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Abstract. We consider the stochastic ranking process with space-time dependent
jump rates for the particles. The process is a simplified model of the time evolution
of the rankings such as sales ranks at online bookstores. We prove that the joint
empirical distribution of jump rate and scaled position converges almost surely to
a deterministic distribution, and also the tagged particle processes converge almost
surely, in the infinite particle limit. The limit distribution is characterized by a sys-
tem of inviscid Burgers-like integral-partial differential equations with evaporation
terms, and the limit process of a tagged particle is a motion along a characteristic
curve of the differential equations except at its Poisson times of jumps to the origin.

1. Introduction.

A stochastic ranking process is a model of ranking system, such as the sales
ranks found at online bookstores. Let us consider N particles, which we label
by 1,2,..., N, and each of which are exclusively located at one of the positions
1,2,..., N. We denote the position of particle i at time ¢ by XKN)(t), and its initial

3
position by xEN) = XZ-(N)(O). Each particle jumps to position 1 according to its
Poisson clock. When a jump of the particle at position k occurs, the particle moves
to position 1 and the locations of the particles at 1,2,...,k — 1 are shifted by +1.
The figure below is the time evolution at time ¢ when the particles i1, 4o, ...,y are
aligned from left-hand side to right-hand side at time t— and a jump of the particle

at position k occurs.
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position
; 1 2 k—1 k k+1 N
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For example, if N = 4 and (ng), xéN), :vgN), xle)) = (4,1, 3,2), namely, the par-

ticles are aligned in the order of 2,4, 3,1 (corresponding to i1, iz, i3, 4 in the figure)
at time 0, and if the clock of particle ¢ = 3 rings first, then the particles realign in the
order of 3,2,4,1, or equivalently, X(™ () = (X™ (1), x{™V (1), x{M (1), XV (1)) =
(4,2,1,3). Particles whose Poisson clocks rang recently have small X Z-N ’s, and the
others have large Xl-(N)’s. We regard the number for each particle as the particle’s
rank. This system enables us to give ranks to N particles, and we call the time
evolution of the particles given by this ranking system a stochastic ranking process.

In this paper we consider a hydrodynamic limit of the stochastic ranking pro-
cesses whose jump rates depend not only on time but also on their positions. Here
we used the term hydrodynamic limit in the sense that we scale the length so that
the N particles aligned are contained in a (macroscopic) unit length, and take the
limit as the number of the particles N to oco.

A Poisson clock, or a Poisson random measure, is determined by its intensity
measure, which represents how often the Poisson clock rings (i.e. how often the
jumps occur in our model). Our main concern in this paper is to consider mathe-
matically the case where the intensity measures have position dependence as well
as time dependence. Since the position XZ-(N) of the particle 7 is a random variable,
the intensity measure is also random. To avoid mathematical complexity in apply-
ing a general theory of stochastic integration (see Ikeda and Watanabe (1989)), we
introduce a Poisson random measure v;(d¢ ds) on [0, 00) x [0, 00) with the uniform
intensity measure dé ds. We do not give Poisson clocks to each position. Instead,
we incorporate the space-time dependence of the Poisson jumps of the particle i
through a function wEN) (k,t) and denote the number of times the jumps to rank 1
occurred for the particle 7 in the time interval a < s < b by

1 w™ (XM (s—),s Vi(dfds) (11)
/se(a,b] ~/5€[0,oo) £el0w; (X7 (5-),9))

where 15 is the indicator function of an event B. If the jump rate is a constant
wEN)(k,t) = w, then (1.1) is equal to v;([0,w] x (a,b]) which further is equal in
distribution to the Poisson distribution with mean (b — a) w, hence we see that the
function wZ(N) (k,t) works as a ‘density function’ for the intensity measure of the
Poisson random measure representing the random jump to rank 1 of the particle
i. A precise definition of the stochastic ranking processes introduced so far is

summarized in the stochastic differential equation (2.2) of Section 2.
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In taking an infinite particle limit, we scale the ranking (regarded as position).

k—1
We therefore assume wZ(N) (k, t) = wi(T, t) for N =1,2,3,... with some func-

1
tion w; on [0, 1] X [0, 00), and introduce the scaled rank Y;(N) (t) = N(Xi(N) (t)—1).
Consider the joint empirical distribution of w; and the normalized position, given
by

™ _ 1y
N
oy - N Zla(wi’Yi(N)(t)) )

where d. is a unit measure concentrated at c. u.(N) is a stochastic process taking

values in the set of Borel probability measures.
The main result of this paper, stated informally, is the following. Assume that the
initial configuration uéN) converges as N — 0o to a probability measure . Then

u.(N) converges almost surely as N — oo to a deterministic probability-measure-
valued time-evolution p.. Furthermore, for each integer L, the tagged particle
system (Yl(N)(t),YQ(N)(t), . ,YL(N)(t)) converges to a limit process uniformly in
t € [0,T] as N — oo, if the system of the initial scaled positions converges. The
components of the limit are independent of each other. This fact implies that
the propagation of chaos occurs in our model. A precise statement is given in
Theorem 2.2 of Section 2.

The limit of the tagged-particle system is characterized by a stochastic differ-
ential equation which contains a quantity determined by the distribution function
U(dw,y,t) = ps(dw X [y,1)). (See (2.28) and (2.18) of Section 2.) The distribution
function U, and consequently the limit measure p., is characterized by a global
Lipschitz solution to a system of quasilinear integral partial differential equations.
A precise form of the system of equations which characterizes the limit measure is
given in Theorem 2.1 of Section 2.

It has been found that the ranking numbers such as those found in the webpages
of online retails, e.g., the sales ranks of books at the Amazon online bookstore, follow
the predictions of the stochastic ranking processes (see Hattori and Hattori (2009a,
2010); Hattori (2011b,a)). In the ranking of books, at each time when a book is sold,
its ranking spontaneously jumps to small numbers (relatively close to 1), regardless
of how bad its previous position was (large Xl-(N) (t), in our notation), and regardless
of how unpopular (small wEN), in our notation) the book is. The stochastic process
which we consider here: at each time when a book is sold its ranking jumps to 1
instantaneously, is a mathematical simplification of this observation. In view that
the process is a model of such online and in real time rankings of a large number
of items according to their popularity, we call the model the stochastic ranking
processes.

One might guess that such a naive ranking rules of spontaneous jump to 1 at
each sale, as in the definition of the stochastic ranking processes, will not be a
good index for the popularity of books. But with a closer look, one notices that
the well-sold books are dominant near the top position, while books near the tail
position are rarely sold. Though the rankings of each book are stochastic with
sudden jumps, the spatial distribution of the jump rates is more stable. On the
side of bookstores, what matters is not a specific book, but the total of sales. This
observation motivates us to consider the evolution of the joint empirical distribution
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of position and jump rates similarly to the hydrodynamic limit of realistic fluid,
and to prove mathematically the expectation that the spatial distribution of the
jump rates is deterministic at the limit as N — oc.

If the model is independent of spatial position, i.e., if w;(z,t)’s are independent
of x, then the law of the process reduces to that of Hariya et al. (2011, eq. (2)) and
Nagahata (2010, eq. (1)), and the stochastic ranking process with time-dependent
(but position-independent) intensities. Thus our process is an extension of Hariya
et al. (2011); Nagahata (2010) to the case where the dynamics is dependent on the

value of XZ-(N)(t) , 1.e., to the position-dependent case.

If, furthermore, w;’s are positive constants, our process further reduces to the
homogeneous case considered in Hattori and Hattori (2009b,a). A discrete-time
version of the homogeneous case has been known in Tsetlin (1963), and has been
extensively studied and is called move-to-front (MTF) rules in McCabe (1965); Hen-
dricks (1972); Burville and Kingman (1973); Letac (1974); Kingman et al. (1975).
The process and its generalization have, in particular, been extensively studied in
the field of information theory as a model of least-recently-used (LRU) caching
(see Rivest (1976); Fagin (1977); Bitner (1979); Chung et al. (1988); Blom and
Holst (1991); Rodrigues (1995); Fill (1996a); Fill and Holst (1996); Fill (1996b); Je-
lenkovié¢ (1999); Sugimoto and Miyoshi (2006); Jelenkovi¢ and Radovanovié (2008);
Barrera and Fontbona (2010); Hirade and Osogami (2010)), and also is noted as a
time-reversed process of top-to-random shuffling.

In Hattori and Hattori (2009b,a); Hariya et al. (2011); Nagahata (2010), the
explicit formula of the limit distributions of the joint empirical distributions of
scaled position and the jump rate are found in the cases of position-independent
jump rates. The limit is characterized by a solution to a system of inviscid Burgers-
like equations with a term representing evaporation, in the terminology of fluid
dynamics. The limit formula is successfully applied to the time developments of
ranking numbers such as those found in the webpages of online bookstores (see
Hattori and Hattori (2009a, 2010); Hattori (2011b)). Furthermore, convergence of
the joint empirical distributions as a process and convergence of tagged-particle
processes are proved in Nagahata (2010).

In the present paper, we mathematically extend the previous results to the case
where the jump rates are both position and time dependent. A motivation for
an online web-retail store to provide the sales ranks, in their webpages for public
access, would be to give information on the popularity of each products which the
store provides, to attract consumers’ attention on popular products. We extend the
previous results to the case of position-dependent jump rates corresponds to provid-
ing a mathematical framework for considering a possibility of such expected effect
of popular products receiving extra attention and effectively increase their jump
rates according to their rankings. For the case of position-dependent jump rates
which we consider in this paper, the non-locality of the equation characterizing the
limit is inevitable, because of the position-dependence of the jump rate functions.
Hence, we need to consider a harder problem of a system of integral-differential
equations compared with the previous cases.

The plan of the present paper is as follows. In Section 2 we give a mathematical
formulation of the stochastic ranking process with space-time dependent intensities
and state the main results. In Section 3 we prove Theorem 2.1, and in Section 4
we prove Theorem 2.2.
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2. Formulation and main results.

