be used repeatedly in the next

section.

Corollary 4.2. Assume that Ee®l"l < +o0o. Let (f,) be a sequence of bounded
positive functions on R such that for all n > 1, P(fu(Sn) > 0) # 0. Set Y;, =
Ef,(Sn)e Hn(S) . Then:

InY, _ ElnYn

— 0 a.s. and in L for allp > 1. (4.10)
n

If moreover the sequence EInY,, is superadditive, then the limit

1 1
L(B)= lim ~ElnY, =sup—-ElnY, (4.11)

n—toomn n>1"M

exists, so does the limit

lim SEInE, f,(S,) = L(8) — p(8), (4.12)

n—-+oon

and then:

lim 1 ImE, f.(Sn) = L(B) —p(B) a.s. and in LP, for allp > 1. (4.13)

n—+oon

5. Large deviations for directed polymers in random environment

Theorems 1.3 and 1.4 are proved in Carmona and Hu (2004) (Theorems 1.1
and 1.2) in the case where (1(n,)) (s z)enxze are i.id. N(0,1) gaussian random
variables. Their proofs rely essentially on subadditivity, and on the concentration
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property of the gaussian measure. We can extend it to the case of a general envi-
ronment, assuming only that Ee?l"l < 400, because the subaddivity arguments are
still valid, and Theorem 1.2 provides the concentration properties we need. More
precisely we shall use several times (that is for several different sequences (fy,)’s)
Corollary 4.2. Without loss of generality we shall assume that En = 0. Our proof of
Theorems 1.3 and 1.4 are essentially the same as Theorems 1.1 and 1.2 of Carmona
and Hu (2004), so we won’t detail them. Instead let us give two lemmas which
illustrate how Theorem 1.2 is used. In Lemma 3.1 Carmona and Hu establish that
for any A > 0, for any x € By and any sequence x,, € R? satisfying z,,/n — =, the
following limit exists thanks to subadditivity:
Eln Ee MSn—anlliefHn(S)

lim = ¢ (). (5.1)

n—-+o0o n

We first consider f,(z) = e M*=#nli where X\ > 0 and z,, € R%, and applying
Corollary 4.2 we obtain:

Lemma 5.1. For any x € By and any sequence x,, € R? satisfying x,/n — x, the
following limits exist a.s. and in LP, for allp > 1:

lim — 1 InE,e M=zl — (8) — ¢y (). (5.2)

n—-+oo n

The function Ig‘) = p(B) — ¢a(x) is nondecreasing in A. The function

Ig = sup IEA)
A>0

is then convex and lower semicontinous on By with values in [0, p(8) 4+ In(2d)], and
this is the rate function which existence is claimed in Theorem 1.3. We consider
now successively fn(2) = 1{jz—na|,<ne}, Where z € By and € > 0, and f,(z) =

L{z—na|i<ne}-

Lemma 5.2. For any x € By and any € > 0, the following limits exist:
1
L,@(CL',E) = nETOOEE]‘nE"ll{”Sn*nfﬂnlg'nﬁ}’ (5.3)
and
o1 .
La(z,e) = nglqpooﬁ InE, 15, —na|i<ne} @.5. and in LP, for allp > 1, (5.4)

as well as )
Lﬁ(fb,{:‘) = lim _ElnEn1{||Sn—nz||1<n€}a (55)

n—+oon
and

. 1
Lg(z,e) = lim —InE,1lqs, —no|l,<ney @.5. and in LP, for allp > 1.  (5.6)

n—+oon
Proof: Let us fix z € Bg and € > 0. We set
Yy = E]‘{HSn—nmIllSns}eBHn(S)a vy, =ElnY,,

and show that v, is superadditive. The method of proof is the same as for proving
that Eln Z, is superadditive. If ||.S,, — nz||1 < ne and ||(Sp+m — Sn) — mz||1 < me
then [|Sy+m — (n+m)z||1 < (n+ m)e, so we have

LS usm—(ntm)ali <(ntm)er = L{|Su—nali<ne} X 1{|Spsm—Su—malli<me}-  (5:7)
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Therefore

(S) B AT n(i,S:) (5.8)

Hy
Yoim = BElys, nef,<neye’ X L{1p e~ S —ma]s <me}€

The right handside is equal to

Z El{s, —ne|y<ner g BY1 (s, il <meye’ 21 1S (5.9)
yeZa

Let 0, be the probability measure defined on 3 by

dP Y, ' '
Then (5.8) and (5.9) imply
Yotm 2 D 0n(Sn = 9)YaBYL(s,, o, <meye” iz 1005, (5.11)

y€eZ

Using the concavity of the logarithm we obtain

InY,ym >InY, + Z Un(Sn =) lnEyl{”Sm,mm”lng}eB 2%y n(ntinSi), (5.12)
yeZa

We take the conditional expectation with respect to P given F,, (recall that E,
denotes the conditional expectation with respect to P given F,, F,, = o(n(¢,z) :
1 <i<n,rcZ%, and we obtain the following inequality

E,.InY,1m >InY, + ElnY,,. (5.13)
Integrating with respect to P we conclude that (v,,) is superadditive:
Un+4m = Un + U
Therefore the limit
lg(z,e) = ngrfoo% = ig];; % (5.14)

exists, and so does, by Corollary 4.2, the limit

1
Lg(z,e) = lim —InE,lqs, —ne|,<ne} P a.s. and in L for all p > 1,  (5.15)

n—+ocon
with
Lﬁ(fb, 5) = lﬁ(.f, 5) - p(ﬂ)
The proof of (5.5) and (5.6) is the same as for (5.3) and (5.4). [ |
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