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Abstract. In this article we continue the study of the quenched distributions of
transient, one-dimensional random walks in a random environment. In a previous
article we showed that while the quenched distributions of the hitting times do not
converge to any deterministic distribution, they do have a weak weak limit in the
sense that - viewed as random elements of the space of probability measures - they
converge in distribution to a certain random probability measure (we refer to this
as a weak weak limit because it is a weak limit in the weak topology). Here, we
improve this result to the path-valued process of hitting times. As a consequence,
we are able to also prove a weak weak quenched limit theorem for the path of the
random walk itself.
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1. Introduction and Notation

A random walk in a random environment (RWRE) is a very simple model for
random motion in a non-homogeneous random medium. A nearest-neighbor RWRE
on Z may be described as follows. Elements of the set Q = [0,1]% are called
environments since they can be used to define the transition probabilities for a
Markov chain. That is, for any w = {ws}sez € Q and any z € Z, let X,, be a
Markov chain with law P2 given by PZ(Xy = z) =1 and

Pi(Xn=ylXn=2)=q1-w, ify=2-1
0 otherwise.

Let € be endowed with the natural cylindrical o-field, and let P be a probability
measure on 2. Then, if w is a random environment with distribution P, then PZ
is a random probability measure and is called the quenched law of the RWRE. By
averaging over all environments we obtain the averaged law of the RWRE

P*() = /Q P()P(dw).

For ease of notation, the quenched and averaged laws of the RWRE started at z = 0
will be denoted by P,, and P, respectively. Expectations with respect to P, P,, and
P will be denoted by Ep, E, and E, respectively.

Throughout this paper we will make the following assumptions on the distribu-
tion P on environments.

Assumption 1. The environments are i.i.d. That is, {w;}sez is an i.i.d. sequence
of random variables under the measure P.

Assumption 2. The expectation Ep[log po] is well defined and Ep[log po] < 0. Here
pi = pi(w) = 1= for all i € Z.
Assumption 3. The distribution of log pg is non-lattice under P, and there exists a

k > 0 such that Ep[p§] =1 and Ep[pf log po] < oo.

From Solomon’s seminal paper on RWRE Solomon (1975), it is well known
that Assumptions 1 and 2 imply that the RWRE is transient to 4+oo; that is,
P(lim;,— 00 X5, = 00) = 1. Moreover, Solomon showed that there exists a law of large
numbers in the sense that there exists a constant vp such that lim, . X, /n =
vp, P-a.s. Solomon also showed that the limiting velocity vp is non-zero only if
Ep[po] < 1, which is equivalent to x > 1 when Assumption 3 is in effect as well.
Assumption 3 was used by Kesten, Kozlov, and Spitzer in their analysis of the
averaged limiting distributions for transient one-dimensional RWRE Kesten et al.
(1975). The parameter s in Assumption 3 determines the magnitude of centering
and scaling as well as the type of distribution obtained in the limit. Define the
hitting times of the RWRE by

T,=inf{n>0: X, =z}, z€Z,
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and for k € (0,2) define the properly centered and scaled versions of the hitting
times and location of the RWRE by

e k€ (0,1) o Re0
ty=q B0 k=1 and u =1 wCiigmr K= L (1.1)
Lonive e (1,2) s me(L2),

where in the case kK = 1, A > 0 is a certain constant, and D(n) and d(n) are certain
functions satisfying D(n) ~ Alogn and d(n) ~ n/(Alogn), respectively. Also,
let L, denote the distribution function of a totally skewed to the right stable
random variable with index & € (0, 2), scaling parameter b > 0, and zero shift; see
Samorodnitsky and Taqqu (1994). The following averaged limiting distribution for
RWRE was first proved in Kesten et al. (1975).

Theorem 1.1. Let Assumptions 1 - 3 hold, and let k € (0,2). Then, there exists
a constant b > 0 such that for any x € R,
lim P(t, <z) = L,p(z), x € R,

n—roo

and

lim P(3, <z) =

n—oo

1 — Loy(x= %) forx>0if k€ (0,1)
1—Lyp(—2x) forz e Rifk €[1,2).

Remark 1.2. The cases kK = 2 and k > 2 were also considered in Kesten et al.
(1975), but since our main results are for € (0,2) we will limit our focus to these
cases. We note, however, that when x > 2 the averaged limiting distributions for
the hitting times and the location of the RWRE are Gaussian.

It is important to note that the limiting distributions in Theorem 1.1 are for the
averaged measure P. However, for certain applications the quenched measure P,
may be more applicable (e.g., for repeated experiments in a fixed non-homogeneous
medium), and one naturally wonders if there is a quenched analog of Theorem 1.1.
Unfortunately, it was shown in Peterson and Zeitouni (2009) and Peterson (2009)
that there is no such strong quenched limiting distribution. That is, for almost
every fixed environment w, there is no centering and scaling (or even environment-
dependent centering and scaling) for which the hitting times or location of the
RWRE converge in distribution under P,,.

The negative results of Peterson and Zeitouni (2009) and Peterson (2009) were
recently clarified by showing that quenched limiting distributions do exist in a weak
sense (Peterson and Samorodnitsky, 2010; Dolgopyat and Goldsheid, 2012; Enriquez
et al., 2010). Let M1(R) be the space of probability measures on R equipped with
the topology of convergence in distribution. Then, since the environment w is a
random variable, the quenched distribution i, , = P, (t, € ) is an M (R)-valued
function of that random variable. This function can be easily shown to be mea-
surable, hence i, is itself a random variable, namely a M;j(R)-valued random
variable. It was shown in Peterson and Samorodnitsky (2010) that there exists a
family of M (R)-valued random variables (7, ) such that p, , = mx . for some
A > 0, where = denotes weak convergence of M;(R)-valued random variables'.

1Throughout the paper, if (Z,), Z are random variables in some space V¥, then Z, =— Z will
denote weak convergence (i.e., convergence in distribution) of W-valued random variables.
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We will refer to such limits as weak weak quenched limits since the quenched dis-
tribution converges weakly with respect to the weak topology on Mj(R). Similar
results were obtained independently in Dolgopyat and Goldsheid (2012) and En-
riquez et al. (2010).

In Peterson and Samorodnitsky (2010), this weak weak quenched limiting dis-
tribution for the hitting times was also used to obtain a result on the quenched
distribution of the location of the RWRE. It was shown that

Taw[r™/" 00) forz > 0if k € (0,1)

1.2
k| —T, 00) forz e Rif k € [1,2), (1.2)

P,(3n < 1) = {
and here = denotes weak convergence of R-valued random variables. Note that
this is a weaker statement than the quenched limit that was obtained for the hit-
ting times. Unfortunately, weak convergence of all one-dimensional projections of a
random probability measure is not enough to specify the weak limit of the random
probability measure. For example, suppose that £ € (0,1). If oy, is the trans-
formation of the random probability measure 7, defined by letting o ,.(—o0, ]
equal the right hand side of (1.2), one is tempted to guess that P, (3, € -) = ox
in the sense of weak convergence of random probability measures. However, it can
be seen from our results below that this is not true (see Corollary 1.8).

1.1. Main Results. The original goal of the current paper was to obtain a full weak
limit for the random probability measure P, (3, € -). However, it turned out to
be necessary to obtain a weak limit for not just the quenched distribution of the
hitting 7}, but also for the quenched distribution of the path process of the sequence
of hitting times. This result, in turn leads to not only a weak limit for the quenched
distribution of X,, but also to the weak limit of the quenched distribution of the
entire path of the RWRE, as we will see in the sequel.

To begin, let Do, be the space of cadlag functions (continuous from the right
with left limits) on [0,00). We will equip Dy, with the M;-Skorohod metric d¥/!
(instead of the more standard and slightly stronger J;-Skorohod metric d/!; the
definitions of the Skorohod metrics are given in Section 3). Let M;(Dy) be the
space of probability measures on D, equipped with the topology of weak conver-
gence induced by the Mj-metric d¥* on D.,. Since (Do, d?t) is a Polish space,
this topology is equivalent to topology induced by the Prohorov metric p™* (see
Section 3 for a precise definition).

For any realization of the random walk and € > 0, let T. € D, be defined by

El/KTt/S k€ (0,1)
T.(t) = { e(Ty/e —t/eD(1/e)) r=1 (1.3)
eVr(Ty —t/(evp)) k€ (1,2)

(here and in the sequel we define hitting times of non-integer points by T, = T\, .)
In the case k = 1 the function D is the function in (1.1) extended to all x > 0; we
will define it explicitly in Section 4. It is easy to see that, for each environment
w and any € > 0, T, is a well-defined D.-valued random variable; we denote by
me,, the quenched law of T. on D. This law is a measurable function of the
environment, hence a M (D )-valued random variable. We wish to show that this
random variable converges weakly as ¢ — 0. In order to identify the limit we need
to introduce additional notation.
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Let M, ((0, 00] x [0, 00)) be the space of Radon point processes on (0, o] x [0, 00).
These are point processes assigning finite mass to [e, 00| x [0, 7] for any £ > 0 and
T < oo. The topology of vague convergence on this space is metrizable, and converts
M, ((0,00] x [0,00)) into a complete separable metric space; see Resnick (2008,
Proposition 3.17). We denote by MJ((0,00] x [0,00)) the subset of M, ((0,00] x
[0,00)) of point processes that do not put any mass on points with infinite first
coordinate. Let 7 = {7;};>1 be a sequence of i.i.d. standard exponential random
variables. For a point process ¢ = Y_,5; 0(a,.t,) € MJ((0,00] x [0,00)) and § > 0
we define a stochastic process (random path) Wi(¢, 7) with sample paths in Dy
by

Ws(C,7) (1) =Y wimil(zs00.<1)-
i>1
We also let
> is1 ZiTilgy, <y if the sum is finite

) (1.4)
0 otherwise.

W, 7)) = {

Remark 1.3. The notation W5(¢,7) and W ((, 7) is somewhat misleading since the
actual definitions depend on the (measurable) ordering chosen for the points of .
Since 7 is an i.i.d. sequence of random variables, the choice of ordering will not
affect the laws of W5(¢,7) and W (¢, 7), and we are only concerned with the laws
of these processes.

It is clear that lims_,o Ws((,7) = W((, T) in Dy for every choice of 7 for which
W (¢, T)(t) < oo for each t < oo. We will impose assumptions on the point processes
¢ such that this holds with probability one.

For any point process ¢ such that, with probability 1, W (¢, 7)(t) < oo for each
t < oo, the definitions of W5(¢,7) and W((,7) induce in natural way probability
measures on D, Define functions Hs, H : Mp((0,00] x [0,00)) = M1(Ds) by

Hs(O)() = P-(Ws(¢,7) €4), and H(()() = P-(W((,7T) € ), (1.5)

when ¢ € M/ ((0,00] x [0,00)) and (in the case of H(¢)) when W (¢, 7)(t) < oo for
each t < oo with probability 1. Otherwise we define Hs(¢) or H((), respectively,
to be the Dirac point mass at the zero process in D.,. Here P is the distribution
of the i.i.d. sequence of the standard exponential random variables 7 = {7;};>1.

Before stating our theorem we need one last bit of notation. The cases k € [1,2)
require a centering term in the limit. Thus, for any m € R let £(m) € M1(Dx) be
the Dirac point mass measure that is concentrated on the linear path ¢ — mt. If X
is a Dyo-valued random variable with distribution p € Mj (D), then p* (—m) is
the distribution of the path {t — X (t) — mt}.

Theorem 1.4. Let mg(-) = meo(-) = Py(Te € -) be the quenched distribution of
the path T.. For0 < k < 2 let A\ = Cyk /v, where Cy and v are given, respectively, by
(2.3) and (2.2) below. Let Ny, be a Poisson point process on (0, 00] x [0, 00) whose
intensity measure puts no mass on infinite points, and is given by Ax =" 1 dx dt on
finite points. Then, m. = px,x as € — 0 where

H(Nak) if k€ (0,1)
Pae = § lims_o Hs(Nx1) * £(—Alog(1/9)) ifr=1 (1.6)
limso Ho(Naw) * £ (=X / (k= 1)) if k€ (1,2).
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Remark 1.5. The limits in the definition of uy , in (1.6) when x € [1,2) are weak
limits in M ((Doo, d?1)). In fact, we will see in the sequel that these limits ex-
ist even as a.s. limits in Ml((Dm,dgl)). Furthermore, the defintion of uy . as
H(N) ) in the case x € (0,1) is valid by the well-known fact that for each ¢ < oo,
W (N ., T)(t) < oo with P -probability 1 for almost every realization of the Poisson

point process N ;.