The precise formulation of the stochastic ranking process which we consider in
this paper is as follows.

Let {v;(d€ds)}i=1,23,... be independent Poisson random measures on [0,00) X
[0,00) with the intensity measure déds. Let W be a set of non-negative valued C'*
functions

w: [0,1] x [0,00) = [0, 00),
such that, for each T" > 0,

R, (T) := sup sup max{w(y, t),
weW (y,t)€(0,1]x[0,T]

%—;U(y,t)‘} <oo.  (21)

Let w;, i = 1,2,... be a sequence in W, and for a positive integer N, put
k—1
w™ (k1) = wi(—= ), k=12, N, t€[0,00), i=12...N.
Also, let :vgN), :véN), e x%v) be a permutation of 1,2,..., N. Let (Q, F, P) be a

probability space, and define a process
XM = (x™ L x(M)
by
xM(t) = 2N

N
" Z; /se(o ) /£6[0 o) LX) x5y Leelowt™ (X[ (500 ¥ (0615)
= Jacon Jeen,

+/ / (1- XM (s-)1 (V) (V) oy, VildEds),
s€(0,4] Je€[0,00) §€[0,w; (X7 (s—),9))
i=1,2,....N, =0,

where, 1p is the indicator function of event B. The integrands in the (2.2) are
predictable, hence the right hand side of (2.2) is well-defined as the Ito-integrals
(see Tkeda and Watanabe (1989, §IV.9)).

As mentioned in Section 1, the function w; on [0,1] x [0,00) is introduced to

control the jump rate of X (

(2.2)

Z-N). Indeed, the mass of v;(d€ds) on the complement of
[0,w;) x (0,¢] is ignored on the right-hand side of (2.2).

XWM)(#) is a permutation of 1,2,..., N for all ¢ > 0, which we regard as ranks
or positions of particles 1,2,..., N at time t. Moreover, for i« = 1,2,..., N, and
t > 1o z 0, let

Ji(N)(tmt): / / 1 (N) (5 (N) yz(d5d5)>0 ) (23)
s€(tot] Je€[0,00)  SEOWi (X (57):9))

Then, the last term on the right hand side of (2.2) implies that J(N)(to, t) denotes

3
the event that the particle ¢ jumps to the top position (Xi(N)(s) = 1) in the time
interval (to,?]. In other words, the last term of (2.2) represents the definition of the
stochastic ranking process that the particle ¢ jumps to the top rank Xl-(N)(t) =1
with jump rate determined by wEN). Also, the second term on the right hand side

of (2.2) implies that on the complement Jl-(N) (to,t)¢ of Jl-(N) (to,t),
XM (s) = xM(s=)=0 or 1, (2.4)
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for tg < s < t, where the latter occurs if and only if a particle k& at tail side
(X,gN)(s) > Xi(N)(s)) jumps to top at time s. In other words, the second term of
(2.2) represents the increase in the ranking number of particle ¢, when the other
particles at the lower rank (larger ranking number) jumps to rank 1.

We introduce the normalized position for each particle ¢ at time ¢

(1) = (XM () - 1) (25)

and consider the joint empirical distribution of jump rate and normalized position,
given by

N
v _ 1

=N Z} Ol ¥ e (26)

(We will denote a unit measure on any space by d..) For each T' > 0, ,ugN), t €1[0,T],
is regarded as a stochastic process taking values in the set of probability measures
on C10([0,1] x [0,T]) x [0,1]. Here C*°([0,1] x [0,T]) is the total set of functions

0
f € C(]0,1] x [0,T]) such that 8—5 € C([0,1] x [0,T7]). Since C*9([0,1] x [0,T1]) is

a Polish space with norm

ow
s ol (G200 }
(y,t)€[0,1]x[0,T] Y

so is C1([0,1] x [0,77]) x [0, 1] (see Bauer (2001, Example 26.2)). We assume a stan-
dard topology of weak convergence of probability measures on C*([0, 1] x [0,T7]) x
[0,1].
To prove convergence of measures, we work with a distribution function. For
each integer N define
N

N _ ) _1
U( )(dw7y7 t) = My (dw X [y7 1)) - N Zl 1Xi(N)(t)ENy+1 5wi (d’LU) ) (27)
0<y<1,t>0.

For each (y,t), UN)(-,y,t) is a Borel measure on W. Note that UWN)(dw,y,t) is
non-increasing in y and satisfies

/U(N)(dw,y7t):M, 0<y<1,t=0, (2.8)
W N

where, for real z, [2] is the largest integer not exceeding z.

As an analog of the corresponding results in Hattori and Hattori (2009a); Hariya
et al. (2011), the infinite-particle scaling limit U of UN) turns out to be character-
ized by a system of inviscid Burgers-like integral-partial differential equations with
evaporation terms. Denote the set of ‘boundary points’ and of ‘initial points’ by

Iy = {(0,0) | to 2 0}, (2.9)
and
Ly = {(y0,0) [0 = yo = 1}, (2.10)
respectively, and put
F=r,ul;. (2.11)

Also, for t 2 0 put
I, = {(yo,to) el | to § t} =TI, u {(O,to) | 0 § to § t}. (212)
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Theorem 2.1. Let X be a Borel probability measure on W, and p: W x [0,1] —
[0,1] be a non-negative Borel measurable function continuous in y, such that

8—p(w, y) exists for almost all y, is bounded, satisfying
)
dp
a—(w,y) <0, for almost all (y,w) € [0,1] x W, (2.13)
Y

p(w,0) = 1 and p(w,1) = 0 for w € W. Define a Borel measure on W with
parameter y € [0,1] by

Uo(dw,y) = p(w,y) A(dw), y€[0,1], we W. (2.14)
In particular, Up(dw,0) = A(dw). Assume also
Uo(W,y)=/ Up(dw,y) =1—-y, 0Sy=1. (2.15)
w

Then there exists a unique pair of functions
yo o {(v,t) €T x[0,00) [y €T} —[0,1],

and U = U(dw,y,t) on [0,1] x [0,00) taking values in the non-negative Borel mea-
sures on W such that
: dyc :
(i) yo(v,t) and W(%t) are continuous,
(i) for each t >0, yo(-,t): Ty — [0,1] is surjective,
(iii) for all bounded continuous h : W — R, U(h,y,t) := / h(w)U (dw, y,t)
w
is Lipschitz continuous in (y,t) € [0,1] x [0,T] for any T > 0, and non-

increasing in vy, and

(iv) the following (2.16), (2.17), (2.19), and (2.20) hold:

yo(v,to) = yo and U(dw,yo,to) = Uo(dw,yo), ¥ = (yo,t0) €T, (2.16)
t
U(h7y0(’77 t)at) = UO(h7y0) - V(h7y0(/77 S)? S) dS, t z th Y= (yf)u to) S Pu
t
’ (2.17)

for all bounded continuous function h: W — R, where

Ulh,y,t) = /W h(w)U (dw, y, 1),

and
! ow
Vihyt) = [ hw) w0 Uldwyt)+ [ [ hw) G260 U@z e

(2.18)

and
Ove . n—v 1), t=to, 7= (yo,to) €T 2.19
7(% ) =V(@w,yc(v,t),t), t=to, v=(yo,t0) €T, (2.19)

where 1w (w) =1 for all w € W, and

Ulw,y,t)=1-y, 0=y=1,t=0. (2.20)

<
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The claim (2.20), together with continuity and monotonicity of U, implies that
U determines a Borel probability measure p; on the direct product W x [0, 1] with
parameter ¢ by

U(dw,y,t) = p(dw x [y,1)), 0y =1, t=0. (2.21)

If U(h,y,t) in Theorem 2.1 is C* in a neighborhood of (y,t) € (0,1) x (0,00),
then differentiating (2.17) by t, using (2.19), and noting that yo(-,t) : Ty — [0,1]
is surjective, we have

U oU
—(h t t) —(h t)=-V(h t 2.22
ot ( » Ys )+V(1W7ya ) ay ( 'Y ) V( 'Y, )a ( )

where V' is as in (2.18). yc in (2.19) determines the characteristic curves for (2.22).
In terms of Bressan (2000, §3.4), we can therefore say that Theorem 2.1 claims
global existence of the Lipschitz solution (broad solution which is Lipschitz contin-
uous) to the system of quasilinear partial differential equations (2.22), with com-
ponents parametrized by (possibly continuous) w. To be more precise, we have
extended the definition in Bressan (2000, §3.4) of Lipschitz solution for (2.22) to
the non-local case (see (2.18)), and for the case where V(1w ,y,t) in the left-hand
side of Theorem 2.1 is common for all h. We have also generalized the notion of
domain of determinancy defined in Bressan (2000, §3.4), which in the present case
corresponds to

{(y, 1) €[0,1] x [0,00) | y 2 yc((0,0), 1)},
to the domain determined by boundary conditions

{(yat) € [Oa 1] X [0,00) | Yy < yC((Ovo)at)}v
with initial data U(h,-,0) = Uy(h,-) and the boundary condition U(h,0,t) =
Uo(h,0), t 2 0, as obtained in (2.16).

As an example, where the jump rates are finitely many space-time constants,
we can identify W (the space of jump rate functions) with the finite set of the
constant jump rates W = {w® w® ... w} for some positive integer A, and
the distribution of the jump rates UO( , ) = A(+) can be identified with

A
A= 16,0, (2.23)
a=1
A
for some positive constants 7(*), a = 1,2,..., A, satisfying ZT(“) = 1. In this
a=1
example, (2.22) reduces to
oU, ouU,
a — (@)
5 Wt +Zw Un(y, 1) =5, w:1) = —w'“Ua(y, 1), (2.24)

where we wrote U, (y,t) = U(ha,y,t) and Vo(y,t) = V(ha,y,t) = w®U,(y,1).

Here, h, : W — R is defined by he(w'®) = 1 and he(w®) = 0, if b # a,
A

where we identified W with W. In particular, Z ha = 1w, so that V(1w,y,t) =

a=1
A

> w0, (y, b).

a=1
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The example of the limit distribution determined by (2.23) can be realized from
the stochastic ranking process as follows. To simplify the notation, we give the

case A = 2 and r® = € for positive integers p and ¢ satisfying p > ¢. Given

1 2 1, consider the decomposition i = mp + r, where m and r are non-negative
integers satisfying 0 < r < p. Then let w; = Wy, ptr = w for m = 0,1,2,...
and r = 0,1,...,¢ — 1, and w; = Wy ptr = w® for m = 0,1,2,... and r =
q¢,q+1,...,p— 1. This determines the jump rates for all the particlesi =1,2,.. .,
hence, with an initial configuration (z1,xa,...,2y) the stochastic ranking process
is defined. We see that the limit Uy(-,0) = A(-) of the distribution of jump rates is

_ 4

given in this example by (2.23) for A = 2, () and 7@ =1 - %, An extension

to general A and (r(l),r@), . ,T(A)) should be clear.

If A =1 and the right hand side of (2.24) is 0, the partial differential equation
is known as the inviscid Burgers equation, in the terminology of fluid dynamics. In
terms of fluid dynamics, the right hand side of (2.24) could be interpreted as the
evaporation of the fluid. That this term is equal (with A = 1) to the negative
velocity of the fluid, the coefficient to the y-derivative of U in the left hand side
of (2.22), implies that the motion of fluid is fully driven by the evaporation. This
intuitively implies that there are no ‘shock waves’ in our model (see Hattori and
Hattori (2009a)). This is perhaps in contrast with a general interest where Burgers
equations are noted for the existence of shock waves.

The case of constant jump rates (2.24) can be solved explicitly by using charac-
teristic curves (see Hattori and Hattori (2009a)). The results of the case that the
jump rates are time-dependent, i.e. the jump rates w(® are changed to the func-
tions w® (t) in (2.24), which also can be solved by using characteristic curves, and
the solution is given in Hariya et al. (2011). For the case (2.22) which we consider
in this paper, the non-locality of interaction is inevitable, because of the position
dependence of the jump rate functions. Hence, we need to consider a harder prob-
lem of a system of differential-integral equations compared with the previous cases.
In fact, the case corresponding to (2.24) with position dependence on w® leads to
(assuming regularity on solution)

A 1 1
aU, aU, aU, aU,
a _ (b) Y a - (a) a
TAUCRY / W (2,) G (o) de T (311 / W (z,1) 52 (2, 1) d.

(2.25)
Though we have no hope to obtain solutions explicitly, we will show in Section 3
that we can nevertheless prove uniqueness and existence of the global solution,
using the characteristic curves yc.

Now we give a norm of measures in order to state the limit theorem. Let || - ||var
be the total variation norm for Borel measures on W, i.e. for a signed measure p
on W define ||p||var by

||M||Var = /14+(W) +p (W)a
where p+ and pu~ are the positive part and the negative part obtained by Hahn-
Jordan decomposition of u respectively.

We consider a scaling limit of the stochastic ranking process as N — oo, the
limit for the number of particles to infinity. The result obtained in this paper is
a non-trivial limit theorem of the law of large numbers for dependent variables.
A non-trivial dependence is suggested by the fact, which we state in the following
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Theorem, that the limit distribution satisfies (2.17) or more intuitively, non-linear
equations (2.22). The previous results in Hattori and Hattori (2009b); Hariya
et al. (2011) are also the law of large numbers for dependent variables, but in the
previous results, where the jump rate functions are independent of spatial positions,
a special combination of quantities (U (B, YC(vN) (yo, to, ), t), in terms of notations
in Section 4, turns out to be a sum of independent random variables. However, the
position-dependence of jump rates, as considered in the present paper, implies that
the dependence of random variables are built-in in the model, so that the proofs
in Hattori and Hattori (2009b); Hariya et al. (2011) do not work in the present
case. Inspired partly by Nagahata (2010), where the case of finite types of position
independent particles are proved (see Nagahata (2010, Prop. 1.1 and Thm. 1.2)),
we extend his result to our position-dependent case, and obtain a convergence of
empirical distribution and also the limiting dynamics of fixed finite particles (tagged
particles) for the case of jump rate functions with space-time dependence as follows.

Theorem 2.2. Assume that with probability 1,
lim sup ||U(N)(7y7 O) - UO('ay)”var =0, (226)

N—=00yelo,1)

where Up(dw,y) satisfies all the assumptions in Theorem 2.1. Then the following
hold.

(i) With probability 1, for all T >0,

lim sup ||U(N)(a yvt) - U('vya t)”\/ar - 07
N=0 (y,1)€[0,1) % [0,T]

where U is the solution clatmed in Theorem 2.1.
(ii) Assume in addition that,

1
lim Nx(N) =y, i=1,2,...,L, (2.27)

N—o00
for a positive integer L and y; € [0,1), i = 1,2,..., L. Then, with proba-
bility 1, for all T > 0, the tagged particle system

W), vy ), v ()

converges as N — oo, uniformly in t € [0,T] to a limit (Y1(t),Ya(t),...,
Y. (t)). Here, for each i =1,2,...,L, Y; is the unique solution to

Yilt) =y + / (1w, Yi(s—), s)ds

/ / =) Lec(o,wi(vi(s—),s)) Vi(dEds),
(0,t] J€€[0,00)
where, V' is as in (2.18).

(2.28)

<

Theorem 2.2 implies propagation of chaos for the stochastic ranking processes.
For each N all of {Yi(N)} are random and interact with each other and U™) (dw, y, )
is also random. However, the limit U(dw,y,t) is deterministic. Furthermore, the
randomness of the limit process Y; of the tagged particles depends only on its own
Poisson random measure v;, and is independent of Y or v; with j # . Indeed, in

the proof of Theorem 2.2 (Section 4) we focus at martingale terms M [(]N) and Mi(N)
(definitions are in (4.8) and (4.29), respectively) and show that they converge to 0
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in sense of square martingales. This implies that the fluctuation disappears as the
number of particles goes to infinity. In this sense, Theorem 2.2 can be regarded as
a law of large numbers.

We give one more remark on Theorem 2.2. By taking the role of V for y¢ into
account, we have that the tagged particle Y; in the limit system behaves just as the
characteristic curve yc((y;,0), -) before the particle’s own jump occurs. So, we can

approximately know yc by checking the behavior of one particle Y;(N) in the N-

particle system. Note also that a discrete correspondence YéN) of the characteristic
curves y¢ is defined in (4.1), which has been a key quantity of the limit theorems
since Hattori and Hattori (2009b).

When {w;;i = 1,2,3,...} is a finite set of W, because of Proposition 5.1 in
Appendix, we obtain the following corollary easily.

Corollary 2.3. When w; € {0, € Wi;a = 1,2,..., A} fori = 1,2,3,..., the
assumption (2.20) of Theorem 2.2 is relaxed as follows:

lim UM ({wa},y,0) = U({wa},y,0), for each y € [0,1)

N—o00

with probability 1 for a =1,2,..., A.

3. Proof of Theorem 2.1.

A basic idea of the proof of existence of the solution U(dw,y,t) is, as in the
standard quasilinear partial differential equations (see Bressan (2000)), to construct
the solution along a characteristic curve y = yc(7,t), which is a curve that a
‘fluid particle’ starting from an initial point v moves along under the dynamics
of the partial differential equation. For each starting point v we put f(yo,t) =
yo(v,t), if the starting point is in the initial line ¢ = 0; and put v = (yo,0)
or g(to,t) = yo(v,t), if the starting point is in the boundary, ie. v = (0,%g)
(see (3.21)). Since we deal with differential-integral equations containing non-local
terms (for terms with integration, see (2.18)), the characteristic curves are not
obtained explicitly. This makes the argument technically complicated, and much
of the argument in this section deals with existence proof of the characteristic
curves yo by using iteration methods, and derivation of basic properties of yo. In
particular, g(to, t), the characteristic curve starting from the boundary, is dependent
on all the other characteristic curves. Hence we need to prepare some lemmas before
proving existence of g(to,t) in Lemma 3.4. Once y¢ is proved to exist, we are more
or less along a standard line to find ¢(dw,~v,t) = U(dw,yc(7,t),t) the solution
observed along the characteristic curve (see (3.25)).

Consider first the case (yo,to) € I';, namely, the case o = 0.

Lemma 3.1. There exists a unique C' function f : [0,1] x [0,00) — [0, 1] which
satisfies

ﬂ%ﬂzl+/

w
ye[0,1], t 20,

([ 52w el [ wtrienstoonas) iz itauno), g

where p and Uy are as in the assumptions of Theorem 2.1. <
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Proof. For k € Z,, define fj, : [0,1] x [0,00) — [0, 1] inductively by

foly,t) =1+ /W ( / 02 0,2) expi- / tw(as)ds)dz) Us(dw, 0),

" Srr1(y, 1) o1 .
+ /W </y a_f(w,z) exp(—/o w(fr(z,5),5)ds) dz) Uo(dw, 0), (3.2)
keZs.

Assume that fj is continuous and takes values in [0, 1]. Then (3.2) is well-defined.
This with (2.13) implies fr+1 < 1. Similarly, using also (2.14) and (2.15),

Sre1(y,t) ) )
> 1+/W</y %(w,z)dz) Uo(dw,O)_1+/W Uo(dw,l)—/WUo(dw,y) _y

= 0.

0
By assumption of Theorem 2.1, —p(w,z) is bounded almost surely, hence (3.2)

implies that fry1 is continuous. By induction, fj is continuous and takes values in
[0, 1], for all k.