As mentioned above, we will prove the existence of a weak limit for the quenched
distribution of the entire path of the RWRE. To this end, we define a centered and
scaled path of the random walk x. € Do, by

ENXLt/sj k€ (0,1)
Xe(t) = —86(11/8)2 (X 1)) —t6(1/€)) k=1 (1.7)

V;lil/’i&'l/ﬁ (XLt/EJ —tVP/E) K€ (1,2),
where in the case k = 1, §(x) is a function that satisfies 6(x)D(d(z)) = z + o(1) as
x — oo. Here D is the same function as in (1.3). Note that, since D(z) ~ Alogz,
this implies that §(x) ~ 2/(Alogx) so that the scaling factor in the definition of x.
when x = 1 is asymptotic to e(Alog(1/€))? as ¢ — 0. Let p.,, = P,(x- € -) be the
quenched law of x. on D,. It is a M;(Dy)-valued random variable defined on €.

The weak limits of p. ., will be obtained by comparing the paths of the location
of the RWRE Y. to appropriately transformed paths of the hitting times T.. To this
end, we define two transformations of paths. Let D:T C D4 consist of functions

that are (weakly) monotone increasing, with (0) > 0 and lim;_, o (t) = co. Define
the time-space inversion function J : D:{T — D;rT by

Jz(t) =sup{s > 0:2(s) <t},t >0, z € D;T' (1.8)

Also, define the spatial reflection function R : Do — Do by Ra(t) = —x(t),
t>0, xr € Dy.

Theorem 1.6. (a) The following coupling results hold.
(1) If k € (0,1), then for any s < oo

lim P (331: IXe(t) = ITen ()] > n) =0, Vn>0.
(2) If k=1, then
;%P(dé\.{l (Xes =Ti/s5(1/5)) > m) =0, ¥n>0.
(3) If k € (1,2), then
lim P(d3d (Xe, =Te/vp) 2 m) =0, 1> 0.

(b) Let p(-) = pew(:) = Pu(xe € -) be the quenched distribution of the path xe,
and let py .. be the random probability distribution on paths defined in (1.6). Then
pe = prx0J tase = 0ifk € (0,1) and p- = prxoR ' ase — 0 ifk € [1,2),
weakly in Mi (D).

Remark 1.7. Note that the nature of conversion from time to space in the limiting
random probability measure in M (D) is very different in the absence of centering
term (k € (0,1)) from the case when there is a centering term (x € [1,2)). When
K € [1,2) the conversion is accomplished by multiplying a random path distributed
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according to the limiting (random) measure by -1. This is, of course, very different
from the switching the time and space axes required when & € (0,1).

Observe that, for any 0 < ¢ < oo, the map ®; : M1(Ds) — M7 (R) defined by
O (1)(A) = p({x € Do = 2(t) € A}), for any Borel A C R, (1.9)

is continuous at every u € M;(Ds) concentrated on paths continuous at ¢. Since
the limiting probability measures on M;j (D) obtained in Theorem 1.6 is con-
centrated on p with this property, the continuous mapping theorem immediately
implies the following weak weak convergence for the distributions of the location of
the random walk at fixed times.

Corollary 1.8. For 0 < t < oo let pey = Pewit = Pu(xe(t) € ©) € M1(R) be
the quenched distribution of x:(t), and let vy, be the limiting element of Mi(Dx)
given in Theorem 1.0. Then pey = @y (V) weakly in My (R).

Theorems 1.4 and 1.6 imply the following corollaries on the convergence of T.
and . under the averaged measure P.

Corollary 1.9. For any k € (0,2), the hitting time paths T., viewed as random
elements of (Duo,d1), converge weakly under the averaged measure P. Further-
more,
(1) if k € (0,1), the limit is a k-stable Lévy subordinator;
(2) If Kk € [1,2), the limit is a k-stable Lévy process that is totally skewed to the
right. Moreover, if k € (1,2), the limit is a strictly stable Lévy process.

Since a stable subordinator is a strictly increasing process, its inverse has con-
tinuous sample paths. Correspondingly, we can strengthen the topology on the
space Do, when considering weak convergence of the paths of the location of the
RWRE under the average probability measure P in the case k € (0,1). To this end,
let (Doo,dY) denote the space Do, equipped with the topology of uniform conver-
gence on compact sets. This space is not separable, but Theorem 6.6 in Billingsley
(1999) allows us to conclude weak convergence on the ball-o-field in that space, the
so-called weak® convergence. Moving from the M; topology to the J; topology, on
the other hand, does not cause any difficulties.

Corollary 1.10.

(1) If k € (0,1) then the paths x., viewed as random elements of (Dwo,d2}),
converge weakly under the averaged measure P to the inverse of a k-stable
subordinator. Furthermore, x. as random elements of (Do, dY,) equipped
with the ball-o-field, we have weak® convergence to the same limit.

(2) If k € [1,2), then the paths X., viewed as random elements of (Do, d1),
converge weakly to a k-stable Lévy process that is totally skewed to the left.
Moreover, if k € (1,2), then the limit is a strictly stable Lévy process.

Remark 1.11. The statement of Corollary 1.10 in the case x € (0,1) appeared in
Remark 2.5 in Enriquez et al. (2009). To the best of our knowledge the other
statements in Corollaries 1.9 and 1.10 are new.

Part (2) of Corollary 1.10 is an immediate consequence of the corresponding
part of Corollary 1.9, the coupling results in parts (2) and (3) of Theorem 1.6
and Theorem 3.1 in Billingsley (1999). Further, Whitt (2002, Corollary 13.6.4)
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says that the operator J from the subset DITT - D:T of strictly increasing, non-
negative, unbounded paths endowed with the d/t metric to DIT endowed with the
dY, metric, is continuous. Since, in the case 0 < k < 1, a s-stable subordinator
is in DITT with probability one, the continuous mapping theorem shows that part
(1) of Corollary 1.10 also follows from the corresponding part of Corollary 1.9.

The proof of Corollary 1.9 is also rather straightforward, but, because it intro-
duces certain key ideas and notation used later in the paper, we present the proof
here.

Proof of Corollary 1.9: Let Ny , be the Poisson point process on (0,c0] x [0, 00)
defined in Theorem 1.4, and let 7 = {7;},>1 be an i.i.d. sequence of standard expo-
nential random variables; we assume that Ny , and 7 are defined on two different
probability spaces, with the corresponding probability measures P and P,. On the
product probability space we define

W (N s, 7)(t) k€ (0,1)
Zxn(t) = { lims_g Ws(Ny ., 7)(t) — Mlog(1/0) k=1 (1.10)
limg_0 Ws(Ny, 7)(t) = M7 /(k — 1) K € (1,2),

t > 0. The definition is understood as a.s. convergence in (Do, dX1) on the
product probability space. This convergence takes place by the proposition in
Section 2 of Kallenberg (1974), and it is standard to see that Z , is a k-stable
Lévy process with the required properties of Corollary 1.9. In order to show that
the averaged distribution of T. converges to the distribution of Z, , under the
product probability measure P x P, it is enough to show that P(T. € A) —
P xP.(Zr, € A) as € — 0 for all cylindrical sets A C D such that P x
P, (Zy, € 0A) = 0. (Recall that the Borel o-field under all the Skorohod topologies
coincides with the cylindrical o-field; see Theorem 11.5.2 in Whitt (2002).) Let A
be such a set. Recall that P x P, (Zy ., € A) = E[ux.x(A)], where py , is defined
in Theorem 1.4. By Fubini’s theorem, puy .(0A) = 0 almost surely. Also, the
evaluation mapping mapping p — p(A) on M;(Dy) is continuous on the set of
measures {p € My(Doo) @ u(0A) = 0}. Since the random measure iy 4 is in this
set with probability one, and since Theorem 1.4 implies that m. ., = px x, then
the mapping theorem implies that m. ,(A) converges in distribution to my . (A4).
Since these random variables are between 0 and 1, this implies that

lim P(T. € A) = lim Ep[m. ,(A)] = E[uax(4)] =P x P-(Z), € A).
e—0 e—0
0

The limiting random probability measure py . is a xk-stable random element of
M (D) under convolutions. That is, the convolution of two independent copies of
this random probability measure is (after re-scaling and shifting) a random prob-
ability measure with the same law. This can be seen in the same way as the
stability of the limiting random probability measures on R was checked in Peter-
son and Samorodnitsky (2010). Stability of random probability measures on D,
does not seen to have been investigated before, but a systematic description of
infinitely divisible (in particular, stable) random probability measures on R was
given in Shiga and Tanaka (2006); we recall these notions in Section 7. The latter
paper introduced also a notion of Mj(R)-valued Lévy process. If we recall the
maps P, 0 < t < oo, defined in (1.9), then we can define a (measurable) map
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® from M;(Do) to Doo(M7(R)) by setting ®(u) to be the measure-valued path
{(I)t(ﬂ)v t=> 0}'

One would expect that a version of Theorem 1.4 would give us a convergence to a
M (R)-valued Lévy process as well. The following corollary gives such convergence,
but only in the sense of convergence of finite dimensional distributions.

Corollary 1.12. Let py,. and m. be the random probability measures on D
given in Theorem 1./, 0 < Kk < 2 (so that me = uxx). Then ®(m.) converges
weakly to ®(px ) in the sense of finite dimensional distributions. Moreover, for
any k € (0,2), ®(uxx) is a stable Lévy process on M1(R). It is a strictly stable
Lévy process if k # 1.

Remark 1.13. One would like to improve the finite dimensional distribution conver-
gence in Corollary 1.12 to a full convergence in distribution of M;(R)-valued path
processes. Such a statement seems would require setting a topology on the space
Do (M1 (R)) of measure-valued path processes. Choosing an appropriate topology
seems to be a difficult task as neither the Skorohod J;-topology nor a natural def-
inition of the Skorohod Mj-topology appear to be sufficient. This is complicated
by the fact that the mapping ® : Mo (Do) = Doo(M1(R)) is not continuous in
these topologies (even on the support of the limiting measure py ;). These issues
are discussed further in Section 7.

2. Random Environment

It will be important for us to identify sections of the environment that contribute
the most to the distribution of the hitting times. To this end, we define the ladder
locations vy, = vi(w) of the environment by

Jj—1
vo=0, and wvp=1inf< j > v 1: H pi <1y for k> 1. (2.1)

1=V _1

(The ladder locations are those locations where the potential of the environment
introduced in Sinal (1982) reaches a new minimum to the right of the origin.)
Occasionally we will denote v by v instead for compactness. Since the environment
is i.i.d., the sections of the environment {w, : vy < x < vii1} between ladder
locations are also i.i.d. However, the environment immediately to the left of vy =0
is different from the environment immediately to the left of vy for any k& > 1 since
H;”;l p; < 1for any k > 1 and 0 < i < vy, but it can happen that H;:lz p; > 1 for
some ¢ < 0. Thus, the environment is not stationary under shifts of the environment
by the ladder locations. To resolve this complication we define a new measure Q)
on environments by

—1
Q()=P(IR), whereR=(w: [[p;<1,Vi<-1
j=i
It is important to note that the definition of the measure @ only affects the en-
vironment to the left of the origin. Therefore, the blocks of the environment

{ws + v < o < vgg1} between the ladder locations are i.i.d. and have the same
distribution under both P and (. For instance

v = Epv1 = Equi. (2.2)
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The measure @ is also stationary under shifts of the environment by the ladder
locations in the sense that w has the same distribution as 6”*(“)w under @ and
v (07 )w) = vy (w) — vr(w). Therefore, if we let 8; = Bi(w) = E [Ty, — Ty, ,]
for any ¢ > 1, it follows that {8;};>1 is stationary under the measure Q. The
following tail asymptotics of the §; were derived in Peterson and Zeitouni (2009)
and will be crucial throughout this paper. There exists a constant Cy > 0 such
that
QB > z) = Q(ELT, > x) ~ Coz™", as r — 00. (2.3)

We conclude this section with a simple lemma that will be of use later in the
paper.
Lemma 2.1. Let 8 = Eg[p1]. If K > 1, then B = v/vp.