For k € Zy, put Fy(y,t) = |fr41(y,t) — fu(y,t)|. Then, using (2.1) and the
assumptions of Theorem 2.1 as above, we have

1 t
Foa () < Rw(T)/ / Fu(z,s)dsdz, ye[0,1], te[0,T], k€ Zy, (3.3)
y 0

for any T' > 0. Since all fi’s are continuous and take values in [0, 1], F, k = 1,2,.. .,
are also continuous and take values in [0,1]. Then it holds by the argument of
Bressan (2000, §3.8, Lemma 3.4), that

0 < Fi(y,t) S e2eMio=k e (0,1], t €[0,T], k € Zy. (3.4)

In fact, since Fy takes values in [0, 1], (3.4) holds for k = 0. Assume (3.4) holds for
some k. Then (3.3) implies

1 t
Fri1(y,t) < 2*ka(T)/ / e w(M)s gg < 2Ru(Ditg=k=1 "<y <1, 0 € [0,T].
Yy 0

By induction, (3.4) holds for all k € Z,. In particular, fo(y,t) + ZFk(y,t)

k=0
converges uniformly in (y,t) for any bounded range of t. Hence, fi(y,t) = fo(y,t)+
k—1

Z(fj+1(y, t) — fj(y,t)) converges as k — oo to a function, continuous in y and ¢.
=0

Let
fly, 1) = lim fi(y,t), y€[0,1], t 0.
Then (3.2) implies that f satisfies (3.1). Also, 0 < f < 1 implies
0= fly,t)=1,0=y=1,¢t=0. (3.5)

The right hand side of (3.1), with the assumptions in Theorem 2.1 implies that
fy.t)is CL.
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Next, we prove the uniqueness. Suppose for i = 1,2, (@ : [0, 1] [0,00) — [0, 1]
are continuous functions which satisfy (3.1). Then |f 1)(y 0) — f@(y,0)| = 0 and,
as above, for each T > 0,

D, t) = fD (0] £ Ru(T) [, o 1FO(z,8) = fP(z,5)| ds dz,
yel0.1], tefo,1],

which implies f() = (), O
Next, consider the case (yo,to) € I'p, namely, the case yo = 0.

Lemma 3.2. For each continuous function g : {(s,t) € [0,00)> | 0 £ s < t} —
[0,1], there exists a unique non-negative function n: W x [0,00) — [0,00), inte-
grable with respect to Up(dw,0), continuous in the second variable, which satisfy,
for each w e W,

0w, t) = / n(w, u) w(G(u, 1), £) exp(~ / w(§(u,v),v) dv) du

1 ¢
- @(w,z) w(f(z,t),t) exp(— | w(f(z,v),v)dv)dz, (3.6)

t=0,

where p is as in the assumption of Theorem 2.1, and f is the function given by
Lemma 3.1.
Moreover, it holds that

/Ot”(“”“) exp(— Ltw(é(u,v),v) dv) du
=1+ /01 %(w,z) exp(— /Otw(f(z,s),s) ds) dz.

In particular, for any T > 0, there exists C(T) > 0, which is independent of g, such
that

(3.7)

0= [ nw,t) Un(dw.0) £ C(T), 0S¢ < T. (3.8)
w
&

Proof. Define a sequence of continuous functions 7, : W x [0,00) — [0,00), k =
0,1,2,..., inductively, by

no(wvt):()a ’IUGVV, tZOa

and
t t
1) = [ w0 w(g(u0),0) expl- / w(G(u,0),v) dv) du
2 e -/ pays
2 w, z ) exp ; w( v
For k € Z4 put Hy(t / i1 (w, t) — ni(w,t)| Up(dw, 0). Non-negativity of

w € W and (2.1) imply

t
Hysa(t) < Rw(T)/ Hy(uw)du, 0t <T.
0
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Bressan (2000, §3.8, Lemma 3.4) implies that there exists a positive constant C'(T")
such that

Hy(t) < O(T) 2%, 1€ 0.7], ke 2,
hence, as in the proof of Lemma 3.1, n(w,t) = lim Nk (w, t) exists, is continuous,
non-negative, and satisfies (3.6). Integrability 1nduct1vely follows from (3.9) by

sup / N1 (w, t) Up(dw, 0)
t€[0,T]

< Ry sup / / i (w, u) du Ug(dw, 0)

te[o 7]

o [ [ ()

= Ry(T) sup //nk(w u) duUp(dw,0) + R, (T),

te[0,T) 0
where we also used (2.13), (2.14) and (2.15).
Next, we prove the uniqueness. Suppose for i = 1,2, n(® : x [0,00) —

[0,00) are functions, continuous in the second Varlable and satlsfy (3.6). Then
In™ (w,0) — 1 (w,0)| = 0 and, as above, for each T > 0,

|77(1)(w,t) —77(2)(10 t)] < / In 1) (w, s) (w,s)|ds t €10,T],

which implies (") = n(®),
Changing the variable ¢ in (3.6) to s, and then integrating from 0 to ¢, and
changing the order of integration in the first term on the right hand side, we have

which, with p(w,0) =1 and p(w, 1) = 0, proves (3 7).
and (2.1), together with (w z) £ 0, p(w,0) = 1 and

p(w, 1) =0, we see that

Combining (3.6 5s

/W (w, 1) Up(dw,0) = Ry // w,w) Up(dw,0) du + Ry, (T).

Bressan (2000, §3.8, Lemma 3.4) again implies that there exists C'(T') > 0, inde-
pendent of g, such that / n(w,t) Up(dw,0) S C(T), 0S¢t < T. O
w
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Corollary 3.3. For i = 1,2, let n; be n in Lemma 3.2 with g; in place of g,
respectively. Then, for each T > 0 there exists a positive constant C(T) such that

t
/ I (w,£) — o, £)| Un(duw, 0) < C/(T) / sup g1 (4, ) — ga(u,0)| du. (3.10)
w 0 veu,T)
&
Proof. Put
80t) = [ () = ()| Vo, 0
w

and

Ag(u) = sup |g1(u,v) — g2(u,v)|.
veE[u,T)

Lemma 3.2, in particular, (3.6), (3.8), and (2.1), implies that
An(t) < C(T) /Ot An(u) du+ Co(T) /Ot Ag(u)du, t €[0,T],
for each T" and for positive constants C;(T), i = 1,2. Hence
A 2 Ca(r) [ D00 8g(5)ds £ Con T [ gl i

which implies (3.10). O

A

Lemma 3.4. There exists a unique C* function g : {(s,t) € [0,00)2 | 0 < s
t} — [0,1] such that

g(s,t) _1+/ / 5, (W 2) exp(— / w(f(z,u),u) du) dz Up(dw, 0)
/ / (w, u) exp(— / w(g(u,v),v) dv) duUps(dw,0), (3.11)

0Ss<

Here, f(s,t) is defined in (3.1) and n is the function given by Lemma 3.2 with g in
place of g. &

Proof. For k € Z, define a sequence of functions, g and 7y, inductively by go(s,t) =
1,0 < s <t, and, for k € Z,, n the function 7 in Lemma 3.2 with g in place of
g, and

g (5,1) _1+/ / (w, 2) exp(— /t(f(z,u),u)du)dzUo(dw,O)

//nk u) exp(~ / w(g(u,v),v) dv) du Uy (dw, 0), (3.12)

0Ss<t.

Note that (2.13) and n(w, z) = 0 implies gi(s,t) < 1, and that (3.7) and (2.15),
with ng(w, z) = 0 imply

1—gr(s,t) < /W p(w,0) Up(dw,0) = 1.

Hence by 0 < gi(s,t) £ 1, ny is well-defined.
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Put Agr = |gk+1 — gx| and Ang = |ng+1 — nk|. Repeating the arguments in
Lemma 3.1 or Lemma 3.2, we see that (3.12) implies, with (3.8),

s s t
Agk+1(s,t)§/ / Ang(w, w) dqu(dw,O)—l—Cl(T)/ (/ Agk(u,v)dv)du,
w Jo 0 u
for 0 £ s <t < T, where C1(T) is a positive constant. Putting Gi(s) =
,t

sup Agg(s,t), we have, with Corollary 3.3,
te(s,T)

Gron(s) §CQ(T)/;(/Oqu(v)dv)du—i-TCl(T)/os G () du
(@) +GENT [ Gutudu,

where C3(T) is a positive constant. As in the proof of Lemma 3.1 or Lemma 3.2, this
implies that the limit g = klim gk exists and is continuous. Also, 0 < gx(s,t) <1
— 00

implies
0=g(s;t)=1,t=s20. (3.13)
Then n = klim Mk also exist and are continuous, and these functions satisfy (3.6)
—00

with g in place of §, and (3.11). C* properties follow from the right hand side of
(3.11), and uniqueness also follows as in the proof of Lemma 3.2. O

Corollary 3.5. The following hold.

f(y7 0) =Y, Y& [07 1] (314)

g_j(y’t) > 0, %(y,t} =0, (y,t)€][0,1] x[0,00). (3.15)
%%aﬂ—oa%%&ﬂEO,Oését (3.16)
g(t,t)=0, t=0 (3.17)

9(0,t) = f(0,%), t =0 (3.18)

o

Proof. The claims on f, (3.14) and (3.15), are consequences of (3.1) and the assump-
tions in Theorem 2.1. The only perhaps less obvious claim is that the derivative of
f in y cannot be 0 in (3.15), which follows from (2.13) and (2.1), with

of

—(y,t

8y@’) , ;

z _e_T Rw(T) / _p(w7y) Uo(dw7 O) = _e_T Rw(T)_UO(1W7y) = e_T Rw(T)
w Oy dy

> 0.

Differentiating (3.7) with g replaced by g,

n(wa t) - 77(107 u) w(g(u, t)v t) exp(— / w(g(uv ’U), ’U) d’U) du
0 u (3.19)

= — 1%wzwz ex_tw 2 5).5)ds) dz
B /0(92(’) (f(z,1),1) p(/0 (f(z,5),s)ds)dz.
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Integrating (3.19) over W with measure Up(dw, 0), and recalling that 7 and w € W
are non-negative, and using (3.1) and (3.15),

n(w, t) Up(dw, 0)
¢
/ / (f(z,1),t) exp(—/ w(f(z,s),s)ds)dzUp(dw,0) (3.20)
0
815 20.
Differentiating (3.11) by s and using (3.20), we then have

gg(s t) = /W n(w, s) exp(—/S w(g(s,v),v)dv) Uy(dw,0) < 0.

Similarly, differentiating g(s,t) by ¢t and using (3.11) and (3.15),
99 of

t) = 0,t 0.
Bt( )2 Bt( )2

The rest of the claims are obtained easily. Indeed, (3.17) follows from (2.15),
(3.11) and (3.7), and (3.18) from (3.11) and (3.1). O

We are ready to define the characteristic curves y = yo(v,t) for (2.22). For

v = (yo,to) € T and t = ¢y, put
L f(yo,t) if vyely, ie,ty=0,
ye(nt) = { g(to,t) ifyely, ie,y =0. (3.21)

Note that (3.18) implies that (3.21) is well-defined on (yo,to) = (0,0) € T; N T.
Lemma 3.1 and Lemma 3.4 imply continuity of yo(7,t), and C! property in t. (In
fact, it is also C' in (7, t) except on y = y((0,0),¢).) Also, (3.14) and (3.17) imply
the first equality in (2.16).

Note also that, for each t = 0, yo(-,t) : Ty — [0, 1] is surjective. In fact, f and
g are continuous, (3.14) and (3 la) imply f(1,¢) = f(1,0) = 1. These and (3.17)
and (3.18) imply that yc is surjective:

{yc(v,t) [y € T'e} =[0,1].

Note that (3.15) implies that there exists a unique C*, increasing, one-to-one
onto inverse function f : [f(0,¢),1] — [0,1] of f(y,t) with respect to y. For
y < ye(0,0,8) = £(0,¢) = g(0,#) we define g : [0, 9(0,)] = [0,¢] by

3(y,t) = inf{s 2 0| g(s,1) = y}. (3.22)

Since, as noted above, g(-,t) : [0,t] — [0,¢(0,t)] is surjective, § is well-defined,
and since ¢ is continuous, g(§(y,t),t) = y. Also (3.16) implies that §(y,t) is non-
increasing with respect to y. Put

ﬁ(y,t) — { (f(y,t),O) el if f(07 )

t b
(0,4(y, 1)) eTyNTy 0=y ' (3.23)

The definition implies

yC(ﬁ/(yat)ut) =Y, Y& [07 1]7 and ’?(yC(th)ut) =7, 7€ 1—‘1 (324)
Note that the second equality may fail on v € T'.
For ¢t = 0, define a measure valued function

o(dw,-,t): Ty — [0,00)
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as follows. If v = (yo,0) € T,

o(dw,vy,t) == —/ %(w,z)exp(—/o w(f(z,8),s)ds)dzUy(dw,0),  (3.25)

Yo

where f is as in Lemma 3.1; and if v = (0,%0) € Iy, N Ty,
p(dw, 7, 1) t
_ dp
= —/Ot a(w,z) exp(—z) w(f(z,$),s)ds)dzUy(dw,0) (3.26)
0
+ [ ntwwyess(= [ wlgtuv),v)d) dutio(d,0),
0 u

where, f is as in Lemma 3.1, and n and g are as in Lemma 3.4. Let
o(h, v, 1) 2=/ h(s) p(dw,,t)
w

for a continuous bounded function h, v € I and ¢ € [0, 00).

Proposition 3.6. The following hold.

yc(%t) =1- SO(]-Wa’%t) =1 _/ Sp(dwf%t)v Y S Ftu t Z 0. (327)
w
@(dwvva tO) = Uo(dwa yo)a Y= (yO,tO) el (328)

For bounded continuous h: W — R and t > 0,

1
0010 = [ / 0 Wy 0, 0,) 5 (s (0),0) = Unldw, 0), (o
0 é Yo § 15

and
9$wmmm»w—%§m4am@
—/ tow(yc((O,U),t),t)a—@(h,(O,u),t)duUO(dw,o), (3.30)
w Jo ou
0<iy<t.

<

Proof. The definitions (3.21), (3.25) and (3.26), with Lemma 3.1 and Lemma 3.4
imply (3.27), and (3.28) follows from (3.7), (3.25) and (3.26). The definitions (3.21)
and (3.25) imply that both hand sides of (3.29) are equal to

1 ¢
[ ww) [ S 2wl eat).0) expl [ w(f(z09).5) ds) d= Uyl 0)
w Yo (92 0
Similarly, (3.21) and (3.26) imply that both hand sides of (3.30) are equal to
¢
—(h t
2% (1, 0,0),1)

- Wh(w)Aon(w,u)w(g(u,t),t) exp(—/u w(g(u,v),v)dv) duUy(dw,0).
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For (y,t) € [0,1] x [0, 00) put

coono=sawan={ USRS (BI5EL oo
where 4 is defined in (3.23).
Theorem 3.7. It holds that
o(dw,~v,t) =U(dw,yc(v,t),t), v€T, t=0. (3.32)

Furthermore, for bounded continuous function h : W — R, U(h,-,-) : [0,1] x
[0,00) = [0,00) is Lipschitz continuous in (y,t) € [0,1] x [0,T] for any T > 0, and
satisfies the second equality in (2.16), (2.17), (2.19), and (2.20). <&

Proof. For v € T, (3.32) follows from (3.24). The point is the case v € T, where
ye((0,8),t) = g(s, t), as a function of s, may fail to be one-to-one. Suppose g(s,t) =
g(s',t) for some s and s’ satisfying 0 < s < s’ < ¢t. Then (3.11) and non-negativity
of n(w,u) implies

/

s t
/ n(w, u) exp(—/ w(g(u,v),v)dv)du =0, Up(dw,0)-almost surely.

Hence (3.26) implies p(dw, (0, s'),t) = ¢(dw, (0, s),t). On the other hand, the first
equality of (3.24) implies

yo(i(ye (1, 1), 1), t) = ye(1,1), v € T,
Therefore, p(dw, ¥ (yc(7,t),t),t) = p(dw,~,t), with which (3.31) implies

U(dw,yc(y,1),t) = p(dw, 3 (yc (7,1), 1), 1) = p(dw, 7, 1),
so that (3.32) holds.

The Lipschitz continuity of U(h,y,t) for f(0,t) Sy < 1,0 =t < T is obvious,
since the definitions (3.31), (3.25), and the definition of f stated just before (3.22)
imply that U(h,y,t) is C*. To prove the Lipschitz continuity of U(h,y,t) for
02 g(0,t) = f(0,t) Sy <1,0 =<t ST, let (y,t) and (y/,t) be 2 points in
this domain. Use (3.31) to decompose

U(h,y',t) = U(h,y,t)|

= le(h, AW 1), 1) = (AW 1), D + [e(h, AW 1), 1) — o (h, Ay, 1), 1)].
Since by definition (3.26) ¢(h,~,t) is C* in ¢, the first term on the right-hand side
is bounded by a global constant times |[t' —t|. To evaluate the second term, let M
be a positive constant such that |h(w)| £ M, w € W, and denote by hy and h_ the
positive and negative part of h, respectively, so that h = hy —h_, 0 < hye < M.
Definitions (3.23) and (3.26), and the non-negativity of 1 imply

o (h, 5 yt)t el A D.01
/q(y / n(w, u) exp(— /u w(g(u,v),v)dv) Uy(dw,0) du

/tq(ly;/ /W 1w (w) n(w, u) exp(— /utw(g(u,v),v)dv) Uo(dw, 0) dul,

which, by (3.23), (3.26), and (3.27), is equal to

<2M
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2M |yc(Y(y', '), t) — yo (Y(y, t), t)].

This with (3.24) implies

|(p(h,’?(y/,t/),t) - Sp(haﬁ/(yut)?t)l
S2M lye(3(y', ), t") —yc (Y 1), ) + 2M lyc (3(y', '), ') — ye (3 (y, 1), )]

=2M |yc(3(y', 1), t') —ye (Y (W', '), )| + 2M |y — y|.

Since yc(7,t) is O in t, we have the global Lipschitz continuity.

The property (2.20) follows from (3.27) and (3.24). The second equality in (2.16)
then follows from (3.28), (3.32), (3.32), and the first equality in (2.16). (Note that
the first equality in (2.16) and other claims in Theorem 2.1 for y¢ is proved below
(3.21).)

To prove (2.17) for (yo,to) € T';, namely, for to = 0, use (2.18), (3.31), (3.32),
and (3.25), and change the order of integration, to find

_V(hu yC((you 0)7 t)’ t)

__ / h(w) w(ye (50, 0). ). £) (dw, (4, 0), 1
w

1 yo ((27,0),t) O w ap
—|—/ h(w)/ (/ 5 (z,t)d)a/(w 2"
w Yo yct((ymO),t) z

exp(—/0 w(f(2',5),s)ds)dz'Uy(dw,0),

0
which, by the definition (3.25), is equal to (;P (h,v,t). Integrating from ¢ to ¢t and

using (3.32) and (3.28), we have (2.17).
To prove (2.17) for (yo,to) € T'p, namely, for yo = 0, first decompose the inte-
gration range in (2.18) with y = yo((0,0),t) as

[yC((OutO)ut)v 1] = [g(tht)ug(Ovt)] U [f(O,?f), 1]7

then use the definitions (3.31) and (3.25) or (3.26), and change the order of inte-
gration, to find

=V (h,yc((0,%0),t),t)
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:_/ h(w) w(ye ((0, o), 1), t)p(dw, (0,t0), t)

(y
_/ih(w) /gj:); ( / L (w2 exp(— / w(f(,s),s)ds) dz'

i / ”’mw ) exp(~ / w(g(u,v), >dv>du) dz Uy(duw, 0)

« f po | () T ( / lz i 22wy esal- [ "W 9), SISEELE

XUo(dw,O),
== [ hw) wlae(0.10).0), 06w, 0.10).
w
+ [ ) (wlg(0.4).8) = wlg(to.1).0)
/ 3 (w, 2") exp(— /0 w(f(2',s),s)ds)dz'Uy(dw, 0)
_/W w)/o n(w, u)expi(uZ w(g(u,v),v)dv)
(/ ow —(z,1) dz> du Up(dw, 0)

(to,t) 9%

/ /a/wz exp(/ w(f(Z,s),s)ds)

2’ t)
(/ %w (2,t) dz) dz'Up(dw, 0)
Fo 9%

By using (3.26), this is further simplified as

/W h(w) (— / " ()l (u, 1), 1) exp(~ / (gl ) v)dv) du

+ —Z(w,z')w(f(z',t),t)exp(—/ w(f(z’,s),s)ds)dz’) Up(dw, 0),

0

0
which, by using (3.26), is seen to be equal to a—f(h, ~,t). Integrating from ¢y to ¢
and using (3.32) and (3.28), we have (2.17).
Substituting h = 1w in (2.17), and using (2.20), (3.27) and (3.32), we have
(2.19). O

To complete a proof of Theorem 2.1, it only remains to prove uniqueness. Besides
the pair yo and U which we constructed and proved so far to satisfy the properties
stated in Theorem 2.1, assume that there are another such pair yo and U. For
T >0, let L(T) > 0 be a positive constant such that

max{|U(h,y,t) = U(h,y',¢')|, [U(h,y.t) = Ulh,y', )|}
S L(T) Iy, t) = @)1 (1), (¢, 1) € 0,1] x [0, T,
h: W — [—1,1]; continuous.