Proof: First, note that the sequence {E,[T; — Ti—1]}i>1 is ergodic under the mea-
sure P (since it represents the shifts of a fixed function of an i.i.d., hence ergodic,
sequence). Therefore, Birkhoff’s Ergodic Theorem implies that

lim

n—oo n

= Ep[Ele] = ETl, P-a.s. (24)

Since the measure @ is defined by conditioning P on an event of positive probability,
we see that this holds @-a.s. as well. Moreover, if k > 1, then the limiting velocity
vp = 1/ET} > 0 (see Solomon (1975) or Zeitouni (2004) for a reference).

Secondly, note that, since the {v; — v;_1};>1 are i.i.d. under Q , it follows that
lim,, o0 Vn/n = U, Q-a.s. This implies that

T, E,T, %
lim — 34 = lim 22 = qim —2 e = P g,
n—o00 N 4 n—00 n n—00 Un n vp
Finally, since the f3; are stationary under @), it is a consequence of Birkhoff’s Ergodic
Theorem that this nonrandom limit of 1/n """ | 8; must coincide with Eg[8:]. O

3. Topological Generalities

3.1. Skorohod Topologies. In this section we recall the definitions of the Skorohod
J1 and M; metrics on the space Do, and the corresponding topologies. We also
give certain technical results that will be needed in the sequel. The details that we
omit can be found in Billingsley (1999) and Whitt (2002).

For 0 < t < oo the J; and M; Skorohod metrics on the space D; of cadlag
functions on [0, t] are defined as follows. Let A; be the set of time-change functions
on [0, t] — functions that are strictly increasing and continuous bijections from [0, ¢]
to itself. The Skorohod Ji-metric (on D) is defined by

o .9) = . max {sup A(9) sl sup o(A(5) - ()]}

s<t s<t
Next, recall that the completed graph of a cadlag function = € Dy is the subset
T, C [0,¢] x R defined by
Iy ={(u,v): uwel0,t,v=(1-0)z(u—)+ bzx(u), for some 0 € [0,1]}.

The natural order <r, on the completed graph is given by (u1,v1) =pr, (u2,v2)
if either u1 < ug or w3 = ug and |v1 — z(u1—)| < |Jvg — z(ur—)|. A parametric
representation of the completed graph T'; is a function from [0, 1] onto ', that is
continuous with respect to the subspace topology on I', and non-decreasing with
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respect to the order =< . Let II(z) be the set of parametric representations of ',
with each parametric representation given by a pair of functions v and v on [0, 1]
such that 'y, = {(u(s),v(s)) : s € [0,1]}. The Skorohod M;-metric on D; is defined
by

d" (z,y) =

inf max<{ sup |u(s) —u'(s)|, sup |v(s) —v'(s)] ;.
(u,v)€l(z), (v ,v")EN(y) {se[or,)l]| (®) (®)] se[Olf)l]l (®) ( )|}
The Skorohod J; and M;j-metrics on D, for all finite ¢ produce corresponding met-
rics on the space D, by

df(x,y) =/ et (dfl(w(”,y“))m) dt,
0
and

dMi(z,y) = / et (diwl (20, y®) A 1) dt.
0

Here, for © € Do, the function z(*) € Dy is the restriction of z to the finite time
interval [0,¢]. Using instead the uniform metric on each D, produces the metric d%,
on the space D.

The following is a list of several useful properties of the Skorohod metrics that
we will use throughout the paper; see Whitt (2002).
A (z,y) < ddi(z,y).
d2i(z,y) < e % + sup,<, |z(t) — y(t)| for any 0 < s < oo; thus uniform
convergence on compact subsets of [0,00) implies convergence in the Ji-
Skorohod metric.
dM (x,y) > |x(t) — y(t)| for each 0 < t < o0.
d’3 (z,,, ) — 0 if and only if d;* (z,,, z) — 0 for all continuity points ¢ of z.
An analogous statement is true for the M;-Skorohod topology.

The J; and M;-metrics generate topologies on the space of cadlag functions. Even
though the two metrics are not complete, each of them has an equivalent metric that
is complete. Therefore, the J; and M; topologies are the topologies of complete
separable metric spaces.

The J; and Mj-metrics on Do, induce in the standard way the correspond-
ing Prohorov’s metrics, p/t and p™ on the space of Borel probability measures
M;i (D). For example, for any p, 7 € M1(Doo),

oM (p, ) = inf {6>0:p(A) < m(A%M) 4 5, for every Borel A C Dy}

(recall that the J; and M;j-metrics generate the same Borel sets on Do; these are
also the cylindrical sets). Further,

ASMy — Ly @M y) < 8, for some z € A}

Since (D, d1) is a separable metric space, convergence in the Prohorov metric
p™1 is equivalent to convergence in distribution in (Du, d}1); see Theorem 3.2.1 in

Whitt (2002). Moreover, the space (Ml(DOO), le) is a complete separable metric
space (Theorem 6.8 in Billingsley, 1999).

3.2. Continuity of functionals. We proceed with two results on the continuity of
certain functionals that we will need later. We begin, by recalling the following
result from Whitt (2002) on the continuity of the composition map.
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Lemma 3.1 (Theorems 13.2.2, 13.2.3 in Whitt, 2002). The composition map ) :
Doox DT, — Do defined by +p(xz,y) = zoy is continuous on the set Dy XC';FT, where
DT, is the set of all nonnegative functions in D, and C’;FT is the set of continuous,
non-negative, strictly increasing functions on [0,00). The continuity holds whenever
either the Ji-topology is used throughout, or the Mi-topology is used throughout.

The composition map ¢ induces a map ¥ : M (D) x DI — M1 (D) by
U(p,y)({z: v € A}) = p({z : zoy € A}).

Lemma 3.1 leads to the following continuity result for W.

Corollary 3.2. The map V is continuous on the set M1(Ds) X C;_T’ if the same
topology (either Jy or My ) is used throughout.

Proof: Suppose that (i, yn) = (1, y) € Mi(Ds) X C;FT. By the Skorohod repre-
sentation theorem (e.g. Theorem 3.2.2 in Whitt, 2002), there are Do-valued ran-
dom elements (X,,), X defined on a common probability space such that X,, ~ p,
for each n, X ~ u, and X,, — X a.s. in the corresponding Skorohod metric. By
Lemma 3.1 we know that X, 0y, — X oy in the same metric. Since a.s. convergence
implies weak convergence, the claim follows. 0

3.3. Deducing weak convergence of random probability measures. In order to prove
weak convergence of a sequence of random probability measures on Do, we will
often use the coupling technique which we now describe. Suppose that p,7 €
Mi(Ds). Then a coupling of p and 7 is a probability measure 6 on the product
space Dy X Do, with marginals u and 7w, respectively. A coupling of two random
probability measures on D, defined on a common probability space is a random
element of M1(Ds X Do) defined on the same probability space that couples
the two measures for every w. The following simple lemma, which is a path space
extension of Lemma 3.1 in Peterson and Samorodnitsky (2010), is the key ingredient
in our approach.

Lemma 3.3. Suppose that (uy), (mn) are two sequences of random elements in
M1(Dy) defined on a common probability space with probability measure P and
expectation E. Suppose that one of the following conditions holds.

(1) limp 00 P(pM (tin, 7)) > 1) =0, for all n > 0.
(2) For each n there exists a coupling 0,, of the random probability measures
tn and T, such that

nhﬂn;OE [0 ({(z,y) : dMi(z,y) > nH)] =0, foralln>0.

(3) For each n there exists a coupling 0,, of the random probability measures
Ln and T, such that
lim P(Ey, [d* (z,9)] >n) =0, for alln >0,
n—oo
where Ey, denotes expectations under the measure 0.
If p1, = p weakly in (My(Dwo), pM1), then m, = p weakly in (Mi(Dwo), p™1).

Proof: Under condition (1) the statement follows from Theorem 3.1 in Billings-
ley (1999). Next, note that the definition of the Prohorov metric implies that if
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On({(,y) - di2H(x,y) > n}) < then p™ () < n. Therefore,
P (o™ (i, ) > 1) < PO ({(2,y) : di (2, y) = n}) > n)

S%E[@uﬁam:dxway>znny

Thus, condition (2) implies condition (1). Furthermore, condition (3) implies con-
dition (2) by Chebyshev’s inequality. O

The following lemma will allow us to reduce checking condition (3) in Lemma
3.3 to the finite time situation. We note that a similar reduction holds under the
metrics d”t and dY as well.

Lemma 3.4. Suppose that (uy), (mn) are two sequences of random elements in
M1(Dy) defined on a common probability space with probability measure P and
expectation K. If for each n there exists a coupling 0,, of the random probability
measures [y, and T, such that for every 0 <t < oo

lim P (B, [d}" (), y®)] = ) =0, ¥n>0, (3.1)
then condition (3) in Lemma 5.5 holds.

Proof: By the bounded convergence theorem, (3.1) implies that

lim E [Een[diwl (@®, y®)] A 1} —0, Vi< oo
n—oo

By the definition of d1, Fubini’s Theorem and dominated convergence theorem
we immediately see that

E [Ey, [dY (z,y)]] = E {Een [ /O Tt (dtMl (®,y ) A 1) dt”
= /OOO e 'E [Egn [(di”l (@®,y®) A 1)” dt

vanishes as n — oo. This implies condition (3) in Lemma 3.3. O

4. Comparison with sums of exponentials

The main goal of this section is to reduce the study of the hitting time process
T. to the study of a process S. that is defined in terms of sums of exponential
random variables. To this end, recall the definition of the ladder locations of the
environment in (2.1) and the notation 8; = g;(w) = E,[T,, —T,,_,] for the quenched
expectation of the time to cross from v;_1 to v;. Also, we expand the measure P,
to include an i.i.d. sequence of standard exponential random variables (7;); it will
be used in the coupling procedure below by comparing T, —T,, , with 8;7;.

For any realization of the environment we construct random paths U., S, € D,
as follows. For t > 0,

(51/"“T1,w5J k€ (0,1)
Ue(t) = e(Ty,,., —t/eD'(1/e)) w=1

EI/K(TV\_t/sJ - Bt/E) K€ (15 2)7
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and
gl/n Zl\‘t:/laj BiTi K€ (O, 1)
S:(t) = { e(XWE B — t/eD'(1/e)) k=1 (4.1)
SV B = Btfe) ke (1,2),
where D'(z) = Eq[B11{,<2}] ~ Cologz when k =1 and 3 = Eg[B1] = Eg[E.T.]
when x € (1,2).

Remark 4.1. The proof below will show that in the case k = 1, the function D in
definition of T, can be chosen to be D(z) = D’(z)/v (recall that o = Eg[is].) In
particular, the constant A in Theorem 1.1 satisfies A = Cy/p.

Let te = Ue gy Se = Sew € M1 (D) be the quenched distributions of U, and S.,
respectively. That is,

Uew = Py(Us €+), and s., = P,(S: € ).

We view u. and s. as random elements in M1 (Dy,). The proof of Theorem 1.4 is
accomplished via the following two propositions. The first proposition establishes
weak convergence of s. in M;(Dy). The notation and the terminology are the
same as in Theorem 1.4.

Proposition 4.2. Let A\ = Cyk, where Cy is the tail constant in (2.3). The fol-
lowing statements hold under the probability measure Q on the environments.

(1) If k € (0,1), then s: = H(Nx ).
(2) If k =1, then

Se = lim Hs(Nx 1) * £(—Alog(1/9)).
6—0
(3) If k € (1,2), then
se = lim Hs(Ny ) # £(=X6 "M /(k — 1)).
6—0
The second proposition relates a weak limit of s. in M;(Ds) to the correspond-
ing weak limit of m..