Put

I(t) = sup sup |U(h,y,t) = U(h,y,t)|
h: W—[—1,1]; conti. y€[0,1]
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and

J(t) = sup |gc(v,t) —yc(v,t)].
vyel:

Then (2.16) and its correspondence for U imply I(0) = 0. Since yc (-, t) : Ty — [0, 1]
is onto,

I(t) = sSup Sup |U(h7y0(’77t)7t) - U(hvyC(th)ut” (333)
h: W—[—1,1]; conti. 7€l

Note also that since U(dw,y,t) is, by assumption, a non-negative measure, for h
with |h(w)| £ 1, w € W, we have
Uh,y,t) SUQw,y,t) =1 -y =1,

where we also used (2.20).
It holds that

I(t) < L(T)J(t)

Subtracting
t
U(h yC(/y? )7 ) Uo(h yO) / V(hu ﬂc(% S)a S) dS, (334)
to
from (2.17), and using (3.33), (2.18) and (2.1), we have
|gC(FYa t) - ycl(;)/a t)| = |ﬁ(1W7gC(FYa t)v ) (]-Wv ( 7t>|t
ngw(T)/ J(s)ds+Rw(T)/ I(s)ds + Ru( / (s
to to to

Therefore,

J(t) < 2Ru(T) / " J(s)ds + Ru(T) / I(s)ds + Ru(T)L(T) / " J(s)ds.

to to to

t

Then,
t

1) < L(T) (2Rw(T) /t t J(s) ds + Ru(T) /t o) + Ru(TLAT) /t t J(s) ds),

so that if we put K (t) = max{I(t), J(t)}, then there exists C(T") such that
t
Kt)SC(T) | K(s)ds, K(ty) =0.
to
This implies K () = 0. Hence U = U and ¢ = yo.
This completes a proof of Theorem 2.1.

4. Proof of Theorem 2.2.

Let T be as in (2.11). To simplify the notation, for v = (yo,t0) € T, we will write
yo((yo, to), t) defined in (3.21) as yc(yo, to, t).-
We define a stochastic process (YéN)(yo, to,t);t = to) by

1

N

Yc( )(y07t07t) =Y+ N Z L™ 4,02
i XN (to) 2 Nyo+1

(yo,t0> S [O, 1) X [O,OO)7 t > to,

(4.1)
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where Jl-(N) is defined in (2.3). The process (YéN)(yo,to,t);t = tp) is an ana-
logue to yo(t) = yo(yo,to,t). Indeed, Y(SN) (Yo, to,t) is non-decreasing in ¢ and
increases when the jumps occur for the particles whose numbers of their posi-
tion are larger than Y(SN) (yo, to,t—). One can find similarity for YéN)(yo,to,t) to
ye(t) = yo(yo, to,t) by regarding the jumps of particles as evaporation. Later it
will be shown that YéN)(yO, to,t) converges as N — oo to yc(t) = yo(yo, to,t), for
(yo.to) €T, t Z to.

We put, as an analogue to (2.5),
1
g = N(xgm ~1), i=1,2,...,N. (4.2)

Then, (2.3) and (2.4) imply

Yi(N) (t) 2 YéN)(yO,to,t) & Yi(N)(to) = yo and Ji(N)(to,t) does not hold.
(4.3)
Hence, we have

1
Yc(N)(yo,tovt) =Yo+ N
(4.4)
1,0 >y (V) 1 nANY vi(déds).
;/Se(to,t] /56[0,00) 1/1 (5 )EYC (y07t075 ) 56[0;101(3’1- (S )75))

For the spatially homogeneous case, YJL(‘N)(tO, t) in Hariya et al. (2011) is equal to

Y(SN) (0,t — to, 1), YéN) (yo,t) to YéN) (0,0,t), and YéN) (t) in Hariya et al. (2011)
is equal to YC(N) (0,0,t) of (4.1).

Let I be as in (2.11). Let (yo,t0) € I', t = to. The definition (2.7) and the prop-
erties (2.3), (2.4), and (4.3) imply that for B € Z(W), UN)(B, YéN)(yo,to,t),t) as
a function of ¢ changes its value if and only if Ji(N) (to,t) occurs for some i satisfying

ygN) = yo and w; € B. Therefore, for B € B(W)

U(N) (Ba YC(‘N) (y()v tOv t)a t) - U(N) (Bv Yo, tO)

1
R ‘/Se(to t]/ﬁe[o oo)lYi(N)“*EYC(N)@OvtOvS*)166{0%(%(”)<s7>,s>>”i(d5d5)'

i, w;€B
In analogy to (2.18) define for B € Z(W)
1
VB0 = [ w0 wy 0+ [ [ S0 U0 ds (49)
By definition (2.7), for B € (W)

1 m—1
VN(B,y,t) = N Z Z w; N ) Ly vy,
mZ>Ny+1i w,€B

-+ ) wi (VN (), ).

i w,eB, YN (t-)2y

(4.6)

Denote the compensated Poisson process by
v;(d€ds) = v;(d€ds) — déds, (4.7)
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and put for B € B(W)

1
M(N)(B yo,to,t) N Z
i w; B (4 8)

1,V g vy oy L0 (v ) oy oy Pi(dEdS).
/se(to,t]~/£e[0,oo) Vi (s=)2YE (yosto,s—) TEE0,wi (Y (s),9))

This martingale M[(]N) (B, yo, to, t) means the oscillation of U™Y) (B, YéN) (yo,to,1),1)
generated by the random jumps of other particles. Indeed, we have for B € Z(W)

U(N) (Bv YC(‘N) (yOa th t)v t)
= U(N)(Bayf)u tO) + M[(J'N)(Bay07t07t)

1

N B/ i /ge[o oy T 602V (ot ) Leeloan (v -, 908
i Wi € ’

= U( )(Bay07t0) +M[(] )(Bay07t07t)

)
N Z /t Y )7 S) 1Y¢(N)(S*)§Yc(~m(yoyto,sf) ds

szB

t
= UMN(B, o, t0) + M (B, yo, to, ) _/ V(B YN (yo, to, ), 5)ds.
0

Later we will show that M[(]N)(B ,Yo,to,t) vanishes as N goes to infinity. The van-
ishment implies that the limit processes become almost deterministic. Combining
this equality with (2.17), we have for B € Z(W)

U(N) (Ba YC(‘N) (y07t07t)5 t) - U(Ba Z/C(yo, th t)vt)

= U(N)(va()vtO) - U(Ba y07t0) + M[(JN)(Ba y07t07t) (49)
t
_/ (V(N)(B’YC(’N)(yovt(JvS)vS) - V(B,yc(yo,to,s),s)) ds.
to
Put
WMt = sup sup YV (yo.to, 8) — ye(yo. to, )|
(yo.to)€lto<t s€lto,t]
v osup osup [UMYE (gosto,s) ) = UG ye (o, to, ), 8)llvar
(yo,to)€ltoSt s€(to,t]
vV sup sup sup |V(N)(B,YéN)(yo,to,s),s)—V(B,yc(yo,to,s),s)|.
BeA(W) (yo.to)€lstoSt s€[to,t]
(4.10)

Now we prepare some estimates in order to apply Gronwall’s inequality to
WW)(t). First we consider an estimate for

sup sup ||U(N)(-, YC(’N) (vo,to,5),5) — U(-,yc(vo, to, 5), 8)||var-
(yo,to)€T;to <t s€E[to,t]
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Since for all z € [0,1) there exist (yo,to) € T' such that yco(yo,to,t) = z, for
B e B(W)

sup |[UNN(B, z,t) — U(B, z,t)|

z€[0,1]

é sup sup |U(N)(Bu yC(yf)ath S)a S) - U(BayC(y07t07 S)a S)'
(yo,to) €Tt <t sE[to,t]

< sup osup [UMB YN (yo,to,5),5) — U(B,yc(yo,to, 5). 5)]
(yo,to)ET to <t sE€[to,t]
+  sup sup [UM(B,YY (yo,to.5),5) = UN (B ye(yo, to, 5), ).

(yo,to)ET toSt s€[to,t]

Hence,

sup |[UN(B,z,t) —U(B, z,1)|
2€[0,1]
éW(N)(t)+ sup sup |U(N)(B7YéN)(y0,t0,S),8) (411)

(yo,to)ED;to <t s€[to,t]
—U™(B,yc(yo, to, 5), 5).

By (2.7) it holds that

sup sup |U(N) (Bu YC(’N) (y07 th S)a S) - U(N) (Bu yC(y07 th S)a S)'
(yo,to) €T to St sE€[to,t]
1
g sup sup |YC(,‘N)(y07t07 8) - yC(y07t07S)| + N
(yo,to)€lst0 St s€[to,t]
(4.12)
By (4.11) and (4.12) we obtain
1
sup |[UNN(B, z,t) — U(B, z,t)| < 2WWN(#) + ¥ (4.13)
z€[0,1]
This implies
2
sup ||U(N)(727t) - U('uzut)Hvar g 4W(N)(t) + N (414)
z€[0,1]

By (4.9) and (4.10), we have for B € B(W)

‘U(N)(vac(‘N)(yOa th t)vt) - U(vaC(y(JvtOvt)a t)‘

t
< |0 (B oste) = U(Boto)| + [MEY (Boosto, 0]+ [ W),
to

(4.15)
Next we consider an estimate for

sup sup YY) (yo, to, 8) — ye (o, to, 5))-
(yo,to)€lto St sElto,t]

By using (4.4), (4.6) and (4.8), we have

t
YC(,'N) (y07 tOv t) =Y + M[(]N) (VV, Yo, th t) + / V(N) (Wa YC(,‘N) (y07 tOv 5)7 S) ds. (416)

to
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Combining with (2.19),

YC(’N) (y07 th t) —Yc (?Jo, tOu t)

N
:M[(] )(V[/aymtht) (417)

t
+/ [V(N)(VV, YéN)(yo,to,s),s) - V(W, yc(yo,to,s),s)} ds.

to

Hence, by (4.10) we have

t
‘YC(N)(yo,to,t)—yc(yo,to,t) S IMP Woyo,to )] + | WV (s)ds.  (4.18)
to

Finally we consider an estimate for

sup sup sup |V(N)(BayéN)(y0,to, s),8) — V(B,yc(yo, to, ), )|
BeZ(W) (yo,to)eTto St s€[to,t]

Similarly, combining (4.5) with (2.18), we have

V(N) (Bu YC(’N) (y07t07t)7t) - V(B7y0(y07t07t)7t)
= / w(Yc(N) (yo,to,t),1) (U(N)(dw,Yc(N)(yo,to,t)vt) — U(dw, yc (yo, to, 1), 1))
B
+/ (w(YéN)(yo,to,t),t) — w(ye (o, to, ), 1)) U(dw,yc (yo, to, t),t)
B

1
- / / O o0t) (U 2,0) ~ Uldw, 2,1) d=
(yosto,t) /B

(N)
v, Z

Y& worto) 1 g
—/ —w(z,t) U(dw, z,t) dz.
yc(yosto,t) B 9z

Hence, using this estimate, (2.1), (4.14) and the fact that 0 < U®) < 1, we have
for B B(W)

‘V(N) (Ba YC(‘N) (y07t05 t)vt) - V(vaC(y()vtOvt)a t)‘

g Rw(T)||U(N)('7YC(‘N)(youtOut)at) - U('ayC(?JO,tO,t),t)Hvar
N (4.19)
+2R,(T) ‘Yc(‘ '(yo.to, 1) — yc(yo,to,t)‘

t

+R,(T) (4 W) (s)ds + %) .

to+
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By (2.1), (4.15), (4.19), and (4.18), we obtain for B € B(W)

‘V(N)(vac(‘N)(yOa th t)vt) - V(vaC(yOa th t)vﬂ‘

t
< Ru(D)IUMN (-, 0, t0) — U (-, 50, to)|var + TRw(T) / WM (s)ds  (4.20)
to

2R, (T)

N

We are now ready to apply Gronwall’s inequality to W) (¢). By (4.10), (4.15),
(4.18), and (4.20) we have

W@ < sup |[UN(y0,t0) — U, 50, t0)]lvar
(yo,to)EF

3R, (T) [ MY (B,yo, to, 1) +

+ (1+ Ry(T)) sup sup M[(]N) (B, yo, to, 1)
BeB(W) (yo,to)eTsto <t
2R, (T)
N
where Cy and Cy are constants depending on A, T, R,,(T). Hence, Gronwall’s in-
equality implies

sup WN(¢)
te[0,7)

t
+ Cs / WM (s)ds +
0

<@ 0 sup |[UN(y0,t0) = U 90, t0) | lvar (4.21)

(yo,to)e€l

2R, (T)

+ (14 Ry(T)) sup sup N

BeB(W) (yo,to)elsto<t

Next we show that

M((]N)(Ba907t07t)’ +

lim F

N —oc0

2
sup sup sup }M[(JN)(B,yO,tO,t)} =0.
BeAB(W) (yo,to)€T; to<T tE[to,T]

By the definition of I', we have

E

2
sup sup sup ‘M[(]N)(Buy07t07t)‘
BeRB(W) (yo,to) €T, to ST tE[to, T

<E
Be#AB(W) yo€l0,1) te[0,T

(V) ?
sup  sup  sup ’MU (B, 0,0, t)’ (4.22)
]

+E

(N) °
sup sup ’MU (B,O,to,t)} .
BeRB(W) 0StgSt<T

First we show the first term of the right-hand side of (4.22) vanishes as N goes to in-
finity. Note that Y™ (¢) € {0,1/N,...(N—1)/N} fort € [0,T] and i = 1,2,..., N,
YéN)(yO,t0,~) is a process of pure jumps by 1/N and for each k = 1,2,... N,
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Y(SN) (yo,to, ) — yo is independent of yo as long as yo € (k—1/N,k/N]. Also,
note that {M\)(B,-,0,-); B € Z(W)} = {M{M(B,-,0,-); B € 2{wii=12..N}}
By (4.8)

E | sup sup  sup }M( (B, yo,0, t)}
Be®B(W) yo€l0,1) tel0,T

1
=-=F sup sup sup / /
N= 1 Bems(W) yoel0,1) t€0.T] |, e g/ s€(0.4] Jee[0.00)

2

Ly (o) 278 (0,0,5-) Leeo,uwa(v, ™ (s-),0) Pi(405)

1
= sup max  E | sup
T N2 Beolwisi=1,2,...N} k=0,1,.. .N—1 t€l0,7] ;. o eB se(0,t] Je€[0,00)

2
7; (déds)

Ly (6o 2v ™ (/N,0,5-) Leel0,wi (v (s-),9))

Hence, by Doob’s martingale inequality (see (6.16) of Chapter I in Tkeda and Watan-
abe (1989)) and (3.9) of Chapter IT in Tkeda and Watanabe (1989) we have

2
E| sup sup sup ’M[(JN)(B,yO,O,t)’
BeB(W) yo€l0,1) te[0,T]
<& L B > 1 deds
= N2 r=o N1 [ focom) Jeepo,ony SE0WE (62))
< CsR,(T)T
- N
where (5 is a positive constant. Thus, it holds that
- (V) :
A}lm E| sup sup sup ‘MU (B,yo,O,t)‘ =0. (4.23)
—00

BeAB(W) yo€l0,1) t€[0,T

Next we show the second term of the right-hand side of (4.22) vanishes as N
goes to infinity. By (4.8) again, similarly to the case of to =0

E

(N) ?
sup sup ‘MU (B,O,to,t)‘
BeAB(W) 0<toSt<T

1
== sup E sup E
N Be2lwiii=1,2,..,N} 0<to<t<T iiweB s€(to,t] J £€[0,00)

1y (o) 2 O.t0,0-) Lol (V) (5), ) Pi(4605)
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1
=3 sup E sup Z
N? pegtwsi=t2,....n} 0StoStET | e g/ 5€(0,8] J€€[0,00)

Ly 9 () 2¥ ) (0,t0,5-) Leelous (v (), i(46705)

B/SE(O to] /56000) ¥ ()2 ¥ E (0,105 ) Leeo,me (v ™) (s, i (465)
1w; €

A

1
~3 sup E 2 sup
N Be2{wisi=1.2,....N} 0<t<T iw B 5€(0,t] J€€[0,00)

Ly () 2¥ ) (0,t0,5-) Leelo,us (v (), 74(865)

Hence, by Doob’s martingale inequality and (3.9) of Chapter IT in Tkeda and Watan-
abe (1989) imply

2
E| sup sup ‘M,(JN) (B, O,to,t)‘
BeAB(W) 0StoSt<T
403

) déds
/se(o T) /gg Lecpowi( (VM (s-).8)) 1

_ 403Rw(T)T.

= N

Thus, we obtain

- (V) :

lim E| sup sup ‘MU (B,O,to,t)‘ =0. (4.24)

N—oo BeB(W) 0<to<t<T
Combining (4.22), (4.23) and (4.24), we have

N 2
Jim B | sup sup sup ‘M (B, 0, to, )‘ —0. (4.25)
—00

BeAB(W) (yo,to)El; to ST t€[to, T
On the other hand, by (2.26) we have
T (7, 0,10) U (-0, £0) e = Jim_[I7(,0,0) T (-, 0)[ s = 0. (426)
Thus, (4.26) and (2.26) implies
lim  sup  [JUN (- 90,t0) — U(-, 0, to)||var = 0. (4.27)

N—oco (UU to)EF

(4.21), (4.25) and (4.27) yields

lim F

N —oc0

sup W(N)(t)Q] =0.
te[0,T]
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Hence, there exists a subsequence {N(k)} such that

lim sup WWN®) (1) =0
k=00 tef0,1)

almost surely. However, the argument above is also available even if we replace N
by any subsequence N (k). Therefore, we have

lim sup WM () =0
N—=004e(0,7)

almost surely. This proves the first assertion of Theorem 2.2.
We turn to a proof of the second assertion of Theorem 2.2. First, we show the
uniqueness of the stochastic differential equation (2.28). Note that

B / / vi(déds)
SG(O,t] E€[0>Rw(T)]

= tR,(T)

and that for all 7

/ / =) Lec(o,w, (Vi (s—),s)) Vi(dEds)
s€(0,t] EEOoo)

/ / 5=) Le€(0,wi (Yi(s—),s)) Vi(dEds).
(0,t] J¢€(o, Rw(T)

Moreover, there exists a constant Cr such that

sup |[V(W,z,s8) = V(W,y,s)| £ Crlx —vy|, z,y €0,1).
s€[0,T7]

The proof of Theorem 9.1 in Chapter IV of Tkeda and Watanabe (1989) is available
by taking U := [0, R,,(T')] and Up := (). Thus, we obtain the uniqueness.