Proposition 4.3. Define )\ € CFFT by No(t) =t/p. If s = p weakly in M1(Dso)
under Q, then me = ¥(u, A\g) under P.

Before giving the proofs of Propositions 4.2 and 4.3, we show how they imply
Theorem 1.4.

Proof of Theorem 1./: The proof is essentially the same, whether x € (0,1), Kk = 1,
or k € (1,2), therefore we only spell out the details in the case k € (1, 2).
First, note that by Propositions 4.2 and 4.3 and Corollary 3.2, under the measure

P,
)\5—&4—1
me = lim ¥ (’Hg(N,\)H) oy (— ) ,)\0> )
6—0

k—1

Therefore, it is enough to show that, for any A > 0, with A’ = \/7,

)\6—;-@-’—1 aw )\lé—n—i—l
v (Hg(N)\)H) *{ (— ) ,)xo) Lay H5(N>\/7N) xf (— ) . (4.2)

k—1 k—1
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To see this, note that for any m > 0,

U Hs | D 0aien | #0=m)Xo | =Hs | D 0ty | * L(—m/D).

i>1 i>1

If Y 7i~1 O(a,,+,) is a Poisson point process with intensity measure Az ="~ dxdt, then
> i1 0(zs t:7) is a Poisson point process with intensity measure (A/v)z~ "' du dt.
This implies (4.2). O

It remains to prove Propositions 4.2 and 4.3. Proposition 4.2 will be proved in
Section 5, and in the remainder of this section will focus on the proof of Proposition
4.3 which follows immediately from Lemma 3.3 and the following lemmas.

Lemma 4.4. There exists a coupling of Uz and S such that, for any n > 0,
lim Q (E,[dZ(U.,S.)] > n) = 0.
e—0

Under the assumption of Proposition 4.3, this lemma and part (3) of Lemma 3.3
will imply that u. = p in M; (D) under Q.

Lemma 4.5. If u. = p in M1(Doo) under Q, then m. = U (u, \g) in M1(Ds)
under Q).

Under the assumption of Proposition 4.3, this lemma will imply that m. —
U(p, Ag) in M1(Ds) under Q.

Lemma 4.6. There exists a measure B on pairs of environments (w,w’) such that
the marginal distributions of w and W' are P and Q, respectively, and, for each
e > 0, there exists a coupling P. = Ps., . of the random measures me ., and me .
such that

lim P (Ee[d (z,y)] = n) =0, for alln>0.
e—0

Under the assumption of Proposition 4.3, this lemma and another appeal to part
(3) of Lemma 3.3 will imply the claim of the proposition. We proceed now to prove
the three lemmas.

Proof of Lemma /.6: We use the same construction as in the proof of Lemma 4.2
in Peterson and Samorodnitsky (2010). First let w and @ be independent with
distributions P and Q respectively. Then, construct w’ by letting

, Wy < -1
W, =
we x> 0.

Then w’ has distribution @ and is identical to w on the non-negative integers. Let
P be the joint law of (w,w’).

Given a pair of environments (w,w’), we construct coupled random walks { X, }
and { X/} so that the marginal laws of {X,,} and {X],} are P, and P, respectively.
We do that by coordinating all steps of the random walks to the right of 0. That
is, since w, = w’, for any = > 0, we require that on the respective i*" visits of the
walks X,, and X/, to site z they both either move to the right or both move to
the left. The details of this coupling can be found in Peterson and Samorodnitsky
(2010). Let P. = P.,, . denote the joint quenched law of the two random walks
coupled in this manner; the corresponding expectation is denoted by E. = Er. o
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Let Ty, T} and T., T be the hitting times and the path processes of hitting times
corresponding to the random walks {X,,} and {X/}, respectively. Note that

dS(Te, TL) < sup |T.(t) — TL(t)| = £"/* sup |T, — Ty |.
t<oo n>1

However, it is easy to see that the coupling of X, and X/, is such that sup,,~ |7 —
T!| = |L — L'|, where L and L’ are the number of steps that the walks {X,} and
{X!}, respectively, spend to the left of 0. It is easy to see (and was shown in the
proof of Lemma 4.2 in Peterson and Samorodnitsky, 2010) that E.., . |L — L'| <
E,L+ E, L' < oo, P-a.s. Therefore, for any n > 0

tim 3 (B [d,(T., T2)] = ) < lim B (/" B | L~ L' 2 ) =0,
O

Proof of Lemma /.5: We start with a time change in the process U, to align its
jumps with the hitting times of corresponding ladder locations in the process T..
To this end, define A\, € D;r , the space of nonnegative non-decreasing functions in
D, by
Ae(t) = emax{k : ey <t}, t > 0.

Then, the renewal theorem implies that lim._,o Az () = Ao(¢), Q-a.s, for any fixed
t > 0. Since A. is non-decreasing and \¢ is continuous and non-decreasing, the con-
vergence is uniform on compact subsets of [0, 00). Therefore, lim. o dZ!(\-, \g) =
0, Q-a.s. Furthermore, it follows from the functional central limit theorem for
renewal sequences with a finite variance that e=/2(\. — \g) converges weakly in
(Do, J1) to a Brownian motion, as e — 0. See Theorem 7.4.1 in Whitt (2002).

The assumption u. = p and Corollary 3.2 show that WU(uc, Ac) = U (u, Ag)
under @, so by Lemmas 3.3 and 3.4, the claim of the present lemma will follow
once we show that for every 0 < ¢ < oo and i > 0,

lim Q (Ew [dtMl (U. 0 A, Ta)} > n) —0. (4.3)
e—0
To simplify the notation, we omit the superscripts in functions of the type 'H‘g).
Because of the centering present when x € [1,2) but not when s € (0,1), we treat
the two cases separately.

Case I: sk € (0,1). Note that the definition of A. implies that U.(A:(t)) =
el/ "T,, = T.(t) when t = ev;. We arrange the respective parametric represen-
tations of the completed graphs of the two random functions, U, o A, and T,, so
that at each s; = j/(k + 1) € [0,1) both parametric representations are equal, to
(suj,al/"‘T,,j). Here k is the largest j so that v; < ¢/e. For s; < s < s;j41 with
7=0,1,...,k—1 we arrange the two parametric representations so that the vertical
(v) coordinates always stay the same (see Figure 4.1). Then the distance between
the corresponding points on the completed graphs on the interval in that range of
s is taken horizontally, and it is, at most, e(v;4+1 — v;). This horizontal matching
cannot, generally, be performed on the interval (s, 1] since the two functions may
not be equal at time ¢. On this interval we keep horizontal (u) coordinates the
same. The distance between the corresponding points is now taken vertically, and
it is, at most, e'/*(T,,., — T, ). Therefore,

Vi+41

diwl (U. 0 Ae, T.) < max {magca(uj_H —vy), (51/"‘(T1,,c+1 — T,,k)} .
1<
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k<1 k>1
T.
() (t)
Ue(A(t
] (-(0) W)
gl/j €‘I/j+1 &JI/]' &Jl/j.t,_l

FIGURE 4.1. A demonstration of the matching of the parameter-
izations of the completed graphs of T, with the completed graphs
of Uz 0 A\; and V. when « € (0,1) and « € [1,2), respectively.

Since k < t/e, we conclude, using stationarity of the sequence (vj4+1 — ;) under @
that for 0 < & < 1 so small that e(log1/¢)? < 7,

Q (Buld (U- 0 2, ) 2 1) < 2Q (1 > log*(1/2)

+Q (61/”6k+1 > n for t € [evy, 51/;€+1)> )

Since v; has some finite exponential moments (see Peterson and Zeitouni, 2009),
the first term on the right above vanishes as ¢ — 0. For the second term note that
t € [evy, evg+1) is equivalent to A.(t) = ek, hence

Q (51/”6k+1 > n for t € [evy, 51/;€+1)>
<Q (|/\E(t) )7 > 51/4) +Q (Elk k= t/(7e)] < €734, Brg > m,w)

< Q (IAc(t) = /7] > /) + 2573/4Q(By > "),

using the stationarity of the (f;) under @ in the last inequality. The functional
central limit theorem for renewal sequences implies that the first probability on the
right vanishes as ¢ — 0. The second term also vanishes as ¢ — 0 by the tail decay
(2.3) of 1. This finishes the proof of (4.3) in the case k € (0, 1).

Case II: « € [1,2). To overcome the difficulty of matching the centering terms
of Uz o \; and T, we define V. € D, by

{tD(l/a) k=1

(t/vp)e /5 ke (1,2).

V. is defined so that the hitting times portion is the same as in U, o A\ while the
linear centering is the same as in Ts.

Since the only difference between U, o A. and V. is in the centering term, we
have for any ¢t < oo

Ve(t) = El/KT”Ma(t)/EJ -

D'(1)e) k=1
e~ HURE ke (1,2),

using D’(1/e) = vD(1/e) when x = 1 and 8 = 7/vp when k € (1,2). Recall that
the random element of Dy, t' — e~ /2(\.(t') —t' /D), converges weakly in (Dy, J;) to

dM (U0, V) < sup A(t") —t' /7| { (4.4)
t' <t
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Brownian motion, which is a continuous process. Every continuous function in Dy
is a continuity point of the mapping x — sup; <, |2(t')| from D; to R. Therefore,
we can use the continuous mapping theorem to show that the term in the right
hand side of (4.4) converges to 0 in Q-probability as € — 0, by noticing that both
D'(1/¢) (when x = 1) and e '*1/% (when s € (1,2)) are o(~'/2). Therefore, in
order to prove (4.3) it is enough to show that for every 0 < ¢ < oo and 1 > 0,

lim Q (Ew {dtMl (VE,’JTE)} > n) =0. (4.5)

The proof of (4.5) is very similar to the proof of (4.3) when & € (0, 1). Indeed,
note that V.(t) = T.(t) whenever ¢ = ev; for some j. Again, we arrange the respec-
tive parametric representations of the completed graphs of the two random functions
so that, for k being the largest j so that v; < t/e, both parametric representations
are equal, to (ayj,al/"‘T,,j) at s; =j/(k+1),7=0,1,...,k. Fors; <s < sju1
with 7 =0,1,...,k — 1 the two parametric representation can be chosen in such a
way that the line connecting the two corresponding points is always parallel to the
segment, connecting the points (ev;, V. (ev;)) and (evjy1, Ve(evjr1—)). See Figure
4.1 for a visual representation of this matching. In this case the distance between
the two corresponding points does not exceed the length of the above segment,
which is shorter than '/2(v;;; — v;) for ¢ small enough. As in the case k € (0, 1),
on the interval (si, 1] we keep horizontal (u) coordinates of the two parametric
representations the same. Overall, we obtain the bound

diwl (Vaa Ta) < max {51/2 m}?(yj-i-l - Vj)v El/K(TVk+1 - TVk)} :
Js
From here we proceed as in the case x € (0,1) above. il

Proof of Lemma /./: By Lemma 3.4 it is enough to show that for each 0 < s < o0
and n > 0,

lim Q <Ew {sup |Ue(t) — Sg(t)@ > 77> =0.
£—00 1<s

Since both U, and S, are piecewise linear with the same slope between times t € €Z,

k
T, — Zﬁﬂ’i .
i—1

Now, it is easy to see that My =T,, — Zle BiT; is a martingale under P,. There-
fore, by the Cauchy-Schwartz and LP-maximum inequalities for martingales,

U.(t) — S.(t)] = '/
ilﬁlﬁ;l (t)—=S:(t)|=¢ L

Fo e b= —Sa(t)l} < (Ew [iggwg(t) _SE(tHQDU ’

< cl/m (4Ew {Mrzs/sﬂ)lh

[s/¢€]
— 215 [ Var, Toe)y — Z BiTi
i=1

1/2
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Therefore,
[s/¢€]
Q (Ew Egp Ue(t) — Sa(t)@ > n) <Q (4 Vary (T, — Y Bimi | =07
<s i=1

(4.6)
In the proof of Lemma 4.4 in Peterson and Samorodnitsky (2010), a natural coupling
of 7; and T, — T}, , was constructed so that for any n > 0,

i —2/K _ > —
nll)rrgo Q (n Var,, (Tyn El ﬁln> > 17) 0.
Applying this to (4.6) completes the proof of the lemma. (]

5. Weak weak quenched limits for S,

In this section we prove Proposition 4.2. For any environment w and £ > 0,
define a point process by
N5 = Z 5(8”",&;,81')'

i>1
We view N. as a random element of M, ((0, c0] x [0,00)). Recalling the definitions
of H in (1.5) and S in (4.1), we see that the quenched law of S, satisfies

H(N.) k€ (0,1)
se = H(N) x(=D'(1/e)) k=1 (5.1)
H(N.) « (=B /%) ke (1,2).

The key to the proof of Proposition 4.2 is the following lemma which shows weak
convergence of the point process V..

Lemma 5.1. Under the measure @, as e — 0, the point process N converges weakly
in the space M, ((0,00] x [0,00)) to a non-homogeneous Poisson point process Ny x
with intensity measure \x " ‘dxdt. Moreover, A = Cyk, where Cy is the tail
constant in (2.3).

Proof: The idea of the proof is similar to that of the proof of Proposition 5.1 in
Peterson and Samorodnitsky (2010). It was shown in the above proof that for 0 <

€ < 1 there is a stationary under ) sequence of random variables (ﬁ(s), 1=1,2,.. )

on €2 such that Bl-(s) and BJ(-E) are independent if |i — j| > =12 and such that, for
some C,C’" > 0,

Q (‘[31 - ﬂ;a)‘ > 67571/4) < 0670,571/2, 0O<e<l. (5.2)
We define an approximating point process by

NO = 25(51/%?)15”, 0<e<l,

i>1
and proceed by proving the convergence
NI — N, . weakly in M,,((0,00] x [0,00)) (5.3)

as € — 0, under the measure Q.
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We start by considering measurable functions f : (0,00] x [0,00) — R4 of the
form

k
f(I, t) = Z fi(‘r)l[ai,hai)(t)a (Ia t) € (Oa OO] X [07 OO), (54)
i=1
where k = 1,2,..., f; : (0,00] = Ry, 4 = 1,...,k are continuous functions that

vanish for all 0 < z < ¢ for some § > 0, and are Lipschitz on the interval (4, c0),
and 0 =ap < a1 < ... <ap < oco. We will prove that for such a function,

k
313% Eq {est(l)(f)} = exp {_

(a; — a;i—1) /00(1 — e fi@) \grt dx} . (5.5)

i=1 0

To this end we define, as in Peterson and Samorodnitsky (2010), for 0 < 7 < 1,

K.(7) = card{i =1,..., |ar/e] : both 87 > dc™1/* and B > ge=1/*

forsomei+1<j<i+7/e, j< ak/a.};
as in the above reference we have

lim limsup Q(K.(7) > 0) = 0. (5.6)

70 <0

Define random sets
ng) ={aj_1/e <i<aj/e: BZ-(E) > 56_1/”}, j=1,...k,

so that

k
B [ 0] — Boexp 1 -3~ 3 5i(e759)
J=14epW
k
:EQ exp —Z Z fj(&'l/ﬁﬂi(a)) 1(K5(T)=0)

i=1iep®

+Eq [expg — Y (7B p 1(Ko(r) > 0)
i=liepl

=HY + H®.

It follows from (5.6) that the term H? is negligible as ¢ — 0 and then 7 — 0.
Furthermore, given the event { K.(7) = 0}, for a fixed 0 < 7 < 1 and ¢ small enough,

the points in the random set D, := Ungj) are separated by more than e~'/2, so
that, given also the set D., the random variables ﬁi(s), i € D, are independent, each

one with the conditional distribution of ﬁf) given ﬁf) > de~1/*. Since for every
j=1,...,k,

Eq (eXp{_fj(El/nﬂf))}W%a) > 55*1/“) —>/ e 1300) o= (1) gy
1
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the claim (5.5) will follow once we check that

k k
—K . cardD(]) -
exp{—Cod Z(aa —aj_1)(1—oy)} < Th_r% hgn_)mf Eq (H ; K.(1)=0
j=1 j=1
b &)
= lim limsup Fg P g (1) =0
7—0 5~>Op J];‘[l ’ 5( )
k
<exp{—Cod™"> (a; —a;1)(1 — o)}
j=1
forany 0 < o; <1, j =1,...,k. This, however, can be proved in the same way as

(48) was proved in Peterson and Samorodnitsky (2010).

In order to prove weak convergence in (5.3), it is enough to prove that for any
Lipschitz continuous function f : (0, 00| x [0, 00) = R4 with support in [d, o] X [0, a]
for some 0 < §,a < oo,

lim Eq |e [ -NY (f = exp{ / / e @)\ dy dt} ; (5.7)
e—0

see Resnick (2008) and Remark 5.2 in Peterson and Samorodnitsky (2010). To this
end, for m =1,2,... we define

fi(x) = f(z, ja/m), x € (0,00], j =1,...,m,
and

Zf] 1[(] 1 a/m,]a/m)( )7 (:E,t) € (0,00] X [0,00)

Note that |f(x,t) — f(z,t)] < La/m for all finite (x,t), where L is the Lipschitz
constant of f. Therefore,

’EQ [e*Ns“)(f)} ~ Eo [e*Ns(l)(f)H < %EQ {Nél)([é, o] % [O,a])} .
Notice that, by stationarity,
Eo [N (8,5¢] x [0.a))] < a=1Q(B[? > 0=1/%),

which, by (2.3) and (5.2), remains bounded as ¢ — 0. Since the function f is of the
type (5.4), it follows from ( 5) that

N(l)( 7j(mt —Kk—1
lim Eq [e {// )Az dxdt}.

This proves (5.7) (and, hence, also (5.3)). It follows by (5.2) and the Lipschitz
property that for any function f as in (u 7 we also have

(f) — _ flx,t) —Kk—1
;%EQ[ exp{ / / (I1—e" )Ax da:dt}

As before, this establishes the weak convergence stated in the lemma. 0

We would like to use the representation (5.1) of s, and the fact that N, = N
to obtain a weak limit for s. as a random element of M;(Dy). Unfortunately, the
function H is not continuous and so we need the following lemma which shows that
the truncated function Hs is “almost continuous”.
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Lemma 5.2. Define subsets Cs, E C M, ((0,00] x [0,00)) by
Cs ={¢: (({d,00} x [0,00)) = 0}

and

E={¢: ¢((0,00] x {t}) < 1,vt € (0,00)} N{( : C((0,00] x {0}) = 0}.
Then Hs is continuous on Cs N E.

Proof: Suppose that ¢, — ¢ € Cs N E. We will couple the paths W5((,,T) and
W5(¢,T) by using the same sequence 7 of i.i.d. standard exponential random vari-
ables. Using this coupling we will show that lim,,_,oc Ws((, 7) = Ws((, 7), Pr-a.s.
Since almost sure convergence implies weak convergence, Hs((,) — Hs(C).

To prove that Wi((,, T) converges a.s. to Ws(¢, 7) it will be enough to show that
for every 0 < s < oo such that Wy(¢, 7) is continuous at s, and for every realization
7 with finite values,

T df (Ws (G, 7). Wi(C, 7)) = 0. (5.8)

To this end, take s as above. Then (([d,00] x {s}) = 0. The assumption that
¢ € FE implies that we may order the atoms of ¢ in [§,00] x [0,s] so that for
M = (([6, 00] % [0, s]) we have

M

C(-n([6,00] X [0,8])) = 0a (), With 0 <ty <ty <...<ty <s.

i=1
Similarly, we can order the atoms of ¢, in [0, 00] X [0, s] so that for M,, = {, ([0, o] x
[0, s]) we have

M,
Ca((- 1 (18,00]  [0,8])) = D80 oy, with 0 <" <6V < <) <s.
i=1
The vague convergence of (,, to ¢ and the fact that ¢ has no atoms on the boundary
of [8,00] x [0, s], imply that for n large enough M,, = M and
lim max (|x£n) — x|V |tz(-") - ti|> =0. (5.9)
n—oo <M
Therefore, for n sufficiently large, 0 < tg") < té") <...< tg\z) < s. For such n
we define a time-change function A2 of the interval [0, s] by A% (0) = 0, A5 (s) = s,
A5 (t) = tgn) for all ¢ < M, and extend it everywhere else by linear interpolation.
Then,

= (n)
sup A7 (1) — f] = mac £, — i),

and, since Ws((,,T) and W5 (¢, T) are constant between jumps,

J
(m) _ .\~
Zl (:EZ :1:1) T

1=

Sup W5 (G, T) (A (£)) — W (C, 7)(8)] = max

Ti-

M
= Z ‘l’fn) T
=1

Therefore, for n sufficiently large,

M
J1 = 2)) < (n) _ 4 .
ds (Wé(Cnﬂ'); Wé(CaT)) = max{?g}\}qtz t1|7; 7-1} ’

which vanishes as n — oo by (5.9). This completes the proof of (5.8) and thus of
the lemma. g
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The relationship between s, and N; in (5.1) and Lemma 5.2 will allow us now
to complete the proof of Proposition 4.2.

Proof of Proposition /.2: For § > 0 we define a truncated version of S. by

Lt/<]
Ses(t) = gl/x Z ﬁiTil{gl/wﬁi>5} —1Yre5, t >0,
i=1
with
0 k€ (0,1)
Tnes = | Ea [Bilpecan] k=1 (5.10)

eV"TEG [Biljasmpssy] k€ (1,2).

Then the quenched law of S; 5 is 5.6 = Hs(Ne) * €(—V.e,0)-

If N, is the Poisson point process as in the statement of Lemma 5.1, then
P(Ny, € CsNE) =1 for any 6 > 0. Thus, Lemma 5.1, Lemma 5.2, and the con-
tinuous mapping theorem imply that, under the measure Q, Hs(N:) = Hs(Nx.»),
where A = Cyk. Also, by (2.3) and Karamata’s theorem,

o fome wo
5%7“75)5 - %5*“+1 K € (172)

Since the mapping from Mj (D) X R to M1(Ds) defined by (u,y) — p* £(7y) is
continuous, we conclude that, under the measure @,

HJ(N)\,K) K € (O, 1)
Se6 = § Hs(Ny ) x€(=X1In(1/6)) k=1 (5.11)
Hs(Nay) * L(=A6 "1/ (k—1)) k€ (1,2).