Next, we show that (Yl(N)(t), Y'Q(N)(t), .. ,YL(N) (t)) converges to (Y1 (t), Ya(t),. ..,
Y. (t)) uniformly in ¢ € [0, 7] almost surely and also converges in the sense of L.
Let i € {1,2,..., L} be fixed. By (4.6) it is easy to see

t
Y™ () = 4™ + ™t + / VO, Y, N (5-), s)ds
0

(4.28)
(N
/se(ot /ge[ooo Y ) £€(0,w; (Y(N)(s ),s V’L(dé.ds)

where

N
M(N = / / 1,v (N) 1 (™) v;(dgds).
z:: se0,4] Jeel,oo) V1 ()Y m) TEE0ws (V7)) ’

(4.29)
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Hence, (2.28) and (4.28) imply

E | sup [;\"(s) - Yi(s)|?

s€[0,t]

< 4|y£N) —yi|> +4E | sup |M1-(N)(s)|2

s€[0,t]
t
+4/ E[|V(N)(W,Yi(N)(s—),s)—V(W,Yi(s—),s)|2 ds (4.30)
: .
+4E | sup / / [Yi(N)(u—)l (N
s€[0,t] |[Jue(0,s] J£€[0,00) £€[0ws (Vi (um)u))

2

= Yi(u—) Leeo,w, (vi (u—),u)))Vi(dédu)

Now we prepare some estimates in order to apply Gronwall’s inequality to (4.30).
First we estimate the third term of the right-hand side of (4.30). By (2.18) and
(4.5), we have

VO W, M k=), 1) = V(W Yi(t-), 1)

3

_ / w¥ M (=), 1) (U™ (dw, ;N (1-), 1) — U(dw, Yi(t-), 1))
w
+z%mﬁmwmw—wmwmmvummwmw
1
+ /Y.(N)(t—) /W %—:)(z,t) (U(N) (dw, z,t) — U(dw, z,t)) dz

Yy g
—/ —w(z,t) U(dw, z,t) dz.
n(t_) W 82

Hence, noting that 0 < UM) < 1 and 0 < U < 1, we have positive constants Cy
and C5 such that

VO WY (1), 1) = VW Yi(t-). 1)
(4.31)
< Gl (=) = Vi)l + G5 sup [[UN(,2,0) = UC, 2,0 las.
z€[0,1)
Next we estimate the fourth term of the right-hand side of (4.30). First we show
that

/£ o) |2 Leeo,w(et)) =Y Leco,ws(pt) 7A€ < Calz —y|, x,y €[0,1)  (4.32)
£€|0,00
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where Cy is a positive constant.
w;(y,t) < w;(z,t). Then,

Let z,y € [0,1) and consider the case that

/ |fE Lecio,w;(z,t) —Y Leciow; (y,t) |2d§
£€[0,00)

B / (% = y) Lee(o.wi(et)) TY Lecwi (y.1)wi () |2dE
£€[0,00)

< /g o) (2(x — ¥)? Leeo,us(2.0)) +2Y° Lecfwi(y,t)wi(a.t))) €
€10,00

=2(x — y)2w;(x,t) + v*(wi(x, t) — wi(y, 1)).

Since w; and the spatial derivative of w; are bounded, we have

/g_ o oo Y ey 46 S e =yl 7.y € 0.1),
€[0,00

where Cj is a positive constant. Therefore, (4.32) holds for the case that w;(y,t) <
w;(z,t). The case that w;(y,t) = w;(x,t) is shown similarly.

By (4.7

), Doob’s martingale inequality and (3.

9) of Chapter II in ITkeda and

Watanabe (1989), there exists a positive constant Cg such that

sup
s€[0,t]

N) )
i 1 wi (YY) (u—)
/ﬂos /56()00) gef0,w (YN (u—)u))

2
= Yi(u—) Lee(o,wi (v (um),up) Vi (dédu)
(N
sup / / Vo (=) L 10 (v ™ ()
SG 0 t] 0 5] 56[0 oo 56[0> 1(1/1 ( )> ))
2
_YZ( )156[0 w; (Yi(u—),u)) ]I/Z(dfdu)
+2F | sup / / Y™ (u—)1 .
s€[0,t] €(0,s] Je€[0,00) £€[0,wi (Y, (u—),u))
2
— Yi(u—) Leeo,wi (vi(u—),u))dédu
= 2G6E | sup / / Y (u-)1 (™)
se[0,t] Jue(0,s] Je€[0,00) £€[0,wi (Y, (u—),u))
2
= Yi(u—) Leco,wi (vi(u—),u))| dédu
s 2
B s / V) (= Yows (V) (=), ) = Vi (u=Yowg (Vi (u—), ) dus ] '
sef0,t] [J0
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By (4.32) and boundedness of the spatial derivative of w;, there exists a positive
constant C7 such that

sup / / Y, N) -) Lee (0, (v ™) (umy )
s€[0,t] |/ ue(0,s] EEOOO) T )
2
— Yi(u—) Lee(o,uws (vi(u—),u)) Vi (dEdu)
t
< 204G E / Y™ (=)~ Yiu-)| d“}
0

s 2
+2C7E | sup (/ )(u—) - Yi(u—)‘ du) 1
s€[0,t] 0
t 2
< 20406/ E Uy}m(u—) ~Yi(u-)| }du
0

t
1+ 2CtE [ /
0

Thus, we obtain for ¢ € [0, 7]

1 Y™ (o
/ 051/56[000 £€l0,wi (V™) (um),)

— Yi(u—) Leco,w, (v (u—),u)))vi(dédu)

)(u—) - Yi(u—)‘z du] .

sup
s€[0,t]

i (4.33)

t
< (2C4Cq + 4TO7)/ E [
0

)(u—) - Yi(u—)r] du.

We are now ready to apply Gronwall’s inequality to (4.30). By (4.30), (4.31)
and (4.33) we have, for ¢ € [0, T,

sup [V, (s) - Yi(s)[?
s€[0,t]

E

<4y —yi? +4E

sup |M§N>(s>|2]
s€[0,t]

+ 4/; E [(C4|Yi(N)(S—) = Yi(s—)|

+ Cs sup ||U(N)(-,z,s)—U(-,z,s)||var)2 ds
z€[0,1),s€[0,T]

t
4(2C4Cs + 4TCr) / E [
0

) = Vit ]
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sup [MN(s)[?
s€0,t]

< 4ly™ — ;> +4E

+8052E sup ||U(N)(',Z,S)—U(',Z,S)H?,ar
2€[0,1),s€[0,T)
t
+ [8C2 + 4(2C4Cy + AT Cy)] / E | sup [V (u) = V()| ds.
0 u€[0,s]
By Gronwall’s inequality, we obtain
E | sup YV () ~Yit)P
te[0,T]
< 4T (i) —yi P+ B | sup [MIY (1) (4.34)
t€[0,T]

+2C2FE

sup ||U(N)(7275) - U('7275)||3a‘r‘|> )

2€[0,1),5€[0,T)
where Cg is a positive constant.

To show that the right-hand side of (4.34) vanishes as N goes to infinity, we
prove that £ [SUPte[o,T} |Mi(N)(t)|2} converges to 0 as N goes to infinity. Doob’s

martingale inequality and (3.9) of Chapter II in Tkeda and Watanabe (1989) and
(4.29) imply there exists a positive constant Cg such that

E | sup [M™N(s)?
s€[0,t]
C N
9
s /se(o / /ﬁe[o o 1 <3 5 Lo, (/) (1, 409
= 1 Jee,
< CoRu(T)t.
- N
Hence,
e s%pﬂwf”(snz] = 0. (4.35)
o0 s€|0,

Therefore, by the first assertion of Theorem 2.2, (2.27), (4.34) and (4.35) we obtain

lim F

N —o00

sup [V, (t) —mﬂ =0
t€[0,T

for ¢ = 1,2,...,L. This implies that (Yl(N)(t), YQ(N)(t), e ,YL(N)(t)) converges to
(Yi(t), Ya(t),...,YL(t)) uniformly in ¢ € [0, 7] in the sense of L?.

To show the almost sure convergence, observe that there exists a subsequence
{N(k)} such that (Yl(N(k))(t), Y2(N(k)) ). .., YL(N(k))(t)) converges to (Y1(t), Ya(t),
..., Y7(t)) uniformly in ¢ € [0,T] almost surely. However, the argument above is
also available even if we replace N by any subsequence N (k). Therefore, we have
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(Yl(N)(t), Y'Q(N)(t), .. ,YL(N) (t)) converges to (Yi(t),Ya(t),...,Yr(t)) uniformly in
t € [0, T] almost surely.
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5. Appendix

Proposition 5.1. Let {¢,} be nondecreasing functions on [0,1] and ¢ be a con-
tinuous function on [0,1]. Assume that ¢, (x) converges to ¢(x) for all x € [0,1].
Then, ¢, (x) converges to ¢(x) uniformly in x € [0, 1]. <&

Proof. Let € > 0. Since ¢ is uniformly continuous on [0, 1], we can choose a positive

integer N such that

1

[¢(z) =)l <= o —yl= 5

By the assumption, there exists a integer ng such that

k k
bn <N>_¢(N)‘<g, n2ngand k=1,2,...,N.

For all z € [0, 1] we can choose k; € {1,2,..., N} such that 0 <« — k,/N < 1/N.
Hence, we have for all « € [0,1] and n = ng

[P (z) — &(2)|
oo (8] () o ()] () ot

< ¢n (km;[_l) — ¢n (%) + 2

<

ke + 1 ke +1 ke +1 k.
< — — =
o (557) o (5) o (55) (%)
o) e ()] 2
N) o c
< 5e.
This completes the proof. O
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