To relate (5.11) to a limit statement about s., we use Billingsley (1999, Theorem
3.2). To this end, it is enough to show that the limit in M; (Do, d¥1))

7‘[5(]\7)\1,{) K € (0, 1)
5lim Hs(Nak) * £(—=AIn(1/9)) k=1 exists Pr-a.s.  (5.12)
—00
Hs(Noe) 5 (N (5— 1)) e (1,2),
and
lim lim sup @ (le (82,6, 8) >n) =0, Vn>0. (5.13)

=0 =0

As in the case of Lemma 3.3, (5.13) will follow from following, stronger, statement:
for every 0 < s < 00,

lim lim sup @ (Ew [sup [Se,s(t) — Sa(t)|] > 77) =0, Vn>0. (5.14)
t<s

=0 ¢—0

Therefore, to complete the proof of Proposition 4.2, it remains only to prove
(5.12) and (5.14). We divide the proof of these statements into two cases: k € (0,1)
and k € [1,2).
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5.1. Case I: k € (0,1). To prove (5.12) we let F1 C M,((0,00] x [0, 00)) be defined
by

Fi=<q(= Zé(ziyti) : inl{tiﬁt} < oo, Vt < 0o
i>1 i>1
(Note that on the set F, the sum in the definition of W (¢, 7) is P,-a.s. finite.) Since
P(N) . € F1) =1 when s € (0,1), it will be enough to show that Hs({) — H(¢)
as 0 — 0 for any ¢ € F1. Fix ¢ = > ;51 0(z,4,) € F1. For 0 < s < oo the obvious
coupling of W (¢, 7) and Ws(¢, 7) gives that

sup [W(¢, 7)(t) — Wi(C, 7) (1) = sup | > @imilia, <o,y | = O #iTil{w, 5,1, <5}
t<s t<s 1> i>1
(5.15)

Since ¢ € Fy, finiteness of the mean of an exponential random variable shows that
the sum on the right is finite with probability one for any § > 0. Letting § — 0
the dominated convergence theorem shows that Ws(¢, 7) converges almost surely to
W (¢, T) in the space Dy in the uniform metric, hence also in the M;-metric, for any
0 < s < oo. Therefore, W5(¢, T) converges almost surely to W (¢, 7) in D as 6 — 0
and, since a.s. convergence implies convergence in distribution, H;s(¢) converges to
H(¢) in the space M ((Doo,db?)) as 6 — 0. This proves (5.12). Further, since
Ws(Ne,T) = Se,5 and W (N, T) = Se, we have by (5.15) with ¢ = N,

Ls/e]
E, [szp@s,g(t) - Ss(t)@ =E, | Y e/ Biril g, <s)
t<s i=1
Ls/e]
= El/ﬁ Z ﬂil{sl/mﬁigé}.
=1

By Chebyshev’s inequality and stationarity of §; under @,

[s/e]
Q (Ew E1<1p|85,5(f) - sa-(t)@ > n) —Q (%Y B poiesy =1

i=1

SEI/R—I
< 7 Eq [B1l{c/ep,<s}] -

Karamata’s theorem and (2.3) imply that Eq [ﬁil{al/nﬁigé}} ~ fﬁ:él_”gl—l/ﬁ as
e — 0. Therefore,

C
lim lim sup Q (Ew [sup [Se,s(t) — Sa(t)q > n) < (%i_r)]% ﬁyﬂc =0.

00 ¢—0 t<

This proves (5.14).

5.2. Case II: k € [1,2). To prove (5.12), note that the right hand side of (5.12) is
the law (with respect to P;) of the random element of D

B Atlog(1/0) k=1
tHWg(NA,K,T)(t)_{&“t( . k€ (1,2)

rk—1
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It was shown in the proof of Corollary 1.9 that this random element converges
almost surely, in the uniform metric, under the joint law P x P, of (N ., 7).
Therefore, convergence takes place in the Mj-metric as well. Fubini’s theorem im-
plies that the convergence also holds P,-a.s. for almost every realization of the point
process NNy .. Once again, a.s. convergence implies convergence in distribution, so
(5.12) holds.

To prove (5.14), note that the definition of 7, . 5 in (5.10) implies that

Sup |Sa,6(t) —Se (t)|

t<s
[t/e]
= i1<1p cl/n Z BiTilic1/ng, <5y — EQ[ﬁl1{81/%19}]5—1“/%
s i—1

[t/e]
< sup [e'/" Z Bi(ri — 1)1ia1/np,<sy

t<s
1t/c] (5.16)
e V7Y {Bilienp <oy — BalPrlicns <sl}
=8 i=1

+ El/NEQ [ﬁll{sl/mﬁlsé}],

where the last term comes from rounding in the number of terms in the sum. This
terms is, clearly, bounded by 6.

For f3; fixed, the sum inside the supremum in the first term in (5.16) is a sum
of independent, zero-mean random variables. Thus, by the Cauchy-Schwartz and
LP-maximum inequalities for martingales,

[t/e]
E, il<1p gl/m Z ﬂz Ti — 1 1{51/'”6 <o}
) 1/2
Ls/e) ’ Le/e] .
< elfr Z Bi(ti = D)1a/np,<5y =2e"" | D B mpizs)
=1

Therefore, for n > 0 fixed and ¢ sufficiently small we have

Q (Ew [Stlglg ISe,5(t) — Sa(t)l] > 77)

Ls/e]
<Q( " Biliynp <y = n7/36
=1
[t/e]
+@Q sup gl/r Z {Bil(cng <oy — EQBilicung, <)} 2 /3| . (5.17)

1=1
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Notice that

Ls/e]
limsup Q | e2/* Z ﬁfl{gl/mﬁig(;} > 1% /36
e—0 i=1
_ 36se2/r—1 9 36s Cok o
< hlf;ljélp TEQ 5 1{51/%55}} = 22— /@6 )

where the last equality follows from (2.3) and Karamata’s Theorem. This vanishes
as 0 — 0 since k < 2. It remains only to show that the term in (5.17) vanishes as
first ¢ — 0 and then § — 0. A similar statement (without the supremum inside the
probability) was shown in Peterson and Samorodnitsky (2010, Lemma 5.5). One
can modify the techniques of Peterson and Samorodnitsky (2010) to give a bound
on (5.17) that vanishes as first ¢ — 0 and then 6 — 0. Since the argument is
somewhat technical, we postpone it until Appendix A. O

6. Weak weak quenched limits for the position of the random walk

In this section we prove Theorem 1.6. We start by defining the running maximum
version of the scaled path process of the random walk y. in (1.7). For ¢t > 0,
let X; = max{X}y : k < t} denote the running maximum of the RWRE. The
corresponding random element in D is

e X}, k€ (0,1)

* 1 * _
Xe(t) = e5(1/)? ( t)e — t5(1/5)) k=1
LT (X;/€ . tvP/E) k€ (1,2),
with the same function ¢ in the case kK = 1 as in (1.7). The path x¥ is easier to
compare to transforms of the hitting times path T, than the path x. is. The follow-

ing lemma shows that the quenched distributions of x. and x} are asymptotically
equivalent, since the distance between x. and x is typically very small.

Lemma 6.1. For any s < oo and n > 0,

iy P (sup e (0) = x2(0)] = 1) =0,

e=0 \;
Proof: The definitions of x. and x? imply that for all € > 0 small enough,
er k€ (0,1)
sup|xe (£) = X2 (1)] = max (X - X) Sz =1 <t max (X — Xi).
- gl/n ke (1,2)
If, for some 0 < k < s/e, X} — X}, > ne~*/*, then, for some location 0 < j < s/e

the random walk returns to X; — [ne~*/4] after visiting location j. Thus, by the
stationarity of the environment under the measure P,

P (suple(t) = (0] 2 ) < P (o (X7 - X0) 2 /)
t<s k<s/e
< (1 + S/E)]P)(Tfl'nsfm/zrl < OO)
Since P(T_, < 00) decays exponentially fast as @ — oo (see Gantert and Shi (2002,
Lemma 3.3)), the term on the right vanishes as e — 0. O
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We now prove Theorem 1.6. According to Lemma 6.1, we may and will replace
Xe by x& when proving the coupling part. We consider the cases x € (0,1), k = 1,
and £ € (1,2) separately.

6.1. Case I: k € (0,1). We wish to compare x* with JT.~ where J is the inversion
operator defined in (1.8). To this end, note that

Xjje=max{k €Z: Ty <t/e} =sup{x > 0: Ty en) < t/e}e™ " — 1.
Therefore, for every t > 0,
Xo(t) =sup{x > 0: Tex(z) <t} —e® = TTex(t) — &7,

which implies that sup, . [xZ(t) — ITox(t)] = €". Hence, we obtain the stated
coupling in Theorem 1.6. By Lemma 3.3, it remains only to show that, under the
measure P,

Mex 031 = H(Ny ) 0T . (6.1)

To this end, first note that J is continuous on the subset D,Jrﬁr C DL of strictly
increasing functions, when the M; topology is used both on the domain and the
range (see Whitt (2002, Corollary 13.6.4) for even topologically stronger statement).
Therefore, the mapping theorem implies that the function p — poJ~! on M;(Dy)
is continuous on the subset of measures {u € M;(Ds) : u(D#T) = 1}. In the
notation introduced in (1.10), H(Nx ) = P-(Zx, € -). Since Z) . is a k-stable
subordinator under P x P, then H(NM{)(D;FT) =P.(Zr, € D;FT) =1 for almost
every realization of Ny ., and so (6.1) follows from Theorem 1.4 and the continuous
mapping theorem.

6.2. Case II: k € (1,2). We start by replacing the piecewise constant path of the
hitting times in (1.3) by a piecewise linear and continuous version via linear inter-
polation. Specifically, for € Z and 6 € [0,1) we let

Tw_;,_g = (1 - H)T;E + eTw+1.

Correspondingly, we will define T.(t) = sl/ﬁ(ft/s —t/(evp)), t > 0. The following
lemma shows that the M;-distance between T and T is typically small.

Lemma 6.2. For any n > 0, lim. o P(d2 (T, T.) > ) = 0.

Proof: As in Lemma 3.4, it is enough to prove that P(d(T.,T.) > 1) — 0 for
every 0 < t < oo and n > 0. We use a matching of the kind similar to that
constructed in the proof of Lemma 4.5. We will describe this matching in the
case k € (1,2), but a similar argument works when x = 1 or x € (0,1). For ev-
ery k = 0,1,2,... such that ek < t we arrange both parametric representations
to contain the point (ck,e'/"(T}, — k/vp)). If e(k + 1) < t, then between the
points (ek,e/*(Ty, — k/vp)) and (e(k + 1),e"/*(Ths1 — (k +1)/vp)) we keep the
parametrization of T. at the former point until the parametrization of T, reaches
the point (e(k + 1),e'/*(T} — (k + 1)/vp)), at which time we complete the two
parametrizations in the interval by keeping the slope between the matched points
equal to —e'/#~1 /yp. Clearly, within this interval the horizontal distance between
the two parametrizations is at most € and the vertical distance is at most /% /vp.
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If ek <t < e(k + 1), then we use the obvious vertical matching of the param-
eterizations, with equal horizontal components, and vertical components at most
51/’”"(TW€J+1 —T\¢/c)) apart. Therefore, for e small enough

d}" (T, Te) < maX{al/“/VP, e (Tie/ej41 — TLt/aJ)} :

Since T\t/cj41 — T|¢/e) has, under the measure P, the same distribution as 77 we
conclude that
limsup P (diwl (T.,T:) > 77) < limP (TLt/strl —Ti/e) 2 fl/“n) =0, (6.2)

e—0

as required. 0

Note that z — T is a strictly increasing and continuous function on [0, 00).
Let ¢(t) be its inverse. Then Ty = t for all t > 0. If T, < ¢t < T, 41 then
X} =n < ¢(t) <n+1,so that sup;~q [ X7 — ¢(t)] < 1. One consequence of this
comparison is that

t X
lim o) = lim —% =vp, P-a.s. (6.3)

t—oo ¢ n—oo n
Next define ¢.(t) = ep(t/e) for € > 0 and ¢o(t) = vpt. Then, (6.3) implies that ¢.
converges pointwise to ¢y as € — 0. Moreover, since ¢. and ¢y are monotone in-
creasing and ¢g is continuous, we conclude that ¢. converges uniformly on compact
subsets to ¢g. In particular, lim._,g doUo(¢€, o) =0, P-a.s.
Now, recalling the definition of T, we obtain that

Te (¢ (t)) = €'/"(Ty. 1)/ — 9(t)/(evp))
= /" (Tyusey — d(t/2)/vP)
= —vp'et"(g(t/e) — tvp/e)

= —vp'eV (X} — tvp/e) +vpieV R (X)) — d(t/e))
= —v"XE(t) + vpre (X — lt/e)).

Since |X£*/8 — ¢(t/e)| <1 for all ¢, this implies that
A% (xz, —vp/"Te 0 ¢e) < vp' MR/, (6.4)

Next, we compare T. o ¢. with T o ¢o. To this end, let 7,17/ > 0 be fixed. By
Corollary 1.9, the laws of (T.) under P are tight in (Deo,d??). Therefore, we
can choose a compact subset K C Dy, so that P(T. € K) > 1 — 7' for all € small
enough. Further, the composition function ¢ (z, y) = xoy is continuous at any point
(,¢0) € Doo X C;LT C Do X Doo. Therefore, it is uniformly continuous (with the
dX1 metric on each coordinate) at the points of the compact set K x {¢g}. Choose
now & > 0 such that d'(2' o ¢,z 0 ¢9) < n whenever z € K, d¥1(z,2') < §, and
dM(¢g,¢') < 8. Then

limsup P(d (T: o ¢-, T- o ¢o) > 1)

e—0
<limsupP(T. ¢ K) + P(dM(T.,T.) > 6) + P(d* (¢c, do) > 6)
e—0

<7,
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where the last inequality follows from our choice of the compact set K, Lemma 6.2,
and the almost sure convergence of ¢. to ¢o. Since 7’ > 0 was arbitrary, we see
that P(d*(T. o ¢, T. 0 o) > 1) — 0 for any 5 > 0. Combining this with (6.4) we
conclude that

lim P2 (X2, v T 0 ¢g) > ) =0, Vn>0. (6.5)
e—
Finally, note that the definition of T, and ¢y imply that

V;l/KTE((bO(t)) = ngl/ngl/ﬁ(Tvpt/s - t/g) = TE/VP (t)’

so that (6.5) proves the coupling part of Theorem 1.6 in the case xk € (1,2). Since
Me /v p oM~ ! is the quenched distribution of —T./yp, and R is a continuous operator,
the continuous mapping theorem implies that m. o Rt = ), o R~ The
coupling now implies that we also have p. , = . 0 RL

6.3. Case III: k = 1. The proof here is similar to the proof in the case x € (1,2),
so we will omit some of the details. As above, let T, and o(t) be as above, so that
Ty) = t. We claim that

t 1
Jim t;bl(();t =1 in P-probability, (6.6)

where A is the positive constant from Theorem 1.1. To see this, first note that by

Theorem 1.1, lim,, Tiosm = A in P-probability, hence also lim,

in P-probability. Using x = ¢(t) gives us

xz log x

t
lim —— = A in P-probability,
t—o0 (1) log(¢(t))

which proves (6.6).

The function §(z) = sup{u > 0: uD(u) < z}, z > 0, satisfies §(z) ~ x/(Alogx)
as x — oo and 0(z)D(d(x)) = = + o(d(x)) as x — oco. We define ¢ € Do by
¢-(t) = ¢(t/e)/6(1/e). Then the asymptotics of ¢ from (6.6) and the asymptotics
of § imply that for any ¢ > 0,

| L (t/e)
lim ¢ (t) = lim 5(1/)

=t in P-probability.
Once again, since ¢. is non-decreasing, and the identity function is continuous,

¢. converges uniformly on compact subsets (and thus also in the dJ! metric), in
P-probability, to the identity function.
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Let T.(t) = E(Tt/s —t/eD(1/e)), t > 0. Then

Ts(1/e)-1(e(t) = 6(1/e) " (Tqﬁg(t)é(l/a) - ¢s(t)5(1/5)D(5(1/5)))

=501/ (T — 292 (2 ot501/e0) )

X;,.+0(1
= §(1/¢) <t/5 - % (% + 0(5(1/5)))>

1 Xi)e 1
=——— (té(1/e) — X} 1 @
=5(1/)2 (1601/2) = X.) + of 5079 T O\ @0z
X/ 1
* t/e
— () + o(1) Y= -
0+ o575 +0 (a7am)
where in the third equality we used that [¢(t) — X;| < 1 for all t. Since e 1§(L)72 ~
A2clog®(1/e) — O ase — 0, while X}/c/0(1/€) converges in probability by Theorem
1.1, this implies that

lim d (xZ, _’]T(;(l/g)fl 0p:)=0 in P-probability. (6.7)
e—0

As in case k € (1,2) we can use the fact that ¢. converges to the identity function
to show that for any n > 0,

lim P (doﬂgl (Ts(1/e)-1 © Be, Tsje)-1) > 77) = 0. (6.8)

Combining (6.7), (6.8) and Lemma 6.1 establishes the coupling part of Theorem
1.6, and the rest is the same as in the case k € (1,2).

7. M;(R)-valued Stable Lévy process limits

In this section we discuss Corollary 1.12. We begin with a short proof of the
convergence of the finite dimensional distributions of ®(m.). Let m > 1 and 0 <
t1 <tg <...<ty begiven, and define ®,,, 4 : M1(Do) = M1 (R)™ by

Doy to, st (1) = (Poy (1), Py (1), oy P, (1))

It is easy to see that @, 4, ., is continuous at every u € M;(Des;) concentrated
on paths that are continuous at t;, i = 1,2,...,m; see p. 383 in Whitt (2002).
Since me. = pa and p , is, with probability, one concentrated on paths that
are continuous at ¢;, ¢ = 1,2, ..., m, then the continuous mapping theorem implies
that @4, 4y, 0, (Me) = Py 4y, 10, (rx). This proves the convergence of finite
dimensional distributions claimed in Corollary 1.12.

We now turn to the stated properties of the random measure-valued path ®(uy ),
namely that ®(u) ) is a stable Lévy process on M (R). We start by recalling the
notions of stable random variables and Lévy processes on M;j(R); the reader is
referred to Shiga and Tanaka (2006) for more details.

Definition 7.1. A M;(R)-valued random variable y is a stable random variable
on M;(R) if for any n > 2 there exist constants b,, € R and ¢,, > 0 such that

_ Law
(1% po % - % ) (b + 7)) = ).

Here p1, pa, - . . i1, are independent copies of p. Moreover, if b,, = 0 for every n > 2,
then p is a strictly stable random variable on M; (R).
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Definition 7.2. A M;(R)-valued stochastic process {Z(¢)};>0 is a Lévy process
on M (R) if there exists a two parameter family of M (R)-valued random variables
{Es.t}o<s<t such that =(t) = =y ¢ and
(1) E(0) = o with probability one.
(2) Foranyn > 2and 0 = tg < &1 < to < -+ < t, =t, {E, , 1, )7, are
independent and

—_

E(t) =EZigty * Sty e %%, 1, almost surely.

Law —

(3) Forany 0 <s <t,E(t—s) = Zs4.
(4) For any fixed to > 0, the process {E(t) };>0 is continuous at ¢ in probability.
(5) There is an event of probability 1 on which every path {¢t — Z(¢)} is in

Remark 7.3. Part (2) of Definition 7.2 is a version of the independent increments
property for stochastic processes with values in M1 (R) with convolution of measures
playing the role of addition. The version of the independent increments property
used in the above definition is necessary due to absence of an inverse operation to
convolution.

Definition 7.4. A Lévy process {Z(t) }1>0 on M1 (R) is a (strictly) stable Lévy
process on M;(R) if for every fixed ¢ > 0, E(¢) is a (strictly) stable random
variable on Mj(R).

We are now ready to show that ®(uy ) is a stable Lévy process on M;(R) and
is strictly stable when x # 1. It is easy to check that for any ¢ > 0, ®;(ux,.) is a
stable random variable on M (R) and is strictly stable if x # 1 (see the Remark 1.5
and the paragraph following Remark 1.6 in Peterson and Samorodnitsky, 2010), so
we will concentrate on showing that ®(uy ) is a Lévy process on Mj(R).

We already know that the paths of ®(uy ) are in Do (M1 (R)); see the discussion
before Theorem 1.12. It is also obvious that ®o(ux ) = do with probability one
since N ,.((0,00] x {0}) = 0 with probability one. Next, recall the stochastic
process Z , defined in (1.10). Then ®;(uy ) is the distribution of Zy ,(¢) under
the measure P, and we define for any 0 < s <t

(I)(/'L)\,H)S,t =P, (Z)\,n(t) - Zk,n(s) € ) .

Then, the independent increments condition (2) in Definition 7.2 follows from the
fact that {Nx (- N ((0,00] x (t;i—1,t;])}1_, are independent for any 0 =ty < t; <
-+« < tp, and the stationarity condition (3) in Definition 7.2 follows from the shift
invariance of the Lebesgue measure governing the time component of the Poisson
random measure N .. Finally, stochastic continuity of ®(uy ) at fixed points
follows from the fact that for each fixed to, Ny ((0, 00] X {t0c}) = 0 with probability
1.

7.1. Topologies on Do (M1(R)). We now give a brief discussion of the difficulties of
extending Corollary 1.12 to a full weak convergence ®(m.) = ®(ux, ) of M;(R)-
valued path processes. It is first necessary to decide on a topology for Do, (M1 (R)),
the space of cadlag paths taking values in the space of probability measures on R.
Recall that the Prohorov metric p on Mj(R) induces the topology of convergence
in distribution and that (M;(R), p) is a Polish space. Then, both the uniform and
the Ji-topologies have natural extensions to D (M (R)).
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In the proof of Theorem 1.4, it was necessary to equip D, with the M;-topology
to accommodate the fact that the macroscopic jumps of the process of ladder loca-
tion hitting times were an accumulation of smaller jumps T; — T;_1 for i between
consecutive ladder locations. The M;-topology naturally accomodates such accu-
mulations of jumps while the Ji-topology does not. A similar phenomenon occurs
when trying to establish weak convergence ®(m.) = ®(u, ) in the space of prob-
ability measure-valued functions, and thus it is natural to try to equip Do (M1 (R))
with a Skorohod M;-topology. This is less standard than defining the Skorohod .J;-
topology?, but, since convex combinations (1 — )+ 67 of two probability measures
form a “line segment” between p and 7 in M7 (R), one can define the M;-topology
and metric on Dy(M;(R)) and Dso(M;(R)) in the natural way. Moreover, the
resulting M;-topology on D (M;(R)) defined in this way is the topology of a
complete separable metric space.

Unfortunately, to this point we have been unable to prove weak convergence
®(me) = ®(px,x) in the M;-topology (as defined above) on Do (M1 (R)). In fact,
some preliminary computations suggest that {®(m.)}es¢ is not a tight family of
Do (M1 (R))-valued random variables in this topology, and thus a weaker topology
on Dy (M1(R)) may be needed. We hope to address this in a future paper.

We close this section with an example that demonstrates some of the difficulties
establishing weak convergence ®(m.) = ®(ux ). A natural approach to proving
®(me) = P(pr,x) would be to apply Theorem 1.4 and the continuous mapping
theorem. Unfortunately, the mapping ® : M1(Ds) — Doo(M7(R)) is not con-
tinuous. The following example demonstrates this lack of continuity even when
in M1(Ds) we endow the space Dy, with the strongest of the Skorohod topolo-
gies, the Ji-topology, and endow Do (M;(R)) with the weakest of the Skorohod
topologies, the Ms-topology.

We restrict everything to the interval [0,1] and consider real-valued stochastic
processes X = (X(¢),0 <t <1)and X,, = (X,(¢),0<t<1),n=1,2,..., on the
probability space ([0, 1], 8, Leb), defined by

and

Xn(tw) =

0
: + 5o, 3 <w < 1,
2, 3+ <t<l 3<w<l,
n=1,2,.... Clearly, each process X and X,, has its sample paths in D; = D[0, 1].
We denote by p (correspondingly, u,) the probability measures these processes
generate on the cylindrical sets in D[0, 1].
Obviously, for any w € [0,1], d/* (X, X,) < 2=+ 5o, with probability 1,
X,, — X in D[0,1] equipped with the .J;-topology, so that p”*(py, p) — 0.
Next, in the notation of (1.9), we have

| o, 0<t<3,
(I)t(“)_{ 101430, §<t<]

2For instance, Whitt defines the Skorohod Mji-topology on D¢(¥) if ¥ is a separable Banach
space Whitt (2002, p. 382), but M;(R) is not a Banach space.

(@) = (@)
NI I~ O
v
i
o
ANIN

~+ o
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and
do, 0§t<§—2,}+1,
(I)t(/l,n)z %504- 51, %—2n1+ <t<s +2n—1+1,
51"’ 52; 2+2n+1§t<1
n=1,2,..., where for x € R, ¢, is the point mass at z. Note that for any n, there

is a point on the completed graph of the element ®(u,,) of D1(M;(R)) with the
second component equal to (1/2)dg + (1/2)d1, and the distance from that point to
the completed graph of the ®(u) has a positive lower bound that does not depend
on n. Therefore, ®(u,,) does not converge to ®(u) in D1 (M;(R)) even if the latter
space is endowed with the Ms-topology (see Section 11.5 in Whitt, 2002 for the
definition of the Ms-topology).

Appendix A. Estimation of the term in (5.17)

In order to finish the proof of Proposition 4.2 we need to estimate the term in
(5.17). In this appendix we achieve that by proving the following lemma.

Lemma A.1. If k € [1,2), then for all 0 < s < 0o and n > 0,

[tn]
lim lim sup @ sup nole Z {le{ﬁ <oni/ry — EQ[ﬁ11{51<6n1/;{}]} >n| =0.

=0 np—oo =1

Remark A.2. Lemma A.1 is an improvement of Peterson and Samorodnitsky (2010,
Lemma 5.5), which stated that

n%S {Bil s, <sn1iey — EQlBil(p, <sminy]}

=0 nooco Pt

lim lim sup @ <

277), vn > 0.

Before giving the proof of Lemma A.1, we introduce new notation. Recall that
pr = (1 — wy)/we, and for i < j let

J j
Hi,j:Hka Ri,j:ZHi,kv U—anp W; = Z ;. (AQ)
k=i k=i k=—o00
This notation is often useful for writing certain quenched expectations or proba-
bilities in compact form. For instance, it is easy to show that E![T;11] = 1+ 2W;
(see Zeitouni, 2004 for a reference). In particular,

vi—1 vi—1
Bi=EuT, —T,_]= > ElTinl=vi—via+2 Y W, (A.2)
J=vi-1 J=vi-1

It will be important for us to be able to control the tails, under the measure
@, of the random variables of the type W, _1. Since under @) the environment is
stationary under shifts by the ladder locations, these random variables all have the
same distribution under ) as W_;. Further, it was shown in Peterson and Zeitouni
(2009, Lemma 2.2) that W_; has, under @, exponential tails. That is, there exist
constants Cq, Cy > 0 such that for any = > 0,

QW_y > x) < Cre 2%, (A.3)

We now proceed to prove Lemma A.1.
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Proof of Lemma A.1: First, note that 8;1¢5, <5p1/x} = ﬁi/\énl/“—6n1/”1{ﬁi>5n1/m}.
Thus,

[tn]

@ |5 0=y {Bil s <onriny = EQlBilis, <smiim ]} = 1
=s i=1

[tn]

< Q | sup |n~ /" Z {Bi Adnt* — EglB; A (5n1/”]} >n/2 (A4)
t<s i—1
[tn]
+@Q | dsup D Ligssniny — [n]Q(B: > on'/%)| = /2 | . (A.5)
=9 =1

Note that (2.3) implies that [tn]Q(8; > dn'/*) — tCyé~" and, moreover, that the
convergence is uniform in ¢ € [0,s]. Therefore, to bound the term in (A.5) it is
enough to show that for all 0 < s < co and 7 > 0,

[tn]
%im lim sup Q (551<1p Z Lig,soni/ny —tCo6™ " > | =0. (A.6)

—0 n—oo s |5
=" |i=1

Now, for any 6 > 0 let Gs : M,,((0, 00] x [0,00)) = DX (we equip the latter space
with the J; topology) be defined by

G5(Q)(t) = ¢((6,00] x [0,2]), > 0.

Then Z}t:"lj 1y, 55n1/x) = Gs(N1yp)(t). It is easy to see that G5 is continuous on
the set of point processes with no atoms on the line {§} x [0, 00). Since N} , belongs

to this set with probability 1, and Ny, :Q> Ny, the continuous mapping theorem

implies that G5(Ny/,,) N G5(Ny ). Furthermore, the supremum over a compact
interval is a continuous mapping from DX equipped with the J; topology to the
real line. Therefore,

)

<Q (5 sup |G (Nx,x) (t) — tCod ™| > 77> :

t<s

tn

> 1ipissmiing — tCo0 "

limsup Q | 6 sup
tss |32

n—oo

Note that G5(Ny ) is a homogeneous one-dimensional Poisson process with rate
A/k6™" = Cpd~". Therefore, using once again the LP-maximum inequality for
martingales, we have

. 52 Asd2—r
Q | §sup |Gs(Nxx)(t) = tCod ™| > 1) < ?VMQ (Gs(Nax)(s)) = —5—.

t<s nN°“kK

Since k < 2 this last term vanishes as § — 0 for any 7 > 0 and s < oo. This

completes the proof of (A.6) and, therefore, it only remains to estimate the term
in (A.4).
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To this end, we assume for (notational) simplicity that s = 1, in which case our
task reduces to showing that for any n > 0,
k

/ey {8 Aot/ — gl A nt/] )

5—0 n—oo k}S’n i—1
i=

lim lim sup @ (max

> 77) =0. (A7)

For a fixed n and ¢ € (0, 1] denote
J
Sy =ntry {[31- Adn'/% — BBy A 5711/"‘]} L j=1,....n. (A.8)

i=1
For n > 0 let A,, = {maxj<,, |S;| <n < |Sm|}. Then,

max
Q < k<n

n—1
<Q(ISal = n/2)+ Y Q(An N {|Sul < n/2})
m=1

k
LY {ﬁi Aont/ — Egly A 5n1/’"‘]}

i=1

> 77) = i Q(Am)

m=1

n—1
<Q(Sal = 1/2)+ D Q(Am (1 {ISn = S| >n/2}). (A.9)
m=1
It was shown in the proof of Lemma 5.5 in Peterson and Samorodnitsky (2010) that
for some constant C',

Varg (Z Bi A 5n1/’"‘> < C§* R n?/x, (A.10)
i=1

By Markov’s inequality this shows that the term Q (|S,| > 7/2) does not contribute
to the limit in (A.7). Therefore, it remains only to bound the sum on the right
in (A.9). If the 8; were independent, then the general term in this sum would be
equal to Q(An)Q(|Sn — Sm| > 1n/2) and the sum could be handled in the same
way as the term Q (]S,| > n/2) above. While the f3; are not independent under @,
they have good mixing properties and the following lemma gives an upper bound
on the general term in the sum, not far off from what it would be if the §; were
independent.

Lemma A.3. There are constants C,C’" > 0 such that for any n = 1,2,..., § €
(0,1, m=1,...,n andn >0,

QA O {Sn — S| > n}) < CemCm/"1ogm o %C‘”‘“ (Q(An) +1/n).

Assuming the statement of Lemma A.3, the proof of Lemma A.1 can be com-
pleted by writing (changing the constants as necessary)

n—1

Z Q(Am N {|Sn - Sm| > 77/2})

m=1

IN

n—1
—C'nnt’ " /logn 1 —K
> {Ce Clnn 7/ logn 4 ?0(52 (Q(Am)+1/n)}

m=1
C(Sn—2

Cne—C'nnl/”/logn + .
n

IN
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Both terms vanish under the limits in (A.7), so we only need to prove Lemma
A3. il

Proof of Lemma A.5: Define a (discrete time) filtration on Q = [0,1]% by G, =
o(w;:1<mn),n=0,1,2,.... Then for each m = 0,1,2,..., v,,, — 1 is a stopping
time with respect to that filtration, and we denote F,, = G, _1, m = 1,2,....
Since each 3; with j < m is F,-measurable, so is each S; with j < m. Therefore,

Q (A, N{|Sn = Sl > n}) = Eq [1(4,,1Q (|Sn — S| > 1 ] Fm)] - (A.11)

Conditioned on F,,, the difference S,, — S,, no longer has zero mean, but we will
show that the conditional mean is typically small. We begin by comparing the
conditional and unconditional means of 8; A on'/%. To this end we make explicit
the dependence of ; on F,,. Recall the definitions of II; ;, W; ; and R; ; in (A.1)
and note that W; = Wy, ; + I} ;W1 for any k& < 4. Therefore, for any 1 <m < j
we can rewrite(A.2) as

vi—1
Bi=vi—via+2 Y Wy.it+Wy, 1L, ;)
’L‘:l/jfl
vij—1
=v;—vj_1+2 E Wy, i+ 2Wym71]:[ym1yj7171Ryj717yj71
’L‘:l/jfl

= ﬂm,j + 2W1/m71]:[l/m,1/]‘7171Rl/j71,l/j71'

Note that 3, ; is independent of F,,. We enlarge, if necessary, the probability
space to define a random variable W with the same distribution as W, —1 and
independent of all (w,); in particular, W is independent of F,,. Denote Bj =
Bm,j + QWHym,uj,lqRuj,l,yjq, so that

Eq [B; Non'/* | Fn| = EqlB; A on'/] = Eq B A on'/" = B; A ont/* | Fun .

Observe that R, , ;-1 < By < min(ﬁj,ﬁj). Thus, if Ry, -1 > onl/" then
both 3; and Bj are larger than dn'/* as well. This implies that

|Eq [ A on/ | Fu| = Eql8; n o0/ (A12)

< Eq [Wj ~Bill{n,, ., i<omrey ‘}—m}

= BQ | MMy, 1Ryt Wot = Wikgr, | <niiny | Fn
j—m—1 4

< 2(EQ[H0,%1])J EqQ[Rov—11(R,, <sni/*}) (EQ[W] + Wumfl) ;

where in the last inequality we used the fact that the blocks of environment between
ladder locations are i.i.d. under the measure (). Since Ry ,—1 < 31, there exists a
constant C' so that Q(Rg,,—1 > ) < Cx~". This implies that

EQ[ROJ_/fll{ROYVilS(Snl/N}] < EQ[Royl,fl] < 00, when k > 1

and Eq[Ro,u—11(R,, ,<sn1/~}] < Clogn when r =1 for some other C. Thus, we
can always bound this expectation by Clogn for some C' > 0. Also, the definition of
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v implies that r := Eg[Ilp,—1] < 1 and (A.3) implies that Eq[W] = Eq[W_1] < co.
Thus, there exists a constant C' so that

EQ {ﬂj A (S?”Ll/l’c | ]:m:| - EQ [ﬂj A 5711/5]

< Clognri~™ Y (14+W, _1),

implying that

|EQ[Sn — S | Fll <7V 3 ‘EQ [Bj A S/~ | fm} — EolB; A ont/x]
j=m+1
<Cn~ Y% logn (1+W,, _1).
Applying Chebyshev’s inequality conditionally, we obtain
Q (ISn — Sl >n|Fn)
< YH|EQ[Sn — Sm | Fmll > 1/2} + Q (ISn = Sm — EQ[Sn — Sm | Fm]| > 1/2)

<1+ Wy 1 > 0¥/ (2CTogn)} + = Varg (Sn — S| Fu).  (A13)
n

To handle the conditional variance in (A.13) we write

Varg (Sp — S | Fm) = n~2/" Z Varg (/Bj ASnt/" | ]-'m)
j=m+1
+207% 3 Covg (ﬂj ASnY*E, B A dnt/* | ]-'m) :

m<j<k<n

(A.14)

Upper bounds on the conditional variance and conditional covariance terms above
can be obtained in a similar manner to the proof of (49) in Peterson and Samorod-
nitsky (2010). One adapts this approach to take into account the conditioning on
Fm, by replacing 3; by B, ;, and then controlling the difference between the two
similarly to what was done above when bounding E[S,, — S, | Fin]. Doing this we
obtain that there exist constants C' > 0 and r € (0,1) such that

Varg (ﬂj A onlt/" |]:m) < C§2rp2/r—1 (1 + ijmflwfm_l)
and
COVQ (ﬁ] A 5n1/’i, Bk; A\ 6n1/'€ |]:m) S 062—Nn2/ﬁ—1 (1 + ,rj—m—lWEm_l) \/rkr——]—l

Using these bounds in (A.14), we see that for some C > 0,

W2
Varg (S, — Sy | Fm) < C6*7 " (1 + Ll) . (A.15)

n
Combining (A.11), (A.13), and (A.15) we obtain
Q(Am N {|Sn = Sm| > n})

1
<QIC'A+W,, _1)>nn'/%/logn) + FCY”‘EQ [Lia, A+ W2 _1/n)]

’ 1/k 1
< Ce=Cmmt/"/logn . FO(SH (Q(Anm) +1/n)

where the constants C,C’ may change from line to line (in the last inequality we
used (A.3) and the fact that W, _; has the same distribution as W_; under Q).

Vm

This gives us the statement of the lemma. O
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